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ABSTRACT

The paper deals with a discrete-time susceptible-infected susceptible (SIS) networked epidemic model. In the model, nodes repre-

sent populations and the network links possible transmission pathways of the disease between populations. Our aim is to design a
feedback controller so that the fraction of infected in each population node remains below a prespecified value for all time instants.
To this end, we introduce a distributed control law at the node level. This control law can be realized by the population following
announcements made by local policymakers to enhance nonpharmaceutical interventions such as hand-washing, mask-wearing,

and social distancing. We show that with the controller in place not only do the fraction of infected in each population node stay

below the prespecified level but also the state of the disease dynamics converges either to the disease-free equilibrium or to a unique

endemic equilibrium. It turns out that the endemic equilibrium is (element-wise) smaller than the unique endemic equilibrium
of the uncontrolled system. The theoretical findings are illustrated by numerical examples.

1 | Introduction

Epidemics have posed serious challenges during the course of
human civilization. Some of the most prominent examples in the
past century include the Spanish flu 1918-1920, the Asian flu
in the 1950s [1], and the recent COVID-19 pandemic. The toll of
destruction that epidemics leave in their wake is enormous. For
instance, the Spanish flu resulted in around 50 million deaths, set
back the economy worldwide by a few decades, whereas the Jus-
tinian plague possibly led to the collapse of the Byzantine empire
[2]. Unsurprisingly, the spread of diseases has drawn the atten-
tion of the scientific community, with the earliest work being a

model for the smallpox virus formulated and analyzed by Daniel
Bernouli [3]. Mathematical epidemiology, as a discipline, wit-
nessed tremendous growth during the 20th century [4-8]. In
recent years, problems in epidemiology have been investigated
in different fields such as physics [9], computer science [10],
economics [11], and so on. A fundamental quest behind such
research efforts is to understand what causes a disease to spread,
and how such a spread can be mitigated.

To this end, several models have been developed in the litera-
ture. These include, but are not limited to, susceptible-infected
(SI), susceptible-infected-recovered (SIR), susceptible-infected
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susceptible (SIS), and susceptible-exposed-infected-recovered
(SEIR) models [12]. SIS models have been studied since the
1930s [13].

In the classic SIS model, each individual within a single popu-
lation belongs to one of the two mutually exclusive health com-
partments: (i) susceptible to the disease (S) or (ii) infected by the
disease (I). Infected individuals can transmit the disease to sus-
ceptible ones and recover from the disease. However, recovery
does not necessarily confer long term immunity against reinfec-
tion. Note that disease spread is typically not constrained to a
single city, region, or even country. Motivated by this observation,
networked epidemic models have been proposed [12, 14]. In
such models, each node represents a distinct population, and
the edges connecting nodes signify disease transmission path-
ways between populations. Indeed, networked SIS models have
been useful for studying the spread of diseases such as gonorrhea
[15] and tuberculosis [16]. They have been analyzed extensively
in the literature. Both time-invariant [17, 18] and time-varying
networks [19-22] have been accounted for. In the context of
time-invariant networks, both continuous-time [9, 17, 18] and
discrete-time settings [10, 23-26] have been studied.

In this article, the focus is on time-invariant discrete-time net-
worked SIS models, which were introduced in [26]. The behav-
ior of this model is constrained by the reproduction number R,
which is determined by the recovery and infection rates, along
with the adjacency matrix of the network topology (a precise
definition of R, appears in Section 2.1) [14, 27]. Specifically,
when R, < 1, the network dynamics converge to a healthy state,
indicating the eradication of the disease from all nodes. Con-
versely, if R, > 1, the disease persists and infects a fraction of
individuals within each node in the network [26]. Conditions
for the existence, uniqueness and stability of the endemic equi-
librium have been presented [25, 28]. We note that all of the
aforementioned works deal with finding conditions that result
in the epidemic becoming extinct or persistent. From a public
health perspective, it is of strong interest not to just know when
a disease becomes endemic or extinct, but also how the spread
dynamics can be manipulated so as to obtain a desired behavior.
This is referred to as control of epidemics.

Control of SIS epidemics has received attention from the research
community [29-31]. A vast majority of the literature on SIS-type
models employ “one-shot” control strategies: Reduce R, below
one by manipulating the network through the removal of nodes
or edges, or by altering the recovery rate or infection rates [29,
32, 33]. Note that one-shot approaches do not account for the
current or past infection levels. Consequently, these are not
necessarily well-suited as the epidemic evolves. One way to
overcome this limitation is to employ state feedback mech-
anisms to dynamically alter the infection or recovery rates
based on infection levels in the network [27, 34-37]. Fur-
thermore, such mechanisms can be deployed in a decentral-
ized fashion; each population node independently adjusts its
parameters by solely relying on its own infection levels. Notice,
however, that the aim of the control strategies in all of the afore-
mentioned papers, assuming R, > 1, is to drive the system to
an endemic equilibrium that is (element-wise) smaller than the
endemic equilibrium of the uncontrolled system. None of these
strategies guarantee that, while the epidemic is in progress, the

healthcare facilities would be commensurate with the number of
infected cases, so that the epidemic remains manageable. More
formally stated: the trajectories of the state, representing the frac-
tion of infected individuals in each population, should never
exceed a prespecified level (this level can be thought of as repre-
sentative of the capacity of healthcare facilities in a node). Indeed,
during the early phases of an epidemic, one of the primary objec-
tives of health administration officials is not to overload the exist-
ing healthcare facilities, such as hospitals, nursing homes, etc.
Such an objective would ensure that the number of patients who
are seriously sick is not too high, and, therefore, they will receive
the required medical treatment [38].

In this article, we address the existing limitations noted in the
literature above by proposing a decentralized state feedback con-
troller for the discrete-time networked SIS model which ensures
that the fraction of infected individuals remains upper bounded
by a prespecified value for all time instants. We adjust the effec-
tive infection rates via multiplicative gains which evolve adap-
tively, utilizing information about the current fraction of infected
individuals; no information about the network, such as recovery
or infection rates, is required to execute the algorithm. From a
practical standpoint, the proposed feedback controller is useful
in the development and evaluation of public health strategies for
the containment and mitigation of infectious diseases via non-
pharmaceutical interventions (NPIs).

The contribution of this work is as follows: First, we formulate
a novel feedback control problem under the discrete-time net-
worked SIS model (Problem 1), and propose a feedback controller
to address the problem. Under certain assumptions, we show for
the controlled system that the infected proportion for each node
remains below a prespecified level for all time instants. Further-
more, the dynamics of the controlled system either asymptoti-
cally converges to the disease-free equilibrium (DFE) or to the
endemic equilibrium (Theorem 1). Second, we show that the pro-
posed control strategy drives the endemic equilibrium closer to
the DFE. That is, the endemic equilibrium of the controlled sys-
tem is strictly smaller in each component than that of the uncon-
trolled system (Theorem 2). We carry out extensive simulations
to study how our proposed feedback controller performs under
various uncertainties in real-world epidemic prevention scenar-
ios. A preliminary version of this paper has appeared in a brief
conference version [39], we considered the special case when all
nodes have the same upper bound on the infection level. The cur-
rent paper, besides relaxing the constraint on the upper bounds of
the infection level, contains further theoretical results and more
extensive discussions along with new numerical results.

The paper is organized as follows. The problem to be studied is
introduced in Section 2. The problem is addressed in Section 3.
Simulations evaluating our theoretical findings as well as the
effects of uncertainties in the measurements and control are pro-
vided in Section 4. Finally, concluding remarks and some open
problems are presented in Section 5.

Notation: Let R, and Z, denote the sets of nonnegative real
numbers and nonnegative integers, respectively. For any posi-
tive integer n, we use [n] to denote the set {1,2, ...,n}. For any
two vectors a,b € R”, we write a > b if a; > b, for every i € [n].
For any two matrices A and B, A > B indicates that each entry
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in A is strictly larger than the corresponding entry in B. For
a matrix A, let p(A) denote the spectral radius of A. A diago-
nal matrix is denoted as diag(-). We use 1 =[1,1, ...,1]7 and
0=10,0, ...,0]” to denote the vectors of all-ones and all-zeros,
respectively. Given a matrix A4, A < 0 (resp. A < 0) indicates that
A is negative definite (negative semidefinite). A matrix is called
Metzler if its off-diagonal entries are all nonnegative. A matrix
A € R™" with all off-diagonal entries nonpositive is called an
M -matrix if it can be written as A = sI — B, for some s > 0 and
B>0_, [40].

nxn

2 | Problem Formulation

In this section, we introduce the discrete-time networked SIS
model, and formally state the problem being studied in this
article.

2.1 | Discrete-Time Networked SIS Model

Consider a network with n > 2 large, distinct, well-mixed popula-
tions represented by a graph G = (V, £). Each node i € V denotes
a population of fixed size comprising of individuals. The set &
denotes the set of interconnections between the nodes. More pre-
cisely, £ = {(i,j) € V X V|q;; # 0}, where the weight a;; > 0 rep-
resents the strength of interconnection from node j to i (which
can be considered as the frequency of human mobility among dif-
ferent geographic areas). Suppose that a virus is spreading over
this network. Each individual, at any given time instant, belongs
to one of the two health compartments: susceptible or infected.
A node is said to be healthy if each individual in it is healthy;
otherwise, we say it is infected. An individual that is infected by
the virus recovers from the infection, and subsequently becomes
susceptible to the virus. Let g, > 0 and y; > 0 denote the local
infection and recovery rates of each node, respectively. Let x;(t)
denote the fraction of population i who are infected with the dis-
ease attimetr € R .

The evolution of the fraction of infected individuals in node i €
[n] can be represented by the scalar differential equation in [17]

X,-(I) = ﬁi(]- - x,-(t))Za,-jxj(t) - y,-x,-(t) (1)
=1

J

Observe that the state x;(r) denotes the proportion of infected in
population i at time ¢ > 0 and thus 1 — x,(?) is the proportion of
susceptible in population i.

While the evolution of an epidemic is a continuous-time process,
the outbreaks are often recorded in epidemiological reports that
are compiled per day or week [41, 42]. Such a sampling of the sys-
tem behavior has recently motivated the use of a discrete-time SIS
model [26, 28]. The discrete-time version of (1) can be obtained
by applying Euler’s method:

x,(k+1)=x,k)+h | p(1 - xi(k))Za,jxj(k) —rxk| @)
j=1

where h > 0 is the sampling period and k € Z,. Here, with a

slight abuse of notation, x,(k) is the state at time kh. For sys-

tem (2), if, for each i € [n], x;(k) = 0 implies that x,(k") = 0 for

all ¥’ > k, then we say that system (2) is in the DFE. If, for
each i € [n], x;(k) = x}, where 0 < x} < 1, implies that x;(k") =
x? for all k' > k, then we say that system (2) is in the endemic
equilibrium.

Let  x(k) := [x,(k), x,(k), ..., x,(K)]", E:=diag,), T :=
diag(y;), and R :=T'E. Note that R is a diagonal matrix
with [R]; = B;/7;- Then, system (2) can be written in vector
form as

x(k +1) = [I + hE(I — diag(x(k)))A — hT'| x(k) 3)

In the sequel, we refer to system (3) as the uncontrolled system. We
make the following standing assumptions in the paper, which are
common in the study of discrete-time networked SIS models [26,
28].

Assumption 1. Foreachi € [n], §; > 0andy, > 0.
Assumption 2. The graph G is strongly connected.
Assumption 3. Foreachi € [n], x;(0) € [0, 1].

Assumption 4. For each i € [n], the sampling period A ful-
fills hy, + hf,3_ja; < 1.

The graph G being strongly connected means that each node
i € V has a path to every other node j € V. Note that the adja-
cency matrix A = [a;;],, is irreducible if and only if the underly-
ing graph G is strongly connected.

The Proposition below establishes the basic reproduction number
R, determining the long-term presence (or absence) of a disease.

Proposition 1. Consider the uncontrolled system (3), under
Assumptions 1-4. Define the matrix M := I + hEA — hl, and let
R, := p(M).

1. If Ry <1, then the DFE is the unique equilibrium of (3) and
lim,_, . x(k) = 0.

2. If Ry > 1, then the DFE is unstable and, moreover, there exists
another equilibrium x* > 0 such that lim,_,  x(k) = x* for
every x(0) € [0,1]"\ 0.

Proof.  See Appendix section Proof of Proposition 1. O

Proposition 1 is a combination of Theorems 1, 2 and Proposition
2 in [26], as well as Theorem 1 in [28]. It establishes the exis-
tence, uniqueness and stability results for the equilibria of the
uncontrolled system (3). The DFE is always an equilibrium
of (3) - irrespective of the parameter choices. For certain param-
eter choices, the system possesses a unique endemic equilib-
rium [26]. Outside of these two equilibria, it possesses no other
equilibria.

2.2 | Problem Statement

Proposition 1 guarantees that the networked SIS model converges
to one of two equilibria, but does not guarantee that the state stays

3889

85U80|7 SUOWILWIOD BAIIER.D 8|qeol[dde 8Ly Aq pausenob ae S9jolie YO 8Sn JO s3I 10} Akeud1 78Ul UO 8|1 UO (SUOTIPUOO-PUB-SWLBY /W0 A8 | IMARIq 1 BU UO//:SANY) SUOIIPUOD pue sWwie 1 843 S *[9202/T0/80] U0 Akeiqiaulluo A8|IM ‘UelodsBoH exsiup L ebijBunyi Aq T68.0UI/Z00T 0T/I0p/LI00" A3 1M Ae.d 1 |puluo//:Sdny Wwolj papeojumod ‘6 ‘G20z ‘6E2T660T



below a certain value (smaller than one). In reality, during the
early phases of an epidemic, one of the primary objectives of pol-
icymakers is to ensure that the local healthcare facilities are not
overloaded. In other words, one seeks to ensure that the infection
levels do not exceed a prespecified limit. One of the approaches
towards achieving this objective involves modifying the infection
rate of each node during the epidemic.

The vast majority of networked SIS models treat g, as a fixed
parameter [43, 44]. This means that the infection rate of a node
remains constant throughout the epidemic. Therefore, to achieve
the aforementioned objective, it is imperative that the overall
infection rate be taken as the product of the intrinsic transmission
rate f; and the effective contact rate g;(-), which can be actively
modified based on measurements of infection within the popula-
tion. Such a modification in the infection rate can be captured by
adjusting (2) in the following manner:

x;(k+1) = x;(k) + hg;(k);(1 — xi(k))Za,.jxj(k) — hy,x;(k) (4)
j=1

where g;(k) € [0, 1] is a control gain that represents the effective-
ness of NPIs in lowering the acting infection rate. NPIs are typi-
cally represented by means of a manipulation of g, [45-47]. Thus,
g;(k)p; can be considered the controlled infection rate, which
should ensure that the infection levels stay below a prespecified
level for all time instants.

Clearly, if g;(k) is taken to be a constant, then the controlled
system (4) is in the same form as the uncontrolled system (2)
with a modified infection rate g, §,. If policymakers have complete
knowledge of networked epidemics (including the topology and
all parameters f;, y;, and g, j), then a naive approach is to design
g; to ensure R, < 1; this can be effectively done by the one-shot
method based on Proposition 1.

We begin by assuming that we have a discrete-time SIS network
whose initial state x,(0) does not exceed the healthcare facility
capacity, denoted by some constant ¢; > 1 for node i € [n]. This is
summarized by the following assumption:

Assumption 5. Foreachi € [n], x,(0) € [0,1/c)).
The problem studied in this paper can now be formally stated.

Problem 1. Consider the controlled networked SIS system (4)
under Assumptions 1, 2, 5, and 4. Find a decentralized controller
gain g;(k) to ensure that (i) for all i € [n] and k € Z_, x,;(k) €
[0,1/¢;); and (ii) lim, _, , x,(k) = x}, where x; > 0 for all i € [n].

3 | Mitigation of Discrete-Time SIS Networked
Epidemics

In this section, we identify a decentralized controller gain g;(k)
that solves Problem 1. Indeed, our solution is

gi(k) =1- C,'xi(k) (5)

In Section 3.1, we show that Problem 1 is solved when R, < 1,
whereas in Section 3.2 we show that it is solved when R, >
1. The control gain can be interpreted as follows: Susceptible

individuals in population i (denoted by the term 1 — x,(k)) are
possibly infected over the network by infectious individuals
(denoted by the term hfp, Za,-jx ;(k)), with the total infection
“force” adjusted by g;(k) € [0, 1] to read as hgi(k)ﬂiz;':la,. ;% (k)
[34]. We note that the control law in (5) is decentralized in
that each node can execute the control independently of other
nodes.

Remark 1. In real-world scenarios, various factors may not be
aligned with the problem statements. Two key factors are non-
cooperative populations and the use of piecewise constant con-
trol gain. Noncooperative populations arise when not everyone
follows the proposed interventions, even if policymakers sug-
gest measures to control the spread. However, our simulations
(see Section 4) reveal that compliant populations can success-
fully address Problem 1, regardless of such noncooperative influ-
ences. Additionally, the efforts of compliant populations help
lower the infected proportion for those not adhering to interven-
tions. When applying the state feedback control, it may be more
realistic to modify the value of the gain g;(k) only at a certain
frequency rather than updating it at every discrete-time instant.
Such a control approach will result in piecewise control gains and
remains effective according to our simulations in Section 4.

Remark 2. In Section 4, we additionally consider the uncer-
tainties arising when implementing the controller in real-world
scenarios. Typical factors include noise and delays in measure-
ments of infection, and uncertain updating periods in different
populations. In an environment with noisy infection measure-
ments, our proposed controller cannot address Problem 1, since
the states cannot converge to an equilibrium, and therefore the
second condition of Problem 1 is not satisfied. Nevertheless, sim-
ulation results show that our controller meets the first condition
of Problem 1 through overestimating the current infection level,
and then all infection levels stay below the desired bounds. In
an environment with measurement delays, the results show that
our solution can successfully address Problem 1 if the delays are
small. However, if the measurement delays remain for a long
time, then neither of the two conditions in Problem 1 is satisfied.
For the uncertainties in the updating periods of the piecewise
control gains, our simulations indicate that Problem 1 is solved
when the updating periods vary within a small region. However,
compared with the case of large fixed updating period, uncertain-
ties in the intervals between updates have more negative effects
on the system according to our simulations in Section 4.

Under the control law (5), the networked SIS model (4) becomes

x;(k+1) = x;(k) + h(1 — ¢;x;(k))p;(1 — xi(k))Zaijxj(k)
j=1

— hy,x,(k) (6)
The controlled system (6) can be written in vector form as
x(k + 1) = [I + hE( — D - diag(x(k)))
x (I — diag(x(k)))A — hT'|x(k) )

where D := diag(c;). We need the following assumption, which
is a modified version of Assumption 4 for the sampling period A,
to ensure that system (7) is well-defined.
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Assumption 6. For each i € [n], the sampling period A ful-
fills hy; + hﬂ,ciz;':la,-j <1

With Assumption 7 in place, we have the following result.

Lemmal. Consider the controlled system (7) under Assump-
tions 1, 5, and 6. Then x,(k) € [0,1] foralli € [nland k € Z,..

Proof.  See Appendix section Proof of Lemma 1. O

It is worth noting that for the uncontrolled system (3), the set
[0, 1]" is positively invariant under Assumption 4 (see Lemma 1 in
[26]). Moreover, in comparison, Assumption 6 requires a smaller
sampling period & than Assumption 4 since ¢; > 1.

Let us introduce some more notations. Let v be the eigenvector for
RA corresponding to p(RA) and v; denote the i-th element of v.
By the Perron-Frobenius theorem [48], we know that v > 0; here,
we also scale it so that ), v; = 1. Define a;(k) := x;(k)/v; >
0,i € [n]. Let ayyy(k) 1= max;c,; a;(k), and @; 1= y,, (0)v;. We
study a nontrivial disease-spread, that is, there exists at least one
i € [n] such that x,(0) > 0. This further implies that a,,(0) > 0,
and hence «; > 0. In the following subsections, we split the epi-
demic spreading into two cases [49].

3.1 | Weak Epidemic Spreading

In this subsection, we solve Problem 1 when R, < 1. To do so,
we need the following technical assumption on the sampling

period A.

Assumption 7. For each i € [n], the sampling period A ful-
fills

< 1 1 1 .
hﬁizaljﬁZ_max{z<1—m>»§?,x?} )]
j=1 i i

where
— — =2

- ((c; + Da; +1) - \/[(ci + Da; + 12 — 4¢,@;
X, .=

! 2¢;a;
o (@i +1)- VI + D + 17 - 4c,a?
%)=

1

2¢;a;
and &; := a;p(RA).

Notice that i? <1/¢;, and similarly, fc? <1/c;. Hence, the
right-hand side of (8) is positive, and thus we can always
find A satisfying this condition. Assumption 7 is an additional
assumption that is needed for solving Problem 1 using the pro-
posed controller. We note that Assumption 4b is to guaran-
tee that the states for the controlled system (7) remain within
the region [0, 1]. In the following propositions, we show that
Assumption 7 guarantees the states in controlled system (7) to
be strictly smaller than 1/¢;,. Combining Assumptions 4b and 7,
we have x;(k) € [0,1/c;) for controlled system (7).

With Assumption 7 in place, we have the following result.

Proposition 2. Consider the controlled networked SIS sys-
tem (7) under Assumptions 1, 2, 5, 6 and 7. If R, < 1, then, for
alli € [n]and k € Z,,we have 0 < x;(k) < 1/c;.

Proof.  See Appendix section Proof of Proposition 2. O

Note that under additional Assumptions 2 and 7, Proposition 2
shrinks the positive invariant set given in Lemma 1 from [0, 1] to
[0,1/c;) for all i € [n] and k € Z, . However, Proposition 2 does
not provide any guarantees regarding convergence to an equilib-
rium. From Proposition 1, we see that the uncontrolled system (3)
has the stable DFE if R, < 1. We would like to show that our con-
trolled system exhibits convergence to the DFE, and we formally
present it in the following proposition

Proposition 3. Consider the controlled networked SIS sys-
tem (7) under Assumptions 1, 2, 5, 6 and 7. If R, <1, then the
DFE is asymptotically stable with the domain of attraction [0,1/c;)
foreach i € [n].

Proof.  See Appendix section Proof of Proposition 3. m]

Proposition 3 states that the state dynamics of the controlled sys-
tem, regardless of the initial condition, converges to the DFE. The
convergence results for R, < 1in Proposition 1 and Proposition 3
both indicate that the disease is eradicated eventually. However,
we note that the controlled system has a faster eradication speed
if the initial states as well as the networked epidemic parameters
(including g, v;, and a;;) are the same. An intuitive observation
is that the control gain satisfies g;(k) =1 — ¢;x;(k) <1, and the
equality holds only when x;(k) = 0. Thus, we know that the states
in the controlled system is smaller than the states in the uncon-
trolled system (where the gain essentially satisfies g;(k) = 1 for
allk € Z_). A comparison for convergence rates of the controlled
and uncontrolled system dynamics is provided in Section 4.

Remark 3. Propositions 2 and 3 have the following interpre-
tation. As long as the reproduction number is not larger than
one, the fraction of infected would never exceed a prespecified
bound. Therefore, assuming that the bound is commensurate
with the healthcare facilities accessable for a population, the epi-
demic remains manageable in that the facilities do not get over-
whelmed. As a comparison, even though the disease is eventually
eliminated in uncontrolled system (3) if R, < 1, it cannot ensure
that the state trajectory of each node never exceeds the bound (see
Section 4).

Note that for the uncontrolled system (3), the sufficient condi-
tions (Assumptions 1-4) for asymptotic convergence to the DFE
in Proposition 1 have been provided. While Proposition 3 pro-
vides a sufficient condition for convergence to the DFE, it does
so under, among others, Assumption 7. It turns out that a simi-
lar convergence result can be obtained without Assumption 7, but
with some additional conditions on c;. This is established in the
following proposition.

Proposition 4. Consider the controlled networked SIS sys-
tem (7) under Assumptions 1, 2, 5, and 6. If R, <1, then for
any 1 <c¢; <3+ 2\/5, the DFE is asymptotically stable with the
domain of attraction [0,1/c;) for each i € [n].
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Proof.  See Appendix section Proof of Proposition 4. m]

3.2 | Strong Epidemic Spreading

In this subsection, we focus on the controlled networked epi-
demics for the strong epidemic case R, > 1. A natural question
is, whether the sufficient conditions in Propositions 2 and 3 can
solve Problem 1 with R, > 1. We first study the boundary of x;(k).
It turns out that even when R, > 1, the state trajectory of node
i is bounded from above by 1/¢, for all times, under the same
assumptions as in Proposition 2. We formally show this in the
following proposition.

Proposition 5. Consider the controlled system (7) under
Assumptions 1, 2, 5, 6 and 7. If R, > 1, then, for all i € [n] and
ke Z,_,wehave x;(k) < 1/c;.

Proof.  See Appendix section Proof of Proposition 5. m]

We know that, from Proposition 1, when R, > 1 the uncontrolled
system (2) has two equilibria, namely the DFE x* = 0 and the
endemic equilibrium x* > 0. Moreover, the endemic equilibrium
for system (3) is globally asymptotically stable with the domain
of attraction [0, 1]" \ {0}. We note that the stability result for the
uncontrolled system (3) is proved in [28]. However, the approach
in [28] cannot be applied directly for studying the existence of and
the convergence to the endemic equilibrium for the controlled
system (7). The main difficulty is that the Lyapunov candidate
in the proof of Theorem 1 of [28] cannot be employed. Because
of technical reasons, we restrict our analysis to a certain class of
graphs.

Assumption 8. The weights of the graph G satisfy (c; —
Da; > ¥, a;-

With Assumption 8, we provide a sufficient condition for the exis-
tence, uniqueness and convergence of the endemic equilibrium
for (7).

Proposition 6. Consider the controlled system (7) under
Assumptions 1, 2, 5, 6, 7, and 8. If R, > 1, then there exists a
unique endemic equilibrium X such that 0 < [X];, < 1/c; for each
i € [n], and ¢, > 1. Moreover, the endemic equilibrium is asymp-
totically stable with the domain of attraction (0,1/c;).

Proof.  See Appendix section Proof of Proposition 6. m]

Proposition 6 indicates that system (7) has two equilibria, namely,
the DFE and the endemic equilibrium. Furthermore, the state
asymptotically converges to X. At the endemic equilibrium, each
population has a nontrivial proportion of infected which is
strictly smaller than 1/c;.

Remark 4. Assumption 8 states that the weights of the inter-
actions within a population should dominate those of the inter-
actions outside the population. Such an assumption is consistent
with what is often observed during epidemics: The frequency of
interactions among individuals within a population is larger than
that with individuals outside. In case of (¢; — 1)a;; < ¥, a;;, we
do not have a formal result as Proposition 6, and therefore the

stability of endemic equilibrium under R, > 1 is unclear. We
leave the analysis of stability in case of (¢; = Da;; < ¥, a;; asan
open problem in future research.

Remark 5. For the uncontrolled system (2), several procedures
for computing the endemic equilibrium are available in the liter-
ature [9, 14]. Proposition 6 provides a sufficient condition for the
existence of a unique endemic equilibrium X; it however makes
no specific indications as to where in the state space X would lie.
Computing X is beyond the scope of the present paper.

3.3 | Main Result

‘We are now ready to state the main result of the paper. It summa-
rizes the results from Propositions 2-6. Recall that the controlled
system (7) consists of the node dynamics in (6) and their local
controls in (5).

Theorem 1. Consider the controlled networked SIS system (6)
under Assumptions 1, 2, 5, 6, 7and 8. The local state feedback con-
trol law (5) guarantees that x;(k) < 1/c; foralli € [nlandk € Z,.
Furthermore, lim, _, , x;(k) = x}, where x? = 0if R, < 1, and oth-
erwise x; > 0 foralli € [n].

Proof. Define a vector ¢ :=[c,c¢,, ...,c,]T, where, for each
i € [n], ¢; is the prespecified upper bound on the infection level
for node i. Note that for a given ¢ where p(M) < 1, and p(M) >
1 fully characterize the behavior of system (6). For the case
where p(M) < 1, Propositions 2 and 3 guarantee that for each
i € [n] and for all k, x;(k) < 1/c; for corresponding c;, where
¢; > 1, and lim,_,  x,(k) = 0, respectively. Similarly, for the case
where p(M) > 1, Propositions 5 and 6 guarantee that for each
i € [n] and for all k, x;(k) < 1/¢; for corresponding ¢; > 1, and
lim, _, ,, x;(k) = x}, where x7 > 0, respectively. O

It is worthwhile to see how the endemic equilibrium of the
controlled system (7) compares with that of the uncontrolled
system (2).

Theorem 2. Consider the controlled networked SIS system (7)
under Assumptions 1, 2, 5, 6, 7 and 8. Let x* and X denote the
unique endemic equilibria of the uncontrolled system (2) and the
controlled system (7), respectively. If R, > 1, then x* > X.

Proof.  See Appendix section Proof of Theorem 2. O

From Theorem 2, we see that, when the epidemic is persistent,
the control strategy proposed in this paper leads to lower infection
levels in each population.

The following remark highlights how our approach differs from
other related works in control of SIS epidemics.

Remark 6. Technically, the feedback controllers in [27, 50]
regard the recovery rate of each node as a local control input, that
is, 7,(t) = y; + u;(t), where 7,(¢) is the new recovery rate achieved
by, for instance, the administration of drugs, antibiotics, etc. In
[50], the authors consider u;(r) = k;x,(t) with k; >0 and y, =
0. The work [27] studies a general class of feedback controller
of the form u;(r) = g;(x;(?)), where g; : [0,1] — R, is bounded,
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smooth and monotonically nondecreasing, with g,(0) = 0. On the
other hand, in [34], the authors introduced a family of feedback
controllers for both infection and recovery rates that adaptively
evolve, and the controllers ensure that the state asymptotically
converges to the DFE when R, > 1.In contrast to these studies on
continuous-time SIS models, our proposed feedback controller:
a) operates within a discrete-time framework, so the magnitude
of the sampling period significantly influences the control perfor-
mance; b) incorporates prespecified upper boundary as a control
objective for the node state trajectories; and c) treats the infec-
tion rate as the control variable, while differing from the form
presented in [34].

4 | Numerical Example

In this section, we present several simulations to illustrate the
effectiveness of the proposed control approach and also highlight
its different characteristics.

The system settings used throughout the simulations are as fol-
lows. We work with a geometric random network of » = 100 pop-
ulation nodes. The nodes are randomly and uniformly located
in an area of 100 x 100. Each node has a radius r = 30, within
which it can interact with other nodes. The topology is depicted
in Figure 1. We index the nodes from 1 to 100. The initial states
are chosen such that x(0) € [0,0.1]'®. We consider weights a;;, €
[0, 1] satisfying Assumption 8 and normalize them according to
the number of in-neighbors, ensuring Y, w ;=1

Two different system settings will be used with the parameters
shown in Table 1. The infection rates are randomly selected from
the corresponding intervals in Table 1 such that we end up with
an SIS model with heterogeneous transition rates, and we set the
unit of the sampling period 4 as days. As a result, the two system

100
80
60 |
40

20

FIGURE1 | Topology for all simulations.

TABLE1 |
B; Yi h (days)
Parameters I (0.03,0.04) 0.05 1
Parameters I1 (0.08,0.09) 0.01 1

settings have different properties. Under Parameters I, the repro-
duction number satisfies R, < 1, whereas under Parameters II,
we have R, > 1. Additionally, we observe that Assumptions 1-4
are satisfied for the choices of model parameters in Parameters I
(resp. Parameters II).

4.1 | Weak Epidemic Spreading

For the first simulation, we use the Parameters I (see the first line
of Table 1) for all i € [100]. This results in R, < 1. The aim is to
demonstrate that even when all the assumptions in Theorem 1
are satisfied and R, < 1, the uncontrolled system cannot ensure
that the state trajectory of each node remains under 1/c;. Then
the time responses of the states of node 1 for uncontrolled sys-
tem (3) are illustrated in Figure 2a. Notice that the initial state of
node 1 is 0.04, which is below 0.05, and thus x;(0) € [0,1/20]. If
we choose ¢; = 20, then we have verified that Assumptions 5, 6,
and 7 are satisfied. While keeping the other nodes uncontrolled,
that is, g;(k) =1 for all i # 1, k € Z_, we observe that the state
of node 1 in the uncontrolled system (depicted by the black line)
eventually converges to 0. However, during the time period k €
[10,70], it exceeds 0.05. In contrast, in the controlled system,
the state of node 1 remains strictly below 0.05 and further con-
verges to 0. With these simulations, we can verify the results of
Propositions 2 and 3.

In the remaining simulations, we set the maximum local health-
care facility capacity 1/¢; for each population as follows: For
1 <i <20, we choose 1/¢; = 0.5 (referred to as group 1); for 21 <
i <40, we choose 1/¢; = 0.4 (group 2); for 41 < i < 60, we choose
1/¢; = 0.3 (group 3); for 61 < i < 80, we choose 1/¢; = 0.2 (group
4);and for 81 < i < 100, we choose 1/¢; = 0.1 (group 5). All popu-
lations adopt the corresponding control law (5) unless otherwise
specified. Given that the states of the uncontrolled system (3)
and the controlled system (7) converge to the DFE if R, < 1,
we are interested in comparing the convergence speed between
them. In this regard, we observe that the controlled states exhibit
a faster convergence speed than the uncontrolled system, as
depicted in Figure 2b. Moreover, populations with higher effec-
tiveness of NPIs, indicated by a larger c;, converge more rapidly to
the DFE.

4.2 | Strong Epidemic Spreading

Next, we explore the controlled system with R, > 1, by select-
ing Parameters II (see the second line of Table 1) to illustrate
our theoretical results in Propositions 5, 6, and Theorem 2. In
this parameter setting, it can be confirmed that the conditions in
Assumptions 1, 2, 5, 6, 7, and 8 are fulfilled. Consistent with the
result in Proposition 5, the states of the controlled system (7) are
bounded from above by 1/c¢;, as shown in Figure 3a. Moreover, in
line with Proposition 6, the states of the controlled system asymp-
totically converge to the endemic equilibrium. It is evident from
Figure 3a that the endemic equilibrium of the controlled system
(which is strictly smaller than 0.5) is smaller in every component
than that of the uncontrolled system (depicted by the black lines
settling at around 0.9). This observation is consistent with the
result in Theorem 2.
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FIGURE2 | Time responses when R, =0.78 < 1 (a) Time responses for node 1 when R, < 1. (b) Time responses for systems (2) and (7) when

Ry <1.

4.3 | Effects of Uncertainties

In what follows, we examine the effects of various uncertainties
in the system setting. These include uncertainties due to propor-
tion of the population not adhering to the control law, noises
and delays in measurements, as well as updating periods in the
control gain. In all simulations, we focus on the scenario with
Parameters II shown in Figure 3a.

43.1 | Noncooperative Population

In reality, even when policymakers propose NPIs to mitigate
the spread, it is challenging to ensure that the entire popula-
tions adhere to these measures. Consequently, we examine the
impact of noncooperative populations. We define population i as
a noncooperative population if it does not adhere to the control
law (5) and consistently sets g;(k) = 1, indicating that no NPIs
will be adopted in such a population. We randomly select five

noncooperative populations, whereas the remaining population
adheres to the control law (5). The time responses for all popula-
tions are illustrated in Figure 3b. The infected proportion in the
noncooperative population exceeds its maximum local health-
care facility capacity, as indicated by the orange lines converg-
ing around 0.7. Conversely, the infected proportion for the com-
pliant populations does not surpass the desired bound, and all
converge to endemic equilibria. When compared with the time
responses of the uncontrolled system (depicted by black lines
converging around 0.9), the efforts of the compliant population
contribute to lowering the endemic equilibrium for the noncoop-
erative population.

4.3.2 | Measurement Noise

We next consider the imperfect state measurement X;(k) =
x;(k) + w,;(k), where w;(k) is the bounded measurement noise
with |w;(k)| < 0.1. Here, a positive noise can be considered as
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FIGURE3 | Timeresponseswhen R, = 8.12 > 1(a) Time responses for systems (2) and (7) when R, > 1. (b) Time responses for systems (2) and (7)

when R,, > 1 with noncooperate populations.

an overestimation of the disease, and a negative noise is con-
sidered as an underestimation. Then, the control law (5) turns
to be

gi(k) =1- C[-%[(k) (9)

Under a random positive noise w;(k) € [0,0.1] with uniform dis-
tribution, the resulting time responses for average states in groups
1-5 are displayed in Figure 4b. We see that the states continu-
ously oscillate. However, the disease strictly stays below the pre-
specified levels for all time instants. As comparison, under a sim-
ilar random but negative measurement noise w;(k) € [-0.1,0],
the resulting time responses for average states in groups 1-5
are displayed in Figure 4b. Here, in addition to the oscillation,
the states in groups 4 and 5 both exceed their local prespecified
levels (0.2 for group 4 and 0.1 for group 5). Therefore, for the pol-
icymakers with uncertain infection measurement, overestimat-

ing the current infection level is better than underestimating it,
since at least the infection level stays below the desired bound.
In addition, the time responses displayed in Figure 4a,b show
that the states in the group with larger ¢; are oscillating with
larger amplitudes. This indicates that the population with stricter
NPIs (where ¢; is large) is more fragile to the noise in infection
measurement.

4.3.3 | Measurement Delays

As the third case of uncertainties, we examine the impact of
delays in infection measurement since in practice the policymak-
ers usually make decisions based on the historical data. In this
case, the control law (5) becomes

gi(k)=1—c¢;x;(k—1;) (10)
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FIGURE4 | Time responses with noisy infection measurement. (a) Time responses for systems (7) when R, > 1 with positive noisy measurement.

(b) Time responses for systems (7) when R, > 1 with negative noisy measurement.

where 7, € Z,_ is the infection measurement delay in each
population. We first examine small delays as r; € [1,8]. The
time responses of average states in groups 1-5 are depicted in
Figure 5a. Here, we see that Problem 1 is successfully solved. If
the measurement delays further increase as r; € [8,9], then the
states in group 5 become unstable, as depicted in Figure 5b. As a
point of reference, while policymakers can rely on recent data for
decision making, it is advisable to refrain from utilizing overly
outdated data. Another observation from Figure 5b is that the
population with stricter NPIs is more fragile to the delays in infec-
tion measurements, since group 5 has the largest c;.

4.3.4 | Updating Periods

Finally, we investigate the viability of employing piecewise con-
stant and periodically updated control gains in the context of our
discrete-time SIS networked model. While this scenario lacks the-
oretical results at present, we present preliminary simulations to
illustrate that, even with appropriate periodic updating, the pro-
posed method shows promise. For real-world implementations of

public health interventions and measures to control epidemics,
it is common practice for policymakers to implement certain
interventions that remain in effect for extended durations, often
spanning weeks or months. Observations are made on how these
interventions impact the epidemic spreading process, and after
reevaluation, new interventions are implemented (either more
severe if the epidemic is still spreading strongly or less severe if
the epidemic is receding). Implementing interventions gradually
allows the population and medical staff to get used to them. Con-
stantly changing interventions can create logistical challenges, so
a phased approach helps smoother adaptation and understand-
ing. Toward this end, we may adjust the dynamics in (5). In par-
ticular, with T € Z_ being the updating period, we employ the
control law given by

gk)=1—cx,(T).Vk € [IT.(I+DT),l €Z, (11

In other words, we update the control gain on the epidemic
dynamics periodically, with a specific period length of T'. Thus,
g;(k) appears as a piecewise constant gain.
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FIGURES5 | Time responses with measurement delays. (a) Time responses for systems (7) when R, > 1 with short measurement delay 7, € [1, 8].

(b) Time responses for systems (7) when R, > 1 with long measurement delay z; € [9, 10].

In the simulation, we use this control law (11) with a period of
T = 12. The resulting time responses for average states in groups
1-5 are displayed in Figure 6a. Here, we see that even with peri-
odic updating of the gains, the disease is mitigated similarly as
that in Figure 3a, where the period is T = 1. However, if we
further increase the period to T = 14, then the system with the
periodical control gain is unstable, as depicted in Figure 6b. The
results presented here serve as a clear example that a poorly
designed controller fails to address Problem 1 and cannot ensure
the stability of the controlled systems.

Additionally, we discuss the effects of uncertain updating period
T. Toward this end, we first choose the smaller uncertain

updating period for groups 1-5, that is, 7T, € [8,10], for s €
{1,2,3,4,5}. Then the time responses of average states in groups
1-5 are shown in Figure 7a. Here, we see that the disease is mit-
igated similarly as that in Figure 3a. However, if the uncertain
updating period is larger such that T, € [10,12], then the con-
trolled system is unstable, and the states in group 5 exceed the
desired bound, as we see in Figure 7b. An interesting observation
is that the periodically controlled system addresses Problem 1
with large fixed updating period of T' = 12, whereas the smaller
but uncertain updating period of T, € [10, 12] fails to solve the
problem. Therefore, when policymakers have to implement their
control laws with a large updating period, they should be careful
with uncertainties in the period. As a comparison, groups 1-4
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FIGURE 6 | Time responses when the updating period is long. (a) Time responses for systems (7) when R, > 1 with large updating period T’ = 12.

(b) Time responses for systems (7) when R, > 1 with large updating period T' = 14.

with small ¢; solve Problem 1 under uncertain updating period
of T, € [10, 12]. The results in Figure 7b clearly show that pop-
ulations under stricter control laws are more sensitive to the
uncertainties in the updating period and require policymakers to
update their policies more frequently.

5 | Conclusion

This article studied the mitigation of discrete-time SIS epidemics
spreading over a strongly connected network. We devised a local
state feedback controller to guarantee that the infected propor-
tion of each population stays below a prespecified level for all
time instants. Furthermore, our controller guarantees that either
the disease eventually becomes eradicated or, if it is persistent,

the state converges to a unique endemic equilibrium, where the
infected proportion of each population is not only strictly less
than a prespecified level but also less than the endemic equilib-
rium of the uncontrolled system. One future work would be to
extend the proposed approach to settings where multiple viruses
are simultaneously active in each population. Another direction
of interest would be to admit time-varying graphs and to con-
sider edge removal or edge weight adjustment as an alternative
control approach to address the proposed problem. Technically,
our future work will moreover involve extending the stability
results when R, > 1, without relying on Assumption 8. Addi-
tionally, further formulation of the cost for the proposed control
actions and solving the optimal control problems are of interest,
and control barrier functions proposed in [31] can possibly be
applied.
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FIGURE 7 | Time responses when the updating period is uncertain. (a) Time responses for systems (7) when R, > 1 with T, € [8,10]. (b) Time

responses for systems (7) when R, > 1 with 7, € [10,12].
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Appendix A

Proof of Proposition 1. 'We now introduce Theorems 1, 2 and Proposition
2 in [26], as well as Theorem 1 in [28] and state them as four lemmas in
the sequel. O

Lemma 2. ([26]). Suppose that Assumptions 1-4 hold for (3),If R, <1,
then the DFE is asymptotically stable with the domain of attraction [0, 1]".

Lemma 3. ([26]). Under Assumptions 1 - 4, the DFE is the unique equi-
librium of (3) ifand only if R, < 1.

Lemma4. ([26]). Let Assumptions 1 - 4 hold. If R, > 1, then (3) has
two equilibria, 0 and xX*, where x* > 0.

Lemma 5. ([28]). Suppose that Assumptions 1 - 4 hold. Given the net-
worked discrete-time SIS model with R, > 1 on graph G, the endemic equi-
librium is asymptotically stable with the domain of attraction [0,1]" \ 0 and
the DFE is stable if and only if x(0) = 0.

Clearly, we have Proposition 1 from Lemmas 2-5.

Proof of Lemma 1. We use an induction argument. Observe that, from
Assumption 5, x;(0) € [0, 1] for each i € [n]. We assume that for all k < k'
x;(k) € [0,1] for each i € [n]. We must show that, for each i € [n], x;(k" +
1) € [0,1]. As the first step, we show x;(k’ + 1) < 1. To this end, from (6),
we have

x; (K" +1) = A — hy)x,(k') + hp,

Y a3 (K )1 = x,(K)(L = ex,(K))
j=1
< (= hy)x, (k') + hp; Y a,(1 = x,(k')) (A1)
j=1

<x(k)+ (1-x,(K)) =1 (A2)

The inequality (A1) is a consequence of 1 —¢;x;(k") <1 and x;(k') <1,
whereas the inequality in (A2) comes from the fact that from Assump-
tions 1 and 6 we have hy; <1 and hp, Z?Zlai ; < 1. Finally, by inductive
assumption, x,(k’) € [0, 1], we obtain x,(k" + 1) < 1.

As the second step, we show that x;(k’ +1) > 0. We split this into
two cases. First, suppose that 0 < x;(k’) <1/¢;. Then from (6), and
since Assumption 6 also implies hy; <1, we have x;(kK' +1)> (1 —

hy)x;(k") > 0. Next, suppose that 1/¢; < x;(k’) < 1. Together with induc-
tive assumption, we have

n

x; (k" +1) > (1 = hy)x,(K") = (¢; — 1)hﬂiZaijxi(k')

Jj=1

= (1= hy, = (¢; = DB, Y a;)x,(K)
j=1

> 1= hy, - c[hﬂiza[j)xi(k,) 2 0.

j=1

Hence, for system (7), x;(k) € [0,1],Vi € [n],Vk € Z,.
Proof of Proposition 2. We now introduce a lemma needed in the sequeh
Lemma 6. Under Assumption 2, p(M) < 1ifand only if p(RA) < 1.

Proof. Note that, from Assumption 2, the matrix RA is irreducible non-
negative. Recall that v denotes the eigenvector of RA associated with the
eigenvalue p(RA). Suppose that p(RA) < 1. Since I' is a positive diagonal
matrix, we have I + hl'(p(RA) — 1) < I. Hence,

(I +hI'(p(RA) — 1))V <V
Since RAv = p(RA)v, we have
(I+hT(RA-1)Vv<Vv
We have that M = I + hI'(RA — I), and Mv < v. Hence, it follows that

p(M)v < v. Since M is irreducible nonnegative, p(M) < 1.

Conversely, suppose that p(M) < 1. From Assumption 2, we know that M
is an irreducible nonnegative matrix. Thus we have a positive eigenvector
X, > 0and

Mx, ) =+ hT(RA = D)X, ) < X

where the inequality is a consequence of p(M) < 1. Thus, I'(RA —
DX,y < 0. Since I is a positive diagonal matrix, I'! exists, and, there-
fore, we have RAX /) < X5, which implies that p(RA) < 1. O

Recall that v is the eigenvector corresponding to the largest eigenvalue of
RA. From (6) we obtain

xi(k +1)= x[(k) + h(ﬁ[(l - C,‘x;(k))(l - x,‘(k)) X Za[jxj(k) - Vixi(k))
j=1

= x;(k) + h(f;(1 = c;x;(k))(A = x;(k)) X Zaijaj(k)vj —7;x;(k))
j=1

(A3)

< x,-(k) + hy,‘([R]u(l - C,’x[(k))(l - xi(k))amax(k) X Za[/ v — xi(k))
j=1

(A4)

= x;(k) + hy; (1 = ¢;x; (k)L = x;(k)) X oty (K)p(RA)D; — x;(K)) - (AS)

X0

where (A3) comes from the fact that a;(k) = —, with v; being the

Jj-th element of the eigenvector v. The inequalityl in (A4) is due to the
fact that (k) = max;g,, ;(k). Since RAv = p(RA)v, it follows that

jEln

[R1;X_,a;;0; = p(RA)v;, and thus we obtain (AS5).

By assumption, p(M) <1, and thus from Lemma 6, we know that
p(RA) < 1. Hence, from (A5), we have

x;(k + 1) < x;(k) + hy; (1 = ¢;x;(k)(A = x;(k) oy (k)v; — x,(k))  (A6)
< x;(k) + hy; (1= X, (K)ot (K)0; = x,(K) )

= (1 = hy)x;(k) + hy;a,, (K)v; — hy,x; (K)o, (k)v;

< (1 - hyl‘)amax(k)ui
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+ 1y may (K)0; = hy;x; (K)ot (K)U; = oy (K)0; = hy; x i (K)otay (K)0;

max

< A (KDY (A7)

Since x;(k + 1) = a;(k + 1)v;, we have that a;(k + 1) < a,, (k) < o, (0)
for each i € [n].

From (A6), and since a; = a,,,,(0)v; > 0, we have that

x;(k +1) < x;(k) + hy; (1 = ¢;x,(k)(A = x;(k)a; — x;(k))

Recall that by Assumption 5, we have x;(0) < 1/c¢; for each i € [n]. Note
that E? < 1/¢; from Assumption 7. In what follows, we will show that
if X) < x;(k) < 1/c;, then x,(k + 1) < x;(k), and if 0 < x,(k — 1) <X, and
x;(k) > E? then x;(k) < 1/¢; for each i € [n] and k € Z_. Then, we have
0 < x;(k) <1/c;foreachi e [n]land k € Z,.

Case (i): Suppose that E? < x;(k) <1/¢;. It is immediate that (1—
¢;x; (k)1 — x;(k))a; — x;(k) <0 from Assumption 7. Hence, it follows
that x;(k + 1) < x;(k) < 1/c;.

Case (ii): Suppose that x;(k) < E? If x;(k) does not exceed the interval
(O,E?], it is clear that 0 < x;(k) < 1/¢;, Vk € Z,. Let k' denote the first
time instant at which x,(k’) exceeds the interval (O,E?]. This implies
that x;(k’ — 1) is within the interval (0,??], and therefore x;(k' —1) <
E?. From (6) we obtain x;(k") — x;(k' —1) < hﬁ[z;':la,.j, which, from
Assumption 7, further implies that x;(k") — x;(k' —=1) < 1/¢; — E? Con-
sequently, since x;(k' — 1) < f? we obtain x; (k") < 1/c;.

Proof of Proposition 3. The proof is inspired by [26], Theorem 1. We first
introduce two lemmas. O

Lemma 7. ([51]). Suppose that M is an irreducible nonnegative matrix
such that p(M) < 1. Then, there exists a positive diagonal matrix P such
that M"PM — P < 0.

Lemma 8. ([26]). Suppose that M is an irreducible nonnegative matrix
such that p(M) = 1. Then, there exists a positive diagonal matrix P such
that M" PM — P < 0.

Proof of Proposition 3. Due to Assumption 2 and a;; > 0, we know that
A is an irreducible nonnegative matrix. From Assumptions 1 and 6, it fol-
lows that M is irreducible nonnegative. We separately consider the cases
p(M) < 1and p(M) =1.

Case (i) (p(M) < 1): From Lemma 7, we know that there exists a positive
diagonal matrix P, such that M” P, M — P, < 0. Consider the Lyapunov
candidate V;(x) = x” P;x. It is immediate that V;(x) > 0 for every x #
0. Let AV, (x(k)) := V,(x(k + 1)) — V;(x(k)), X (k) := diag(x(k)), B(k) :=
hEX(k)(D + I — DX (k)) and M (k) := M — B(k)A. For x(k) # 0,
AV, (x(k)) = X" (k + ) Px(k + 1) — x" (k) Px(k)

- T(k)(MT(k)PlM(k) - Pl)x(k)

=x"(k)((M = B(k)A)" P(M — B(k)A) — P,)x(k)

=x"(k)(M"P,M — P, - M" P, B(k)A

—A"B"(k)P,M + AT B" (k)P BA)x(k) (A8)

Since MT P, M — P, is negative definite, we have
AV (x(k)) < X" (k)(-M" P B(k)A — AT B (k)P, M
+AT BT (k)P, B(k)A)x(k) (A9)

Plugging M =1+ hEA — hI" into (A9), and due to Assumption 6,
we have
AV;(x(k)) < X" (k)(—P, B(k)A — hEA” P, B(k)A + hT'P, B(k)A
—AT"BT(k)P, — h2AT BT (k)P, A
+hTC AT BT (k) P, + AT BT (k)P, B(k)A)x(k)

=x"(k)((hT = NP, B(k)A + (hT — AT B" (k) P,

— hEAT P B(k)A — hEAT BT (k)P A +AT B (k) P, B(k)A)x(k)
< x"(k)(~hEAT P, B(k)A — hEAT BT (k)P A

+AT BT (k)P B(k)A)x(k) (A10)

=x"(k)A" (~hEP, B(k) — hEB" (k)P, +B" (k)P B(k)) Ax(k) (A11)

Note that (A10) holds since P, and B(k) are both positive diagonal
matrices and A is a nonnegative matrix. The term AI' — I is, due to
Assumption 6, nonpositive. Since B(k) and P, are diagonal and P, B(k) =
B(k)P,, from (A11),

AV, (x(k)) < X7 (k) AT (—2hE + B(k)) P, B(k) AX(k). (A12)
Next we consider the matrix E(k) := —2hE + B(k). Observe that

B(k) = —2hZ + B(k)
= —2hE + hEX(k)(D + I — DX (k))
= h2[X(k)D + I — DX (k)) - 2I].

Clearly, Bis a diagonal matrix and its i-th element is [E(k)]l.,. =
hp;[—cix2(k) + (¢; + Dx; (k) — 2].

As a consequence of Assumptions 1-7, from Proposition 2 we have

[B(K)]; < hp, - [—Cl +1+ l - 2] =-1<0 (A13)

Ci

which means that B is negative. Since A, P, and B(k) are all nonnegative
matrices, from (A12) we conclude that AV;(x(k)) < 0. Therefore, from
[52], x;(k) converges asymptotically to the DFE for this case.

Case (ii) (po(M) = 1): Due to Lemma 8, the condition p(M) = 1 guarantees
the existence of a positive diagonal matrix P, such that M* P,M — P, < 0.
Consider the Lyapunov candidate given by V,(x(k)) = X" (k) P,x(k). By an
analysis similar to that for the case of p(M) < 1, we obtain

AV,(x(k)) < X" (k) AT (=2hE + B(k)) P, B(k) Ax(k)

Clearly, if x = 0, then AV,(x(k)) = 0. Observe that the matrices P, and
B(k) are positive, and A are nonnegative, whereas from (A13) we know
that the matrix E(k) is negative. Hence, it follows that AV, (x(k)) = 0 if
and only if x = 0. Therefore, from [52] it follows that the state converges
asymptotically to the DFE. O

Proof of Proposition 4. The proof is very similar to that of Proposition 3,
and, in the interest of space, we only mention the key differences when
p(M) < 1. Let V(x(k)) = x" (k) P,x(k) be the Lyapunov candidate, where
P, is the same positive diagonal matrix as in the proof of Proposition 3.
Then, the analysis is the same until (A12). Under Assumptions 1-6, if
1<c¢; <342v/2,then

— 2 —6c+1
[B(K);; < hf; - ———— <0

where E(k) is as defined in the proof of Proposition 3. Hence, it is imme-
diate that AV;(x(k)) < 0 for all x(k) # 0. O

Proof of Proposition5. By similar reasoning as in the proof of

Proposition 2, we obtain (A5). Let ;(io 1= max{%(l ) %%}, and

1
ATy
note that )(io < 1/¢; from Assumption 7. Recall that by Assumption 5, we
have x;(0) < 1/¢; for each i € [n]. In what follows, we will show that if
)(,.0 < x;(k) <1/¢;, then x;(k +1) < x;(k), and if 0 < x;(k —1) < )(io and
x;(k) > x?, then x,;(k) < 1/¢; for each i € [n] and k € Z,. As a conse-
quence, we have 0 < x;(k) < 1/c; foreachi € [n]andk € Z_.

Case (i): Suppose that y° < x;(k) < 1/c;. Then, we have
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x;(k +1) < x;(k) + hy; (1 = (k) o (K)0; = x,(K)) (A14)
< Uax(K)V; (A15)
where (Al14) comes from %(1 - @) < x;(k) < 1/c;, which implies
that (1 — ¢;x;(k))p(RA) < 1. The inequality (A15) follows from the
same reason as that which leads to inequality (A7) from (A6). Since
x;(k+1)=a;(k+1)v;, we have a;(k+1)<ap,(k)<ay,(0) for
each i€ [n]. Since an,,(k)v; < @ (0)v; =a;, from (A5), we have
that x;(k + 1) < x;(k) + hy; (1 = ¢;x,(k)(A = x,(k)p(RA)T; — x,(k)).
From Assumption 7, it is immediate that if %) < x,(k) < 1/c;, then
1 = ¢;x;(k))(A — x;(k))p(RA)a; — x;(k) < 0. Hence it follows that
x;(k +1) < x;(k) < 1/c;, if 2 < x;(k) < 1/c;.
Case (ii): Suppose that x;(k) < ;([0. If x;(k) does not exceed the inter-
val (0, x°], it is clear that x;(k) < 1/c;, Vk € Z,.. Let k' denote the first
time instant at which x;(k’) exceeds the interval. This implies that
x;(k' — 1) is within the interval, and therefore x,(k’ — 1) < ;(,.0. From (6)
we obtain, x;(k") — x;(k' — 1) < hﬁiZ;;lau) which, from Assumption 7,
further implies that x,(k') — x;(k’ — 1) < 1/c; — x°. Consequently, since
x;(k" = 1) < x°, we obtain x;(k’) < 1/¢;. O

Proof of Proposition 6. 'We separate the proof into three parts: existence
of the endemic equilibrium, uniqueness of the endemic equilibrium and
stability of the endemic equilibrium. The existence and uniqueness proofs
are inspired by [17, 50] while the stability analysis is inspired by [28].

1. Existence of an endemic equilibrium
By (7), an equilibrium x* = [x], X5 e x:]T satisfies
x* = (I +hEI — DX*)I — X*)A - kD) x*
where X* = diag(x*). Hence, it follows that

(I — RAX* = DRX*X*Ax* — (I + D)RX* AX"

Furthermore, we have (1 + diag((D + I)RAx*) — diag(DRAX") X *) X =
RAX*. Let

H(x*) := I + diag((D + I RAX*) — diag(DRAX*) X *

It can be immediately seen that H (x*) is a positive diagonal matrix with
[H(x*")]; > 1, and as a consequence, H ~!(x*) exists. Thus, we have

x* = H (x*)RAX* (A16)

By assumption, p(M) > 1. Hence, from Lemma 6 it follows that p(RA) >
1. By the Perron-Frobenius theorem for irreducible nonnegative matrices
[48], there exists v > 0 corresponding to p(RA) such that RAv = p(RA)v.

We can choose a small ¢ satisfying for each ie€[n], 0<

(¢, +D)p(RA)=/(e,~1)2 (p(RA))*+4c, p(RA)

ev; < 2R Therefore, we obtain:
0 <1+ (c; +1)p(RA)ev; — c;p(RA)ev,)* < p(RA), and thus ev, <
p(RA)ev;
1+(c;+1)p(RA)ev;—c; p(RA)(ev;)* )
Since [RAV]; = p(RA)v;, it follows that
[RAevV];

ev; <
1+ (¢; + 1)[RAeV];, — ¢;[RAeV]; - €v;

Hence, we have ¢ - v < H™ (e - V)RA(e - V).
Define the map f;(x) : R} - R, by

[RAX],
1+ (c; + D[RAX], — ¢,[RAX], - [x],

f[ix) =

Since RA is an irreducible nonnegative matrix, we can check that with the
domain of (0,1]", it holds 1 + (¢; + 1)[RAX]; — ¢;,[RAX]; - [x]; > 0, More-
over, for any x, < x,, we have f;(x,) < f;(x,). It is immediate that for
every i € [n],

[RAL],

S = T Raty,

Hence, 1> H'(1)RA - 1. Based on Brouwer’s fixed point theorem
[53], we can find a fixed point X of f;(x) that f;(X) =X;, where X =
[X1,%,, ..., x,] and X; € (ev;, 1) is given by

- [RAX];
b
" 14(c; + D[RAX]; — ¢;[RAX]; - X;

Since a fixed point of f;(x) is equivalent to an equilibrium of node i of (7),
and since X = H~!(X) RAX, we have that X is the equilibrium of (7). More-
over, we have X; € (0,1) for each i € [n].

We next show that 0 < x; < 1/¢; for each i € [n] by contradiction. Sup-
pose that for some iy € [n], 1/¢; <X; < 1.Each element of X satisfies

n

X =X+ h(ﬁi(l -, ¥)A-X) " Y 4% - y,.z,.>.

Jj=1

Then we have

n

B =X)L =%) Y a,X; — 1% = 0. (A17)

j=1
Since 1/¢; <X, <1, weknow that

n

B, =, X )0 =%) Y a, X, — 7%, <0,
j=1

which means that X; is not an endemic equilibrium. We obtain a contra-
diction of the assumption that1/¢; <X; <1.Thuswehave0 <X; <1/¢
for each i € [n].

1. Uniqueness of the endemic equilibrium
We prove uniqueness by a contradiction argument. Suppose that there
is another endemic equilibrium X" = [}, %}, ..., X,]. Let { = max,e, é—
We need to show that { < 1. By way of contradiction, assume that { > 1.
This implies that X" < ¢X and there exists an i, so that ffo = (X, . Then,
for the node i\, based on (A16) and f (ifo) =f ({E,.O), we have

[RAX'],

|
3

X pu—
" 1+4(q, + DIRAX], - ¢, [RAX X1,
[RACX],
1+ (c;, + DIRALX], — ¢; [RAdiag((R)(X],

C[RAX],
= o — (A18)
1+ (¢, + DS[RAR], — ¢, (2 [RAXK]

i()
Let

8(%,) 1= (1+ (¢, + D{[RAX], —c; (’[RAXX], )
- (1 + (¢, + DIRAX], —c; [RAXX], )
= (¢;, + DIRAX]; (£ = 1) — ¢ [RAX]; - X; (( = D + 1)

= [RA)_(],-O(C = Die;, +1-¢, (X —¢ X;)

io i ™ ig
Since {X; <1,0<X; <1/c, and{ > 1, we have
g(x;) 2 [RAX];, € - DA —¢;X;)>0
Thus, from (A18), we have
. C[RAX];,

X; — E— =(x
’ 1+ (¢, + DIRAX]; —¢; [RAXX];

‘o
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Then we obtain a contradiction of the assumption that ¢ > 1, thus
implying ¢ < 1. This means that if there exists another equilibrium X",
it must satisfy X < X.

By exchanging the roles of X" and X, by a similar analysis as before,
we obtain X" >X. This implies X" =X, thus concluding the proof of
uniqueness.

1. Stability of the endemic equilibrium

Ifx(0) = 0, it follows from (7) that x(k) = 0, Vk € Z_ . Thus if x(0) = 0, the
trajectories of x(k) stay at the origin and do not converge to the endemic
equilibrium.

Ifx(0) € [0,1/¢)" \ {0}, let, foralli € [n], y;(k) = x;(k) — X; and Ay, (k) =
y;(k + 1) — y;(k). Substituting x,(k) = y;(k) + X; into (6) yields

Ay (k) = hf(1 = ¢X; — ¢,y,(k)) (1 = X; = y;(K))

X Y a,;(y;(k) + ;) = hyX; — hy;y;(k)

Jj=1

= —hyy (k) + hp, (1 —¢x;) (1= %;) X Zaijyj(k) + hp; (e, v (k)
Jj=1

n

+26X; = (¢, + D)yi(0) Y a;;x,(k)

j=1
+h<ﬂ(1—cx)(1—x)2 a;%; - iz[.)

From (A17), and since x;(k) = y;(k) + X, we have
Ay (k) = hp;(1=¢X;)(1- },.)Za,.jyj(k) — hy,y,(k)
j=1

+ 1By (200 + Qe = (¢ + D)yi(R) X Y a,; (v, (k) +X,)
j=1

(A19)

From (A19), we have the following:

(1= hy) + hp,Q2e%, = (¢ + 1) Y a5,

=

yitk+1) =

X y,(k) + he, B, Za,, X200+ hp(1-¢X) (1-%,) + e,
(e, + DIy (R) + ey ()] Y ay v, (k) (A20)

Jj=1

From (A17), we have

B

- ViXi
Noex =it A21
b Y =X =%) (A21)

Substituting (A21) into (A20), we have

y[(k+1)=[(1_h},[)+h 7i2eX; — (¢ +1))x] @

1 =cx)A-X%;)
CYiX;

+hmy (k)+hﬂ[( i)(l—x,.)
+ (26‘,-;1- -1+ Cl-))yl-(k) + Ciy[z(k)]za,’jyj(k)
=1
= [1-n L-ax) k) + h
= —ny; - 7 yi(k) + hy;

N g an 1 — (v, (k) + X))
g ‘,)(1—‘,)y()+ﬁ (k) + %))

x [1= (3,0 +%)] Y ayy;(k)

j=1
[ 1=aX G+ i)
_[l KT S ) ]y"(k)

+ B [1 = (k) + %)) [1 = Gik) + %)) X Y a;,,(k)
Jj=1

B [1 _n 1- c,x,x,(k) ] )
- Vi (1 (1 _ ) Vi
+ 1B, (1 = ¢x,(0)) (1 = x,(k) Zauyj(k) (A22)

Note that (A22) holds since x;(k)=y;(k)+X;. Let yk)=
1K), y,(K), ..., ¥,(k)]T, and recall that X(k)= diag(x(k)), hence,
we write (A22) in matrix form to obtain y(k + 1) = ®(k)y(k), where

_ : 1 : X
@ =1~ hidiag < I—cx)- E,-)) i hrdlag( (I—cx)(1-%) ) X0
+ hE(I — DX (k))(I — X (k))A.

Construct a matrix F such that

F=1I- hrdiag<+> + hEA.
1 =cx)A—-X;)
‘We can see that [Fl;; = hp;a;;, Vi # j and
[Fl, =1-hy,———— + hpa
H A exya—x,) i
"X, X;
=1—hp L an =1- e
b= +hBay =1=hp Y a, =
Jj=1 i J#i i
% X %17
Wecanfindau = [1, =2 3., :"] such that Fu = u. Note that matrix
XX x

1
F is Metlzer since it has nonnegative off-diagonal elements. We must con-
sider the following two cases based on the diagonal elements of F.

Case (i): Ifforeachi € [n], hp; Z#, e <1, then [F];; > 0. Therefore, F
is irreducible nonnegative. By constructlon, u > 0. Then we have p(F) =
1. Thus, by the Perron-Frobenius theorem for irreducible nonnegative
matrices [48], Theorem 2.7, we can find a left eigenvector v' > 07 such
that v F = v’
Case (ii): If there exists i such that hf; 3 a[j;—f > 1, then F is
not necessarily an irreducible nonnegative matrix,' and, hence the
Perron-Frobenius theorem cannot be applied directly here. We construct
another aux111ary matrix F’ such that [F'];; = h'fa,;,Vi # j,and [F'], =
—-Hnp Y i Qi ;—, where A’ is sufficiently small and meets case (i). We

i

know that there exists a left eigenvector v/’ > 07 such that v F’ = v'. Let
v =[v},0,, ...,0,], then we have

<1 —WpYa a,= > +H Y B, =,
T J#

Therefore, we have

zﬁlaﬂ Uj Uﬁz ajj ij- (A23)

J#i J#i Xi

Then, based on (A23), we can show that for each i € [n],
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v/ Fl; = Ui<1 - hﬂiZ‘%'ﬁ) +h Y Ba;;
X

AN J#
}j
=v;+h Zﬂjajivj - v,ﬁiZaU_— =v;.
i# T

Thus, in both Cases (i) and (ii), we have vI' F = v’

Construct an auxiliary system as follows
z(k + 1) = ®(k)z(k) (A24)

where z(0) = |y(0)|. Since ®(k) is a nonnegative matrix, we have z(k) > 0
and —z(k) < y(k) < z(k) for all k. Then y(k) is asymptotically stable if the
origin is asymptotically stable for z(k). Consider the Lyapunov candidate
V (k) = v'z(k), and it is easy to check that V' (k) > 0 since v > 07, z(k) >
0. We note that V' (k) = 0 only when z(k) = 0. Then, we have
V(k+1) = V(k) =V (zk +1) — z(k))
=V (@(k) ~ Dz(k)

= v (@(k) - Fz(k) (A25)

We further discuss the properties of ®(k) — F. Note that
®(k) — F = hIdi o
- F = hl'diag| ———————
B\ 0-ex)a-%)
Observe that [®(k) — F1;; = hf;(c;x;(k) — (¢; + 1)a;; <0,i # j. We next
discuss the diagonal element [®(k) — F],;:
Y%

[®(k) = F1;; = hx;(k) [m

+ Bi(c;x; (k) — (c; + 1))a,-,-]

= hx,(k) [c,./},.za,ﬁj + Bi(c;x; (k) = (¢; + 1))a,~i] (A26)
j=1

< hpx,(k) [Za[ = c‘-a“] (A27)
j=1
= hp,x,(k) [Za,j — (¢, — l)a,-,] <0 (A28)
J#i

We note that (A26) is obtained on (A21). Moreover, we know that X; <
1/¢;, Vi and x;(k) < 1/c; based on Proposition 5, which indicates (A27).
Based on Assumption 8, we have (A28). Then we know that ®(k) — F is
a matrix in which every element is negative. Hence, we have V' (k + 1) —
V (k) < 0, where from (A25), the equality holds if and only if z(k) = 0.
Thus, from [52], the auxiliary system (A24) converges asymptotically to
the origin. Hence, the endemic equilibrium is asymptotically stable for
any non-zero initial condition that meets Assumption 5. O

Proof of Theorem 2. The proof is inspired by that of [27], Lemma 5. We
need the following lemmas to prove the claim in Theorem 2.

Lemma 9. ([40]). Suppose that P € R™" has all off-diagonal entries non-
positive. Then, the following statements are equivalent:

1. Pisan M-matrix.
2. The eigenvalues of P have nonnegative real parts.

Lemma 10. ([54]). Suppose that P is a singular irreducible M-matrix.
If Q is a nonnegative diagonal matrix with at least one positive diagonal
element, then the eigenvalues of P + Q have strictly positive real parts.

Proof of Theorem 2. By (7) and Proposition 6, there exists a unique equi-
librium X = [X;,X,, ..., x,]T > 0 satisfying

X= (I +hE(I - DX)(I = X)A — hF))_(

where X = diag(X). Let a € [0, 1] be a variable, and we consider the fol-
lowing system:

>X(k) + hEX(k)(DX (k) — (D + I1))A.

x(k+1) = [I +hE(I — aDX)(I - X)A — hF] x(k).

By arguments similar to those in the proof of Proposition 6, we
know that there exists a unique equilibrium x} > 0 satisfying x’ =
(I + hE(I —aDX*)(I — X*)A — hI') X! . Notice that x; = x*, which is the
endemic equilibrium of the uncontrolled system (2) and x} = X. Then, by
arguments similar to those leading to (A16), we have

(H,(x)— RA)X: =0 (A29)

where H,(x}) =1+ diag((aD + I)RAx;) —diag(e DRAX)X . From
(A29), we have

ax,  d ) o
Tt (H,(x))x: =0 (A30)

(H,x;) ~ RA)

The matrix —H,(X) + RA is an irreducible Metzler matrix since the
off-diagonal entries are all nonnegative. Then from [48], Lemma 2.3 and
(A29), we have that 0 is the simple eigenvalue of —H,(x’) + RA, and
moreover, 0 is the largest real part among the eigenvalues. We conclude
using Lemma 9 that H,(X}) — RA is a singular irreducible M-matrix.

The second term in the left-hand side of (A30) satisfies

% (H,(x))x = diag( DRAX:) (I — X)X’ + [diag(a DRAX)

dx
+ diag(RAX") — diag2a DRAX) X )] y < (A31)
o

Define G, = diag(a DRAX}) + diag(RAX}) — diag(2a DRAX}) X =
diag(RAX?) [aD(I — X?) + (I — diag(aDx?))| . If aD <1, then it is
immediate that G, is a positive diagonal matrix since x < I. If aD > I,
then, by arguments similar to those in (A17), we obtain a contradiction.
Therefore, we have [x']; < 1/(ac;), which means diag(a Dx}) < I. Thus,
G, is a positive diagonal matrix.

Then from (A30) and (A31), we have (Ha(xj;) —RA+ G,,) %‘2 =
—diag(DRAX!) (I — X*)x!. Let K, := H,(x}) - RA+G,. Based on
Lemma 10, it follows immediately that K, is a nonsingular M -matrix,
which yields that K-! > 0, [40], Theorem 2.7. This means that % =
—K;'diag(DRAx) x (I — X*)x* < 0. Thus, we have x} = x* > X = x].

da
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