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Abstract—We study joint source—channel coding for a Con-
trolled Markov Process (CMP) through the lens of empirical
coordination. Our objective is to characterize the joint empirical
distributions of all the involved states that can be induced
by a coding scheme. The encoder is strictly causal: it selects
each channel input based on past source symbols and channel
feedback, while the Markov channel evolves according to a
transition law determined by the current input and previous
output state. For stationary input Kernels, we establish the
optimal characterization of the achievable joint distributions
with matching inner and outer bounds. The achievability proof
introduces a notion of controlled Markov typicality and uses a
random coding construction with a tree structure to establish the
resulting information constraint.

Index Terms—Controlled Markov Process, Joint Source-
channel Coding, Empirical Coordination Coding.

I. INTRODUCTION

Controlled Markov Process (CMP) [1[]-[8|] describes the
fundamental interaction between a controller and an environ-
ment: at each time, the environment is in some state, and
the controller selects an action. Upon executing this action,
the environment stochastically transitions to a new state.
It provides a canonical framework for sequential decision-
making [9] in control and reinforcement learning [10]], [L1].

We study this interaction through a joint source—channel
coding (JSCC) formulation [[12]-[14] over a Markov channel
with feedback, where channel inputs represent control actions
and channel outputs represent environmental states. Markov
channels, also known as finite-state channels (FSCs), have
been extensively studied from the perspectives of commu-
nication capacity and control strategies [15]-[21]]. Feedback
allows the encoder to adapt its inputs to past channel outputs,
giving rise to a substantial literature on FSCs with feedback
[22]-[27]. A similar setup for studying communication in
Markov Decision Process is in [28]]. In our setting, an i.i.d.
source provides a sequence of symbols, and a strictly causal
encoder selects each channel input based on past source
symbols and channel feedback sequence. The current input and
previous output state jointly determine the distribution of the
next channel output. A noncausal decoder then observes the
entire channel output sequence and produces a reconstruction
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Fig. 1: Joint source-channel coding with strictly causal encoder
and noncausal decoder over Markov channel

sequence. Feedback thus establishes a closed-loop interaction
between the encoder and the channel.

The empirical coordination framework [29]-[31]] charac-
terizes the joint behavior attainable by distributed agents by
requiring the empirical distribution of their symbol sequences
to approach a prescribed target distribution. Within this frame-
work, communication serves to coordinate the actions of
encoders and decoders under their respective observation con-
straints. Empirical coordination results for JSCC with causal or
strictly causal decision-makers over discrete memoryless chan-
nels were established in [32], [33]]. Extensions incorporating
channel state or feedback were developed in [34], [35]], with
further applications to distributed decision-making in [36]-
[39]. More recently, [40] considered empirical coordination
over a Markov channel with a strictly causal encoder and no
channel feedback.

In this work, we extend the setting of [40] by introducing
channel feedback, thereby enabling closed-loop control of the
Markov channel. For stationary input kernels, we establith the
optimal characterization of the achievable joint distributions
through matching inner and outer bounds. To prove achiev-
ability, we introduce controlled Markov typicality and develop
its fundamental properties. We then develop a random coding
argument based on a tree structure, together with an error
analysis that accounts for dependencies across coding blocks
without imposing an additional rate penalty.

II. SYSTEM MODEL

We study the problem depicted in Fig. [T} Capital letters,
like U, denote random variables, calligraphic fonts, like U,
denote alphabets, and lowercase letters, like u € U/, denote the
realizations of random variables. We assume all the alphabets
U, xX,Y,V considered here are finite. Sequences of length
t € N are usually denoted by X! = (X1, ..., X;). Moreover,
we write Y ' = (Yp,...,Y, 1) and Y* = (V3,...,Y})
for the length-n subsequences obtained by removing the
last and first symbols, respectively, from the same sequence
Yo = (Yo,Y1,...,Y,) of length (n + 1). The ¢; distance



between two probability distributions Q and P is ||Q —P||1=
Y. 1Q(w) — P(u)|. The probability is denoted by P(-).

We assume the source is drawn i.i.d. ~ Py, and the channel
is stationary Markov with one step memory of the latent state,
with conditional distribution Wy-| xy-. Moreover, the statistics
of the source and channel are known by both agents. We
assume Uy = @, and Yj is given.

Definition 1. A code with strictly causal encoders with chan-
nel feedback and noncausal decoder is a tuple of (determin-

istic) functions ¢ = ({f)((z?'Ut,l’Yt,l}?:l,gVn‘Yn) defined by

Py UTIXYITE DX, guagyn YTV,

We denote by C(n) the set of control designs with strictly
causal encoders and non-causal decoder.

In this way, a code ¢ € C(n) defined above induces a joint

distribution on random sequences (U™, X™, Y™ V") given by

PE T £ ety Wrixy (VX Vi) gvegyen, (D
t=1

which induces the following Markov chains
Ut iis (Y;:—hXt’Y;t)a
X; o (UL Y'Y - UP,
Y o (X4, Y1) o (UL XL Y2,

We denote the empirical distribution @™ € AU x Y x X X
Y x V) of sequences (u",yd ", z", y},v™) with starting state

Yo by

Q" (u,y @, y,v) 2)
1 n
= ﬁzl{ut =u, Y1 =Y, T =T,y =Y, v = v},
t=1

V(u,y,2,9,0) EU XY x X x Y x V.

Since the empirical distribution Q™ is induced by (I)), it is a
random variable. Note here, we take into account the adjacent
pairs (y:—1,y:) in the Markov sequence y™.

Definition 2. We define a joint distribution Pyy'xyy €
AU XY x X x Y xV) of symbols (U, Y',X,Y,V) to be
achievable, if for all € > 0, there exists Ny € N, such that for
all n > Ny, we can find a sequence of codes ¢ € C(n) with
Jjoint empirical distribution given by satisfying that

P(|Q™"(U,Y',X,Y,V) — Puy'xyvli >¢) <e. (3)

We impose the following assumption on the Markov chan-

nel. This is the same as the assumption in [28].

Assumption A (Unichain Markov channel). The Markov
channel Wy |xy+ is unichain: for every stationary input kernel
qx|y’ € P(X|Y), the induced transition matrix

T, (yly') & Z axy (@Y )Wy xy: (Y2, y')
x€EX

“4)

has a single recurrent communicating class Ry, possibly
together with transient states.

This guarantees the following standard result [41]

Lemma 1. The Markov chain Y" admits a unique equilib-
rium distribution )., = ny. € A(Ry), which is uniquely
determined by the stationary input distribution qx |y and the
channel transition kernel Wy | xy by

Ty (y) = Z o (Y )axy (@Y )Wy xy (Wlz, v, (5)
z,y’

By taking 7y (y) = 0 for all y € Y\ Ry, from now on, we
omit explicit specification of the support Ry when referring
to 7y, and use a unifying set ).

IIT. MAIN RESULT

Our main result is the optimal characterization of the
achievable joint distribution region with a stationary input
kernel of form gqx|y-:

Theorem 1. A joint distribution Pyy:xyyv is achievable if
and only if it factorizes as

PUWg//QXh/’WY\XY’PV\UXY’Y7 (6)
and satisfies the information constraint
I(XGYY') ~ (U VIX, Y. Y') > 0, Q)

Remark 1. The information constraint in has a form
analogous to that of the empirical coordination theorem for
memoryless channels in [|35|], with both mutual information
terms conditioned on Y', which is available to both the
encoder and the decoder. Although (X,Y') can be viewed
as an augmented channel input in (6), its distribution is
constrained by the channel dynamics: Y' is the previous
channel output, and its stationary distribution 7%, is induced
by qxy+ and Wy |xy. Furthermore, our result reduces to the
Sform with memoryless channel in [35]] if Y' is a constant.

Remark 2. When the random variables (U,V') are indepen-
dent of the channel (Y', X,Y"), our results boil down to the
solution to a joint source-channel separation scenario with
Markov channel and feedback which is uncovered in [23
Theorem 20] with the channel capacity in the single-letter
form of [27, Theorem 1].

The rest of the paper focuses on the proof of the main
theorem. To establish the inner bound, we introduce a new
notion of typicality — the controlled Markov typicality — for
sequences (X™,Y™) in Sec. The proof of the inner bound
is a random-coding achievability argument, given in the Sec.
Finally, the outer bound is proved in Sec.

IV. CONTROLLED MARKOV TYPICALITY

This section develops a notion of typicality for a stationary
finite-alphabet Markov channel whose input is selected accord-
ing to the previous channel output. It extends the input-driven
Markov typicality for open-loop setups introduced in [40].



For a given initial state Y, = yg, the controlled sequence
(X™,Y™) is generated according to

[T ax v (X Yie )Wy xy (Vi X, Vi) ®)

t=1
The corresponding stationary state-action-transition target law
is denoted by

Pyrixy (Y, 2, 9) £ 78 (Y )ax iy (@Y )Wy xv: (ylz, y').  (9)

Define the admissible support
Ag £ {(i,2,7) : axpy (x]i) Wy xy (jlz, i) > 0}

Definition 3 (Controlled Markov Typicality). For sequences
(yy 1, ™, y}) with a fixed initial state v, define the empirical
distribution of the triple (y',x,y) by

n

. 1
QY xy(W zy) & p > (-1, zm) = (0, 2,0)}-
t=1

Define the controlled Markov typical set by

T (Pyrxy) 2 {wh ™ eyt 1Q% xy — Pyixy i <,
Q?’XY(y/axvy) = 07 V(y’m,y) ¢ Aq}

and the conditioning typical set given y\ by
T (Pxly) 2 {2+ (05~ 2" i) € T (Pyxy) }

Theorem 2 (Controlled Markov ergodicity). Suppose Assump-
tion A holds for qxy:. For every initial state yo,

Q% xy = Pyixy |, == 0. (10)
Consequently, for every € > 0,
lim P ((YO”’l,X”,Yln) e 7;<”>(7>Y,XY)) =1 1D
n—oo

Since Y is finite, the convergence in (I1) is uniform over yj.

Theorem 3 (Controlled AEP and type-size bound). For every
0 > 0, there exist eg > 0 and Ny € N such that, for 0 < € <
€0, n > Ny, every initial state yo, and every

(ot 2™ yl) € TS (Pyrxy),

the following statements hold:
1) If (X™,Y™) is generated according to (8), then

2—n(H(X,Y|Y’)+6) < P((Xn,yn) _ (xn7yn))
< 9 n(HXYY)5),

2) [T (Pyoxy)| < 2nHEYY40),
3) Qn(H (XY Y)=0) < ’ﬁ(n)(ley{f) < Qn(H(X|Y'Y)+9)
More properties of the controlled Markov typicality and the

proofs for the above theorems are given in the appendices of
the supplementary material [42].

V. ACHIEVABILITY PROOF

We fix a joint probability distribution over symbols
(U,Y', X,Y, V) that factorizes as in () such that there exists
a >0 and a rate R > 0 satisfying

R>I(U,Y'"Y;V|X) +5,
R<I(V;Y,Y'|X)+I(X;Y|Y') - 6.

12)
13)
We consider a block-Markov random code ¢ € C(nB) over

B € N blocks of length n € N:
Random Codebook Construction: Define

2nR
K, 2 {BJ , My={(b-1)K,+1,..,bK,},be[l: B].
The sets My,..., Mp are pairwise disjoint. Let M =

UL, M. Then we have |[M| = BK,, < 2"E,

For every block b€ [1: B—1], m € My, ¢t € [1 : n], and
y € Y, independently generate an input symbol X;(m,y) ~
gx|y’(- | y). In this way, for each fixed state sequence y" €
Y", we denote the codeword associated with 3™ with index
m € M, by X"(m,y") £ (Xi(m,p1),..., Xn(m,yn))
drawn from the distribution [T ; ¢x|y-(¢|y¢). Next, con-
ditioning on the sequence X™(m,y"™) where m € M,,
generate the same number K, of reconstruction code-
words V™(m,,y™) with index m € Mjrq drawn from
[Tis: Pvix (ve| Xi(m, ye)).
Encoding process: Let m; denote the message uncovered
during block b € [1 : B]. During the first block, WLOG,
the encoder takes m; = 1. Given Y] g,

Xit=X(m1,Y14-1)
Yio~Wyixy ([ X1 Y1,0-1),VE=1,...,n.

If we denote by X7 = X”(ml,Yffgl), the sequences
(Yl’f(; Xy, Y{fl) are available at the encoder for block b = 2.
At the beginning of the block b € [2 : B], because the encoder
is strictly causal, it receives the source sequence U;' ; of
the last block. It recalls the last message my—1 € Mp_1
and sequences (Ybﬁwagl_l = X"(mb,l,Yb’:}O),Y}f_Ll
of the last block. Then, it searches for an index m;, € b
such that

(U1 Y X Vi V7 1 i, i ) € TP,

Denote by V" ; = V"™ (mp_1, mp, YZ’:LIO). Upon it finds my,
during block b, it proceeds

Xb,t = X(mb7 }/b,t—l)7

K},t ~ WY\X,Y’("Xb,h }/b,tfl)th = 17 ey 1
where the first feedback symbol Y, o = Y31, is the last
symbol of the last block. Denote Xj' = X" (my, Y, b,

Decoding Process: The decoder returns m; = 1. During
block b € [2 : B], the decoder recalls the past sequence
(Yb"__l}o,}/},’il)l) and the ind~ex mp_1 € Mp_q, that cor-
responds to the sequence X' , = X"(ﬁzb_l,YJleO). It



observes the current channel output sequences (Y5 ", V")

and trys to find the unique message my, € My, s.t.,
(Vs X7, Vg ), Vi ) € T (P)
()/bn__l,lo) Xl;l—la }/bn_l,l? Vn(mb—17 'ﬁlb, }/bn__l,lo)> E 7;("74) (P)

Then, it returns f/b’il = V™(my—1,M, Y, ] 1 0) as the decoded
output sequence for block b — 1. As for the last block, the
decoder simply outputs an all zero sequence, i.e., f/,g} = 0.
Usually, the sequences are not jointly typical in the last block.

Error Analysis: We show now that given the above coding
scheme, the generated sequences (U, Y}y I,Xg‘,Yb’fl,Vb”)
for each block b € {1,...,B — 1} are jointly (controlled
Markov) typical with respect to the joint distribution (6) with
high probability: For Ve > 0, there exists Ny € N, such that
the probability of error events for all n > Ny:

@ . [ (o ) ¢ T0P)] < 5

) E. [P (Vi € My, (Ug% Yy XY,
_ n 4e
Vi meom, V) ¢ TV (P))] <
©) E [P (TIm € Mpp1/{mps1}, st

[l X 6m, V), Y ) € T (P)) 0
(Vs X v, v, m, Vg ) € TP} <5

Item (a) is guaranteed by the independent generation of the
sequence Uy', and the sequential selection of the sequence
(Yo Lxp, Yy ) according to (8), where X' is the codebook
generated randomly, such that Theorem [2] holds. Therefore,
Yy I,Xl?,Yble) is jointly typical with respect to the
distribution Pyy ' xy = Py ® Py xy when n large. Item
(b) is guaranteed by the covering lemma [43] extended from
classical i.i.d. sequences to our setup, as well as the condition
(T2) for the rate. We provide the detailed proof in Appendix
@] in our supplementary file [42]. Item (c) results from the
packing lemma that applies to our Markov channel, which is
shown below in Sec. [V-A] Lemma [2]

We denote by Q" € AU X Y x X x Y x V) the
empirical distribution of symbols (U,Y”, X, Y, V) over blocks
b=1,..., B—1. We now show that Q” is close to the empirical
distribution Q™ over all B blocks for B sufficiently large. We
denote by Qp the empirical distribution of all symbols over
the last block. Now,

. 1 . .
lQ" = Q" =l ((B-1@" +Q5) = Q"I
1 An
— Qs - Q"
§%~|U><y></'\?><y><1}|§5
when B > % U x Y x X x Y x V| Then, the expected error

probability

Ec[Pe(c)] = Ee [P(|Q" — Plli= 2¢)]

<E. [P(1Q" - @"h+IQ" - Plli2 2]
E.[P(IQ" - Plhz )] <e.

This implies the existence of a code ¢* € C(nB) with an error
probability below ¢ for all n > NyB.

For a distribution P* satisfying the information constraint
(6) with equality and Ip«(X;Y|Y’) > 0, replace its re-
construction kernel by ¥ = (1 — 0)Py; vy, y + 0/[V].
Keeping all other factors fixed, the resulting distributions
P = PUWg,,qX|y/Wy‘X7y/r9 satisfy the strict information
inequality for 0 < # < 1 and converge to P* as § — 0. [

A. Joint Packing Lemma
We denote the following events for block b by

Ay (1) = {(YbTT(;l»Xn(mvYb?(;l)VYbZ) e TM(P)},
By(im) £ {((Yyy ' X5, Yyl V" (miy i, Y1) € TV (P)}.

Lemma 2 (Joint Packing Lemma). For each block b € [2 : B]
and for each previous message my_1, if R < I(V;Y,Y'|X)+
I(X;Y|Y') — 0, then ¥e > 0, 3Ny € N, s.t. ¥n > Ny,

Ec [P (3m € Mp/{ms}, s.t. Ap() N By—1(m))] < e
Proof. Consider € > 0 that satisfies 7¢ < §. We have
R—I(V;Y,Y'|X) - I(X;Y|Y') 4+ 6e < —6 + 6 < —¢.
Then,
E.[P(3m € My/{mp}, s.t., Ap(Th) N Bp_1(m))]
< Z Ec [P (Ap(m) N Bp—1(1))]

meMy /{my}
= > E [ZP(YbLn =Y0=19)

meMy /{my} y

P(Bo ()| Yo-1.0 = 9) (A7) By-1(12), Yoo = v |
@ g=n(I(X;Y|Y")~32)

>

MmEM, /{my}

E. [Z P (y)

P (Bb1(ﬁ”b) Yooin = y)]

>, E 2

meMy/{my} (yo L am g o) eTr (P)
n n—1 n n n
P (Yb—1,0 =Yy Xp1 =7 va—1,1 = yl)

'HPV|X (Ut|xt)]

t=1

) 9—n(I(X;Y|Y')=3¢)

(C<) 9- n(I(X;Y|Y')—3¢) Z 27L(H(X,Y,V|Y’)+a)

meM,/{my}
9-n(H(X,Y|Y")=¢)  g—n(H(V|X)—e)

< QUR=I(V3Y,Y'|X)~ 0

I(X;Y|Y')+6¢e) 9—ne

)YbO*y)

where (a): we bound the term P(Ab( 7 )LB;, 1(m
ndependence of the

shown at the end of this session; (b):



generation of the false codeword V™ (mj_1,7,y5 ") given
z", where m # myp; (c): come from the standard AEP
and controlled Markov typical AEP in Theorem |3] and the
cardinality bound {(yg~',z" y},v") € T(P)} extends
from the argument of Theorem [3] without changing the form
of the result. Lastly,

P (44 ()| By (1), Yio = 1)
(g) Z P (Ybnfl _ ySL*l’ yr — yll
oty eTE(Ty) o=y

> B (Xl =

z"€Ty(Pxlyg)

@2 Z

(ot eT(T,

B (m))

1(R), Vil = ui )

P (Ybnfl _ yO —1 Yl _ yn

Tq):yo=y

Z HQX|Y’ (@tlye—1)

=" €Ty (Px|yg) t=1
(@3)

< sup Z HQX|Y’ (@e|ye—1)
(vg ) ETE™ (Ty)yo= mneﬁ,(ﬁx\y ) t=1

Z HCIX|Y’ (zt|ye-1)

€T, (Pxyy) t=1

By_1(m ))

< sup
yg eyt

(a4)
< sup 2(MH XY Y)+6))HQX\Y’ (z¢|ye—1)
Yo t=1

(as)
< 2”

TL(I(X;YlYI)—QE),

where,

(al): the conditional typical set T,™ (Px |y) is defined ac-
cording to Def. [3] for some parameter 1 > 0 that is chosen
later in step (a4). 7" ( y) is the standard Markov typicality
[44]-[46] with the transition matrix T;, defined as @)

(a2): Given m € My/{mp}, V”(mb,l,m,Yb”_fO) in the
event By_1(m) is generated according to X™(mp_1, Yb’fl’lo)
with mp_1 € My_1, where M, and M;,, are disjoint.
Therefore, we have the following Markov chain, hence the
conditional independence

X" (1, Y5 ) o= Vil o= V™ (my—, 70, V'),

(a3): comes from the weighted sum inequality

Z w(s) - F(s) < (Z w(s)) sup F(s) = sup F(s)
where Zw(s) =

(a4): follows from cardinality bound in Theorem [3] item 3).
The parameter 1 > 0 is chosen such that ‘777(”)(73;(|y{})‘ <
on(H(X|Y',Y)+e)

(a5): independent generation of a typical sequence x™ given
yg_l, which follows the standard AEP arguments [43]. [

VI. CONVERSE PROOF

This converse proof is extended from the converse proof for
the setup with discrete memoryless channel studied in [35].
For n € N, we consider a code ¢ € C(n) achieving a joint
distribution Pyy xyy. Because of noncausal decoding, we
have the Markov chain V" -e- YJ* -e- U™. Therefore,

0=I(U™ YY) — (U™ Y2, V")
= zn:I(U”;YtIYt_l) - zn:I(Ut;Yo", 48 1%
t=1 t=1
S [HEY) - BRIV X, 0
t:}{(Ut) — H(UJY™", V", U, Xy)]

3

N

ONT By YY) — nH(Y|X,Y)
t=

—

—nH(U) =Y HU|[Y", V", U™ X,)

t=1
n[H(Yr|[Yr-1,T) - HY|X,Y') -
*H(UT|YT7YT—17 VT7XT7T)]

H(U)

9
n[I(X;Y[Y') -

I(U; VY, X,Y)]

where (a): conditioning reduces entropy and strictly causal
encoding; (b): the Markov channel is stationary and the
source is i.i.d., here (U,Y’,X,Y) are introduced as time-
average random variables, and later we define V' similarly;
(c): concavity of the entropy.

It is easy to see that for random variables (U, Y’ XY, V),
we have Pyy xyv = PuPyqxiy Wy |xy' Pviuxy'y. Now
we show Py, = Py = 7{.,.

Since the code achieves Pyy xvyy, then, for every i € ),
we have the marginal empirical distribution

. Lo Yy =i}—1{Y, =i
Q5.() - @y = T =M=,
= [|Qy — Q¥ [1— 0.
Hence
Py =Pyl <E[Py: — Qv 11
+E[Qy — Qy L +E[QY — Py |li— 0.

Therefore, Py = Py. Moreover, we have

- Sl
= Z Py (4)T,
7,z

i.e., Py~ is an invariant distribution of the Markov chain with
transition matrix 77. Since the unichain assumption guarantees
the uniqueness of the invariant distribution, Py» = 7{.,. [

Py (i Daxy (@) Wy x,y (]2, j)
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APPENDIX A
PROPERTY OF THE CONTROLLED MARKOV TYPICALITY

Two conditional notions are useful. Given a state history ygfl, define the policy-conditional typical set

T )(QX|Y’ lyg™") 2 {a": |1Q% x — Q%raxpy | <&, Q% x(y,z) =0, if gx)y(z|y’) = 0},

where
Qy x (i,2) ZQY/XY (4,2, ), Qv (1) ZQY’XY (4,2, 7).
z,j
Given 2™ and vy, define the channel-conditional Markov typical set

T Wy ixyr | 2% 90) 2 {y™ Q% xy — Q% x Wy xyrh <&, Qb xy (¥ 2,y) =0, if Wy xy:(ylz,y') =0}

Proposition 1 (Marginal and conditional consistency). For every n and € > 0:
DI (g2 yt) € T (Pyixy), then
QY — 73 [l <e,
1Qy x — maxiy Il <e,
1Qvy — 7y Tylly <&,
QY x — Qyraxy i < 2,
QY xy — Qv xWyxy |1 < 2e.

2) Conversely, if

1QY — 7yl <e,
Q% x — Qyrax)ylh <e,
Q% xy — ‘IS}%XWYlXY’”l <eg,
then
QY xy — Pyrxv|i < 3e.

(14)

15)

(16)
A7)
(18)
19)
(20)

Proof. The first three inequalities follow from marginalization, which is a contraction in ¢;. Now we prove each inequality

individually:
Since (yp~ ', a",y}) € 7 (Py'xy), we have

> Z QY xy (i, 2, §) — 7% (D) ax )y (x[) Wy | xv (2, 1) |
z€X,(1,5)€V?

> 1 Y (@xy (i, d) — 7@ ax v () Wy x v (le, 1))

i€y |zeX,je)y

=Y lQ% @) =716 | DD axpye @)Wy xy (il )

= TEX jEY
= Q¥ — 71
We can similarly prove eq. - (18). Now
1@y x — Qyrax)y 1< QY x — Tlaxy 1+ (77 — Qy/) axjy (1< 2¢

1Qy xy — Qv x Wy xy'[l1 < 1@V xy — T ax)y Wy xv 1=l (WX‘Y/ - Q@/X) Wy xy 1< 2

which proves (I9), (20). For the converse, insert the intermediate distributions Q% x Wy |xy+ and Q% qx|y Wy |xy’, and

apply the triangle inequality:

HQ?/’XY - quW”l < ||Q§L/'XY - Q)Y?'XW”l
+ 1@V x W — Qv gW|1 + QY gV — mlgWV|x
< 3e.



APPENDIX B
PROOF FOR THEOREM

Define
S £ (Yio1, X1, Yy).

Under (8), {S:} is a time-homogeneous Markov chain with transition kernel

]P) (St+1 = (], .’El, k/’)

5 = (i,x,j)) — g1y @) Wy (Kl 5). e

which does not depend on time (hence time-homogeneous). The distribution in (9) is invariant, because

Z,PY’XY(iaxaj)P (St+l = (]7 Z‘/,kj) St = (’L,Z‘,j))

1,T

= Z m(@)gx |y () Wy xy: (4]2,9) | ax iy (@' [) Wy | xy (k|2 7)

= 71(f)axy (&' |) Wy xy (k| 5)
== Pylxy(j7 $/, k)

That is to say, Py xy (j, 2, k) is the unique equilibium distribution of Markov chain {S;}. Hence, by the strong law of large
numbers for finite-state unichain Markov chains, for every initial state and every (i, z, j)

E Zl{St = (Z,.T,j)} E— P}?/xy(l,l’,])
t=1

This is exactly (T0). O

APPENDIX C
PROOF FOR THEOREM 3]

1) For every initial state yo, and every fixed pair (y5 ', z",y}) € 7 (Py'xy) we have that

P((Yy L X" Y = (g~ s, o)
= H ax|y (@e|ye— 1) Wy | xy (ye|ze, ye—1)

t=1
= I axpetal)™ @@ TT Wy (il i) @ 007
TEX IEY z€X,i,j€Y

Therefore
1 n— n n n— n n
_ﬁIOgP((Yo 1,X ") = (yy 173” Y1)

= - Z Q% y+(x,1)log x|y (i) — Z Qv xy(i,z,7)log Wy xy (j|z,1)

reX i€Y rzeX,i,jEY
=— > (Q%y(z,d) = 7(i)gxy (2]i) log gxyy (z]i) — > w(i)gx )y (x]i) log gx v (x]d)
TEX €Y rEX IEY
- Y (@Y xyi2,5) — Pyixy(i,a, ) log Wy xy- (. i)
TEX,i,JEY
— Y Pyixy(i,z,5)log Wy xy (jl, 1)
r€X,i,jEY

Since the alphabets are finite, the following quantities
L, 4 max log q(x|7)],
q (i,z):q(z|i)>0| g q(x[i)|

Ly 2 max logW(j|x,1)|.
w (i7z,j):W(j\z,i)>0| & (]| )|



are both finite numbers. Now, choose Ny big enough such that (y{}*l, "yt € 7;(n) (Py'xv),¥n < Ny, based on Proposition

—eLy< Y (Qky(@i) — 1(i)gx v (2]i)) log gx vy (2]i) < €Ly
(i,2): q(z]i)>0

—ely < Z (Q% x vy (i,2,7) — Pyixy (i,3,5)) log Wy xy (jl@,i) < eLyw,
(i,2,5): W(j|z,i)>0
Vn > NQ.

For each fixed 9, choose ¢y small enough such that
eo(Lg+Lw) <o
Therefore, we conclude that
S+ HX, YY) < —% log P((X",Y™) = (z",y™)) < 6 + H(X,Y|Y").
Hence,

2—n(H(X,Y|Y’)+5) < P((Xn, Yn) — (xn7yn)) < 2—n(H(X,Y\Y/)—6) (22)

2) Sum the lower bound in the above inequality over all typical pairs with the same initial state y; their total probability is
at most one. This gives the cardinality upperbound in Theorem [3]

3) The proof extends the standard type counting argument of [47, Lemma 2.3] to controlled Markov typicality:
First, we upperbound the number of elements in ﬁ(n)(PX|y6L) = { S(yg e yp) € 7™ (Py Xy)}: Given a fixed
path y& of length n + 1, for each possible neighboring state pair (4, j) € V2, denote by
Nij 2t (Ye—1,90) = (i,7)}]
To reach the desired joint empirical distribution Q% v (¢, 2, ), we need to assign input symbols = € X to the positions
{t + (ye—1,9:) = (4,7)} such that
l ,T,J |{t (yt—laxhyt) = (Z7 xa.j)}l =n- Q?’XY(L J),j)

number of them receive symbol x. Moreover, we need

D Nigj =N

reX

Therefore, for a fixed state pair (i, ), the number of assignment is

< Ni; >_Nw'
(Nigj)zex) T, Nig!

Using the multinomial bound, we have
N,

N!
NI < 2NHP) \where H(p) is the entropy for p(z) = N

Now, for a fixed sequence v, denote the conditional typical set such that the actual induced joint empirical distribution equals
to a target distribution @ is

A (Pxlys) = {a" € X" : Q% xy = Q).

Therefore, the number of compatible input sequences that induce the target type @ is

-’4 7DX Y6)

HH Nw:a

< Hsz,JHQ(XlY’:i,Y:j)
i,J
— QZM NijHg (X|Y’=i7Y=j)



— 2nHQ(X\Y/Y)

In this way, compared to the definition of the conditional e-type set, we have
T (Pxlyg) = {z" € X" : |Q — Pyrxv 1< n}
= U APl
Q:IQ-Pyrxyll1<e
Therefore, by choosing € small enough such that
)

where the second entropy is evaluated with respect to the true target joint distribution Py xy, we obtain

TPl s Y e
Q:|Q—Pysxyl1<e
< (n+ ]_)|y|2X|X|2n(H(X|Y/7Y)+%)
< gn(H(X|Y"Y)+6)

where the last equality holds by choosing sufficiently large Ny such that Vn > Ny, (n + 1)1 <1X1 < 9né/2,
Now suppose 7§(n)(’PX|y6L) # @, we lowerbound the cardinality of the conditional typical set by considering only one fixed
candidate distribution Q : ||Q — Py xvy ||1< €. Hence we have

T (Pxlyg)

> A5 (Pxlug)
)
B i.j HmNi7I,j!
> H<Nl i+ 1)7|X|2N'i,jHQ(XlY/:i’Y:j)

irj
> (n+ 1)*D’|2IXIQMLIQ(XlY’yy)7

where in the second inequality we are using the multinomial lower bound

N! N,
U S (N +1)"|XIoNH(p) -z

and pairs with N; ; = 0 contribute a factor of one.
For any § > 0, continuity of conditional entropy allows us to choose £ > 0 sufficiently small that
)
IQ=Pyixvlhse = Ho(X|Y,Y)=HXI[Y.Y)-3,
where H(X | Y',Y) is evaluated under Py~ xy. Consequently,
T (Px 9] > 1A w6

> (n+ 1)—|y\2\X\gn(H(X\YCY)—ts/?)

> gn(H(X[Y',Y)=3)

9

where the last inequality holds for all n > Np, with Ny chosen sufficiently large that (n + 1)IY1°1% < 2nd/2,

APPENDIX D
PROOF OF THE COVERING LEMMA FOR THE ERROR ANALYSIS

Now, given the term E, [IP’ ((Ugl7 }/lf()*l’ Xy, Ybffl) ¢ 7;(71) (’P))} happens with low probability, we have

Ee [P (Ym € My, (U5, Y X0, Vi V" masm, Vi) ¢ T (P)) |

—E| > P(Ur et =w XD = Y = )

n—1
un’yo n

, ™, YT



P (Vm € Mb+1; (un’yg—l’xn,yiz’ Vn(mb,m,yg_l)) ¢ 7—5(77‘)(7))

n n n—1 n—1 n n n n
Uy =u aYL,o =yy Xy =1z 7Yb,1y1>:|

Ky
Y| X r@ = [[E(En i tmonag ) ¢ TPz =) B2 ¢ T (P2)
_2"67—5(")(7’2) m=1
: -
5| X = ] (1P (V) e TP 20 =) ) 4 B2 ¢ T (P2)
LeneT™ (P2) m=t

K

(b) = /

<E, Z P(Z" = 2") H (1 _ 9—n(I(V;UY ,Y\X)+6)) +P(Z" ¢ 7-8(71) (Pz))
m=1

LzreTd™ (P2)

nR
< (1 a0y g oz g T (py)

(©) ,
2 exp (72nR27n(I(V;U,Y ,YIX)+6)) +E, [p(zn ¢ 7;(”)(7)2))}

—exp (_Qn(Rfl(V;U,Y’,Y\X)*z?)) +E, [p(zn ¢ 7. ('pz))}

4e
< —.
-9
Here in (a), we define Z" = (UgL,YbilJl,Xg”,Yxll) for simplicity, and Pz = Pyni.qxjy'Wy|xy; and in (b), given

Zn

€ 'Em)(PZ), extending the cardinality lowerbound argument of Theorem , item 3), the inequality comes from the
Joint Typicality Lemma in [43, Chapter 2.5.1] given that 2" € 7™ (Pz), and V" ~ []}_; Py x(ve]x); (¢) comes from
(1 —2)¥ <exp(—zy), see in [48, Lemma 10.5.3]. Therefore, for R > I(V;U,Y’,Y|X) + 6, and for sufficiently large n such

that E. []P’(Z n ¢ 7" (PZ))} < 22, the whole quantity above could be made smaller than 1. O
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