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The paper

This presentation addresses the material in the paper

Mean Field Capital Accumulation with Stochastic Depreciation

By Minyi Huang & Son Luu Nguyen.
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Goal & Main Idea

Goal

The paper focuses on continuous time MF modelling for stochastic growth
optimization, taking into account uncertainty caused by stochastic
depreciation.

Main ldea
Compute the solution of the mean field game by a set of ODEs.
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@ Problem formulation

© MFG with finite horizon
© Connection to the course
@ MFG with infinite horizon

© MFG with non-linear dynamics

Salah Choutri (KTH) Mean field Capital Accumulation October 15, 2015 4/23



The original problem

A finite population model of N players is described. Denote the capital
stock of player i by X{. Its dynamics is modelled by the SDE

dx; = {F(XN™Y Xy — 6X[}dt — Cldt — o XidW/, (1)
where

@ F is the production output
o C! is the consumption rate
o (6dt + adW/) is the stochastic capital depreciation rate

° Xt(N_l) =1 _yN-1 X{,Vi = j is the mean field coupling term

N—1 24j=1
o {W/ i=1,...,N} arei.id. standard Brownian motions.
° {Xé,i =1,..., N} are i.i.d. initial states independent of N Brownian
motions.
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The original problem

The Hyperbolic Absolute Risk Aversion Utility Functional (HARA)for
player i is given by

JCHY=E UOT e PtU(Cldt + e‘PT)\(X’TVI)S(XH] , (2)

where A is a positive decreasing function on [0, c0), and

i ¢ iy _ nXg)?
u(ch) =, s(xj) = 1

Note

The terminal Payoff depends on X’TV*I. i.e. when the aggregate capital
level X~ is high, X is low.

Salah Choutri (KTH) Mean field Capital Accumulation October 15, 2015 6 /23



Mean Field Game Problem Formulation

Consider an infinite population and a representative player. The mean field
coupling term,defined previously,is approximated by the average m; which

represents the aggregate capital level. Thus the original problem will be
reformulated as

dXt = {F(mt, Xt) - 5Xt}dt - Ctdt - UXtthv (3)

with the performance functional

J(C)=E UOT e PLU(Cy)dt + e PTN(m7)S(X7T)| - (4)
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Mean field game for linear dynamics and finite horizon

Consider a generalized AK model for the production dynamics. Suppose
Xt is given by

dXt = A(mt)Xtdt - Ctdt - O'Xtth, t 2 0. (5)

In other words, we take F(my, X¢) = [A(m¢) + o] X; which is linear in X:.
Furthermore, assume that
A(-) is a continuous strictly decreasing function on [0, c0). (A1)

The utility functional will be the same as in (4).
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Solution to the mean field problem

The solution to the mean field game (4) — (5) is given by a set of ODEs.
The procedure is described as follows

@ Fix m; and solve the ODE

A(me)y | 7o°
o/ D; — 1.
= |1 -4 2o G

@ Given the solution Dy, solve the ODE

dm; = [A(mt) - ;] medt (7)

t

Iterate until the fixed point is achieved (matching argument)
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Comments on step 1

The ODE (6) is derived from the HJB equation.

Define the value function by

t

-
V(t,x) = sup [EXJ/ e P=U(G) gs ep(Tt))\(mT)S(XT)] ,
c()

the HJB equation, then , has the form

x)? c”
pV = Vi + (02)VXX + sup [A(mt)x —c+ }
C

V(T ) - )

1
Note: The supremum is attained at C = V™"
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Comments on step 1

1—
Now, make the Ansatz V/(t,x) = fom, then take derivatives. The HJB
equation leads to equation (6).

For simplification, denote

1 a?y(1 —~
B(m;) = el A(me)y + (2)

Then (6) can be rewritten as D; = B(m;)D; — 1
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Comments on step 1

Lemma 1: The ODE (6) has a unique solution d; > 0,0 <t < T and if
(my¢, Ct) is a mean field solution to the mean field game (4)-(5). Then the
optimal response C; is given by

C: = D71 X;. (8)

The solution is proved to be

.
Dc = (r\(mp))7e T Bmass o [ e 8mIas s 0 (9

t
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Comments on step 2-matching

Theorem 1 : If (m;, C;) is mean field solution to the mean field game
(4)-(5), then m; satisfies the following equation

1
dmt = [A(mt) — E]mtdt
t

Proof:
Plug (8) in the dynamics equation (5). We obtain

dX; = [A(m¢) — D7) Xedy — 0 XedW,

take expectation on both sides of the above equation, the mean field
dynamics equation follows.
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Connection to the course

We formulated the Hamiltonian associated with the optimal control
problem

mcin{—J(Ct)}

, as
houl
H(t,X,C,p,q) = (A(m)X — C)p+oXq+e P'—.
Y

The dynamics of X; will be the same as in (5) and the adjoint process
(g, p) solves

{ dp(t) = — [(A(m:)) P(t) + oq(t)] dt + q(t)dWk, (10)
p(T) = e PTA(m7)n&y .
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The Maximum Principal

The Hamiltonian is concave in X and C, set the derivative w.r.t C to 0.
we obtain

Ce= (ep(1)) 77 (11)

Now, make the Ansatz p(t) = a(t)X?~! and apply Ito formula. This leads
eventually to the ODE

a(6) = a(t) (v = 1) (~Ame) = 50 = 2) +0%) — Almo))
—i—a(t)ﬁeﬁ, (12)
a(T)=e T X(m7)n.

This is Bernoulli's equation which can be solved explicitly.
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Solving the adjoint equation

The solution to Bernoulli's equation will give the adjoint process and thus
the optimal control C can be obtained by equation (10).
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MFG with infinite horizon

Goal: Identify a constant value /m s.t the infinite horizon optimal control
problem solvable and E[X;] = i for all t.

Motivation: the study of /M is very useful to understand the dynamic
properties of the mean field system.
Consider the dynamics

dX; = A(M)Xedt — Cp — o XedW,, (13)

where the initial state Xp > 0. The infinite horizon utility functional is

AC)=E [/OOO e_pt?dt} . (14)
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Stability condition

Lemma 2: If m is given and satisfies

2
1—
p— Aliry + © 7(2 )

the optimal problem has a finite optimal utility and the optimal control is
given by

> 0, (15)

c - p— Aldry + 7201
t — 1_,7

X;. (16)
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Stability of the stationary MF solution- Results

The out-of-equilibrium behavior of the MF dynamics was examined, by
setting E[Xp] # M for the MF solution which is assumed to exist.

Results: The stationary mean field solution has the ability to

asymptotically restore itself even if the i.i.d. initial states have their mean
away from m .
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MFG with non-linear dynamics

Let x; denote the capital of the representative agent which has the
dynamics

dXt = F(mt,Xt)dt — (SXtdt - Ctdt - O'Xtth, t> 0,
where Xy > 0 and E[Xp] < oo Furthermore some assumptions are made:
© F is continuous function of (m,x) where x,m > 0.
@ For each fixed x, F is a decreasing function of m.

© For each fixed m, F is increasing concave function of x € (0.00).
Now, we take F(my, X;) = A(mg)xt=7
The utility (cost)functional is

J(C) =E |:/0Teth(Ct)dt+ eipTS(mT,XT) . (]_7)
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Summary of the steps

@ Solve the HIB for fixed m;.
@ Solve the ODE system.

{ p(t) = [p+ 72520 4 69] p(t) = (1 = )P (1)
h = ph(t) — A(m:)vp(t).

© By theorem 7, in the paper, we obtain the optimal response which
take the feedback form )
Ct — PﬁXt

© Get the unique strong solution X, t € (0, T], which exists by theorem
8.
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Solution for the MF game

The solution system is determined from the ODE of p; together with

1
dZ; = yA(m:) — [75 —pi (t)Xt} dt — o X;dWs,
1
m, = E(Z) (= E[X{]).

Note 1: dZ; is derived from the dynamics of X; by setting Z; = X, and

applying Ito formula.
Note 2: Z;can be solved explicitly to derive its probability density function

1
of (m, p7=1 = &), and subsequently m; can be given as functional
equation of (m,®) € C[0, T] :

(18)

my = F(m, ®).
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Solution to the mean field game

Thus, the solution to the MFG is determined by an ODE for ¢ and a
functional equation for m¢, and the two equations are coupled together.
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