ON QUANTUM ERGODICITY FOR LINEAR MAPS OF
THE TORUS

PAR KURLBERG AND ZEEV RUDNICK

ABSTRACT. We prove a strong version of quantum ergodicity for
linear hyperbolic maps of the torus (“cat maps”). We show that
there is a density one sequence of integers so that as N tends
to infinity along this sequence, all eigenfunctions of the quantum
propagator at inverse Planck constant IV are uniformly distributed.

A key step in the argument is to show that for a hyperbolic
matrix in the modular group, there is a density one sequence of
integers N for which its order (or period) modulo N is somewhat

larger than v/N.

1. INTRODUCTION

1.1. Quantum ergodicity. An important model for understanding
the quantization of classically chaotic systems are quantum maps, and
in particular the quantizations of linear automorphisms of the torus
T? (“cat maps”). Recall that a linear automorphism of T? is given
by a matrix A in the modular group SL(2,Z). Iterating such a map,
we get a discrete dynamical system, well-known to be chaotic if the
map is hyperbolic, that is if it has two real eigenvalues € > 1 > e}
(equivalently |tr(A)| > 2). A quantization of these “cat maps” was
proposed by Hannay and Berry [9], see also [13, 4, 5]. In brief, this
procedure restricts Planck’s constant to be an inverse integer: h =
1/N, and the Hilbert space of states Hy is N-dimensional, in keeping
with the intuition that each state occupies a Planck cell of volume

= 1/N and the constraint that the total phase-space T? has volume
one. Classical observables (i.e. functions f € C°°(T?)) give rise to
operators Opy (f) on Hy. Given a linear automorphism A of the torus,
its quantization is a unitary operator Uy (A) on Hy, called the quantum
propagator, or “quantized cat map”. The eigenfunctions of Uy (A) play
the role of energy eigenstates.
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In this paper we will use the quantized cat map to illuminate one of
the few rigorous results available on the semi-classical limit of eigen-
states of classically chaotic systems, namely Quantum Ergodicity [18, 3,
21]. To formulate this notion, recall that if the classical dynamics are
ergodic, then almost all trajectories of a particle cover the energy shell
uniformly. The intuition afforded by the “Correspondence Principle”
leads one to look for an analogous statement about the semi-classical
limit of expectation values of observables in an energy eigenstate. As
formulated by Schnirelman [18], the corresponding assertion is that
when the classical dynamics is ergodic, for almost all eigenstates the
expectation values of observables converge to the phase-space aver-
age. For quantum maps, the form that this takes is the following
([2, 22, 23]): Fix an observable f € C*°(T?). Then for any orthonor-
mal basis 1; of Hy consisting of eigenfunctions of Un(A), there is a
subset J(N) C {1,2,..., N}, with %(N) — 1, so that for j € J(NN) we
have:

(1) Ovw(Pig) = [ f asN oo

This is a consequence, using positivity and a standard diagonalization
argument, of the following estimate for the variance due to Zelditch
22]: Given f € C*°(T?), for any orthonormal basis ¢;, j = 1,..., N
of of Hy consisting of eigenfunctions of Uy (A), we have

(1.2) %Z

Note that the result (1.2) does not guarantee that all eigenfunctions in
‘H are equidistributed, even for one single value of V.

2
— 0

Ovs(Fg) = [ 1

1.2. Beyond quantum ergodicity. In recent work [14], we have found
that there is a commutative group of unitary operators on the state-
space which commute with the quantized map and therefore act on its
eigenspaces. We called these “Hecke operators”, in analogy with the
setting of the modular surface. We showed that the joint eigenfunc-
tions of these and of Uy (A) (which we called “Hecke eigenfunctions”)
are all equidistributed, that is (1.1) holds for any choice of Hecke eigen-
functions in Hy.

Not all eigenfunctions of Ux(A) are Hecke eigenfunctions. In fact, the
Hecke eigenspaces have small dimension (at most O(loglog N)), while
the eigenspaces of Uy (A) may have large dimension. In fact, the mean
degeneracy is N/ord(A, N) where ord(A, N) the order (or period) of
A modulo N, that is the least integer k > 1 for which A¥ =1 mod N.
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It can be shown (see section 3.2) that the mean degeneracy can be as
large as N/log N for arbitrarily large N. However, it is reasonable to
expect that all eigenfunctions become equidistributed - that is we have
quantum wunique ergodicity.

In this paper, we show ergodicity of all eigenfunctions of Uy(A) for
almost all integers N:

Theorem 1. Let A be a fized cat map. There is a set of integers N*
of density one so that all eigenfunctions of Un(A) are equi-distributed,
as N — 0o, N € N'*.

Previously, the only result giving an infinite set of N for which all
eigenfunctions of Ux(A) become equi-distributed is by Degli-Esposti,
Graffi and Isola [5], which conditional on GRH give an infinite set of
Primes.

1.3. Outline of the argument. Our main tool in relating this result
to more traditional themes of Number Theory is the following esti-
mate for the fourth power moment of the expectation values, giving a
condition in terms of the order of A modulo N:

Theorem 2. There is a sequence of integers of density one so that for
all observables f € C~(T?) and any orthonormal basis {¢;}}., of Hy
consisting of eigenfunctions of Un(A) we have:

1 N 14
Z| OpN wjij / f|4 Oi ]\2)

Thus for any subsequence of integers N such that
ord(A, N)
N1/2(log N)7

(and satisfying an additional “genericity” assumption explained in sec-
tion 4) we find that for all eigenfunctions of Uy (A), (Opy(f)w,v) —
Jpo [ as N — oo0.

Theorem 2 reduces the problem of quantum ergodicity to that of
finding sequences of integers satisfying (1.3), a problem closely related
to the classical Gauss-Artin problem of showing that any integer, other
than +1 or a perfect square, is a primitive root modulo infinitely many
primes; see [17] for a nice survey article. We show (Theorem 17) that
there is some 0 > 0 for which there is a set of integers of density 1 so
that

(1.3)

ord(A, N) > N2 exp((log N)?).

This, combined with Theorem 2 gives Theorem 1.
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To prove Theorem 17, we first show in Section 5 that on a set of
density one, ord(A, N) is not much smaller than the product of the
orders of A modulo prime divisors of N. Next, we deal with prime
values of N. In Section 6 we show (Theorem 14) that given 1/2 <
n < 3/5, there is a set of primes of positive density c¢(n) > 0 so that
ord(A, p) > p". We note that this is far short of the truth; by invoking
the Generalized Riemann Hypothesis, one can show that for a set of
primes of density one, we have ord(A,p) > p/logp (c.f. [6]). In
Section 7 we prove Theorem 17 by using Theorem 14 together with
the elementary observation that for almost all primes p, ord(A4,p) >
p'?/logp.

As is apparent from this discussion, our result hinges on the condition
(1.3) being satisfied; we can say nothing for N for which this condition
fails, of which there are infinitely many examples. We consider it a
fundamental problem to get results when ord(A, N) is smaller than
N2,

1.4. Notation. We will use the standard convention of analytic num-
ber theory: Thus e(z) stands for €*™* f(x) < g(x) as x — oo means
that there is some C' > 0 so that for x sufficiently large, f(z) < Cg(z).
Similarly, f(z) < g(z) as © — oo means limsup f(z)/g(x) < 1. We
will write pf||n if p* divides n but p'™' does not. We will denote by
w(N) the number of prime divisors of N.
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2. QUANTUM MECHANICS ON THE TORUS

2.1. The Hilbert space of states. We review the basics of quantum
mechanics on the torus T?, viewed as a phase space [9, 13, 4, 5], begin-
ning with a description of the Hilbert space of states of such a system:
We take state vectors to be distributions on the line which are peri-
odic in both momentum and position representations: (q+1) = ¥ (q),
[Frtl(p + 1) = [Fad](p), where [Fuy](p) = b= [(q) e(—pa/h) dg.
The space of such distributions is finite dimensional, of dimension pre-
cisely N = 1/h, and consists of periodic point-masses at the coordinates
q=Q/N, Q € Z. We may then identify H, with the N-dimensional
vector space L*(Z/NZ), with the inner product (-, -) defined by

2.1 By =5 O Q@)

Q mod N

2.2. Observables. Next we construct quantum observables: A central
role is played by the translation operators

[19](Q) = (@ +1)

and, letting ey (Q) = e~ |
[L20)(Q) = en(Q) ¥(Q),

which may be viewed as the analogues of (respectively) multiplication
and differentiation operators. In fact in terms of the usual translation
operators on the line §¥(q) = q¥(q) and py(q) = ZLM% (q), they are
given by t; = e(p), t2 = e(q). In this context, Heisenberg’s commuta-

tion relations read
(2.2) tith = tht%en(ab)  Va,b € Z.

More generally, mixed translation operators are defined for n =
(n1,n9) € Z* by
nino
T(n) = en(—;
These are unitary operators on Hy, whose action on a wave-function
Y € L*(Z/NZ) is given by:

e,

(23) Ta(m)i(Q) = e Fe("22)(Q + )

This implies that the absolute value of the trace of Ty (n) is given by
N n=(0,00 mod N

0 otherwise

(2.4) It Ty (n)| = {

(see [14], Lemma 4).
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The adjoint/inverse of T (n) is given by
(2.5) Tn(n)" =Tn(—n).
As follows from the commutation relation (2.2), we have
w(m,n
(2.6) QTV(Tn)Tﬁv(n) ZZGN( ( 9 )

where w(m,n) is the symplectic form

) Tn(m +n)

w(m,n) = ming — many.

For any smooth function f € C*(T?), define a quantum observable

Opy(f), called the Weyl quantization of f [7]
Opy(f) =Y f(n)Tn(n)

nez?

where f(n) are the Fourier coefficients of f.
Given a state ¢ € Hy, the expectation value of the observable f in
the state ¢ is defined to be (Opy(f)¥, ).

2.3. Cat maps. To introduce dynamics, we consider a linear automor-
phism of the torus A € SL(2,Z). The iteration of A gives a (discrete)
dynamical system, well-known to be chaotic if A is hyperbolic, that is
| tr A| > 2 (such a map is called a “cat map” in the physics literature).

If we further assume A is “quantizable” (that is A = (z Z with

ab = ¢d = 0 mod 2, for more details see [14], section 3 or [9], p.
273) then one can assign to A a unitary operator Uy(A) on Hy, the
quantum propagator, whose iterates give the evolution of the quantum
system, and characterized by the property (an analogue of “Egorov’s
theorem”):

(2.7) Un(A)" Opy(f)Un(A) = Opy(f o A)

This can be thought of as saying that the evolution of the quantum
observable Opy(f) follows the evolution f +— f o A of the classical
observable f. That (2.7) holds ezactly is a special feature of the lin-
earity of the map A; for general maps, (2.7) is only expected to hold
asymptotically as N — oo (c.f. [15]).

The stationary states of the quantum system are given by the eigen-
functions ¢ of Un(A). It is our goal to study the limiting expecta-
tion values (Opy(f)1,v) of observables in (normalized) eigenstates
and show that outside a zero density set of N’s, they all converge to
the classical average fT2 f of the observable as N — oo.



ON QUANTUM ERGODICITY... 7

3. THE ORDER OF A MATRIX MODULO N

3.1. Let A € SL(2,Z) be a hyperbolic matrix, that is |tr(A)| > 2.
The order (or period) ord(A, N) of the map A modulo N is the least
integer k& > 0 so that A¥ = I mod N. We begin to study the order
of A modulo an arbitrary integer IV, starting with some well-known
generalities.

3.1.1. Firstly, if M and N are co-prime then
ord(A, MN) = lem(ord(A, M), ord(A, N))
and so if N has a prime factorization N = [] p}* then
ord(A, N) = lem{ord(A, p)}

3.1.2. The eigenvalues ¢, ¢! of A generate a field extension K = Q(e),
which is a real quadratic field since tr(A)? > 4. We label them so that
le| > 1. Let

Dy = 4(tr(A)? — 4)
so that K = Q(v/D4). We denote by O the ring of integers of K.

The eigenvalues €, e of A will be units in O. Adjoining € to Z gives
an order © = Z[e] C Ok in K. Then there is an O-ideal I C O so
that the action of € by multiplication on I is equivalent to the action
of A on Z?, in the sense that there is a basis of I with respect to which
the matrix of € is precisely A (see [19] or [14]). The action of O by
multiplication on I gives us an embedding

LD — Maty(Z)

so that v = x + ye € O corresponds to xl + yA. Moreover, the
determinant of z1 + yA equals N'(y) = v7, where N : K — Q is the
Galois norm. In particular, if v € O has norm one then 7 corresponds
to an element in SLy(Z)

Given an integer N > 1, the embedding ¢ : O < Maty(Z) induces a
map vy : O/NO — Maty(Z/NZ) and the norm N : K — Q gives a
well-defined map

N :9O/NO — Z/NZ.
Denote by C4(N) the group of norm one elements in 9/N©O:
Ca(N) =ker [N : (O/NO)" — (Z/NZ)"] .

This is a subgroup of SL(2,Z/NZ), containing the residues class of A
modulo N.
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The cardinality of C4(/N) can be computed via the Chinese Remain-
der Theorem from the cardinality at prime power arguments. To do
so, define

+1, psplitsin K
x(p) = S
—1, pinert in K.

(Recall that a prime p is inert if (p), the ideal generated by p in the
ring of integers of K, is a prime ideal. If (p) is a product of two
distinct prime ideals, then p splits, whereas p ramifies if (p) is a square
of a prime ideal.) By quadratic reciprocity, x is a Dirichlet character
modulo D4 (not necessarily primitive). It can then be shown (see e.g.
[14], Appendix B) that if p does not divide Dy, then

(3.1) #Ca(P") =" (p — x(p))
while for primes dividing D4, there is some ¢4 > 0 so that
(3.2) #Ca(p") < cap® .

As a consequence, we find that if p does not divide D4, then the order
of A modulo p divides p—x(p), and more generally, for any prime power
pk, if p does not divide D4 then ord(A, p*) divides p*~1(p — x(p)).

3.1.3. An upper bound for ord(A, N). Another consequence of (3.1),
(3.2) is that for any integer N = []p*r,

#Ca(N) = [[#Cap) <a N]J(1 + %) <4 Nloglog N .

pIN
Thus, for any integer N, we have as an upper bound for the order
(3.3) ord(A, N) < Nloglog N .

3.2. Making ord(A, N) small. As for lower bounds on the order, it
is easily seen that ord(A, N) > log N for all N. In fact, this bound is
sharp, as we claim

Proposition 3. There is an infinite sequence of integers { Ny}, for
which ord(A, Ni) < log Ny.

Proof. To explain the idea, recall first how to find integers n for which
2 has small order modulo n: The trick is to take n, = 2¥ — 1, since
then 2¥ = 1 mod ny, and so ord(2, n;) < k ~ logng/log 2. To modifiy
this idea to our context, assume for simplicity that the matrix A is
“principal”, that is the action of A on Z? is equivalent to the action of
the unit € on the maximal order Ok (in general we need an ideal in the
order O = Zle], see section 3.1.2). Then A* =1 mod N is equivalent
to € =1 mod NO (in general, only the implication = is valid).
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Factor | det(A* — I)| as a product of prime powers:
]det(Ak — I)’ = Hpap HpLP prp
s I R

where [ [ means the product over primes p = pp which split in K =
Q(e), [[; the product over inert primes and [], the product over the
ramified primes p = p>.
On the other hand, we have
det(A* —I) = N(" — 1) = — F(F - 1)%.

Write the ideal factorization of a;, := (¢* — 1)Dx as
a, = Hpséﬁsg Hpip Hprp .
S I R

Since ai = det(A* — I)Ox, we get on comparing the prime exponents
that

25, = 25, = 0, Ly = 2y, Pp=Tp .
Since o, is even, we can set

Nk = Hpa'p/z Hpip Hp[rp/Z} .
S I R

Then
Ny < |det(A* — I)| < N2§

where 0 = [ p is the product of all ramified primes of K.

We have a;, € Ny;Ox andso €¥ =1 mod N,Og, equivalently A¥ = T
mod Ny. Thus we find
log | det(A*F — 1) < logNgo 2

log € — loge log €

and so ord(A, Nj) < log N, as required. O

ord(A, N) <k ~ log N, + O(1)
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4. LARGE ORDER OF A IMPLIES EQUIDISTRIBUTION

4.1. In this section we give a relation between the order of the map
A modulo N and the distribution of the eigenfunctions of the quanti-
zation Uy (A). We start by relating the fourth power-moment of the
expectation values (T (n)iy;,1;), for ¢; ranging over an orthonormal
basis of Uy (A)-eigenfunctions, to the number of solutions of a certain
equation modulo N.

Recall our notation: n = (ny,ns2) will denote a row vector, and the
matrix A acts on by multiplication on the right: n +— nA.

Proposition 4. Let {¢;}Y, be an orthonormal basis of eigenfunctions
of Uy(A). Then

N ) N
(4.1) ; (T (n)i, ) |* < WV(Na n)

where v(N, n) is the number of solutions of the congruence

n(A'— A1+ A" — AN=0 mod N,  1<4,jk,I<ord(4, N)

Proof. Let
1 ord(A,N)
Dn) = —— Tn(nA
() ord(A, N) Zzl w(nd),

and let ¢;; be the matrix coefficients of T (n) expressed in terms of the
basis {1;}X,. From (2.7) we have that

(4.2) Tn(nA*) = Uy (AR T (n) Uy (AF)

and by assumption Uy(A)Y; = A\ for A; a root of unity. Thus, if
{Di;}1Y;=, are the matrix coefficients of D in terms of the basis {1}/,
then

ti: i A=A,
(43) Dz] - J . J
0  otherwise.
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Indeed, from (4.2) we have

d(A,N
Dij = ord( A N) ; (Tn (nA") i, 5)

1 ord(A,N)

- —_— k * k A '

~ AT ; (Un (AR T (n) Un (AR ), ;)
1 ord(A,N)

I .. o

AN o (TVOIUNAY Un(4)05)
1 ord(A,N)

= —— PNL

Ord(A,N) p ( 7 ]) iJ

which gives (4.3).
If we denote by {v;}¥, the column vectors of D, then the (k, k)-entry
of (D*D)?*is

((D*D)2)kk = Z<Ui?vk Uk,’U, Z' Ulavk 7
and since |(vg, vg)| = D, | Dyil? we get
> Jtyl* < te((D*D)?).
A=A

Substituting the definition of D and using (2.5) and (2.6), we see
that (D*D)? is given by ord(A, N)™* times a sum, ranging over 1 <
i,7,k,l <ord(A,N), of terms

Tn(nA) Ty (—nA) T (nAM) T (—nAY) = v e T (n(A'— AT+ AR+ AY)

where 7; ; ; has absolute value one. Now take the trace and use (2.4):
|Ty(n)| equals N if n = (0,0) mod N, and is zero otherwise. The
result now follows by taking absolute values and summing over all
i,7,k,l. (For more details, see section 6.2 in [14].) O

2. A counting problem. In order to make use of Proposition 4 we
must bound the number of solutions to

n(AZ—AJ+Ak_AZ)EO IﬂOdN, 1§Z7.]7kal§0rd(A7N)

We will show that there are essentially only ¢rivial solutions of this
equation, i.e.

(AT, AF) = (A7, AD), (A1, AF) = (AL, A%), or (A, A7) = (—AF, —AD),
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where the third possibility only happens if there exists ¢ such that
Al = —I. In terms of the exponents 1, j, k, [ this means that

(4.4) (i,k)=(5,0), (i, k)=(,k), or(ij)=({t—kt—1),

where equality is to be interpreted as equality modulo the order of A.
4.2.1. The prime case. Here we assume N = p is prime.

Lemma 5. Assume that nA and n are linearly independent modulo p,
and that the eigenvalues of A are distinct modulo p. Then there are at
most 3ord(A, p)* solutions of

(4.5) n(A"— AT+ A" —AHY =0 mod p, 1 <i 4 k1 <ord(A,p)

Proof. Let K be the real quadratic field containing the eigenvalues of
A, and let K, be the residue class field at the prime p, i.e., K, = Ok /P
where P is a prime of K lying above p. K, has cardinality p if p splits
in K, or p? if p is inert. We may diagonalize the reduction of A modulo
e 0

0 et
and n' = (n}, n}), where the assumption of linear independence modulo
p implies that both n},n} # 0 (in K,.) Thus (4.5) is equivalent to the
following two equations over K,:

p over the field K,. In the eigenvector basis we have A" =

€ —d+e"—e=0
(4.6) R
€' —e’+e"—e" =0
which in turn (see lemma 15 in [14]) is equivalent to

e = — e +é

(" — ) (" — ) +€e)=0

Hence [ is determined by the triple (4, j, k). Dividing by €* and letting
i =i—k and j' = j — k we rewrite the second equation as

(4.8) (1—eN1 - +e)=0, 1<, j <ord(A,p)

If the first (or second) factor equals zero then ord(A, p) | i’ (or j') since
the order of € in K equals ord(A, p). If the third factor is zero then
ord(A,p) | ' — j' — t where ¢ = —1. In each case this leaves ord(4, p)
possibilities for the pair (i, 5'), and since k is unconstrained the total
number of solutions is at most 3ord(A, p)%. O

(4.7)

Remark: The condition of linear independence mod p in lemma 5
is satisfied for all but finitely many primes. In fact, if we let

(i)
my Mo
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where n = (ny,ny) and nA = (mq, ms), then the condition of linear
dependence is equivalent to p | det M. Now det M is a nonzero inte-
ger, because A has no rational eigenvectors. We also note that if the
independence condition is not satisfied then trivially there are at most
ord(A, p)* solutions to (4.5).

Lemma 6. Let N be square free and coprime to Dy = 4(tr(A)? — 4).
Assume further that nA and n are linearly independent modulo p for
all p| N. Then there are at most 3*°WV) ord(A, N)? solutions of

(4.9) n(A"— AT+ A" — A =0 mod N, 1<i,j k1 <ord(A N).

Proof. Let (i,7,k,1) be a solution to (4.9). If p | N then (4.9) holds
with N replaced by p. Arguing as in lemma 5 one of the three factors in
(4.8) must be zero, and the vanishing factor determines which one of the
three equations in (4.4) that (4,7, k,[) must satisfy modulo ord(A, p).
For example, if the first factor in (4.8) is zero, then (i,j) = (k,!)
mod ord(A, p).

Now, the group generated by A modulo N is cyclic and isomorphic
to @yeZ/q*Z where the ¢’s are distinct primes. We will denote the
Z/q"Z component of i by i, and similarly for j, k,I. Since ord(A, N)
is equal to the least common multiple of {ord(A, p)},n there exists for
each ¢ € @ at least one prime p | N such that ¢% || ord(A, p).

Claim: if (4,7, k,1) is a solution to (4.9) then (iy, j,, kq, ;) satisfies
one of the equations in (4.4). The reason is as follows: there is a prime
p | N such that ¢% || ord(A,p), thus one of the equations in (4.4)
is satisfied modulo ord(A,p). Since ¢% || ord(A,p) this implies that
(igs Jq» kg, lg) satisfies one of the equations in (4.4). (Note in particular
that this leaves ¢®* possibilities for (i, j,, kg, [;) if we specify one of
the equations in (4.4) to be satisfied). Now, to each p | N there are 3
different types of trivial solutions, and since (i, j,, kg, l,) must satisfy
one of the possibilities in (4.4) for all ¢ € @), we obtain that there are
at most

SM(N) H q2aq _ 3w(N) OI'd(A, N)2
q€@
solutions to (4.9). O

In our applications the hypothesis of linear independence might not
hold for all p | N. However, we have the following

Lemma 7. Let N be square free. Then there are at most
Oa (|n|§+53“’(N) ord(4, N)?)
solutions to
(4.10) n(A'— A+ A*—AY =0 mod N, 1<i,j k1 <ord(A N).
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Proof. By the remark after lemma 5, linear dependence modulo p holds
if and only if p|det M, where |det M| <4 |n|5. Let

B N
~ ged(Dydet M,N)

Then the hypothesis in lemma 6 is satisfied for N’, leaving 3*(™") ord(A, N')?
possible values for (i, 7, k,l) modulo ord(A, N’). Now, an element in

Z/ord(A, N')Z has exactly g:j((:’fvv,)) preimages in Z N [1,ord(A4, N)].

/

Hence there are at most
: d(A, N)\*
w(N") A N’ 2 [ OF )
’ ord(4, ') (ord(A,N’)
solutions to (4.10). Since
| det(M)| <4 |n|3

we get that

N
N =ged(Dydet M, N) < Dydet M <4 |nf3.

Finally noting that since N is square-free,
ord(A, N) = lem (ord(A, N'),ord(A, N/N")) < ord(A, N')-ord(A, N/N')
we find (by (3.3)) that

ord(4,N) _ . N\

for all € > 0, and we are done. ([l
4.3. Conclusion.

Proposition 8. There exists a density-one sequence S of integers such

that if n # 0 and N € S then

N(log N)*™

Z| Tn(n)s, ¥i)|* < |n |8+EW

Proof. Let S be the set of integers of the form N = ds?, where d is
square free, s < log N, and w(/N) < 3/2loglog N. By Lemmas 21 and
22, proved in the appendix, S has density one.

For N = ds? € S, we wish to bound the number of solutions to

(4.11) n(A*— AT+ AF — AN =0mod N, 1<4,j, k1 <ord(A, N)
Since N is not square free we cannot apply lemma 7 directly. For

N = ds?, d square-free, we further decompose d = d; ged(d, s), so that
dy and N/d; = ged(d, s)s* are coprime.
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Given t € Z there are exactly 2:;1((1’2’1)) solutions to A* = A* mod d;

if i € ZN[1,ord(A, N)]. Thus, a solution of
(4.12) n(A"— A7 + AF — A =0mod dy, 1<14,5,k 1 <ord(A,d)
lifts to at most (ord(A, N)/ ord(A, dy))?* solutions for which 1 < 4,5, k,1 <

ord(A, N). This, together with lemma 7 applied to (4.12) gives there
are at most

ord(A, N)
(ord(A, dy)
solutions to (4.11).
Clearly w(d;) < w(N), ord(A,d;) < ord(A, N), and since dy, N/d;
are coprime, with N/d; < s®, we have

ord(4, N) N Ny 3(1+e)
- 7 € < €
ord(A, ) 5) <) s

for all e > 0 (by (3.3)). Hence the number (N, n) of solutions of (4.11)
is bounded by

(4.13) v(N,n) < |n|5tes'?T3°M ord(A, N)?.

Thus we find that for N € S the number of solutions of (4.11) is
bounded by

n|5te (log N)'#He 33/21gloe N (A N)? < |n|S+(log N) " ord(A, N)?
2 2

and consequently we see from Proposition 4 that

N(log N)™
Z|TN i )| < |n |8+W

as required. O

) In|5t¢3+() ord(A, dy)?

< ord(A,

By a routine argument (see [14], section 6) we get:

Corollary 9. There is a density one sequence of integers N so that
for all observables f € C*(T?), we have

4 N(log N)™
Z|OPN )15 1b5) / <y ! ord(A, N)?

This reduces the proof of Theorem 1 to showing that for a sequence
of density one of integers, ord(A4, N) grows faster than N'/?(log N)7 as
N — oo. We will do this in Section 7 (Theorem 17).
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5. RELATING THE ORDER OF A MODULO INTEGERS TO THE
ORDER MODULO PRIMES

Our goal in this section is to show (Proposition 11) that for a set
of density one of integers N, ord(A, N) is not much smaller than the
product of ord(A, p) over prime divisors p of N.

5.1. For a set of positive integers M = {my, ..., my}, define

~lem{my,...,my}
Then L£(M) is a positive integer, L({m}) = 1 and L({m1,ms}) =
ged(my, my).

From the definition, a prime ¢ divides £(my,...,my) if and only if
there are two distinct indices 7 # j so that ¢ divides both m; and m;.

Lemma 10. Let M = {mq,...,my}, N = {ny,...,nx} and suppose
that m; | nj, 1 < j <k. Then L(M) divides LIN). In particular,

Hj m;
LN)

Proof. Factor m; = [[,p", n; = [[,p{""™ with ay;, 3;; > 0. Then
LM) =TI p" LN) =TI, p;" where

lem{my,...,my} >

k
= g Qy; — max
g - 1] 1<5<k 279
]:

k

vi= Y (ai + By)

j=1

— max (ai; + ) -
Thus the Lemma reduces to the following easily verified inequality: For
any non-negative reals a;,0; > 0,1 < j < k, we have

(Z aj> — maxa; < (Z(aj + bj)) — mjax{aj +b;} .

t

5.2. We need to apply these considerations to bounding ord(A, N).
Given an integer N, we will write N = ds? with d square-free, and
further decompose d = dgy ged(d, D), so that dy = do(N) is square-free
and co-prime to D 4.

Now define

(5.1) L(N)=L{p—x(p) : p|do(N)})
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Since dy | N, we have
ord(A, N) > ord(A, dy) = lem({ord(A,p) : p | do})
Moreover, for p | dy we have ord(A,p) | p — x(p) and so by Lemma 10

we find
11 Oord(A, P)
lem({ord(A,p) : p | do}) > Bl (V)
and thus
ord(A, P
(5.2) ord(4, N) > [y, 0rd(A. )

L(N)

We will show (Proposition 11) that for almost all N < x, we have
L(N) < exp(3(loglog z)*) and consequently we get as the main result
of this section:

Proposition 11. For almost all N < x,

Hp‘do Ord(A7 p)

>
ord(A, N) exp(3(loglog z)*)

where dy is given by writing N = ds?, with d = dyged(d, D4) square-
free.

5.3. For z > 1, we set z = z(z) = (loglog z)®. We say that an integer
is z-smooth if it has no prime divisors larger than z.

Lemma 12. L(N) is z-smooth with at most O(x/loglogx) exceptions
for1 < N <ux.

Proof. Suppose that L(N) is divisible by a prime ¢ > z. From the def-
inition of L(N), this implies that there are two distinct prime divisors
q1, g2 of do(N) so that ¢ divides ¢; — x(¢;), @ = 1,2. In particular,
¢ < Y2, Thus we find two distinct primes such that

(5.3) ¢1g2 | N and ¢ =+*1 modl, i=1,2

For fixed ¢1, g2 the number of N < z divisible by ¢1¢s is [z/q1¢s]. Thus
for fixed ¢, the number of N < x satisfying (5.3) is at most

2
T 1
I I
d.gp—t1 mod ¢ 192 g=+1 mod e

By Brun-Titchmarsh (Lemma 23 - recall £ < x/2), this is bounded (up
to constant factor) by x(loglogz/f)?. Summing over all primes ¢ > z,
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we find that the number of integers N < x such that L(V) is divisible
by some prime ¢ > z is at most

1 z(loglogx)? T
log1 2 —
#(log log ) Z 2 < z < loglog x

0>z

Proposition 13. For almost all integers N < x we have
L(N) < exp(3(loglog z)*) .

Proof. By Lemma 12 we may assume that L(N) is z-smooth, with
z = (loglog z)®. For p | do(N), write the z-smooth part of p — x(p) as
fpss, with f, square-free. Set
Sy = maxs, .
pldo
Note that since f, is square-free and z-smooth, it divides the product
of all primes ¢ < z. Thus for z > 1 we have:

fp < Hq < 632/2 .
q<z
Since L(N) is z-smooth and divides [, (p — x(p)), it also divides
the product Hp‘ g0 Jo55- Thus

N) < [/, < [[€/25* < (e¥25%)~)
pldo pldo
or

(5.4) log L(N) 3

— Z2<logS?
w(N) 27 = 08 5

Now for almost all N < z we have (Lemma 22)
3
(5.5) w(N) < §1oglogx

and so by (5.4) if L(N) is large, so is Sy. Specifically, if log L(N) >
3zloglog x = 3(loglog x)* then by (5.4), (5.5), we find

log Sx > 2/2 = (loglog z)* /2
We will show that this fails for almost all N < x and thus prove the
Proposition.

To estimate the number of N < z for which logS% > 2/2 =
(loglog z)3/2, recall that by the definition of Sy there is some prime
q dividing dy (and hence dividing N) so that the z-smooth part of
¢ — x(q) is fys2 and Sy = s, (in particular if N < x then Sy < 2'/2).
Thus there is a prime ¢ | N for which ¢ = +1 mod S2.
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Given ¢ there are at most [x/q] integers N < z divisible by ¢, and

hence the total number of N < z with log S% > z/2 is at most

> >
exp(z/4)<S<zl/2 g=+1 mod S?
q<z

By Lemma 23 we have for fixed S < z'/2
xloglogx
Yy D TOERT

SQ
g=+1 mod S? q
q<x

and summing over S > e¢*/* gives at most

1 log 1
xloglogx E 5 < %
e
S>exp(z/4) xpl=

Thus the number of N < z for which log S% > 2/2 = (loglog x)3/2 is

at most
xloglogx
ex/4

and we are done.

1
< zlog logxexp(—z(log log 7)?) = o(x)
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6. LARGE ORDER FOR PRIMES

In this section we show that ord(A, p) is large for a positive propor-
tion of primes. Our main result here is:

Theorem 14. Let 1/2 < n < 3/5. Then the number of primes p < x
for which the order of the cat map modulo p satisfies ord(A,p) > x" is
at least c(n)w(z) + o(w(x)), where

(6.1) e(n) = % 1)2 < <3/5.

We first observe (following Hooley [12]):
Lemma 15. The number of primes for which ord(A,p) <y is < y?.

Proof. If ord(A,p) = k <y then A¥ = mod p and so p | det(A* —1I).
Thus the number of such primes is bounded by the total number of
prime divisors of the integers det(A* — I), k <y, that is by

Zw(det(Ak - 1))

k<y
where w(n) is the number of prime factors of n. Now trivially w(n) <
log |n|, and |det(A* — I)| ~ €¥ where € > 1 is the largest eigenvalue of
A. Thus we get a bound for the number of primes as above of

> w(det(AF — 1) < Y k<

k<y k<y
as required. O

For n > 1/2, let P,(x) be the set of primes p < x for which there is a
prime ¢ > 2", with ¢ | p— x(p). The main tool for proving Theorem 14
is:

Proposition 16. For 1/2 <n < 3/5 we have
#P)(x) = c(n)m(x) (1 + o(1))
with ¢(n) > 0 given by (6.1).

Theorem 14 follows from Proposition 16 and the following observa-
tion: For all but o(m(z)) of the primes of P, (x) we have ord(A4, p) > 2.
Indeed, for p t D4, ord(A, p) divides p—x(p). For p € P,(z), if ord(A, p)
is not divisible by the large factor ¢ > z" of p — x(p) then it divides
p—x(

Tp) < z'™" and so ord(A4, p) is smaller than y = z'~7; the number

of such primes is by Lemma 15 at most O(z*1~) = o(n(x)) since
n > 1/2. Thus for all but o(n(z)) of the primes in P,(z), we have
q | ord(A,p) and so for these primes ord(A4,p) > ¢ > .
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6.1. Proof of Proposition 16. The proof of Proposition 16 is a mod-
ification of a theorem due to Goldfeld [8] from the case of primes p for
which p 4+ a has a large prime factor for fixed a, to the case when a is
allowed to vary with p in a bounded fashion, depending on a fixed set
congruence conditions.

The idea is as follows: By quadratic reciprocity, x(p) only depends
on the residue of p modulo Dy = 4(tr(A)? — 4). Thus the number of
primes in P,(z) is the sum over all invertible residues ¢ mod Dy of
the number of primes in

P,(x;Da,a) ={p € P)(x) :p=a mod Dy}
We will show

(6.2) #P,(x;Dy,a) 2

where ¢(n) is given by (6.1). Summing (6. ) over all invertible residues
a mod D, will give Proposition 16.

6.1.1. Asin [8], we consider the sum

2. 2. Awm

m<x p<lzx
(m,D4)=1p=amod D4
m[p—x(a)

and more generally for y; < ys < z, we set

Salyryoiz) = > > A(m)

y1<m<y2 p<z
(m,D4)=1p=amod D4
m|p—x(a)

This is the weighted sum over prime powers m € (yi, %], coprime to
Dy, of the number of primes p <z, p =a mod m with m | p — x(p).

If (m, D4) = 1 then by the Chinese Remainder Theorem, there is a
unique a,, mod mD 4 so that

ay = x(a) mod m
am =a mod Dy.

Then we have

Sa<y17y2;x) = Z A(m)ﬂ-(l‘;mDAuam) .

y1<m=<ys2
(m,Da)=1
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6.1.2. Prime powers. Let us first see that the contribution of proper
prime powers m = ¢*, k > 1, to S,(y1,92;2) is at most O(x/logz),
which will allow us to ignore their contribution: Indeed, this contribu-
tion is bounded by

Z log Q’W(I;quA,aqk) < Z + Z log q-w(m;quA,aqk).

dh<z gh<ad/t g3li<gh<a
k>1 k>1 k>1

By Brun-Titchmarsh (A.1), if ¢* < 24 then 7(z; ¢* D4, apr) < z/(¢" log x),
so that the sum over ¢* < 2% is bounded by

x x
> g~ <
ot q*log x ogw
since
lo
oy
q prime k>1
As for the sum over 2%/* < ¢* < x, we use the trivial bound
ok 1/4
m(x;q"Da,amn) K <x
( *) q* Dy

(which comes from counting integers in an arithmetic progression) plus
the fact that the number of prime powers ¢* < x is O(logx/logq).
Since the primes contributing are no larger than z'/2, we bound this
sum by

1
Z logqloﬂfM < 34
g<xl/2 084

which is negligible.

6.1.3. A reduction. We reduce the study of P,(z;Da,a) to that of
Sa(a", z;3):

Pyx;Da,a)= Y w(x;Da,a,)

z<q<z
@D 4 prime
1
> Y logeenleDaay)
z<q<lz
¢tD 4 prime
1 T

Sa(x™ z;x) + O( )

- log x log? x
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since the prime powers are negligible. (Also note that ¢ > z'/2 so that
each p is counted exactly once in the first sum.) Thus in order to prove
(6.2), we need to show that for n < 3/5,

3—5om =w

(6.3) Sa(z" xy7) 2 2T =) D)

6.1.4. A division. We write

1/2 1/2

xr xr
Sa(x) Sa( 710g0x’$)+8a(10gcx

@72) + (2, a3 7)

with ¢ > 1 to be determined later. We will show

T
(6.4) Sa(@) ~ o(Da)
x!/? 1 x
(65) Sa(L log—cxvx) ~ §¢(DA)
o P
(6.6) Sa(logcx’$ SRS — 1 ¢(Da)

which will give (6.3) and hence our proposition.

6.1.5. To show S,(x) ~ z/p(D4), we first write S,(z) as

doAm) D 1= > = > [am > 1

m<x p<zx m<x m<x <z
(m,D4)=1 p=a mod D 4 (m,D4)#1 p=a mod D 4
m|p—x(a) mlp—x(a)

To evaluate the sum over all m < x, we switch the order of summation
and use the identity >, A(d) = logn to get

S Am) > 1= > D A(m)

m<z p<z p<z m|p—x(a)
p=a mod D4 p=a mod D4
m|p—x(a)
= Y loglp - x(@) ~
o P(D4)
p=a mod D 4

To estimate the sum over prime powers m < z, with ged(m, D) # 1,
note that since the sum is only over the powers of the primes ¢ dividing
D4, it suffices to treat each such prime separately. We will show that
each contributes at most O,(z/logx) and thus prove (6.4).
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Indeed, the contribution of such a prime is

long Z 1§long Z 1
q

k>1 p<z k<z p<z
<z p:;? mod Dy q*|p—x(a)
7" lp—x(a)

<loggq Y m(x;q",+1) .

"<z

The contributing exponents k consist of those ("small” k’s) with ¢F <
x/e and at most two "large” values of k for which z/e < ¢* < z. The
contribution of the ”large” exponents can be shown to be at most O(1)
by noting that m(x;¢*, £1) is at most the number of integers n < x
congruent to =1 modulo ¢*, which is at most z/¢" + 1 = O(1).

For the "small” exponents (k > 1 such that ¢* < z/e), we use the
Brun-Titchmarsh theorem (A.1) to bound

2 z/¢"
1 —qg'logz/q*

m(w; ¢, £1) <
and so the sum over all £ > 1 with ¢* < x/e is at most

2 x/q"

— 1 ko
1-¢ logz/q
In the range ¢ < ¢* < x/e, the function k 1ogg6/x q/qu is decreasing and

so the sum over 1 < k <log(z/e)/logq is bounded by the integral

log(z/e)/logq ./ k 1 [T dt 1
/ /4 —dk = / < -
0 log(x/q") logq J. logt ~ logqlogx

Thus the total contribution of these "small” k’s is at most ¢,z /log .
Summing over all prime divisors ¢ of D, gives (6.4).

6.1.6. To evaluate S, (1, g;—ﬁi; x), wereplace w(x;mD 4, a,,) by Li(z)/é(mD 4)

and use the Bombieri-Vinogradov theorem to bound the error by
Li(z) x T

—— | <L logx <
p(mDa) s log?z  logx

1 smDa,b) —
> ogm max |m(z;mDa,b)

m<z1/2/log¢ x

(¢ was chosen to give the exponent 2 on the RHS of (A.2)). The main
term is evaluated by (note that ¢(mDy4) = ¢(m)p(D4) if m and D4
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are coprime)
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A(m) . Li(x) A(m)
> mby =G0y, 2 am
m<x og®x m<zl/?/logtx
(m,D4)=1 (m,D4)=1
Li(z) A(m)
= @)
oo\, 2o atm) OV
m<x og-x
Li(z) zt/?
oD *log'z
Ll
2¢(Da)

as required to prove (6.5).

6.1.7. Finally we estimate S,(z'/2/log® z, z"; ), We will use the Brun-
Titchmarsh inequality (A.1) which for m < 2", n < 3/5 gives

- 2 x
1—n¢(Dam)logz

(6.7)

m(x;mDy, ay)

We now find using (6.7) that

zt/? 2 A(m)
So(—— 2" r) < —— Z —_—
log® x 1—nlogx 112 o d(mDy)
(m,D4)=1
1 2 x z'/?
= 1 1 O(1
¢wm1—m%x(%x gz " (0
2(n—1/2) =
1—n  ¢(Da)

which gives the required estimate (6.6).
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7. LARGE ORDER FOR ALMOST ALL INTEGERS

In this section we will show that for a density one subsequence of the
positive integers, the order of A is large enough to give give uniform
distribution of all eigenfunctions of Uy (A). We will show:

Theorem 17. There exist 6 > 0 and a density one subset S of the
integers such that for all N € S we have

ord(A, N) > N2 exp((log N)?).

Fix 1/2 < n < 3/5. We say that a prime p is good if p { D4 and
ord(A,p) > p". Let Pg be the set of good primes, and let Pg(x) be the
set of primes in Pg that does not exceed z. As shown in Theorem 14,
there exists v = v(n) > 0 such that

Pe(z) 2 ym(x).

If p| Dgorord(A,p) < p”we call p bad, and if p | D4 or ord(A, p) <
p1/2/logp we call p terrible. As for good primes we let Pg and Pr
denote the set of bad, respectively terrible, primes (note that Pr C Pg),
and by Pg(x) resp. Pr(z) the number of primes less than z in these
sets. Since Pp is the complement of Py which has lower density v, we
have

(7.1) Pp(z) S (1 —7)m(x)
As for the size of Pr, it is immediate from Lemma 15 that
x
(7.2) Pr(z) = O(1 ) -
og”x

Given an integer N we write N = NgNp where

Qa; a;
Ne= 1] v, No= ]] #"
P |N PN
pi€Pa pi€Pp

We also let Nz | Np be given by Np =[] ey pj".
pi€Pr
Define a set of integers N¢g by n € N¢ if and only if all prime divisors
of n are good, and similarly for N and Np. As for primes we let Ng(z)

(respectively Np(z) and Nz(x)) be the elements of N (respectively
Np and N7) not exceeding z.

Proposition 18. The number Np(x) of integers N < x having all
their prime factors in Pg satisfies

Np(r) <

T
(logz)r”
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Proof. Let b, = 1if p € Pg and let b, = 0 if p € P, and for composite

integers d put by = [, ;0,0 Then Np(z) = >, _, b,. Since Pp(z) <

(1 —~)m(z) the sieve of Eratosthenes gives that Ng(z) = o(z). Indeed,

Np(z)=#{n<z:pePs=pin}==x H (1—-1/p)+ O(exp(z)) .
PEPG(2)

Putting z = loglogx and noting that lim. . [[,cp,.)(1 —1/p) = 0
since D p_1/p = 0o we obtain Np(x) = o(z).

Now following Wirsing [20], we consider the smoothed sum [, Np(t)%.

t
By partial summation we have

(7.3) /jNB(t)% :NB(x)logx—anlogn.

n<x

Using the identity logn =}, A(d) we obtain:

> balogn=> by [ S A@) | =D baA(d) Y by

(74) n<z n<z din d<z n<z/d
= by Y baA(d).
n<z  d<z/n
Now,
B T\19 x

Z baA(d) = Z logp + O((ﬁ) log(z/n)) < -

d<z/n pEPp(x/n)
by Chebyshev’s bound on m(x). Moreover, Ng(t) = o(t) implies that

[ ReO gt = o(x). Hence

(7.5) Ng(z)logx + o(z) < Z bn%.
n<x
However,
by 2 _ 2
ZE < ] a+1/p+1/p2+..)=exp( Y (1/p+O(1/p")
n<w pEPp(x) PEPE ()

< exp ((1 —7)loglogz) = (logx)*
and thus

(7.6)  Np) < -

(logz)'™7 + of

logx) < (log )7

log x
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Corollary 19. We have

. v/2 *
(7.7) #{N <z : Ng < exp((logz)"*)} <« (log 1)
Proof. We may write #{N < x: Ng < z} as
x
Z NB(N_>7
Ng<z G
and by Proposition 18 we may bound this sum by
T x 1 T
— < ~ — K ——log 2.
& Nallow 2 < Ty 22 Ve < Tow Ty
Putting z = exp((log z)?/?) we obtain the desired conclusion. O

We will also need to estimate the number of integers N with Np
large:

Lemma 20. Let 3(z) = > neny 1/N. Then:
N>z

i) The number of integers N < x for which Ny > z is at most x[3(z).

ii) lim, o B(2) = 0.
Proof. i) We have

T
#{N <z :Np>z}< Z N—T:xﬁ(z)
Nr>z
i) By (7.2),

Zl/p<oo

pEPr
and hence

S yN=J]a+1/p+1/p"+...) < 0.
NeNr pEPT
[
Proof of Theorem 17. As in section 5, write N = ds? where d is
square free, d = dy ged(d, D4), D4 = 4(tr(A)? —4). By Proposition 11,
for almost all N < x we have
Hp|d0 Ord(A7 p)

exp(3(loglogz)*)
Fix 1/2 < n < 3/5. Write dy = dgdp where dg is “good” and dp is
“bad”. By definition, if p is good then ord(A, p) > p”, hence

[T ord(A,p) > dZ.

plda

ord(A,N) >
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Furthermore,
1/2 d 1/2 1
p B
| | d(A > | | > | = _—.
: or ( ap) - ; lng = (dT) (logdB)w(dB)
Plar rlar

But trivially ord(A,p) > 1 for p € Pr, hence

[ ord(A,p) > dt dg)"” N
TG\ dy (log d)~(45)

pldo
dgfl/2d1/2

dil* (log dg)=(4)
—1/2
dnG /2 N1/2
(drs?)'/*(log dp)«dz)

Now consider N < x. By the previous results we may, without affecting
the density (i.e. for all but o(z)), assume that the following holds:

(7.8) dr <logz (Lemma 20)
(7.9) s <logx (Lemma 21)
(7.10) w(dp) <w(N) < 2loglogx (Lemma 22)
(7.11) dg > exp((log z)?/?) (Corollary 19)

We also use logdp < log N <logz. Hence

NY2exp ((77 —1/2)(log x)w/z)
H ord(A,p) Z (log l,)3/2+3/210g10g93 ’

pldo

Hence by Proposition 11,

Ty ord(Ap)

~exp(3(loglog x)*)

N N2 exp ((n — 1/2)(log 2)77?)

~exp (3(loglog z)* + (3/2 4 3/2loglog x) loglog x)

> N2 exp((log N)/3).

This concludes the proof of Theorem 17. U

ord(A, N)
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APPENDIX A. BACKGROUND FROM PRIME NUMBER THEORY

A.1. In this Appendix, we collect some facts which we will need in the
rest of the paper. The first asserts that most integers have only small
square factors:

Lemma 21. The number of integers N < x which have a square factor
s* | N with s >log N is o(x).

Proof. If N € [x'/% ] then log N > 1/2log, and the number of N €
[2'/2, 2] such that s? | N for some s > log N is bounded by

> ot
s2 T logx

s>1/2logx
Hence the number of N < x for which s? | N for some s > log N is
<<$+x1/2:0(1:). O

A.2. We will need to know that most integers have few prime factors:
Let w(N) be the number of prime factors of N. As a consequence of
the Hardy-Ramanujan theorem [10] (see [11], Theorem 431), we have:

Lemma 22. The set of N such that w(N) > 3/2loglog N has zero
density.

A.3. Werecall two important theorems: The first is the Brun-Titchmarsh
inequality, which we will use in the following convenient form [16]: For
all 1 <k <ua, (a,k)=1

2z

(A.1) m(z;k,a) < W :

One consequence we will need is:

Lemma 23. Let ¢ < z'/2. Then
1 loglog
- ——.
2 o(q)

p<x p
p=£1 mod q

The second is the Bombieri-Vinogradov theorem [1] in the form: For
every A > 0 there is some B > 0 so that

A2 2

21/2
~ (log ) B

m(z;k,a) -

o(k) | Qoga)t




(1
2]
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