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Abstract—Distributional reinforcement learning (DRL)
enhances the understanding of the effects of the random-
ness in the environment by letting agents learn the distri-
bution of a random return, rather than its expected value as
in standard reinforcement learning. Meanwhile, a challenge
in DRL is that the policy evaluation typically relies on the
representation of the return distribution, which needs to
be carefully designed. In this article, we address this chal-
lenge for the special class of DRL problems that rely on a
discounted linear quadratic regulator (LQR), which we call
distributional LQR. Specifically, we provide a closed-form
expression for the distribution of the random return, which
is applicable for all types of exogenous disturbance as long
as it is independent and identically distributed. We show
that the variance of the random return is bounded if the
fourth moment of the exogenous disturbance is bounded.
Furthermore, we investigate the sensitivity of the return
distribution to model perturbations. While the proposed
exact return distribution consists of infinitely many random
variables, we show that this distribution can be well ap-
proximated by a finite number of random variables. The as-
sociated approximation error can be analytically bounded
under mild assumptions. When the model is unknown, we
propose a model-free approach for estimating the return
distribution, supported by sample complexity guarantees.
Finally, we extend our approach to partially observable lin-
ear systems. Numerical experiments are provided to illus-
trate the theoretical results.
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I. INTRODUCTION

IN REINFORCEMENT learning (RL), the value of imple-
menting a policy at a given state is captured by a value

function, which models the expected sum of returns follow-
ing this prescribed policy. Recently, Bellemare et al. [1] pro-
posed the notion of distributional reinforcement learning (DRL),
which learns the return distribution of a policy from a given
state, instead of only its expected return. Compared to the
scalar expected value function, the return distribution is infinite-
dimensional and contains far more information. It is, therefore,
not surprising that a few DRL algorithms, including C51 [1],
D4PG [2], QR-DQN [3], and SDPG [4], dramatically improve
the empirical performance in practical applications over their
nondistributional counterpart. By encompassing the entire dis-
tribution, DRL is able to provide a comprehensive framework,
for instance, for risk-averse learning, facilitating a deeper under-
standing and more effective management of uncertainties [5],
[6], [7], [8].

In parallel with the celebrated Bellman equation in the tra-
ditional RL, an alternative random variable (or distributional)
Bellman equation acts as the theoretical foundation of DRL.
It has been shown in [1] that the return distribution satisfies
the distributional Bellman equation and the distributional Bell-
man operator is a contraction in (the maximum form of) the
Wasserstein metric between probability distributions. A natural
yet fundamental question in DRL is

Given a policy, how to (exactly) characterise the random
return that fulfills the random variable Bellman equation?

The answer to this question provides the structural informa-
tion of the return distribution, which enables a better understand-
ing of the value of implementing a policy in the DRL setting.

To the best of the authors knowledge, this problem has
received limited attention. One of the challenges is the com-
putational intractability arising from the fact that the return
distribution is in an infinite-dimensional space. Approximations
thus become necessary for practical implementation—cf., cate-
gorical [1], quantile function [3], and sample-based [4] methods.
Furthermore, although some recent efforts have been devoted to
applying DRL to partially observable systems [9], no theoretical
foundations, including the characterization of the random return,
have been built for these partially observable models.
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In this article, we solve the above problem for discrete-time
linear systems with stochastic additive disturbances. Specifi-
cally, we characterize the random cost for the classical dis-
counted linear quadratic regulator (LQR) problem, which we
term distributional LQR. We investigate the fundamental prop-
erties of the characterised random cost. Furthermore, we explore
the extension to partially observable systems and derive funda-
mental properties of the characterized random cost.

A. Related Work

The problem under investigation falls within the domain of
policy evaluation in DRL, specifically focusing on predict-
ing the full probability distribution. This task poses a unique
challenge because the full probability distribution is infinitely
dimensional, necessitating the use of distribution parameteriza-
tion techniques to render it computationally feasible. Bellemare
et al. [1] proposed a categorical method that discretizes the
return distribution by partitioning the return distribution into
a finite number of uniformly spaced atoms in a fixed region.
Subsequent work [10] delves into the convergence analysis of
categorical policy evaluation and shows that the distributional
projected Bellman operator with categorical representation is
a contraction with respect to the Cramér distance metric. One
drawback of the categorical representation is that it relies on
prior knowledge of the range of the returned values. To address
this limitation, Dabney et al. [3] proposed a quantile temporal-
difference learning algorithm that learns the quantiles of a prob-
ability distribution, and its convergence property is established
in [11] using the Wasserstein-∞ metric. However, most of the
existing algorithms and analysis of DRL are tailored to address
problems with discrete state spaces, which cannot be applied to
the linear quadratic control problem with continuous state space.
It is worth mentioning that the authors in [4] and [12] investigated
DRL with continuous state space and use a reparameterization
method to represent the distribution of random variables through
a neural network. Despite these significant advancements, there
is no theoretical guarantee regarding the quality of the learned
distributions in [4] and [12]. It still remains an open problem to
derive an analytical expression for the return distribution with
continuous state space. A challenge that further complicates the
problem is represented by the infinitely many decision choices
of states.

A related research line is the recent study of RL in the LQR
context, which focuses on learning the expected return through
interaction with the environment, see [13], [14], [15], [16],
[17], [18], and [19]. For example, Fazel et al. [15] proposed a
model-free (MF) policy gradient algorithm for LQR and shows
its global convergence with finite polynomial computational
and sample complexity. Moreover, Zheng et al. [19] studied
model-based (MB) RL for the linear quadratic Gaussian (LQG)
problem, in which a model is first learnt from data and then used
to design a policy. In this setup, evaluating the expected return
for a policy is easily computed from the Riccati equation, but
these methods are not capable of characterising other aspects of
distributional information. Works exploring the distributional
information include risk-averse control [20], [21], [22], [23],

[24], [25], [26], [27] or distributional robust control [28], [29],
[30], [31]. However, these methods cannot analyse the return
distribution.

B. Contributions

This article aims at studying the return distribution for linear
quadratic control problems as follows.

1) We provide an analytical expression of the random return
for distributional LQR and prove that this return function
is a fixed-point solution to the random variable Bellman
equation (see Theorem 1). Specifically, we show that
the proposed analytical expression consists of infinitely
many random variables and holds for arbitrary indepen-
dent and identically distributed (i.i.d.) exogenous distur-
bances, e.g., non-Gaussian noise or noise with nonzero
mean. This characterization can recover the expected cost,
complementing the classical LQR. We remark that the
random return naturally contains more information than
the expected cost and can thus be particularly useful for
policy evaluation in a risk-averse setup [32].

2) We analyze the variance of the random return and show
that it is bounded if the fourth moment of the disturbances
is bounded (see Theorem 2). Furthermore, we investi-
gate the distributional sensitivity with respect to model
perturbations. Under mild assumptions, we show that
the maximal difference between the exact and perturbed
return distributions can be bounded by the extent of model
perturbations (see Theorem 3).

3) We develop an approximation of the distribution of the
random return using a finite number of random variables
when the model is known. We show that the maximal
difference between the exact and approximated return
distributions decreases linearly with the number of ran-
dom variables (see Theorem 4). In the MF case, we
approximate the return distribution using state trajecto-
ries. We show that, with high confidence, the distribution
approximation error deceases linearly with respect to
the trajectory length and sublinearly with respect to the
number of trajectories (see Theorem 5).

4) Finally, we derive analytical evidence that most results
for distributional LQR have corresponding counterparts
for partially observable systems, including exact charac-
terisation of the random return, variance bound, distribu-
tional sensitivity under perturbations, and distributional
approximation using a finite number of random variables
(see Corollaries 1–4). These extensions build on the aug-
mented system introduced by a given linear feedback con-
troller and a linear observer, aligning with the well-known
separation principle [33]. These results provide insight
into extending DRL to partially observable systems.

The work that comes closest to addressing the problems above
is our prior work [32]: the current contribution additionally anal-
yses the variance of the random return and the distributional sen-
sitivity with respect to model perturbations. Moreover, this work
constructs a confidence bound on the distribution approximation
error for the MF case when the system matrices are unknown.
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In addition, we newly derive corresponding counterparts for
partially observable models.

C. Organization and Notations

The rest of this article is organized as follows. In Section II,
we provide background on LQR and define our problem. In
Section III, we provide the main results for distributional LQR,
including the analytical expression of the random return, vari-
ance bound, distributional sensitivity under perturbations and
MB and MF distribution approximations. Section IV provides
the main results for partially observable linear systems. In
Section V, we experimentally verify our theoretical results.
Finally, Section VI concludes this article.

We denote by R the set of real numbers and N the set of
natural numbers. For a symmetric matrix P , the notation P > 0
means that P is positive definite. For a matrix Q ∈ R

n×n, we
denote by ‖Q‖ and ‖Q‖F its spectral norm and Frobenius norm,
respectively. To indicate that two random variables Z1 and Z2

are equal in distribution, we use the notation Z1 =
D Z2. For a

random variable Z, E[Z] denotes its expectation.

II. PROBLEM STATEMENT

Consider a discrete-time linear control system

xt+1 = Axt +But + vt

where xt ∈ R
n, ut ∈ R

p, and vt ∈ R
n are the system state,

control input, and the exogenous disturbance, respectively. We
assume that the exogenous disturbances vt with bounded mo-
ments, t ∈ N, are i.i.d. sampled from a distributionD of arbitrary
form.

A. Classical Discounted LQR

The canonical LQR problem aims to find a control policy
π : Rn → R

p to minimize the objective

J(u) = E

[ ∞∑
t=0

γt(xT
t Qxt + uT

t Rut)

]

where Q,R are positive-definite constant matrices and γ ∈
(0, 1) is a discount parameter. Given a control policy π, let
V π(x) = E[

∑∞
t=0 γ

k(xT
t Qxt + uT

t Rut)] denote the expected
return from an initial statex0 = xwithut = π(xt). For the static
linear policy π(xt) = Kxt, the value function V π(x) satisfies
the Bellman equation

V π(x) = xT(Q+KTRK)x+ γ E
x′=(A+BK)x+v0

[V π(x′)]

(1)

where the capital letter x′ denotes a random variable over which
we take the expectation.

When the exogenous disturbance vt is normally distributed
with zero mean, the value function is known to take the quadratic
form V π(x) = xTPx+ q, where P > 0 is the solution of the
Lyapunov equation P = Q+KTRK + γAT

KPAK and q is a
scalar related to the variance of vt. In particular, the optimal
control feedback gain is K∗ = −γ(R+ γBTPB)−1BTPA

and P is the solution to the Riccati equation P = γATPA−
γ2ATPB(R+ γBTPB)−1BTPA+Q.

B. Distributional LQR

Motivated by the advantages of DRL in better understand-
ing the effects of the randomness in the environment and in
considering more general optimality criteria, in this article, we
propose a distributional approach to the LQR problem. Unlike
classical RL, which relies on expected returns, DRL [34] relies
on the distribution of random returns, which is referred to return
distribution. The return distribution characterises the probability
distribution of different returns generated by a given policy and,
as such, it contains much richer information on the performance
of a given policy compared to the expected return. In the context
of LQR, we denote by Gπ(x) the random return using the static
control strategy ut = π(xt) from the initial state x0 = x, which
is defined as

Gπ(x) =

∞∑
t=0

γt(xT
t Qxt + uT

t Rut)

ut = π(xt), x0 = x. (2)

It is straightforward to see that the expectation ofGπ(x) is equal
to the value function V π(x). The standard Bellman equation in
(1) decomposes the long-term expected return into an immediate
stage cost plus the expected return of future actions starting at the
next step. Similarly, we can define the random variable Bellman
equation for the random return as

Gπ(x)
D
=xTQx+ π(x)TRπ(x) + γGπ(x′)

x′ = Ax+Bπ(x) + v0. (3)

Here, we use the notation Z1 =
D Z2 to denote that two random

variables Z1 and Z2 are equal in distribution. Compared to the
expected return in LQR, which is a scalar, here the return
distribution is infinite-dimensional.

The following example is used to highlight the need of con-
sidering the random return.

Example 1: Consider the discrete-time scalar linear system
xt+1 = xt + ut + vt and three different types of disturbance vt:
normal distribution N (0, 1), uniform distribution U [−√

3,
√
3],

and multimodal distribution which is characterized by the proba-
bility density function (PDF) (p1(z) + p2(z))/2, where pi(z) =

1√
2πσi

exp(− (z−μi)
2

2σ2
i

), i = 1, 2, with μ1 = −0.99, μ2 = 0.99,

σ1 = σ2 =
√
1− 0.992. Their PDFs are shown in Fig. 1(a). It

can be verified that the mean of vt is zero and the variance is 1
for all three types of disturbance. We set the initial state x = 3,
Q = R = 1, and γ = 0.6. Then, the optimal controller for the
three disturbances is the same and given by ut = −0.4684xt.
The value function V π(x) in (1) of implementing the optimal
controller for the three disturbances is the same as well since the
variance of vt is the same.

However, the distribution of the random return Gπ(x) varies
significantly for the three disturbances, as shown in Fig. 1(b). We
observe that the distributions of the random cost for the Gaussian
and uniform disturbances are close to chi-square distributions,
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Fig. 1. PDFs of three types of disturbance and of their corresponding
random costs in LQR. The PDFs of the random costs are generated by
Algorithm 1 in this paper. (a) Probability density values of three types of
disturbance vt. (b) Probability density values of the random cost Gπ(x)
induced by three disturbances.

but the distribution for the multimodal disturbance exhibits mul-
tiple peaks. Hence, the distribution of the random return contains
more information than in the LQR problem, offering insights
into risk analysis, which the mean value alone cannot capture: the
random return Gπ(x) enables us, for instance, to select policies
that minimize risks or satisfy probabilistic constraints, which is
not possible to do from the value function V π(x).

This article addresses the following research problems. We
first analytically characterize the random return that fulfils the
random variable Bellman equation for LQR. Subsequently, we
explore the fundamental properties of the random return and
its distribution: variance bound, distributional sensitivity under
perturbations, and MB and MF distribution approximations.
Finally, we extend our investigation to encompass partially
observable linear systems.

III. MAIN RESULTS ON DISTRIBUTIONAL LQR

This section focuses on the random return for the LQR prob-
lem.

A. Characterization of the Random Return

In this section, we precisely characterize the distribution of
the random return that satisfies the distributional Bellman (3).
Given a static linear policy π(xt) = Kxt, we denote by GK(x)
the random return Gπ(x) under the policy π(xt) from the initial
state x0 = x, which is defined as

GK(x) =

∞∑
t=0

γtxT
t (Q+KTRK)xt, x0 = x. (4)

The random return GK(x) satisfies the following random vari-
able Bellman equation:

GK(x)
D
=xTQKx+ γGK(x′), x′ = AKx+ v0 (5)

where AK := A+BK and QK := Q+KTRK. In the fol-
lowing theorem, we provide an explicit expression of the random
return GK(x). The proof can be found in [32].

Theorem 1 (See [32]): Suppose that the feedback gain K is
stabilizing and satisfies ‖AK‖ = ρK < 1. Let

GK(x) = xTPx+ 2

∞∑
k=0

γk+1wT
k PAk+1

K x

+

∞∑
k=0

γk+1wT
k Pwk + 2

∞∑
k=1

γk+1wT
k P

k−1∑
τ=0

Ak−τ
K wτ (6)

where P is obtained from the Lyapunov equation P = Q+
KTRK + γAT

KPAK , and the random variables wk ∼ D are
independent from each other for all k ∈ N. Then, the random
variable GK(x) defined in (6) is a fixed point solution to the
random variable Bellman equation (5).

We note that the expression of the random return is meaningful
only when the system is stable. When ensuring stability, this an-
alytical expression applies to arbitrary exogenous disturbances
including non-Gaussian, uniform noises and noises with nonzero
means, as long as the disturbances are i.i.d. For each realization
of the sequence {wk}∞k=0, GK(x) is represented as an infinite
series, which is convergent when these wk are bounded.

Remark 1: It is worth mentioning that Theorem 1 holds for
a random initial state as long as it is independent of the process
noise. That is, when x is random and is independent of the
exogenous noise vt in the system, the random return GK(x) has
the same expression as in Theorem 1. To maintain consistency
in our subsequent results, where the upper bounds (UB) depend
on the initial state x, we present the results for a fixed initial
state.

If we assume E[wk] = 0, E[wkw
T
k ] = σ2I , and the distur-

bances wk are i.i.d., we have that the expected value of the
random return is xTPx+ σ2 γ

1−γTr(P ), which aligns with the
classical result in LQR. This observation to some degree vali-
dates our characterization of the random return.

Remark 2: Recall that the PDF of the sum of two independent
random variables is the convolution of their two PDFs. Comput-
ing the accurate probability distribution function of GK(x) in
(6) is a challenging task due to the potential need for an infinite
number of convolution operations. However, we can discuss the
approximate shape of this distribution under different condi-
tions. Suppose that the random variable wk follows a normal
distribution. When the initial state is significantly large, the
random variable

∑∞
k=0 γ

k+1wT
k PAk+1

K x dominates the random
return. This sum follows a Gaussian distribution, and as a result,
the overall distribution of GK(x) tends to resemble a Gaussian
distribution. Conversely, when the value of x is small, the term∑∞

k=0 γ
k+1wT

k Pwk becomes dominant. This sum follows a
chi-square distribution, and consequently, the entire distribution
of GK(x) takes on a chi-square-like shape. More details can be
found in Section V.

B. Bounded Variance of the Random Return

In this section, we analyze the variance of the random return
GK(x), which is presented in the following theorem. The proof
can be found in Appendix A.

Theorem 2: Assume that E[wk] = 0 and E[‖wk‖4] ≤ σ4
4 , for

all k ∈ N. Suppose that the feedback gain K satisfies ‖AK‖ =
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ρK < 1. Then, the variance of the random variable GK(x) is
bounded.

Although GK(x) in (6) is composed of infinitely many ran-
dom variables, Theorem 2 shows that its variance is bounded
if the fourth moment of the disturbance is bounded. The fourth
moment qualitatively is a measure of the tail of a probability dis-
tribution. To ensure a finite variance for the random costGK(x),
we thus require that the tail of the disturbance distribution is
not heavy. This condition seems indispensable, since GK(x)
includes a term wT

k Pwk.

C. Sensitivity Analysis of the Return Distribution

In this section, we investigate how perturbations on matrices
influence the distribution of the random return GK(x). Suppose
that we perturb the matrices A,B by an amount ΔA, ΔB,
respectively. Let

Ã = A+ΔA, B̃ = B +ΔB, AK = A+BK

ÃK = Ã+ B̃K, ΔAK = ÃK −AK

and let P and P̃ be the solutions to

P −Q−KTRK = γAT
KPAK

P̃ −Q−KTRK = γÃT
K P̃ ÃK

respectively. With the introduction of perturbations on matrices,
we define the perturbed random variable

G̃K(x) = xTP̃ x+ 2
∞∑

k=0

γk+1wT
k P̃ Ãk+1

K x

+

∞∑
k=0

γk+1wT
k P̃wk + 2

∞∑
k=1

γk+1wT
k P̃

k−1∑
τ=0

Ãk−τ
K wτ . (7)

Let FK
x and F̃K

x denote the cumulative distribution function
(CDF) of GK(x) and G̃K(x), respectively. In the following
theorem, we show that the sup difference between FK

x and F̃K
x

is bounded when the perturbation is reasonably small. The proof
can be found in Appendix B.

Theorem 3: Assume that the PDF of wk is bounded, and
satisfies E[wT

k wk] ≤ σ2, for all k ∈ N. Suppose that the feed-
back gainK satisfiesmax{∥∥AK

∥∥, ∥∥ÃK

∥∥} = ρK < 1. Suppose
that l > 2ε, where l = ‖H−1‖−1, H = I ⊗ I − γAT

K ⊗AT
K

and ε = γ‖AK‖F ‖ΔAK‖F + γ
2 ‖ΔAK‖2F . Then, we have

sup
z

|FK
x (z)− F̃K

x (z)| ≤ c̃1 ‖ΔAK‖+ c̃2 ‖ΔAK‖2 (8)

where the constants c̃1, c̃2 (made explicit in the proof) depend on
the system matrices, the initial state value x, and the parameters
γ, ρK , and σ.

Traditional sensitivity analysis investigates the impact of per-
turbations on solutions to the Lyapunov equation, see, e.g., [35].
Building on this result, Theorem 3 shows that we can also bound
changes in the perturbed return distribution.

D. MB Approximation of the Return Distribution

The expression of the random return GK(x) defined in (6) is
composed of infinitely many random variables. In this section,

we investigate how to approximate the distribution of this ran-
dom return using a finite number of random variables. A natural
idea is to consider only the first N terms in the summations in
the expression (6) and disregard the terms for k larger than N ,
which yields the following:

GK
N (x) = xTPx+ 2

N−1∑
k=0

γk+1wT
k PAk+1

K x

+
N−1∑
k=0

γk+1wT
k Pwk + 2

N−1∑
k=1

γk+1wT
k P

k−1∑
τ=0

Ak−τ
K wτ . (9)

Let FK
x,N denote the CDF of GK

N (x). The following theorem
provides an UB on the difference between FK

x and FK
x,N , and

shows that the sequence {GK
N (x)}N∈N converges pointwise in

distribution toGK(x), ∀x ∈ R
n. The proof can be found in [32].

Theorem 4 ([32]): Assume that the PDF of wk is bounded,
and satisfies E[wT

k wk] ≤ σ2, for all k ∈ N. Suppose that the
feedback gain K satisfies ‖AK‖ = ρK < 1. Then, the sup dif-
ference between the CDFs FK

x and FK
x,N is bounded by

sup
z

|FK
x (z)− FK

x,N (z)| ≤ c0γ
N (10)

where c0 is a constant (again, made explicit in the proof) that
depends on the system matrices, the initial state value x, and the
parameters γ, ρK , and σ.

Remark 3: The bound on the distribution approximation in
(10) relies on the conditions of Theorem 4, which ensure that
the PDF of GK

N is continuous and bounded. Note that these
conditions are not strict, and indeed hold for many noise distri-
butions commonly used in linear control systems, including the
Gaussian and uniform ones.

E. MF Approximation of the Return Distribution

When the matrices A and B are unknown, one cannot use the
exact form of the random return to compute the distribution. In
this section, we propose a MF method to estimate the distribution
of the random return.

In the absence of information about the system matrices A
and B, one costly yet straightforward approach to estimate the
distribution is by directly sampling the random return GK(x)
as defined in (4). This random return represents the sum of
discounted rewards over an infinite time horizon. To make
the computation practically manageable, we truncate the time
horizon and disregard rewards occurring after time step T .
Accordingly, we define the random variable

GK,T (x) =

T∑
t=0

γtxT
t

(
Q+KTRK

)
xt, x0 = x. (11)

We denote by FK,T
x (z) the CDF of GK,T (x) and recall that

FK
x (z) is the CDF of GK(x). Intuitively, FK,T

x (z) closely
approximates FK

x (z) when T is sufficiently large. This is due to
the fact that every term beyond time step T becomes negligible
after being discounted by γt. Therefore, we sample the random
return GK,T (x) to estimate the distribution of GK(x).

The detailed MF distributional policy evaluation is presented
in Algorithm 1. Specifically, at each iteration m, starting from
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Algorithm 1: MF Distributional Policy Evaluation.
Require: initial values x, controller K
1: for iteration m = 1, . . . ,M do
2: Initial state xm,0 = x;
3: for time t = 0, 1, . . . , T − 1 do
4: Implement controller um,t = Kxm,t;
5: Observe xm,t+1 = Axm,t +Bum,t + vt;
6: end for
7: Obtain

GK,T
m (x) =

∑T
t=0 γ

txT
m,t(Q+KTRK)xm,t;

8: end for
9: Construct EDF

F̂K,T
x,M (z) = 1

M

∑M
m=1 1{GK,T

m (x) ≤ z}.

the initial state xm,0 = x, we repeatedly implement the static
controller um,t = Kxm,t and generate a total of M trajectories.
Given themth trajectory {xm,t}t=0:T with xm,0 = x, define the
sampling cost

GK,T
m (x) =

T∑
t=0

γtxT
m,t

(
Q+KTRK

)
xm,t. (12)

UsingGK,T
m (x),m = 1, . . . ,M , the empirical distribution func-

tion (EDF) is constructed by

F̂K,T
x,M (z) =

1

M

M∑
m=1

1
{
GK,T

m (x) ≤ z
}

(13)

where 1{·} denotes the indicator function. Intuitively, the em-
pirical distribution F̂K,T

x,M (z) is close to the distribution FK,T
x (z)

whenM is sufficiently large and to the distributionFK
x (z)when

T is also large. The following theorem provides an UB on the
difference between the distributions F̂K,T

x,M (z) and FK
x (z). The

proof can be found in Appendix C.
Theorem 5: Assume that the PDF of wk is bounded, and

satisfies E[wk] = 0 and E[wT
k wk] ≤ σ2, for all k ∈ N. Suppose

that the feedback gain K satisfies ‖AK‖ = ρK < 1. Then, with
probability at least 1− δ, we have

sup
z

|F̂K,T
x,M (z)− FK

x (z)| ≤
√

ln(1/δ)

2M

+ fmax ‖QK‖ γT+1
(
c1ρ

2(T+1)
K + c2ρ

T+1
K + c3

)
(14)

where fmax is the maximum of the PDF of the random
variable GK,T (x), QK = Q+KTRK, c1 = ‖x‖2

1−γρ2
K

, c2 =
2‖x‖σ

(1−ρK)(1−γρK) , c3 = σ2

(1−γ)(1−γρK) .
Theorem 5 shows that the accuracy of the distribution es-

timate depends on the choice of two key parameters: the
time horizon T and the number of generated trajectories M .
When both M and T are sufficiently large, F̂K,T

x,M (z) can
serve as a reliable approximation for FK

x (z). Supported by
this result, we consider the return distribution learned by
Algorithm 1 with sufficiently large values of M,T as the true
return distribution in the simulation part. Practically, given a
target approximation error ε, we can determine the required

TABLE I
COMPARISON OF MB AND MF APPROXIMATION METHODS.

values of M and T by ensuring that
√

ln(1/δ)
2M ≤ (1− a)ε and

fmax‖QK‖γT+1(c1ρ
2(T+1)
K + c2ρ

T+1
K + c3) ≤ aε for any a ∈

(0, 1).
Remark 4: We note that the random variables GK

N (x) and
GK,T (x) serve as the approximations to the true random return
GK(x) by truncating the number of random variables and the
time horizon, respectively. As shown in Theorems 4 and 5,
increasing the number of random variables or extending the trun-
cated horizon definitely enhance the approximation accuracy
for MB and MF methods, respectively. However, the associated
costs one needs to pay to obtain their distributions are usually dif-
ferent. As shown in Table I, the MF method requires a sufficiently
large value of M to achieve a reliable distribution estimate with
a high probability. In contrast, the MB method can attain the
same level of accuracy with probability 1 using a significantly
smaller number of random variables. Hence, when the system
matrices and the disturbances are known, the computation of the
distribution of GK

N (x) incurs less costs. It is also worth noting
that the MF method is not sensitive to the discount parameter γ
while the MB method is.

Remark 5: For the discounted infinite-horizon LQR problem,
the stability criterion is relaxed to requiring that

√
γ(A+BK)

is stable [36], [37]. However, when analyzing the entire re-
turn distribution, our results indicate that we need A+BK
to be stable, i.e., ‖A+BK‖ < 1, which is a more stringent
condition. This is because the random return GK(x) includes
a term 2

∑∞
k=1 γ

k+1wT
k P

∑k−1
τ=0 A

k−τ
K wτ , necessitating that

Ak−τ
K remains bounded to ensure the convergence of the series.

This issue does not arise in the expected return case, since the
term involving the process noise disappears when taking the
expectation, due to the zero mean of wk.

IV. EXTENSION TO PARTIALLY OBSERVABLE SYSTEMS

In this section, we analyze the case when the state is not fully
observable. We show that most of the results for LQR can be
extended to this partially observable case.

Consider a partially observable discrete-time linear control
system

xt+1 = Axt +But + vt

yt = Cxt + st
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where xt ∈ R
n, ut ∈ R

p, yt ∈ R
l, vt ∈ R

n, and st ∈ R
l are the

system state, control input, system output, process noise, and
observation noise, respectively. We assume that the system is
observable and controllable. By introducing the feedback gain
K and the observer gain L, we define the estimated state and
controller

x̂t+1 = Ax̂t +But + L (yt − Cx̂t)

ut = Kx̂t.

By defining x̃t = xt − x̂t, x̄t = [xT
t , x̃

T
t ]

T, we get the aug-
mented system

x̄t+1 = ĀKLx̄t + v̄t (15)

where

ĀKL =

[
A+BK −BK

0 A− LC

]
, v̄t = F

[
vt
st

]

F =

[
I 0
I −L

]
.

If E[vt] = E[st] = 0, and the collection of vt and st is i.i.d.,
it is easy to verify that E[v̄t] = 0 and the collection of v̄t is
i.i.d. We denote the distribution of v̄t by D̄. Define Q̄K :=[
Q+KTRK −KTRK
−KTRK KTRK

]
and the random return

GKL(x̄) =
∞∑
t=0

γt(xT
t Qxt + uT

t Rut)

=

∞∑
t=0

γt
(
xT
t Qxt + x̂T

t K
TRKx̂t

)

=

∞∑
t=0

γtx̄T
t Q̄K x̄t, x̄0 = x̄ (16)

where x̄ = [xT, x̃T
0 ]

T. The random return GKL(x̄) satisfies the
following random variable Bellman equation:

GKL(x̄)
D
= x̄TQ̄K x̄+ γGKL(X ′), X ′ = ĀKLx̄+ v̄0. (17)

In the following corollary, we provide an explicit expression
of the random return GKL(x̄). The proof can be obtained by
applying the results in Theorem 1 to the augmented system (15)
and is omitted.

Corollary 1: Suppose that the feedback gain K and observer
gain L are chosen such that ‖ĀKL‖ = ρ̄K < 1. Let

GKL(x̄) = x̄TP̄ x̄+ 2

∞∑
k=0

γk+1w̄T
k P̄ Āk+1

KL x̄

+

∞∑
k=0

γk+1w̄T
k P̄ w̄k + 2

∞∑
k=1

γk+1w̄T
k P̄

k−1∑
τ=0

Āk−τ
KL w̄τ (18)

where P̄ is obtained from the Lyapunov equation P̄ = Q̄K +
γĀT

KLP̄ ĀKL, and the random variables w̄k ∼ D̄ are indepen-
dent from each other for all k ∈ N. Then, the random variable
GKL(x) defined in (16) is a fixed point solution to the random
variable Bellman equation (17).

The variance bound part is similar to that of the fully ob-
servable case, and is presented in the following corollary. The
proof can be obtained by following a similar methodology to
that employed for Theorem 2 and is omitted.

Corollary 2: Assume thatE[w̄k] = 0 andE[‖w̄k‖4] ≤ σ̄4, for
all k ∈ N. Suppose that the feedback gain K and observer gain
L are chosen such that ‖ĀKL‖ = ρ̄K < 1. Then, the variance
of the random variable GKL(x) is bounded.

The sensitivity analysis for the partially observable case is
similar to that of the fully observable case. Suppose that we
perturb the matrix ĀKL by an amountΔĀKL. Define the matrix
ǍKL = ĀKL +ΔĀKL and the perturbed random variable

G̃KL(x̄) = x̄TP̌ x̄+ 2

∞∑
k=0

γk+1w̄T
k P̌ Ǎk+1

K x

+
∞∑

k=0

γk+1w̄T
k P̌ w̄k + 2

∞∑
k=1

γk+1w̄T
k P̌

k−1∑
τ=0

Ǎk−τ
K w̄τ (19)

where P̌ = Q̄K + γǍT
KLP̌ ǍKL. Let FKL

x and F̃KL
x denote

the CDF of GKL(x) and G̃KL(x), respectively. We obtain
the perturbation for partially observable case in the following
corollary. The proof can be adapted from that of Theorem 3 and
is omitted.

Corollary 3: Assume that the PDF of w̄k is bounded,
and satisfy E[w̄T

k w̄k] ≤ σ̄2, for all k ∈ N. Suppose that
the feedback gain K and the observer L are chosen such
that max{‖ĀKL‖, ‖ǍKL‖} = ρ̄K < 1. Suppose that l̄ > 2ε̄,
where l̄ = ‖H̄−1‖−1, H̄ = I ⊗ I − γĀT

KL ⊗ ĀT
KL and ε̄ =

γ‖ĀKL‖F ‖ΔĀKL‖F + γ
2 ‖ΔĀKL‖2F . Then, we have

sup
z

|FKL
x (z)− F̃KL

x (z)| ≤ c̄1
∥∥ΔĀKL

∥∥+ c̄2
∥∥ΔĀKL

∥∥2
where the constants c̄1 and c̄2 depend on the system matrices,
the initial state value x̄, and the parameters γ, ρ̄K , and σ̄.

The approximation part is similar to that of the fully observ-
able case. Let

GKL
N (x̄) = x̄TP̄ x̄+ 2

N∑
k=0

γk+1w̄T
k P̄ Āk+1

KL x̄

+

N∑
k=0

γk+1w̄T
k P̄ w̄k + 2

N∑
k=1

γk+1w̄T
k P̄

k−1∑
τ=0

Āk−τ
KL w̄τ . (20)

Let FKL
x and FKL

x,N denote the CDF of GKL(x) and GKL
N (x),

respectively. In the following theorem, we show that the ap-
proximation error with a finite number of random variables can
be bounded in the partially observable case. The proof can be
adapted from that of Theorem 4 and is omitted.

Corollary 4: Assume that the PDF of w̄k is bounded, and
satisfy E[w̄T

k w̄k] ≤ σ̄2, for all k ∈ N. Suppose that the feedback
gain K and observer gain L are chosen such that ‖ĀKL‖ =
ρ̄K < 1. Then, the sup difference between the CDFs FKL

x and
FKL
x,N is bounded by

sup
z

|FKL
x (z)− FKL

x,N (z)| ≤ c̄0γ
N (21)
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where c̄0 is a constant that depends on the system matrices, the
initial state value x̄, and the parameters γ, ρ̄K , and σ̄.

We remark that the MF approximation (see Theorem 5) is not
applicable for partially observable systems. Unlike the distribu-
tional LQR where the state is directly measurable, it is nontrivial
to achieve an accurate estimation of the states such that the
cumulative estimation error can be controlled arbitrarily small
using only the observation sequence {yt} and control sequence
{ut} (when the system model is unknown). Thus, we leave this
problem for future work.

V. EXPERIMENTS

In this section, we consider an idealised example of data
center cooling with three sources coupled to their own cooling
devices [13], [18], [38] with the dynamicsxt+1 = Axt +But +
vt, where

A =

⎡
⎣1.01 0.01 0
0.01 1.01 0.01
0 0.01 1.01

⎤
⎦ , B =

⎡
⎣1 0 0
0 1 0
0 0 1

⎤
⎦ .

We select Q = I and R = I . The exogenous disturbances have
standard normal distributions with zero mean.

Even for this linear system, it is impossible to simplify the
expression of the exact return distribution, which still depends
on an infinite number of random variables. Thus, as a baseline
for the return distribution, we generate an empirical distribution
by Algorithm 1 with a sufficiently large amount of samples that
approximates the true distribution of the random return. Specif-
ically, we run Algorithm 1 with the parameters T = 3000 and
M = 30000. By Theorem 5, the maximal difference between
the generated empirical distribution and the true one is bounded
by 0.0088 with probability at least 99%, which means that the
generated empirical distribution is reliably close to the true one.
We use the sample frequency over evenly divided regions as an
approximation of the PDF.

A. Linear Quadratic Regulator

We first consider the fully observable case. We select dif-
ferent values of γ and x0, and fix the optimal controller
gain K = −γ(R+ γBTPB)−1PA, where P is the solution
to the classic Riccati equation P = γATPA− γ2 ATPB(R+
γBTPB)−1BTPA+Q. The controller is given by

K = −0.01

⎡
⎣ 56.19 0.7692 0.0027
0.7692 56.20 0.7692
0.0027 0.7692 56.19

⎤
⎦ .

In what follows, we verify the results in Theorem 4 by evalu-
ating the quality of the approximation of the return distribution
using different numbers of random variables. We denote here by
fN the distribution of the approximated random return GK

N (x0)
in (9) obtained consideringN random variables. We compute the
constant c0 in (10) and the required number of random variables
that guarantees supz |FK

x (z)− FK
x,N (z)| ≤ 0.01, meaning that

the estimate distribution is sufficiently close to the true distribu-
tion. As shown in Table II, an increasing number of random vari-
ables is needed when dealing with larger values of γ and/or x0.

TABLE II
CONSTANT c0 IN (10) AND REQUIRED NUMBER N0 TO OBTAIN A GOOD
ESTIMATE FOR DIFFERENT VALUES OF γ AND x0 IN LQR, WHERE N0 IS

THE SMALLEST INTEGER SUCH THAT
supz |FK

x (z)− FK
x,N0

(z)| ≤ c0γ
N0 ≤ 0.01

Fig. 2. Return distribution and its approximation with finite number of
random variables for different values of γ and x0 in LQR. Algorithm 1
denotes the distribution returned by Algorithm 1 and fN denotes the
distribution of the approximated random return GK

N (x0). (a) γ = 0.6,
x0 = [1; 1; 1]. (b) γ = 0.6, x0 = [6; 6; 6]. (c) γ = 0.8, x0 = [1; 1; 1]. (d)
γ = 0.8, x0 = [6; 6; 6]. (e) γ = 0.95, x0 = [1; 1; 1]. (f) γ = 0.95, x0 =
[6; 6; 6].

The simulation results are shown in Fig. 2. Specifically, Fig. 2(a)
and (c) shows that when γ is small, the return distribution can be
well approximated using only a few random variables (N = 7
works well). However, when γ approaches 1, more random
variables are needed for an accurate approximation: as shown in
Fig. 2(b) and (d), we needN = 15 to have a good approximation
of the return distribution in the case of γ = 0.8.

Moreover, the value of the initial state x0 has an influence on
the shape of the return distribution. Whenx0 is large, the random
variable wT

k PAk+1
K x0 dominates and, therefore, its distribution

is close to a Gaussian distribution, as shown in Fig. 2(c) and (d).
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TABLE III
COMPUTATION OF THE ACTUAL MAXIMAL DIFFERENCE BETWEEN THE

PERTURBED AND THE ORIGINAL DISTRIBUTIONS, AND COMPUTATIONAL UB
FOR DIFFERENT VALUES OF γ, εA AND εB IN LQR

Fig. 3. Original and perturbed return distributions for different values
of γ, εA and εB in LQR. (a) γ = 0.6. (b) γ = 0.8.

If instead x0 is small, then the random variable wT
k Pwk plays a

leading role, so the overall distribution is close to the chi-square
one, as shown in Fig. 2(a) and (b).

Next we perturb the matrices A, B by an amount εAA and
εBB, respectively. We select x0 = [1; 1; 1]. We compute the
constants of c̃1 and c̃2, the true sup difference between original
and perturbed distributions, and the UB in (8). The results are
shown in Table III. We observe that the perturbed distribution
becomes significantly distinct from the original distribution
when γ, εA, and εB take on larger values. We also note that
our computational UB becomes conservative when γ is close to
1. The perturbed return distributions for different values of εA
and εB are shown in Fig. 3. We observe that large perturbations
change the distributions dramatically.

B. Linear Quadratic Gaussian

In this section, we assume that the system is partially ob-
servable and we have the observation yt = Cxt + st, where
C = [1, 0, 0; 0, 1, 0]. We assume that the disturbance st is nor-
mally distributed with zero mean. We design the state estimator
and controller

x̂t+1 = Ax̂t +But + L(yt − Cx̂t)

ut = Kx̂t

where the controller is selected the same as that in LQR and
the observer is selected as L = [0.21, 0.01; 0.01, 0.32; 0, 2.32].
We set x0 = [1; 1; 1], x̂0 = [0; 0; 0]. The simulation results for
LQG are presented in Fig. 4. Similarly, we denote by fN the
distribution of the approximated random return GKL

N (x̄) in (20)
obtained based on N random variables. We use the Monte Carlo
method with sufficiently many data to construct an empirical

Fig. 4. Return distribution and its approximation with finite number
of random variables for different values of γ in LQG. MC denotes the
distribution estimated using the Monte Carlo method and fN denotes
the distribution of the approximated random return GKL

N (x̄). (a) γ = 0.6.
(b) γ = 0.8.

distribution that serves as the baseline distribution for compari-
son. As shown in Fig. 4, when γ = 0.6, we need N = 8 number
of random variables to obtain a good approximation of the return
distribution. When γ = 0.8, a greater number N = 17 is needed
to achieve reliable approximation of the return distribution.

VI. CONCLUSION

We have proposed a new distributional approach to the classic
discounted LQR problem. Specifically, we have first provided
an analytic expression for the exact random return that depends
on infinitely many random variables. In this context, we have
shown that the variance remains bounded if the fourth moment
of the disturbance is bounded. Furthermore, we have conducted
an analysis of distribution sensitivity. Besides, we have proposed
a MF method for evaluating the return distribution, with theoret-
ical analysis of its sample complexity. Since the computation of
this expression is difficult in practice, we have also proposed an
approximate expression for the distribution of the random return
that only depends on a finite number of random variables, and
have further characterised the approximation error. Moreover,
we have extended most of the above results for LQR to the
partially observable case.

This work provides a framework for distributional LQR: it
inherits the advantages of DRL methods compared to standard
RL ones that rely on the expected return to evaluate a given
policy, but it also provides an analytic expression for the return
distribution, an aspect where current DRL methods significantly
lack. Our framework provides richer information for linear con-
trol systems, i.e., the whole distribution of the random return, and
enables us to consider more general objectives, e.g., risk-averse
control. Future research includes exploring policy improvement
for risk-averse control using the learned return distribution.

APPENDIX

A. Proof of Theorem 2

By virtue of Jensen’s Inequality, we have E
2[‖wk‖2] ≤

E[‖wk‖4] and E
2[‖wk‖] ≤ E[‖wk‖2]. Therefore, we have

E[‖wk‖2] ≤ σ2
4 and E[‖wk‖] ≤ σ4. Since (a+ b+ c+ d)2 ≤

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on January 08,2026 at 17:53:35 UTC from IEEE Xplore.  Restrictions apply. 



7486 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 70, NO. 11, NOVEMBER 2025

4(a2 + b2 + c2 + d2), we have

E
[
GK(x)GK(x)

]

≤ 4E

⎡
⎣(xTPx)2 +

( ∞∑
k=0

γk+1wT
k Pwk

)2

+

(
2

∞∑
k=0

γk+1wT
k PAk+1

K x

)2

+

(
2

∞∑
k=1

γk+1wT
k P

k−1∑
τ=0

Ak−τ
K wτ

)2
⎤
⎦ . (22)

We handle the terms one by one. The first term can be easily
bounded by

(xTPx)2 ≤ ‖x‖4 ‖P‖2 . (23)

By virtue of the Cauchy Product that (
∑∞

k=0 ak)
2 =∑∞

k=0

∑k
l=0 alak−l, the second term can be bounded by

E

⎡
⎣
( ∞∑

k=0

γk+1wT
k Pwk

)2
⎤
⎦

≤ E

⎡
⎣
( ∞∑

k=0

γk+1 ‖wk‖2 ‖P‖
)2
⎤
⎦

= ‖P‖2 E
[ ∞∑
k=0

γk+2
k∑

l=0

‖wl‖2 ‖wk−l‖2
]

= ‖P‖2
∞∑

k=0

γk+2
k∑

l=0

E

[
‖wl‖2 ‖wk−l‖2

]

≤ ‖P‖2
∞∑

k=0

γk+2(k + 1)σ4
4

= σ4
4 ‖P‖2 γ2

(1− γ)2
. (24)

The first inequality holds since wkPwk ≥ 0. The second in-
equality holds since E[‖wl‖2‖wk−l‖2] = E[‖wl‖2]E[‖wk−l‖2]
≤ σ4

4 when l �= k − l and E[‖wl‖2‖wk−l‖2] = E[‖wl‖4] ≤ σ4
4

when l = k − l. The last equality holds since
∑∞

k=0 γ
k+2(k +

1) = γ2

(1−γ)2 .
For the third term, we have

E

⎡
⎣
(
2

∞∑
k=0

γk+1wT
k PAk+1

K x

)2
⎤
⎦

= 4E

[ ∞∑
k=0

k∑
l=0

γl+1wT
l PAl+1

K xγk−l+1wT
k−lPAk−l+1

K x

]

≤ 4 ‖P‖2 ‖x‖2 E
[ ∞∑
k=0

γk+2
k∑

l=0

‖wl‖
∥∥Al+1

K

∥∥ ‖wk−l‖

× ∥∥Ak−l+1
K

∥∥]

≤ 4 ‖P‖2 ‖x‖2
∞∑

k=0

(γρ)k+2
k∑

l=0

E [‖wl‖ ‖wk−l‖]

≤ 4 ‖P‖2 ‖x‖2 σ2
4

∞∑
k=0

(k + 1)(γρK)k+2

= 4 ‖P‖2 ‖x‖2 σ2
4

γ2ρ2K
(1− γρK)2

. (25)

The first equality follows from the Cauchy Product. The first
inequality follows from wT

l PAl
Kx ≤ ‖P‖‖Al

K‖‖wl‖‖x‖ and
wT

k−lPAk−l+1
K x ≤ ‖P‖‖Ak−l+1

K ‖‖wk−l‖‖x‖. The second in-
equality holds since ‖Al

K‖ ≤ ‖AK‖l ≤ ρlK . The third inequal-
ity holds since E[‖wl‖‖wk−l‖] ≤ σ2

4 when l = k − l and l �=
k − l. The last equality holds since

∑∞
k=0(γρ)

k+2(k + 1) =
γ2ρ2

(1−γρ)2 .
For the fourth term, by virtue of the Cauchy Product, we have

E

⎡
⎣
(
2

∞∑
k=1

γk+1wT
k P

k−1∑
τ=0

Ak−τ
K wτ

)2
⎤
⎦

= E

⎡
⎣
(
2

∞∑
k=0

γk+2wT
k+1P

k∑
τ=0

Ak+1−τ
K wτ

)2
⎤
⎦

= 4E

[ ∞∑
k=0

γk+4
k∑

l=0

wT
l+1P

(
l∑

τ=0

Al+1−τ
K wτ

)

×wT
k−l+1P

(
k−l∑
τ=0

Ak−l+1−τ
K wτ

)]
. (26)

Let ξ := wT
l+1 P (

∑l
τ=0 A

l+1−τ
K wτ ) × wT

k−l+1 P (
∑k−l

τ=0

Ak−l+1−τ
K wτ ). Recall that the random variables wk are

independent from each other and E[wk] = 0 for all k ∈ N.
It yields that when l > k − l, E[ξ] = 0, and when l < k − l,
E[ξ] = 0. Thus, (26) can be simplified to be with the items
when k = 2l, i.e.,

E

⎡
⎣
(
2

∞∑
k=1

γk+1wT
k P

k−1∑
τ=0

Ak−τ
K wτ

)2
⎤
⎦

= 4E

[ ∞∑
k=0

γk+4
k∑

l=0

wT
l+1P (

l∑
τ=0

Al+1−τ
K wτ )

×wT
k−l+1P (

k−l∑
τ=0

Ak−l+1−τ
K wτ )

]

= 4E

⎡
⎣ ∞∑

l=0

γ2l+4

(
wT

l+1P (
l∑

τ=0

Al+1−τ
K wτ )

)2
⎤
⎦
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≤ 4 ‖P‖2
∞∑
l=0

γ2l+4
E

[
‖wl+1‖2

]
E

⎡
⎣
∥∥∥∥∥

l∑
τ=0

Al+1−τ
K wτ

∥∥∥∥∥
2
⎤
⎦

≤ 4 ‖P‖2 σ2
4

∞∑
l=0

γ2l+4
E

⎡
⎣
∥∥∥∥∥

l∑
τ=0

Al+1−τ
K wτ

∥∥∥∥∥
2
⎤
⎦

≤ 4 ‖P‖2 σ2
4

∞∑
l=0

γ2l+4
E

[(
l∑

τ=0

wT
τ (A

l+1−τ
K )T

)

×
(

l∑
τ=0

Al+1−τ
K wτ

)]

=4 ‖P‖2 σ2
4E

[∞∑
l=0

γ2l+4
l∑

τ=0

l∑
κ=0

(
wT

τ (A
l+1−τ
K )TAl+1−κ

K wκ

)]

=4 ‖P‖2 σ2
4

∞∑
l=0

γ2l+4
l∑

τ=0

l∑
κ=0

E
[(
wT

τ (A
l+1−τ
K )TAl+1−κ

K wκ

)]

=4 ‖P‖2 σ2
4

∞∑
l=0

γ2l+4
l∑

τ=0

E
[(
wT

τ (A
l+1−τ
K )T×Al+1−τ

K wτ

)]

≤ 4 ‖P‖2 σ2
4

∞∑
l=0

γ2l+4
l∑

τ=0

ρ
2(l+1−τ)
K E

[
‖wτ‖2

]

≤ 4 ‖P‖2 σ4
4

∞∑
l=0

γ2l+4
l∑

τ=0

ρ
2(l+1−τ)
K

≤ 4 ‖P‖2 σ4
4

∞∑
l=0

γ2l+4 ρ2K
1− ρ2K

≤ 4 ‖P‖2 σ4
4ρ

2
Kγ4

(1− ρ2K)(1− γ2)
. (27)

The first inequality holds since wl+1 and wτ are independent
for all τ = 0, . . . , l. The last equality holds since wτ and wκ are
independent for τ �= κ and E[wτ ] = 0 for all τ = 0, . . . , l. The

second to last inequality holds since
∑l

τ=0 ρ
2(l+1−τ)
K ≤ ρ2

K

1−ρ2
K

.
Combining (23), (24), (25), (27), and (22), we have

E
[
GK(x)GK(x)

]
≤ 4 ‖x‖4 ‖P‖2 + 4σ4

4 ‖P‖2 γ2

(1− γ)2
+

16 ‖P‖2 ‖x‖2 σ2
4γ

2ρ2K
(1− γρK)2

+
16 ‖P‖2 σ4

4ρ
2
Kγ4

(1− ρ2K)(1− γ2)
.

Since E[GK(x)] is bounded, the variance of GK(x) is bounded.
The proof is complete.

B. Proof of Theorem 3

Before analyzing the effect of perturbations on the return
distribution, it is necessary to investigate how perturbations
affect the solution to the Lyapunov equation. The following
lemma presents the well-known sensitivity result for LQR.

Lemma 1 (See [35]): Let X be the unique solution of the
Lyapunov equation X = Q+ATXA for a stable matrix A. Let
X̃ be the unique solution of the perturbed Lyapunov equation
X̃ = Q+ ÃTX̃Ã for a stable matrix Ã = A+ΔA. Then, when
l0 > 2ε0, where l0 = ‖H−1

0 ‖−1, H0 = I ⊗ I −AT ⊗AT, and
ε0 = ‖A‖F ‖ΔA‖F + 1

2‖ΔA‖2F , we have∥∥∥X − X̃
∥∥∥
F
≤ 2 ‖X‖F ε0

l0 − 2ε0
.

Lemma 1 analyzes the sensitivity of the Lyapunov equation
for the canonical form of LQR. For discounted LQR, the sen-
sitivity analysis of the Lyapunov equation is presented in the
following lemma.

Lemma 2: Let l = ‖H−1‖−1,H = I ⊗ I − γAT
K ⊗AT

K , ε =
γ‖AK‖F ‖ΔAK‖F + γ

2 ‖ΔAK‖2F . If l > 2ε, we have∥∥∥P − P̃
∥∥∥ ≤

∥∥∥P − P̃
∥∥∥
F
≤ 2 ‖P‖F ε

l − 2ε
. (28)

Proof: It directly follows from Lemma 1 and ‖M‖2 ≤
‖M‖F ≤ √

n‖M‖2, for any matrix M ∈ R
n×n. �

Back to the sensitivity of perturbations on the return distribu-
tion, we define Ỹ := GK(x)− G̃K(x), we have

sup
z

|FK
x (z)− F̃K

x (z)|

= sup
z

|P(G̃K(x) ≤ z)− P(GK(x) ≤ z)|

= sup
z

|P(G̃K(x) ≤ z)− P(G̃K(x) + Ỹ ≤ z)|

= sup
z

∣∣∣P(G̃K(x) ≤ z)

∫ ∞

−∞
P(Ỹ = t)dt

−
∫ ∞

−∞
P(G̃K(x) ≤ z − t)P(Ỹ = t)dt

∣∣∣
= sup

z

∣∣∣ ∫ ∞

−∞
P(Ỹ = t)

(
F̃K
x (z)− F̃K

x (z − t)
)
dt
∣∣∣

≤ sup
z

∣∣∣ ∫ ∞

−∞
P(Ỹ = t)f̃max|t|dt

∣∣∣
= f̃maxE

[
|Ỹ |
]

(29)

where f̃max is an UB of the PDF of G̃K(x) and the last inequality
follows from the mean value theorem.

From the definition of Ỹ , we have

E|Ỹ | = E

[∣∣∣xT(P − P̃ )x+
∞∑

k=0

γk+1wT
k (P − P̃ )wk

+ 2
∞∑

k=0

γk+1wT
k (PAk+1

K − P̃ Ãk+1
K )x

+2

∞∑
k=1

γk+1wT
k

(
P

k−1∑
τ=0

Ak−τ
K wτ − P̃

k−1∑
τ=0

Ãk−τ
K wτ

)∣∣∣
]

≤ |xT(P̃ − P )x|+
∞∑

k=0

γk+1
E

[∣∣∣wT
k (P̃ − P )wk

∣∣∣]
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+ 2

∞∑
k=0

γk+1
E

[∣∣∣wT
k (P̃ Ãk+1

K − PAk+1
K )x

∣∣∣]

+ 2

∞∑
k=1

γk+1
E

[∣∣∣wT
k

(
P̃

k−1∑
τ=0

Ãk−τ
K − P

k−1∑
τ=0

Ak−τ
K

)
wτ

∣∣∣
]
.

(30)

We handle the terms in the above inequality one by one. By
virtue of the Holder’s inequality, the first term can be bounded
by

|xT(P̃ − P )x| ≤ ‖x‖2
∥∥∥P̃ − P

∥∥∥ . (31)

Similarly, the second term can be bounded by
∞∑

k=0

γk+1
E

[∣∣∣wT
k (P̃ − P )wk

∣∣∣]

≤
∞∑

k=0

γk+1σ2
∥∥∥P̃ − P

∥∥∥ ≤ σ2γ

1− γ

∥∥∥P̃ − P
∥∥∥ . (32)

For the third term, we have

2

∞∑
k=0

γk+1
E

[∣∣∣wT
k (P̃ Ãk+1

K − PAk+1
K )x

∣∣∣]

= 2

∞∑
k=0

γk+1
E

[∣∣∣wT
k

(
P̃ − P

)
Ãk+1

K x

+wT
k P

(
Ãk+1

K −Ak+1
K

)
x
∣∣∣]

≤ 2
∞∑

k=0

γk+1
E

[
‖wk‖

∥∥∥P̃ − P
∥∥∥ ∥∥∥Ãk+1

K

∥∥∥ ‖x‖]

+ 2
∞∑

k=0

γk+1
E

[
‖wk‖ ‖P‖

∥∥∥Ãk+1
K −Ak+1

K

∥∥∥ ‖x‖]

≤ 2σ
∥∥∥P̃ − P

∥∥∥ ‖x‖ ∞∑
k=0

γk+1
∥∥∥Ãk+1

K

∥∥∥
+ 2σ ‖P‖ ‖x‖

∞∑
k=0

γk+1
∥∥∥Ãk+1

K −Ak+1
K

∥∥∥ . (33)

By decomposing the term Ãk+1
K −Ak+1

K = (ÃK −AK)

(
∑k

i=0 Ã
k−i
K Ai

K), we have∥∥∥Ãk+1
K −Ak+1

K

∥∥∥
≤
∥∥∥ÃK −AK

∥∥∥
∥∥∥∥∥

k∑
i=0

Ãk−i
K Ai

K

∥∥∥∥∥
≤
∥∥∥ÃK −AK

∥∥∥ ( k∑
i=0

∥∥∥Ãk−i
K Ai

K

∥∥∥)

≤ ‖ΔAK‖ (
k∑

i=0

∥∥∥Ãk−i
K

∥∥∥ ∥∥Ai
K

∥∥)
≤ ‖ΔAK‖ (k + 1)ρkK ≤ ‖ΔAK‖U. (34)

Define the function f(k) = (k + 1)ρkK , and the constant U =

max{1, 1
ρ0
ρ
(1−ρ0)/ρ0

K }, ρ0 = ln(1/ρK). It is easy to verify that
the function f(k) obtains the maximum at k = 0 if ρ0 ≥ 1 and at
k = 1−ρ0

ρ0
if ρ0 < 1. Therefore, the last inequality follows since

f(k) ≤ max{1, 1
ρ0
ρ
(1−ρ0)/ρ0

K } = U for all k ≥ 0. Substituting
(34) into (33), we have

2

∞∑
k=0

γk+1
E

[∣∣∣wT
k (P̃ Ãk+1

K − PAk+1
K )x

∣∣∣]

≤ 2σ ‖P‖ ‖x‖Uγ

1− γ
‖ΔAK‖

+ 2σ
∥∥∥P̃ − P

∥∥∥ ‖x‖ ∞∑
k=0

γk+1
∥∥∥Ãk+1

K

∥∥∥
≤ 2σ ‖P‖ ‖x‖Uγ

1−γ
‖ΔAK‖+2σ

∥∥∥P̃−P
∥∥∥ ‖x‖ ∞∑

k=0

(γρK)k+1

≤ 2σ ‖P‖ ‖x‖Uγ

1− γ
‖ΔAK‖+ 2σγρK

1− γρK
‖x‖

∥∥∥P̃ − P
∥∥∥

(35)

where the second inequality follows since ‖Ãk+1
K ‖ ≤

‖ÃK‖k+1 ≤ ρk+1
K . For the fourth term, we have

2

∞∑
k=1

γk+1
E

[∣∣∣wT
k

(
P̃

k−1∑
τ=0

Ãk−τ
K wτ − P

k−1∑
τ=0

Ak−τ
K wτ

)∣∣∣
]

= 2

∞∑
k=1

γk+1
E

[∣∣∣wT
k

(
P̃

k−1∑
τ=0

Ãk−τ
K wτ − P

k−1∑
τ=0

Ãk−τ
K wτ

+P

k−1∑
τ=0

Ãk−τ
K wτ − P

k−1∑
τ=0

Ak−τ
K wτ

)∣∣∣
]

≤ 2

∞∑
k=1

γk+1
E

[∣∣∣wT
k

(
P̃ − P

) k−1∑
τ=0

Ãk−τ
K wτ

∣∣∣
]

+ 2
∞∑

k=1

γk+1
E

[∣∣∣wT
k P

k−1∑
τ=0

(
Ãk−τ

K −Ak−τ
K

)
wτ

∣∣∣
]

≤ 2

∞∑
k=1

γk+1
E

[
‖wk‖

∥∥∥P̃ − P
∥∥∥
∥∥∥∥∥
k−1∑
τ=0

Ãk−τ
K wτ

∥∥∥∥∥
]

+ 2
∞∑

k=1

γk+1
E

[
‖wk‖ ‖P‖

∥∥∥∥∥
k−1∑
τ=0

(
Ãk−τ

K −Ak−τ
K

)
wτ

∥∥∥∥∥
]

≤ 2

∞∑
k=1

γk+1
E

[
‖wk‖ ‖P‖

k−1∑
τ=0

∥∥∥Ãk−τ
K −Ak−τ

K

∥∥∥ ‖wτ‖
]

+ 2
∞∑

k=1

γk+1
E

[
‖wk‖

∥∥∥P̃ − P
∥∥∥ k−1∑

τ=0

∥∥∥Ãk−τ
K

∥∥∥ ‖wτ‖
]

≤ 2σ2 ‖P‖
∞∑

k=1

γk+1
k−1∑
τ=0

∥∥∥Ãk−τ
K −Ak−τ

K

∥∥∥
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+ 2σ2
∥∥∥P̃ − P

∥∥∥ ∞∑
k=1

γk+1
k−1∑
τ=0

∥∥∥Ãk−τ
K

∥∥∥ (36)

where the last inequality follows since wk and wτ , τ =
0, 1, . . . , k − 1 are independent. By decomposing the term
Ãk−τ

K −Ak−τ
K , we have

k−1∑
τ=0

∥∥∥Ãk−τ
K −Ak−τ

K

∥∥∥

=

k−1∑
τ=0

∥∥∥∥∥(ÃK −AK)

k−τ−1∑
i=0

Ãk−τ−1−i
K Ai

K

∥∥∥∥∥
≤

k−1∑
τ=0

∥∥∥ÃK −AK

∥∥∥
∥∥∥∥∥
k−τ−1∑
i=0

Ãk−τ−1−i
K Ai

K

∥∥∥∥∥
≤
∥∥∥ÃK −AK

∥∥∥ k−1∑
τ=0

k−τ−1∑
i=0

ρk−τ−1
K

= ‖ΔAK‖
k−1∑
τ=0

(k − τ)ρk−τ−1
K

= ‖ΔAK‖
k∑

i=1

iρi−1
K

≤ ‖ΔAK‖
(1− ρK)2

(37)

where the last inequality follows since Sk :=
∑k

i=1 iρ
i−1
K =

1−ρk
K

(1−ρK)2 − kρk
K

1−ρK
≤ 1

(1−ρK)2 . Substituting (37) into (36), we
have

2
∞∑

k=1

γk+1
E

[∣∣∣∣∣wT
k

(
P̃

k−1∑
τ=0

Ãk−τ
K wτ − P

k−1∑
τ=0

Ak−τ
K wτ

)∣∣∣∣∣
]

≤ 2σ2 ‖P‖
∞∑

k=1

γk+1 ‖ΔAK‖
(1− ρK)2

+ 2σ2
∥∥∥P̃ − P

∥∥∥ ∞∑
k=1

γk+1
k−1∑
τ=0

∥∥∥Ãk−τ
K

∥∥∥
≤ 2σ2 ‖P‖ γ2

(1− γ)(1− ρK)2
‖ΔAK‖

+ 2σ2
∥∥∥P̃ − P

∥∥∥ ∞∑
k=1

γk+1
k−1∑
τ=0

ρk−τ

≤ 2σ2 ‖P‖ γ2 ‖ΔAK‖
(1− γ)(1− ρK)2

+
2σ2

∥∥∥P̃ − P
∥∥∥

(1− γ)(1− ρK)
. (38)

Combining (30), (31), (32), (35), and (38), we have

E

[
|Ỹ |
]
≤
(
‖x‖2 + σ2γ

1− γ

)∥∥∥P̃ − P
∥∥∥

+
2σ ‖P‖ ‖x‖Uγ

1− γ
‖ΔAK‖+ 2σγρK ‖x‖

1− γρK

∥∥∥P̃ − P
∥∥∥

+
2σ2 ‖P‖ γ2 ‖ΔAK‖
(1− γ)(1− ρK)2

+
2σ2

∥∥∥P̃ − P
∥∥∥

(1− γ)(1− ρK)

:= c̃3

∥∥∥P̃ − P
∥∥∥+ c̃4 ‖ΔAK‖ (39)

where

c̃3 = ‖x‖2 + σ2γ

1− γ
+

2σγρK ‖x‖
1− γρK

+
2σ2

(1− γ)(1− ρK)
,

c̃4 =
2σ ‖P‖ ‖x‖Uγ

1− γ
+

2σ2 ‖P‖ γ2

(1− γ)(1− ρK)2
.

Substituting (39) into (29) and using (28), we have

sup
z

|FK
x (z)− F̃K

x (z)|

≤ f̃max(c̃3

∥∥∥P̃ − P
∥∥∥+ c̃4 ‖ΔAK‖)

≤ f̃maxc̃3
2 ‖P‖F
l − 2ε

(
γ ‖AK‖F ‖ΔAK‖F +

γ

2
‖ΔAK‖2F

)
+ f̃maxc̃4 ‖ΔAK‖

≤
(
2f̃maxc̃3

√
nγ ‖AK‖F ‖P‖F
l − 2ε

+ f̃maxc̃4

)
‖ΔAK‖

+
f̃maxc̃3nγ ‖P‖F

l − 2ε
‖ΔAK‖2

:= c̃1 ‖ΔAK‖+ c̃2 ‖ΔAK‖2

where the last inequality follows from ‖M‖F ≤ √
n‖M‖2 for

any matrix M ∈ R
n×n. The proof is complete and also yields

the expression of the constants c̃1 and c̃2.

C. Proof of Theorem 5

It follows that

sup
z

|F̂K,T
x,M (z)− FK

x (z)|

≤ sup
z

|F̂K,T
x,M (z)− FK,T

x (z)|+ sup
z

|FK,T
x (z)− FK

x (z)|.
(40)

Note that F̂K,T
x,M and FK,T

x are the EDF and CDF of the random
variable GK,T (x), respectively. By virtue of the Dvoretzky–
Kiefer–Wolfowitz inequality, we have

sup
z

|F̂K,T
M (z)− FK,T (z)| ≤

√
ln(1/δ)

2M
(41)

with probability at least 1− δ. Define the random variable
ZT = GK(x)−GK,T (x) =

∑∞
T+1 γ

txT
t (Q+KTRK)xt

Further, we have

sup
z

|FK,T
x (z)− FK

x (z)|

= sup
z

∣∣∣P{GK,T (x) ≤ z} − P{GK(x) ≤ z}
∣∣∣

= sup
z

∣∣P{GK,T (x) ≤ z} − P{GK,T (x) + ZT ≤ z}∣∣
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= sup
z

∣∣∣∣P(GK,T (x) ≤ z)

∫ ∞

−∞
P(ZT = t)dt

−
∫ ∞

−∞
P(GK,T (x) ≤ z − t)P(ZT = t)dt

∣∣∣∣
= sup

z

∣∣∣∣
∫ ∞

−∞
P(ZT = t)

(
FK,T
x (z)− FK,T

x (z − t)
)
dt

∣∣∣∣
≤ sup

z

∣∣∣∣
∫ ∞

−∞
P(ZT = t)fmax|t|dt

∣∣∣∣
= fmaxE [|ZT |] . (42)

Now we focus on E|ZT |. From its definition, it gives

E [|ZT |] = E

[ ∞∑
t=T+1

γtxT
t (Q+KTRK)xt

]

≤ E

[ ∞∑
t=T+1

γt
∥∥Q+KTRK

∥∥ ‖xt‖2
]
. (43)

From xt+1 = AKxt + wt, where AK = A+BK, we have

xt = At
Kx+

t−1∑
τ=0

At−1−τ
K wτ . (44)

Hence

E[‖xt‖2] = E

⎡
⎣
∥∥∥∥∥At

Kx+

t−1∑
τ=0

At−1−τ
K wτ

∥∥∥∥∥
2
⎤
⎦

≤ E

⎡
⎣∥∥At

Kx
∥∥2 +

∥∥∥∥∥
t−1∑
τ=0

At−1−τ
K wτ

∥∥∥∥∥
2

+2
∥∥At

Kx
∥∥
∥∥∥∥∥
t−1∑
τ=0

At−1−τ
K wτ

∥∥∥∥∥
]

≤ ρ2tK ‖x‖2 + E

⎡
⎣
∥∥∥∥∥
t−1∑
τ=0

At−1−τ
K wτ

∥∥∥∥∥
2

+2ρtK ‖x‖
∥∥∥∥∥
t−1∑
τ=0

At−1−τ
K wτ

∥∥∥∥∥
]

(45)

where the last inequality follows from ‖At
Kx‖ ≤ ‖At

K‖‖x‖ ≤
ρtK‖x‖. Further, we have

E

[∥∥∥∥∥
t−1∑
τ=0

At−1−τ
K wτ

∥∥∥∥∥
]
≤ E

[
t−1∑
τ=0

∥∥At−1−τ
K

∥∥ ‖wτ‖
]

≤ σ
t−1∑
τ=0

∥∥At−1−τ
K

∥∥ ≤ σ
t−1∑
τ=0

ρt−1−τ
K ≤ σ

1− ρK
(46)

where the first inequality follows from the Cauchy–Schwarz
inequality, the second inequality follows from E

2[‖wk‖] ≤
E[‖wk‖2] ≤ σ2, and the third inequality follows from

‖At+N+1
K ‖ ≤ (‖AK‖)t+N+1 ≤ ρt+N+1

K . Further

E

⎡
⎣
∥∥∥∥∥
t−1∑
τ=0

At−1−τ
K wτ

∥∥∥∥∥
2
⎤
⎦

= E

[
t−1∑
τ=0

wT
τ (A

t−1−τ
K )TAt−1−τ

K wτ

]

≤ E

[
t−1∑
τ=0

∥∥(At−1−τ
K )TAt−1−τ

K

∥∥ ‖wτ‖2
]

≤ σ2
t−1∑
τ=0

∥∥(At−1−τ
K )TAt−1−τ

K

∥∥

≤ σ2
t−1∑
τ=0

ρ
2(t−1−τ)
K ≤ σ2

1− ρ2K
(47)

where the first equality follows from the fact that the ran-
dom variables wτ , τ ∈ N, are i.i.d. and with zero mean. The
first inequality follows from the Cauchy–Schwarz inequality
and the third inequality follows from ‖(At−1−τ

K )TAt−1−τ
K ‖ ≤

‖(At−1−τ
K )T‖‖At−1−τ

K ‖ ≤ ρ
2(t−1−τ)
K . Substituting (46) and (47)

into (45), we have

E[‖xt‖2] ≤ ρ2tK ‖x‖2 + σ2

1− ρ2K
+

2ρtK ‖x‖σ
1− ρK

. (48)

Substituting (48) into (43), we have

E [|ZT |]

≤ ∥∥Q+KTRK
∥∥ ∞∑

t=T+1

γt

(
ρ2tK ‖x‖2 + σ2

1− ρ2K

+
2ρtK ‖x‖σ
1− ρK

)

≤ ∥∥Q+KTRK
∥∥(γT+1ρ

2(T+1)
K ‖x‖2

1− γρ2K

+
2γT+1ρT+1

K ‖x‖σ
(1− ρK)(1− γρK)

+
γT+1σ2

(1− γ)(1− ρ2K)

)

= ‖QK‖ γT+1
(
c1ρ

2(T+1)
K + c2ρ

T+1
K + c3

)
. (49)

Combining (40), (41), (42), and (49), it gives

sup
z

|F̂K,T
M (z)− FK(z)|

≤ sup
z

|F̂K,T
M (z)− FK,T (z)|+ sup

z
|FK,T (z)− FK(z)|

≤fmax ‖QK‖ γT+1
(
c1ρ

2(T+1)
K +c2ρ

T+1
K +c3

)
+

√
ln(1/δ)

2M

which completes the proof.

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on January 08,2026 at 17:53:35 UTC from IEEE Xplore.  Restrictions apply. 



WANG et al.: POLICY EVALUATION IN DISTRIBUTIONAL LQR 7491

REFERENCES

[1] M. G. Bellemare, W. Dabney, and R. Munos, “A distributional perspec-
tive on reinforcement learning,” in Proc. Int. Conf. Mach. Learn., 2017,
pp. 449–458.

[2] G. Barth-Maron et al., “Distributed distributional deterministic policy
gradients,” 2018, arXiv:1804.08617.

[3] W. Dabney, M. Rowland, M. Bellemare, and R. Munos, “Distributional
reinforcement learning with quantile regression,” in Proc. AAAI Conf. Artif.
Intell., 2018, pp. 2892–2901.

[4] R. Singh, K. Lee, and Y. Chen, “Sample-based distributional policy gra-
dient,” in Proc. Learn. Dyn. Control Conf., 2022, pp. 676–688.

[5] D. Kamran, T. Engelgeh, M. Busch, J. Fischer, and C. Stiller, “Minimiz-
ing safety interference for safe and comfortable automated driving with
distributional reinforcement learning,” in Proc. 2021 IEEE/RSJ Int. Conf.
Intell. Robots Syst., 2021, pp. 1236–1243.

[6] J. Zhang and P. Weng, “Safe distributional reinforcement learning,” in
Proc. 3rd Int. Conf. Distrib. Artif. Intell., Shanghai, China, 2022, pp. 107–
128.

[7] H. Liang and Z.-Q. Luo, “Bridging distributional and risk-sensitive rein-
forcement learning with provable regret bounds,” J. Mach. Learn. Res.,
vol. 25, no. 221, pp. 1–56, 2024.

[8] K. Min, H. Kim, and K. Huh, “Deep distributional reinforcement learning
based high-level driving policy determination,” IEEE Trans. Intell. Veh.,
vol. 4, no. 3, pp. 416–424, Sep. 2019.

[9] S. Xu, Q. Liu, Y. Hu, M. Xu, and J. Hao, “Decision-making models on
perceptual uncertainty with distributional reinforcement learning,” Green
Energy Intell. Transp., vol. 2, no. 2, 2023, Art. no. 100062.

[10] M. Rowland, M. Bellemare, W. Dabney, R. Munos, and Y. W. Teh, “An
analysis of categorical distributional reinforcement learning,” in Proc. Int.
Conf. Artif. Intell. Statist., 2018, pp. 29–37.

[11] M. Rowland et al., “An analysis of quantile temporal-difference learning,”
J. Mach. Learn. Res., vol. 25, no. 163, pp. 1–47, 2024.

[12] R. Singh, Q. Zhang, and Y. Chen, “Improving robustness via risk averse
distributional reinforcement learning,” in Proc. Learn. Dyn. Control Conf.,
2020, pp. 958–968.

[13] S. Dean, H. Mania, N. Matni, B. Recht, and S. Tu, “On the sample
complexity of the linear quadratic regulator,” Found. Comput. Math.,
vol. 20, no. 4, pp. 633–679, 2020.

[14] S. Tu and B. Recht, “Least-squares temporal difference learning for
the linear quadratic regulator,” in Proc. Int. Conf. Mach. Learn., 2018,
pp. 5005–5014.

[15] M. Fazel, R. Ge, S. Kakade, and M. Mesbahi, “Global convergence of
policy gradient methods for the linear quadratic regulator,” in Proc. Int.
Conf. Mach. Learn., 2018, pp. 1467–1476.

[16] D. Malik, A. Pananjady, K. Bhatia, K. Khamaru, P. Bartlett, and M.
Wainwright, “Derivative-free methods for policy optimization: Guarantees
for linear quadratic systems,” in Proc. 22nd Int. Conf. Artif. Intell. Statist.,
2019, pp. 2916–2925.

[17] Y. Li, Y. Tang, R. Zhang, and N. Li, “Distributed reinforcement learn-
ing for decentralized linear quadratic control: A derivative-free policy
optimization approach,” IEEE Trans. Autom. Control, vol. 67, no. 12,
pp. 6429–6444, Dec. 2022.

[18] F. A. Yaghmaie, F. Gustafsson, and L. Ljung, “Linear quadratic control
using model-free reinforcement learning,” IEEE Trans. Autom. Control,
vol. 68, no. 2, pp. 737–752, Feb. 2023.

[19] Y. Zheng, L. Furieri, M. Kamgarpour, and N. Li, “Sample complexity of
linear quadratic Gaussian (LQG) control for output feedback systems,” in
Proc. Learn. Dyn. Control Conf., 2021, pp. 559–570.

[20] B. P. G. Van Parys, D. Kuhn, P. J. Goulart, and M. Morari, “Distributionally
robust control of constrained stochastic systems,” IEEE Trans. Autom.
Control, vol. 61, no. 2, pp. 430–442, Feb. 2016.

[21] A. Tsiamis, D. S. Kalogerias, A. Ribeiro, and G. J. Pappas, “Linear
quadratic control with risk constraints,” Automatica, vol. 174, pp. 112095,
Elsevier, 2025.

[22] K. Kim and I. Yang, “Distributional robustness in minimax linear quadratic
control with wasserstein distance,” SIAM J. Control and Optimization,
vol. 61, no. 2, pp. 458–483, 2021.

[23] M. P. Chapman et al., “Risk-sensitive safety analysis using condi-
tional value-at-risk,” IEEE Trans. Autom. Control, vol. 67, no. 12,
pp. 6521–6536, Dec. 2022.

[24] M. P. Chapman, M. Fauß, and K. M. Smith, “On optimizing the conditional
value-at-risk of a maximum cost for risk-averse safety analysis,” IEEE
Trans. Autom. Control, vol. 68, no. 6, pp. 3720–3727, Jun. 2023.

[25] M. P. Chapman and L. Lessard, “Toward a scalable upper bound for a
CVaR-LQ problem,” IEEE Contr. Syst. Lett., vol. 6, pp. 920–925, 2021.

[26] M. P. Chapman and D. S. Kalogerias, “Risk-aware stability of discrete-time
systems,” 2022, arXiv:2211.12416.

[27] M. Kishida and A. Cetinkaya, “Risk-aware linear quadratic control using
conditional value-at-risk,” IEEE Trans. Autom. Control, vol. 68, no. 1,
pp. 416–423, Jan. 2023.

[28] K. Kim and I. Yang, “Distributional robustness in minimax linear quadratic
control with Wasserstein distance,” SIAM J. Control Optim., vol. 61, no. 2,
pp. 458–483, 2023.

[29] A. Hakobyan and I. Yang, “Wasserstein distributionally robust control
of partially observable linear stochastic systems,” IEEE Trans. Autom.
Control, 2022.

[30] I. Yang, “Wasserstein distributionally robust stochastic control: A
data-driven approach,” IEEE Trans. Autom. Control, vol. 66, no. 8,
pp. 3863–3870, Aug. 2021.
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