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Teeth - Better/cheaper dental care gives nicer teeth.
Scandinavia and Canada - Wealthy countries, good healthcare

Hockey - Expensive sport. Played more in Scandinavia and Canada.

So why does hockey players look like this?

Image removed because
of copyright reasons.
Google “hockey player
missing teeth”.

In fact there is a hidden subset of the population “People who are
punched in the face a lot'.
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Let M C A,_; be our statistical model. Each p',...,p* € M and
TE NAp_1.

P(H=1i)=mn and P(X|H=i)=p'

So we have

P(X =)= mp}

Hidden Variables 4/26



Definition (14.1.1)

The k:th mixture model of the model M C A,_; is the family of
probability distributions

Mixt“(M) == {mip* + - + mp*: 7 € D1, P, ..., pF € M} .

Example

Let H be binary “infection status” (we can't observe because we don't
have a test). X is symptoms, follows some distribution in M. Then the
distribution of X can be observed in Mixt*(M).

Hidden Variables 5/26



Example
Consider M(X1 1L X, 1L X3). Can be parameterized as pj, = «;fjn.

k
Mixtk(M) = {pijn = Zﬂ'pap,'ﬁpj’ypni ™ e Ak—l}

p=1

What if we want p’ from different models?

Definition (14.1.4)

Let My,..., M, C A,_1 be k statistical models. The mixture model
My x -+ % My is the family of probability distributions

Mix-ox My = {7r1p1+---+7rkpk:weAk_l,VIpieM;}.
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The algebraic side

Definition (14.1.4)
Let V4,..., Vx C K’ be algebraic varieties. The join variety is the variety

ik x V= {w1p1+~-~+7rkpk: Zwizlandpie\/;foralli}.

We also define Sec*(V) = V % --- % V (k times).
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Proposition
We have L
Mixt*(M) C Seck(M) N Axr

Example
In the case of k =1 we get

M = Mixt' (M) C Sec!(M) N Ar = MN A
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Recall rank (M) = min{k: M = Zﬁ;l M;} where each M; is
non-negative with rank 1. In general rank (M) > rank(M).

Example (14.1.6)
As before we get

Mixt* (Mx, 1 x,) = {P € Agr: rank, (P) < k}.
Slightly more work

Seck (m) NAgr ={P € Ag: rank(P) < k}.

Recommended: Proposition 14.1.8
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Definition
A finite sequence Xi, ..., X, of R.V. on a countable state space is
exchangeable if for all 0 € S, and a;,...,3, € X,

]P(Xl :al,...,Xn:an):IP’(Xl :aa(l),...,Xn:ag(n))

An infinite sequence (X;) of R.V. is exchangeable if each of its finite
subsequences is exchangeable.

Formal way of saying “only the output matters, not the order”.
Strictly weaker version of i.i.d.
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10/26



Theorem (De Finetti)

Let X1, X5, ... be an infinite sequence of exchangeable random variables
with state space {0,1}. Then there exists a unique probability measure
on [0, 1] such that for all n and a1, ..., a, € {0,1}

1
P(Xy = a1,..., Xy, = ap) = / 0% (1 — 0)""*du(9),
0

where k = 2% a;.
Example
Let Xq, Xz, ... beii.d ~ Ber(p). Then p = dp.

Another way to say De Finettis's theorem is that an infinite ex-
changeable sequence of binary random variables is a mixture of
i.i.d. Bernoulli random variables.
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Idea of proof.

Let us consider X, ..., Xk exchangeable binary R.V. The distributions
that parameterize k i.i.d Bernoulli are on the form

Ci = {(9 (1 — g)k—== =)} where we range the a;'s over the
outcomes and @ is the parameter in Ber().

Let EX, C Aan_; be the set of n exchangeable sequences of binary
random variables. Conclude that “exchangeable” is a set of linear
restrictions on EX,, thus this is a polytope. Let 7, be the action of
computing the margin of all but k of the variables. Then

7nk(EXn) C EXk and as each permutation in S, can be seen as a
permutatoin in S,41 we have m, k(EXy) D mny1 k(EXns1).

Then the proof consists of showing

lim 7,.k(EX,) = Mixt*(Cy).

n—inf
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Example (14.2.1)
Consider the claw tree, fig. 1. This can be parameterized as

Pivinizis = Ti Qiviy Biniy Yirhy -
_ n . .
Thus p;,ii, = iy Qi Biis Vi This we recognize as

h=1
MIXtrl(MXI_lLX2JLX3).

Figure 1: A claw tree.
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Proposition (14.2.2)

Let M C R™ x PD,, be an algebraic exponential family with vanishing
ideal | = (M) C R[u, X]. Let HU O = [m] be a partition of the index
labeling into hidden variables H and observed variables O. The hidden
variable model consists of all marginal distributions on the variables Xo
for a distribution with parameters in M. The vanishing ideal of the
hidden variable model is the elimination ideal

INR[po,X0,0]-

Finding generators is relatively easy in the Gaussian case!.

1Given appropriate assumptions, see Proposition 14.2.5.
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Remark
From here everything is Gaussian.

Example
Recall parametrized Gaussian directed graphical models. G = (V, D) is
DAG, each edge v — u was given weight \,,.

X, =&, + Z A Xy

u€pag(v)

where ¢ were independent (~ N(0,Q), Q diagonal). Then X = (X, )vev
was multivariate Gaussian with covariance matrix

Y=>0U-N"T"QU-N"
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Mixed graphs

G = (V,D,B) is a mixed graph, V is set of vertices, D directed edges,
B bidirected edges.

Example

1—2—3

Compare to

/N

1—2—3
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So let G = ([m], D, B) be a mixed graph.
PD(B) ={Q ePDy:wj=0ifi#jand i <> j ¢ B}
RP = {AeR™™: \; =0ifi — ¢ D}
Let £ ~ A(0,Q) for some Q € PD(B). Then we can define
Xo=c,+ Y AaXy

u€pag(v)

Proposition (14.2.8)

Let G = (V, D, B) be a mixed graph. Let Q € PD(B), ¢ ~ N(0,Q), and
A € RP. Then the random vector X is a multivariate normal random
variable with covariance matrix

Y=-N"TQU N
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Definition
Let G = (V, D, B) be a mixed graph. The linear structural equation
model M C PD,, consists of all covariance matrices

Mg ={(I-N"TQU—-N)"':QePD(B),AeRP}

Definition (14.2.10)

Let G = (V, D, B) be a mixed graph. Let G**® be the directed graph
obtained from G whose vertex set is V U B and with edge set

DU{b—i:i+jeB}.

The resulting graph G*“? is the bidirected subdivision of G.
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Proposition (14.2.11)

Let G = (V, D, B) be a mixed graph with m vertices and G*** the
bidirected subdivision. Let M C PD,, be the linear structural equation
model associated to G and M’Gsub be the Gaussian graphical model
associated to the directed graph Gs'° where all variables B are hidden

variables. Then M., € Mg and |(M..,) = I(Mq).

Idea of proof.

Let M € M., be given by A" and Q'. Choose A = Nv,v- Construct
Q = (wjj) via letting

! ! / 2
wij = WppApiAp and wj = wj; + g WppAbi
b=i—j€B

for each bidirected edge b =i <> j. Then apply trek rule. O
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Definition (14.2.12)
Let G = (V, D, B) be a mixed graph. A trek from i to j in G consists of
either
1. a directed path P, ending in i and a directed path Pgr ending in j
which have the same source, or
2. a directed path P; ending in i and a directed path Pg ending in j
such that the sources of P, and Pg are connected by a bidirected
edge.
Let 7¢(i,/) denote the set of all treks in G connecting i and ;.
To each trek T we associate a monomial mt which is the product of all
Ast over all edges appearing in T times wg;, where s and t are the
sources of P; and Pg.
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Proposition (14.2.13, Trek rule)
Let G = (V, D, B) be a mixed graph. Let Q € PD(B), A € RP, and
T=(—-N)"TQ(U - Nt Then

gjj = E mr.

TEeTe (i)
Example (14.2.14)

1—2—3
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The following slides has propositions that where not talked about in the
lecture.
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Proposition (14.1.8)

Let V C P! and suppose that Sec*(V/) is not a linear space. Then
Sec*"Y(V) is in the singular locus of Sec*(V).

This propostition tells how the sequence
Sec’(V) C Sec*(V) C ...
behaves. Thus we, in some sense, get a upper bound on
Mixt! (M) C Mixt> (M) C ...

behaves, by the proposition on slide 8.

Hidden Variable Graphical Models

24/26



Definition (14.2.4)

Let G = (V, D) be a directed acyclic graph, and let HU O = [m] be a
partition of the index labeling into hidden variables H and observed
variables O. The hidden variables are said to be upstream of the
observed variables if there is no edge o — h, where 0 € O and h € H.
If this is the case we introduce the following two-dimensional grading on
R[X], associated to this partition of the variables:

1
degoj; = (#({,‘} NO0)+ #({j} n O))
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Proposition (14.2.5)

Let G = (V, D) be a directed acyclic graph, and let H1 O = [m] be a
partition of the index labeling into hidden variables H and observed
variables O, where the H variables are upstream. The ideal J¢ C R[X] is
homogeneous with respect to the upstream grading (defined above). In
particular, any homogeneous generating set of Jg in this grading contains
as a subset a generating ser of the vanishing ideal of the hidden variable
model Jc N R[Zo’o].

As mentioned in the lecture, this tells us that we easily can find a
representation of Jg NIR[X o o]. However, it requires that we can find a
“nice” set of generators to Jg.
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