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Abstract

This paper proposes a novel learning approach for designing Kazantzis-Kravaris/Luenberger (KKL) observers for autonomous
nonlinear systems. The design of a KKL observer involves finding an injective map that transforms the system state into a
higher-dimensional observer state, whose dynamics is linear and stable. The observer’s state is then mapped back to the original
system coordinates via the inverse map to obtain the state estimate. However, finding this transformation and its inverse is
quite challenging. We propose learning the forward mapping using a physics-informed neural network, and then learning its
inverse mapping with a conventional feedforward neural network. Theoretical guarantees for the robustness of state estimation
against approximation error and system uncertainties are provided, including non-asymptotic learning guarantees that link
approximation quality to finite sample sizes. The effectiveness of the proposed approach is demonstrated through numerical
simulations on benchmark examples, showing superior generalization capability outside the training domain compared to
state-of-the-art methods.
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1 Introduction

Observers play a crucial role in applications such as output feedback control [49], fault diagnosis [18], and digital
twins [19]. Accurate state estimation is critical for effective control, monitoring, and decision-making in various
engineering domains. Full-state measurement of real-world systems is often impractical, or even impossible, due to
limitations in sensing resources and capabilities. This necessitates the use of observers that employ available sensor
measurements and the system’s model to estimate the state.

A variety of observer designs exist, including Luenberger-like observers, extended Kalman filters, and high-gain
observers, each with its own strengths and weaknesses depending on the specific application and system character-
istics [9, 13,24, 28]. This work focuses on Kazantzis-Kravaris/Luenberger (KKL) observers due to their applicability
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to a very general class of nonlinear systems and the well-developed theoretical framework for their design and
analysis [2,4,11,14,27].

Despite the advancements, synthesizing KKL observers remains a challenging task. The existing techniques assume
the knowledge of an injective map that transforms a general nonlinear system into a special form required by the
KKL observer. However, analytically finding this map is inherently difficult. Moreover, when this transformation
map is known [10], finding its inverse to obtain the state estimate in the original, physically meaningful coordinates
is also a difficult problem [3]. This highlights the need for novel approaches that can overcome these limitations.

In this paper, we present a novel learning approach for designing KKL observers for autonomous nonlinear systems.
At the core of KKL observer design is an injective coordinate transformation that lifts the nonlinear system to
a higher-dimensional space. The transformed system exhibits two key properties: its dynamics is bounded-input-
bounded-state stable and linear up to output injection. The KKL observer operates by replicating the transformed
system in the higher-dimensional space. To reconstruct the state estimate in the original coordinates, the left inverse
of the transformation map is applied to the observer’s state. The transformation map’s injectivity property guarantees
the accuracy of the state estimate.

Given a KKL observer in an appropriate high-dimensional space, the transformation map is a solution to a specific
partial differential equation (PDE), [4,27]. However, this PDE is computationally challenging to solve in practice,
and finding the left inverse of the transformation map in real time is further challenging. To address these challenges,
we develop a framework for learning these maps using synthetic data generated from system dynamics and sensor
measurements. We employ physics-informed neural networks (PINNs) to directly integrate the PDE constraint into
the learning process for the transformation map and its inverse.

This paper makes several key contributions to the learning-based design and implementation of KKL observers. We
propose a physics-informed learning method for designing KKL observers and establish theoretical learning guaran-
tees for this approach. Additionally, we provide robustness guarantees for the learned KKL observer against approx-
imation errors and system uncertainties. Through extensive numerical simulations, we validate the effectiveness of
our learning-based approach to KKL observer design and provide comparisons with state-of-the-art approaches.

The rest of the paper is organized as follows. Section 2 provides background and related literature on KKL observers
and situates our work within the existing literature. Section 3 reviews the theoretical foundations of KKL observers.
Section 4 reviews relevant notions in machine learning theory. In Section 5, we present our learning method for
KKL observer design, followed by Sections 6 and 7, which develop theoretical learning and robustness guarantees,
respectively. The effectiveness of our approach is demonstrated through numerical examples and comparisons in
Section 8. Finally, Section 9 concludes the paper with a discussion of implications and future research directions.

2 Background and Related Literature

KKL observers generalize the theory of Luenberger observers [32-34] to nonlinear systems. Although the idea was
initially proposed in [45] and [46], KKL observers were subsequently rediscovered by Kazantis and Kravaris [27], who
provided local guarantees around an equilibrium point of the estimation error dynamics via Lyapunov’s Auxiliary
Theorem. Later, [30] relaxed the restrictive assumptions of [27] to some extent; however, the analysis remained local
until [29] proposed the first global result under the assumption of so-called finite complexity, which also proved
quite restrictive for general systems. Subsequently, Andrieu and Praly [4] provided a comprehensive treatment of the
KKL observer problem. Their key contribution lies in relating the existence of an injective KKL transformation map
to an observability-like property of the system known as backward distinguishability. In addition, [2] proved that
KKL observers converge exponentially and are tunable if the system is also differentially observable. The existence



conditions are further refined in [14], and KKL observers with contracting dynamics are developed in [40]. When the
observability conditions are not satisfied, [12] proposes a set-valued KKL observer that estimates a set of possible
state trajectories that could have produced the observed output trajectories. Finally, extensions of KKL observers
to non-autonomous and controlled nonlinear systems are presented in [8,10,22]; however, such systems are beyond
the scope of the present paper.

The main challenge in synthesizing KKL observers for autonomous nonlinear systems is not only finding the trans-
formation map that puts the system into a normal form, but also finding its inverse map. Both problems turn out
to be challenging in practice. To this end, [15,36,39,41,42, 44, 50] have proposed several methods to approximate
the transformation map and its inverse via deep neural networks.

By fixing the dynamics of the KKL observer, [44] proposes generating synthetic data trajectories by numerically
integrating the system model and the KKL observer, both initialized at multiple points in their respective state
spaces. Then, using a supervised learning approach, a neural network is trained on the synthetic data to approximate
the transformation map and its left inverse. For discrete-time nonlinear systems, [41] proposes an unsupervised
learning approach that enables proper exploration of the state space during training, whereas [42] extends this
approach by allowing switching observers. However, noisy measurements can lead to erroneous switching decisions,
causing the observer to select the wrong observer mode or introduce instability due to chattering. Similarly, [15]
proposes another unsupervised learning approach for tuning a KKL observer while adding the PDE associated with
the transformation map as a design constraint. The unsupervised approach exhibits poor generalization capabilities.
Specifically, when the real system’s initial state deviates significantly from the conditions observed during training,
the observer’s performance deteriorates considerably. When the system dynamics are partially or fully unknown,
[36] proposes a neural ODE-based approach to design KKL observers, enabling analysis of the trade-off between
convergence speed and robustness and leading to improved observer training for robust performance.

Our prior work [39] leveraged physics-informed learning to design KKL observers with improved generalization
and training efficiency, and [16] used this approach for detecting and isolating sensor faults. In contrast to other
learning-based approaches, we demonstrated that our method avoids overfitting and achieves better generalization
performance across the entire state space. However, [39] employed a joint encoder-decoder neural network architecture
to simultaneously learn the transformation map and its inverse, leading to conflicting gradients across components of
the objective function. This causes the optimization to sometimes get stuck in a bad local minimum, which degrades
the observer’s accuracy in some instances [42]. In our current work, we introduce a sequential learning approach
for the KKL observer. We first learn the transformation map and subsequently utilize it to learn its inverse. This
approach improves the observer’s accuracy by avoiding conflicting gradients during training. Furthermore, we provide
theoretical non-asymptotic generalization bounds for the learned maps and prove that the resulting state estimation
error is input-to-state stable with respect to approximation errors, model uncertainties, and measurement noise.

3 Preliminaries on KKL Observers
3.1 Notation

For v € R™, ||v|| denotes its Euclidean norm and ||v||s its max norm. For a matrix M € R™*™, || M| denotes its
spectral norm and cond(M) its condition number. For a square matrix M € R"*™, eig(M) C C denotes the set of
its eigenvalues and Amin(M) € minyceig(ar) [Re(A)| denotes an eigenvalue of M closest to the imaginary axis. We
denote the set [p] == {1,...,p} for some p € Z-o. Given a signal s : R>o — R”, we denote its restriction to [0, ]
by so,q, where t € R>g. Moreover, its essential supremum (or Ls,) norm is defined as [|sjo 4l/z., = inf{c € Rx¢ :
[Is(T)]lco < ¢ for almost all T € [0, #]}.



3.2 State Observation Problem

Consider a compact set X C R™* and a nonlinear system

where z(t) € X is the state at time t € R>q, 29 € X is an unknown point from where the system’s state is initialized,
y(t) € R™ is the measured output, and f : X — R™ and h : X — R™ are smooth functions. The state observation
problem involves designing an observer

A1) = B(:(0).y(1),  2(0) = % (20)
B(t) = W((1), (1) (2b)

with an internal state 2(¢) € R™: initialized at Z; € R™:, which takes the output y(¢) of (1) as its input and
provides an estimate Z(t) € R™ of the state z(t) as its output. Designing an observer means choosing functions
®:R" x R™ — R" and ¥ :R"s x R™ — R" so that the estimation error

§(t) = x(t) — (1) (3)

globally asymptotically converges to zero as t — oco. That is, for all xg € X and %y € R"=,

lim [[£(t)] = 0. (4)

t—o0

3.3 KKL Observer

Designing a KKL observer involves transforming the nonlinear system (1) to a higher-dimensional state space where
its dynamics is linear up to output injection and bounded-input bounded-state stable. This transformation 7 : X —
Z, which must be injectivﬂ maps every point z in the state space X C R"™= of (1) to a point z = 7 (z) in the
new state space Z C R”=, where in general n, > n,. The dynamics in the new state space Z is linear up to output
injection and given by

(t) = Az(t) + Bh(x(t)), 2(0) = T (xo) ()
where A € R"=*"= and B € R"=*"v are chosen such that A is Hurwitz and the pair (A, B) is controllablﬂ Although
the transformed system (5) in the new coordinates is stable, the original nonlinear system (1) need not be (Lyapunov)
stable. Moreover, (5) is not a linear system, but its linearity is only up to output injection, i.e., it is linear when the
injected output y = h(x) = h(T*(z)) is ignored, where T* is the left-inverse of T.
Since 2(t) = %(x(t))jc(t), it follows from (5) that, for a given A and B, T must satisfy the following PDE:

oT

B EO)f(2(t)) = AT (2(2)) + Bh(x(t)) (6)

with 7(0,,) = Op..

' Amap 7 : X — R"™ is said to be injective if, for every x1,z2 € X, T(x1) = T (22) implies z; = xa.
2 (A, B) is controllable iff rank [B AB ... A"Z*lB] =n,.



To obtain a state estimate Z(t) in the original coordinates R™=, the map 7 must be injective, implying the existence
of its left inverse 77, i.e., T*(7 (z)) = x. When this inverse exists, the KKL observer is obtained as

N>
—~

~
~

A3() + By(t), 2(0) = % (72)

where Z(t) denotes the estimate of z(¢). Notice that KKL observer (7) is a special case of (2), where ®(2,y) is affine
in 2 and W(Z,y) = T*(%).

3.4 FExistence Results

We explore sufficient conditions that ensure the existence of an injective transformation map 7 such that the estimate
Z(t) obtained from the KKL observer (7) satisfies the estimation error requirement (4).

Let the solution of (1a) initialized at xg € X be z(t; zo).

Definition 1 The system (1) is forward complete in X if, for every xg € X, the solution x(t; o) exists for every
t € R>g and remains inside X.

Assumption 2 There exists a compact set X C R™ such that the system (1) is forward complete in X .
This assumption restricts our attention to nonlinear systems whose state x(t) remains in a bounded domain.

Definition 3 A map T : X — Z is said to be uniformly injective if there exists a class K functiorﬂ p:R>o = Ry
such that, for every x,i € X,

o — 2| < p([|T () — T(2)]])- (8)
Notice that (8) implies the existence of a class K function p such that, for every z, 2 € Z,
Iz = 2[l < o(IIT"(2) = T (2)I)- (9)

Remark 4 For the existence of a KKL observer (7) satisfying the requirement (4), it is sufficient that (1) is forward
complete and the map T satisfying the PDE (6) is uniformly injective; see [4, Theorem 1]. o

We have 2(t) — 2(t) = A[2(t) — z(t)]. Since A is chosen to be a Hurwitz matrix, ||2(t) — z(t)|| converges to zero
exponentially. Thus, if 7 is uniformly injective, the estimation error £(t) also converges to zero asymptotically
because, from (8), we have

IE@I = ll=(t) = 2B < p(ll=(t) = 2@)])
and p([|z(t) = 2()[]) — 0 as [|z(¢) = 2(2)|| — 0.

Definition 5 Given an open set O D X, the system (1) is backward O-distinguishable in X if, for every pair of
distinct initial conditions x{,x3 € X, there exists T € Rog such that the backward solutions z(t;x}), z(t;22) € O
exist for t € [r,0], and

h(x(T;20)) # h(x(T; 23)).

3 A function p : R>o — Rx>¢ is of class I if it is continuous, zero at zero, and strictly increasing. It is of class K if it is of
class K and unbounded.



Although we assumed that (1) is forward complete in X, it may not be backward complete in X'. That is, the state
trajectories of (1) may leave X, and may even go unbounded, in negative time (¢ € R.(). The notion of backward
O-distinguishability guarantees the existence of a finite negative time such that the output maps, corresponding to a
pair of trajectories initialized at different points in X', can be distinguished before any of the trajectories leaves O D X
in backward time. Backward O-distinguishability is related to the notions of determinability or constructability in
linear systems [5,11].

Assumption 6 There exists an open bounded set O D X such that (1) is backward O-distinguishable in X .

It turns out that Assumptions 2 and 6 are sufficient for the existence of a uniformly injective map T satisfying (6).
This result is obtained in slightly different forms in [4] and [11]. The most recent result provided by [14] can be
restated as follows.

Theorem 7 (Brivadis et al. [14]). Let Assumptions 2 and 6 hold. Then, for almost any (A, B) € R™=*"= x R"=*"y
such that

(1) ny =ny(2n, +1)
(i) A is Hurwitz
(iii) (A, B) is controllable

there exists a uniformly injective map T : X — Z that satisfies the PDE (6).

This theorem guarantees the existence of a uniformly injective map 7 and its left-inverse 7 such that the estimate
Z(t) obtained from the KKL observer (7) asymptotically converges to the true state x(t). Therefore, relying on
Assumptions 2 and 6, and fixing n, = ny(2ny +1), A € R™=*" a Hurwitz matrix, and B € R™=*"v such that (A, B)
is controllable, we can learn the transformation map 7 and its left-inverse 7*.

4 Preliminaries on Learning Theory
We revisit the standard framework of statistical learning theory, which is relevant to this paper.
4.1  Learning Problem

Consider a supervised learning problem where the goal is to learn a mapping 7 : X — Z from an input space X to
an output space Z. We assume an unknown, fixed probability distribution D over X x Z. The quality of a prediction

T (x) for a true output z is measured by a loss function L(7 (z), z).

The goal is to find a function 7 that minimizes the true risk

R(T) = Eg2)~p[L(T (2), 2)]
which is the expected loss over the true distribution D. The minimal possible risk is the Bayes risk, R* = inf; R(7A'),
where the infimum is over all measurable functions [7]. Since D is unknown, we learn from a finite training sample
S = {(xi,2)}}Y, of N examples drawn independently and identically distributed (i.i.d.) from D. A learning algorithm
is supposed to minimize the empirical risk

Rs(T) = % LT (i) z)



on this sample S.

4.2  Hypothesis Class and Error Decomposition

A learning algorithm searches for a solution within a predefined hypothesis class H, which is a set of functions
T : X — Z. For example, H can be the set of all functions representable by a specific neural network architecture.
The empirical risk minimizer is the hypothesis Ts € H that minimizes the empirical risk, i.e.,

Ts = arg min Rg(T).
TeEH

The excess risk R(7A'S) — R* of the learned hypothesis, where R* is the Bayes risk, can be decomposed into two
fundamental components: approximation error

inf R(T)— R
TeH

and estimation error

R(Ts) - Jnf R(T).

The approximation error is deterministic and measures how well the chosen class H can, in principle, approximate
the true optimal (Bayes) predictor. It is independent of the data size N. On the other hand, the estimation error
is random (it depends on the sample S) and measures the penalty for having only a finite sample of N data points
instead of the true distribution D. A central goal of learning theory is to bound the estimation error, which requires
a measure of the richness (or complexity) of the hypothesis class H, as defined in the following subsection.

4.8 Pseudo-Dimension and Generalization Bounds

For real-valued functions, such as those in regression or in our KKL observer learning problem, the VC-dimension [51]
(used for binary classification) is extended to the pseudo-dimension [25,43]. This concept is defined not on the
hypothesis class 7 itself, but on the associated loss class G = {(z, z) = L(T(2),2) : T € H}.

Definition 8 (Shattering and Pseudo-dimension [38]). A set of d points {(z;,2;) L, is shattered by the loss class
G if there exist thresholds T1,...,7q € R such that for all 2% possible binary labelings b € {—1,+1}%, there exists
T € H whose corresponding loss g € G satisfies

Vi € {1,...,d}, sign(g(xi,zi) —Ti) :bi.

The pseudo-dimension of G, denoted Pdim(G), is the size d of the largest set that can be shattered by G.

The pseudo-dimension provides a combinatorial measure of the complexity of H via its loss class G. A finite pseudo-
dimension d ensures that the estimation error will decrease as the sample size IV increases. This is formalized in a
generalization bound below.

Lemma 9 (Generalization Bound for Bounded Regression [38, Theorem 11.8]). Let G be a loss class with pseudo-
dimension d = Pdim(G) < co. Assume the loss L is bounded by a constant M. Then, for any § > 0, with probability
at least 1 — & over the draw of an i.i.d. sample S of size N, it holds that for every T € H,

In(1/9)
N My

R < Bs(P) 4 M 2d1n(eN/d)



This lemma provides an explicit, non-asymptotic bound on the estimation error. The complexity term
In(1/9)

2dIn(eN/d) M

A
C(H,N,8) 2 M = T

depends on the hypothesis class H via d and the sample size N. For the learning procedure of KKIL observers
developed in this paper, we derive such explicit non-asymptotic error bounds.

5 Learning Method for KKL Observers

Designing KKL observers involves (a) finding the injective map 7 : X — Z that satisfies PDE (6), so that the
nonlinear system (1) admits a linear up to output injection representation (5), and (b) finding its left-inverse 7%,
so that a state estimate can be obtained in the original state coordinates. For finding 7, one must solve PDE (6),
whose explicit solution derived in [4] is given by

0
T(x) = / exp(AT) Bh(#(r: ))dr (10)

— 00

where &(7;2) € X is the backward solution trajectory initialized at € X, for 7 € R<y, to the modified dynamics
(1) = g(&(7)) with g(&(r)) = f(&(r)) if #(7) € X and g(#(7)) = 0 otherwise.

However, computing (10) is not practically possible [11] due to the inaccessibility of the backward output map
h(&(r;z)) for 7 < 0 and the infeasibility of computing the integral (10) for every initial point = € X. Note that,
even if 7 is known in some other fornﬂ than (10), finding the left-inverse 7* is difficult both analytically and
numerically [3]. To overcome these challenges, we propose learning the maps 7 and T*.

5.1 Learning Problem

We introduce two expectation operators corresponding to the underlying data distributions. Let Dy be the true
data distribution over the compact state space X. The first expectation operator is formally defined with respect to

this measure as
Bopal] = [ () dDx(a).

The injective map 7 : X — Z induces a pushforward measure p7 on the observer space Z, defined by ur(2) =
Dx (T 1(2)) for any measurable set Z C Z. The second expectation operator is defined with respect to this measure
as

Eepr[] = /Z () dur(2).

Now, we define the risk and error functions associated with the learning of a KKL observer.

Our goal is to find approximations Ty € Hg and 7?* € H, for T and T, where Hg and H,, are the hypothesis classes
(e.g., neural network architectures) for the forward and inverse maps. The learned forward map Ty must satisfy two
conditions: (i) it must map x to the correct z = T (x), and (ii) it must satisfy the governing PDE (6). The forward
map error is given by

Rr(0) = Egnpy [ T(x) = To(2)|I°] (11)

* See [10] for some examples.



and the PDE error by Rppg(6) = Eyup, [||[Po(2)||?] where Py(z) is the PDE residual

Po(z) = %(x)f(w) — ATy(z) — Bh(z). (12)

We combine these into the physics-informed risk
Rl(e) = RT(G) + I/RPDE(G) (13)
where v > 0 is a hyperparameter.

The learned inverse map 7;* must approximate the true inverse 7* by minimizing the inverse map error
Ry« () = By 177 (2) = T ()] (14)

where p7 is the pushforward measure on the observer space Z. Moreover, to learn the KKL observer, ’7?* must also
reconstruct the state z from the output of the learned forward map 7'9(:1:) That is, given a fixed, learned map 7'9,

the learned inverse ’f;]* must minimize the reconstruction risk
Ra(n | 0) = Eanpy [lz — 7, (To(x)) %] (15)

Our goal is to find parameters 6 and 7 that sequentially minimize R;(0) and Ra(n | 8), respectively. Since the true
data distribution Dy and the true maps 7 and 7* are unknown, we minimize empirical approximations of these
risks using synthetically generated data.

5.2 Data Generation Procedure

Before defining empirical approximations of these risks, we describe a heuristic for generating synthetic data. Since
the observer matrices A and B are assumed to be fixed and the system functions f and h to be known, it is possible
to generate trajectories of x and z numerically. However, given zo € X, one cannot guess the initial condition
2(0) = T (zg) because T is unknown. Following [44], one could mitigate this because, for an arbitrary z(0) = zo, the
solution of (5) satisfies

[12(8; 20) || < || exp(At) 0| +/0 [l exp(A(t — 7)) By(7)||dr.

Since A is Hurwitz, || exp(At)zo|| — 0 exponentially fast, and the effect of the initial condition zy vanishes from
2(t; 29) over time t. We have [lexp(At)zo| < cond(V)ermin(D?| 2|, where Apin(A) defined in Section 3.1, and V
obtained from the eigendecomposition of A = VAV ™!, which is assumed to be diagonalizable. For any ¢ > 0, there
. Therefore,

exists time ¢, such that |[exp(At)zo| < ¢, for all £ > ¢, where t, = t.(c, 20) = 5 VI(A) In (Cond(f/)”z()”

t
Vt>t., lz(t )] <e +/ [l exp(A(t — 7)) By(7)||dr.
0

As time progresses, the trajectory z(t; 2}) becomes almost independent of the initial condition z. This observation
leads to the following data generation procedure.

Initial condition sampling: We sample p € Z initial points {(xf), zé)} 7] uniformly in X x Z.

i€
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Fig. 1. Overview of the proposed KKL observer learning algorithm.

Trajectory generation: For all i € [p], we simulate (1) and (5) with initial condition (z{, z{) from t; = 0 to t, = T,
where T' € Ry is chosen to be large.

Truncation: For all ¢ € [p], the samples of the z-trajectory for t; > ti, are kept and the rest of the samples are
discarded, where

ki = min{k | ty > maﬁt*(s,zé)}.

i€lp

This procedure yields the training set

Saata = {(@(tr; x0), 2(tk; 20)) Yicp) ke ke, r}

containing truncated trajectories with Ngata = p(7 — ks + 1) data pairs. We further sample g € Z~( points xé and
generate trajectories
Spde = {2(t; ) }jelql kefL,....r}

with Npqe = g7 collocation points for the PDE. The data S1 = {Sdata, Spde} is used for learning the forward map
Ty with total number of data points N1 = Ngata + Npde. After training the forward map 72;, its parameters 6 are
fixed. We then generate a new dataset Sy = {(zé, xg)}jvil of size Ny, where 2’ are randomly sampled points in X or
trajectories from randomly sampled initial points in X', and the corresponding features z; = ’7'9(13) are generated
from the learned forward map.
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5.8 Empirical Risk Minimization

We approximate the true risks Ry and Ry in (13) and (15) with their empirical counterparts, computed from finite
datasets S and S,. First, we minimize empirical physics-informed risk RSI using S1 = (Sdata, Spde) With

R = Y - T+ g 3 IPala)l? (16

(z,2)E€Sdata PAe 1€Spae

where Py(x) is defined in (12). This risk is the computable objective function for the inverse map and approximates
the true risk in (13). Thus, the first-stage empirical risk minimization problem is formulated as

mmin R, (0). (17)

We follow the sequential approach, first proposed by [41] for discrete-time systems. After training the forward map
7o, we generate a new dataset Sy = {(z}, x;)}ﬁvjl, where 2} = = To(x ") On this dataset Sy, the empirical reconstruction

risk is given by
Rs,(n0) Z Iz = Ty G)II? (18)

which is the computable objective function for the inverse map and approximates the true risk in (15). Thus, the
second-stage empirical risk minimization problem is formulated as

in R 0). 19
Jnin s,(n ] 0) (19)

5.4  Remarks on the Learning Method

Fig. 1 illustrates the workflow of proposed learning algorithm. Our procedure deconstructs the autoencoder frame-
work used in previous works, such as [39], into sequentially learning the maps 7y and 7T, - This idea serves to address
two fundamental issues:

(1) The joint encoder decoder structure is inherently susceptible to conflicting gradients between components of
the objective function, which might result in the optimization getting stuck in bad local minima. This not only
degrades the accuracy of the learned solutions but also create the risk of failing to enforce the latent output
of the autoencoder to reside within Z, leading to a discrepancy between the input distributions of 7?* during
online operation.

(2) The data generation process is dependent on the truncation of the simulated trajectories to get rid of the
transient effects due to the initialization of z-trajectories using the contraction property of (5). However, this
procedure does not allow us to freely choose pairings of initial conditions (zg, z9), which might result in uneven
sampling of certain parts of the state space. This issue has previously been addressed in [15] and [39] by first
simulating the system backward in time from the chosen initial conditions in X, then obtaining the corresponding
values in Z by simulating forward from negative time to ¢ = 0. However, this setup is inherently infeasible for
stable systems, and some unstable systems as well, that blow up in negative time.

In our sequential procedure, we first learn 6 for the forward map To: X = Z by solving (17) on the dataset Sj.
The learned forward map is then used to generate a new dataset S5. The parameters 7 for the inverse map ’72* are
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then learned by solving (19) on the new dataset S,. Decoupling the training of 7o and ’777* therefore avoids the risk
of conflicting gradients between (16) and (18), while ensuring that 75 and 7:7* are indeed trained using data from
correct distributions.

The formulation of the empirical physics-informed risk Rg, (#) in (16) constitutes a semi-supervised learning frame-
work. The data-fit term ||z — Tp(x)|? is computed on the labeled data Sgata. Conversely, the physics-informed risk
term ||Pp(x)||? is evaluated on the unlabeled collocation data Spqe. This semi-supervised structure allows us to
enforce the physical constraint (6) over a large, densely-sampled portion of the state space (Npde > Ndata), Which
acts as a powerful data-agnostic regularizer and prevents overfitting to the labeled Sgata.

6 Non-Asymptotic Learning Guarantees

The learning method proposed in Section 5 computes the approximations 7s and ’7;* A critical question remains:
does this learning procedure provide any guarantee that the resulting maps are “good” approximations of the true,
unknown maps 7 and 7*? The practical utility of the learned observer depends on this approximation quality. If
the learned inverse map 7;,* is a poor approximation of the true 7*, the resulting estimate &(t) = 7?*(2(75)) will be
inaccurate, irrespective of the observer’s dynamic properties.

This section provides theoretical guarantees for our learning-based design of KKL observers. We establish that the
approximation error of the learning procedure is bounded. This error is quantified by the inverse map error Ry (n)
defined in (14). Proving that Ry can be made small provides the foundation for our learning method.

6.1 Lipschitz Assumption

Given that the neural network’s activation functions are Lipschitz continuous, the neural network map is also
Lipschitz continuous. Thus, it is natural to make the following assumption.

Assumption 10 The neural network 7?* is Lipschitz continuous over Z, where Z 2 T (X). In particular, for every
z,2 € Z, there exists £, € Rsq such that

17, (2) = T (2| < yll= = 2]. (20)

n

Estimating a neural network’s Lipschitz constant is a topic of interest in the machine learning community [23,26,48,
52]. For feedforward ReLU networks, [20] shows that the local Lipschitz constant estimation problem can be reduced
to a semidefinite program.

6.2 Generalization Guarantees

Recall that our learning method is a sequential procedure. First, we learn To € Ho by minimizing the empirical
physics-informed risk Rg, (6). Then, we learn 7;,* € H,, by minimizing the empirical reconstruction risk R, (1 | §).
The inverse map error Ry~ is thus affected by the outcomes of both stages. In the following lemma, we relate Ry«
to the reconstruction risk Ra(n | €) in (15), which is empirically minimized in the second stage, and the forward map
error R7(0) in (11), which is propagated from the first stage.

Lemma 11 Let Assumption 10 hold. Then, the true inverse error Ry-(n) in (14) is bounded by

Rr-(1) < 2Ra(n | 60) + 262 Ry (0) (21)
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where Ra(n | 0) is the reconstruction risk (15), Ry (0) is the forward map error (11), and £, is the Lipschitz constant
n (20).

PROOF. Let || - |[1,(p,) denote the Ly norm with respect to the data distribution Dy . Then,

VR = T(T) = T; (Tl La(oa)
<|THT) = T;7 (o) | LoD
T (76) = Ty (Tl Lo
< VR 10) + 6l[(To — Tllza(or)
_ R + 6

where we used = T*(T (x)), the triangle inequality, Assumption 10, and definitions (15) and (11). Squaring both
sides using the inequality (a + b)? < 2a? + 2b? gives the desired result (21). O

Lemma 11 states that the inverse map error Ry~ is bounded by the reconstruction risk Ry(n | #) and the forward
error Ry, which is amplified by the Lipschitz constant of the learned inverse map. We now bound these two terms
using the generalization bound presented in Section 4.

Lemma 12 Let H,, be the hypothesis class for the learned inverse map ’7;7* Let G, = {(x’wz') — |l — 7:*(2’)”2 :
T, € Hy} be the associated loss class, with finite pseudo-dimension d,, = Pdim(G,), where 2" = 77;( ). Let Ny be the
number of data points in the dataset Sz = {(z}, 2})}. Assume the empirical reconstruction risk Rs, (1| 0) is bounded
by M,,. Then, for any 6 > 0, with probability at least 1 — &, we have

Ro(n0) < inf R, (] 0) +2Cy (N2, Hy.0) (22)

where Cy(No, Hy,0) = M4/ 2y ln(ENQ/d ) 4 M/ ln2(]1v/5) Ry defined in (15), and Rs, in (18).

Lemma 13 Let Hg be the hypothesis class for the learned forward map Tg. Let Gy be the associated loss class for the
empirical physics-informed risk Rg, (0) in (16), with finite pseudo-dimension dg = Pdim(Gy). Let Ny be the number
of data points in S1. Assume RSI(Q) < My. Then, for any 6 > 0, with probability at least 1 — 9,

Ri(6) < inf Rs, (0) +2Co(N1, Ho,0) (23)
9

where Co(N1,Hg,0) = Mm/M + My 1n(1/5 , Ry defined in (13), and R, in (16).
Moreover, since R1(0) < Ry(0), the right-hand side of (23) also provides a high-probability bound on Ry .

Lemmas 12 and 13 are direct applications of the generalization bound in Lemma 9 to the empirical risk minimization
problems (19) and (17). In these lemmas, the assumptions that the empirical risks are bounded by constants M, and
My are justified by the compactness of the state space X (Assumption 2). Since the neural networks 7o, 7;* utilize
continuous activation functions and the system maps f, h and the transformation 7 are continuous, the empirical risk
functions, which are composed of squared errors and PDE residuals, are continuous functions defined on a compact
set. Therefore, by the Extreme Value Theorem, they strictly admit finite upper bounds.
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6.3 Main Theorem and Discussion

We provide a high-probability bound on the true Lo approximation error Ry« of the learned inverse map '7;* by
combining the results of the above lemmas.

Theorem 14 Let Ty € Hg and 7;* € H,, be the maps learned by the proposed learning method. Let Assumption 10
hold. Then, for any § > 0, with probability at least 1 — 29, it holds that

R (n) <2 (Ra(n | 6) +2C,(No, 1y 6) ) + 263 (R (8) + 2Co(N1, Ho,0) ) (24)

where Ry+(n) is the inverse map error in (14), Ra(n) = infrey, Rs, (1| 0) is the approzimation error of the inverse
map, Ry = infée?—[g Rsl(g) is the approzimation error of the forward map, and C,, and Cy are the explicit complexity
terms defined in Lemmas 12 and 13, which vanish as the data sizes Ny and Ny tend to infinity.

The proof follows from Lemmas 11, 12, and 13. Below, we discuss some implications of the theorem and present
guidelines for the learning algorithm.

Theorem 14 provides an explicit, non-asymptotic bound on the inverse map error Ry~. It provides a theoretical
guarantee for the learning algorithm presented in Section 5. It demonstrates that R+ can be made small, provided
the empirical approximation errors, Ry and ]%51, and the estimation errors, Cy and C,, are small. This is achieved
by using sufficiently rich network architectures Hy and H,, (e.g., deep and wide) to be able to represent the true
maps 7 and T*, leveraging the universal approximation property of neural networks. Moreover, the estimation error
terms C, and Cy decrease as the data sizes Ny and Ny increase. This justifies the data-generation procedure and
shows that a larger dataset results in a lower inverse map error.

The bound (24) also depends on the forward map error Ry, which represents the error from learning the forward
map Ty and can be bounded as R < Ry < Ry + 2Cy (Lemma 13). However, this error Ry is amplified by E% in (24).
Since the Lipschitz constant ¢, depends on the norm of the neural network weights, regularizing the weights of the
inverse map 7;7* results in a smaller /,,.

The role of our physics-informed learning method is as follows. The bound (24) on Ry~ depends on Ry, which
is bounded by R;. Therefore, minimizing the PDE residual ||Py||?> (the physics-informed component of Rg, (6) in
(16)) is not just a heuristic; it is essential for provably reducing the forward map error Ry and, consequently,
for minimizing the inverse map error Ry-. The guarantee that we can learn an accurate inverse map 7?* is the
fundamental prerequisite for analyzing the observer’s performance in the presence of noise and uncertainties, which
we will show in the next section.

Additionally, the physics-informed risk component (R; and Cg) in the bound (24) highlights the theoretical benefit
of our approach. A standard supervised method (i.e., with ¥ = 0) would search for a minimizer within the entire,
unconstrained hypothesis class Hy. In contrast, incorporating the PDE constraint acts as a powerful inductive bias.
It implicitly restricts the optimization to an effective hypothesis space, Hg ppr C Hg, which contains only those
functions that are physically plausible (i.e., that nearly satisfy the KKL PDE (6)). This effective space is significantly
less complex than Hy, implying that its pseudo-dimension dy ppg is much smaller than the pseudo-dimension dg
of the unconstrained class. Consequently, the complexity term Cy (defined in Lemma 13) is substantially reduced.
This demonstrates that the physics-informed approach not only finds a more accurate solution (lower Rl) but also
achieves a better generalization guarantee (lower estimation error) from a finite dataset Si.
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7 Robustness of Learned KKL Observer

The neural networks 75 and 7;* aproximate 7 and T*, respectively. Approximation errors affect the observer’s
estimation performance when we use neural networks instead of the original transformation maps. For any z € Z,
the true inverse 7*(z) can be written as

T*(2) =T, (2) + &;(2) (25)

where £} denotes the approximation error of the learned inverse map 7?* The learned KKL observer is given by

i(t) = A5(t) + By(t), (0) =%
(t) = Ty (2(1)).

(26)

=

The estimate obtained by this observer is affected by the approximation error £;(2(¢)), which acts as an unknown
noise. Additionally, the system model (1) is rarely perfect in practice, and underlying uncertainties can affect the
estimation performance. In this section, we provide robustness guarantees for the estimation error under both

approximation error and system uncertainties.
7.1 Problem Setup and Assumptions

Consider an uncertain nonlinear system

&(t) = f(z(t) +w(t), =(0) =z (27a)
+v(t) (27b)

where w(t) € R" and v(t) € R™ denote the model uncertainty and the measurement noise, respectively. For
uncertain systems, the objective of the observer changes from steering the estimation error to zero as in (4) to
steering it “close” to zero. That is, the observer must ensure that the estimation error (3) satisfies an input-to-state
stability bound

IEDI < BUEoll, 1) + 7 ([lwpo,ll L) + 2o, 2o ) (28)

where £(t) is the estimation error defined in (3), £ = £(0) is the initial estimation error, § is a class-KCL functiorﬂ
that asymptotically converges to zero as t — oo, and 71, v2 are class-K, functions. From (28), it is evident that in
the absence of uncertainty w(t) and noise v(t), the estimate #(t) asymptotically converges to the true state z(t), thus
satisfying (4). Moreover, (28) imposes a robustness criterion on the observer’s state estimate under uncertainties. In
other words, as the magnitudes of the uncertainties increase, (28) ensures that there is a graceful degradation of the
state estimate, so the estimation error remains bounded as long as the uncertainties are bounded.

Let x(t; 20, w) denote the state of (27a) at time ¢ € R initialized at 2(0) = x¢ and driven by uncertainty wy .
When w = 0, the state trajectory is denoted by x(¢; x¢).

Assumption 15 The model uncertainty w(t) and the measurement noise v(t) satisfy the following:

(i) Boundedness: It holds that ||w||L.. <@ and ||v||L.. <7, for some known W, v > 0.
(i1) Bounded effect of w: There exists a class Koo function ¢ such that, for everyt € Rxg,

[ (t; w0, w) = x(t; 20) || < Y(llwo.gllra.)-

® A function 8 : Ry x R — Ry is of class KL if (i) for each fixed t € R>o, B(r,t) is of class K, and (ii) for each fixed
r € R>q, B(r,t) is decreasing in ¢ and is such that S(r,t) — 0 as t — 0.
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Assumption 15(i) is quite standard in robust state estimation [17]. Assumption 15(ii) requires that the deterministic
system (1) does a good job in describing the uncertain system (27). Providing such a guarantee is widely studied in
system identification, and the reader is referred to [1,31,35,37] for more details.

Define the error in the z-coordinate as Z(t) := z(¢) — 2(¢). Then, from (5) and (26), we have
Z(t) = A%(t) + Bo(t) (29)

where o(t) = h(Z(t)) — h(z(t)) — v(t) with z(¢) = x(t; zg, w) and Z(t) = xz(t;x0). Note that o(¢t) € R™ remains
bounded due to Assumption 15. That is, for every z(t), Z(t) € X and ¢t € R,

le@ < l[h(@@) = ~(z@O)] + [lo@)]]
< lallz(t) = 2@ + (@)l
< hp(lwogllea) + [lv(@)]]
< hp(W) + /1y 0 (30)

where w, T are from Assumption 15(i) and ¢;, < oo with

Cp, = SUP Omax (g;(@) (31)

zeX

because h(-) is smooth and X is a compact set. In the last step of (30), we used

‘Loo < /nyT.

[ < Vayllo(®)lloo < /1y llvo.

7.2  Technical Lemmas

The lemmas below are needed in proving the theorems later in this section. Recall z = T (z), where 2(t) = Az(t) +
Bh(z(t)) with Z(t) == 2(t; ) the noise-free state trajectory. Also, recall the dynamics of 2(t) = Tg(2(t)) given in
(26).

Lemma 16 Suppose A is Hurwitz and diagonalizable with eigenvalue decomposition A = VAV ™', Then,
[| exp(At)|| < cond(V)emin(A)t

and
cond(V)

oI BIL = e,
|)‘min(A)‘

t
/ || exp(AT)B||dr <
0

A similar result can be obtained when A is not diagonalizable by using the Jordan form of A; see [47, Appendix
C.5]. However, since diagonalizable matrices are dense in the space of square matrices and also since A is a design
matrix, the diagonalizability assumption is mild.
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Lemma 17 Let Assumption 15 hold. Then, the error Z(t) == z(t) — 2(t) in the z-coordinate satisfies

cond(V)

()| < ||Z0|| cond(V)ermin(At L 2L
IZ@)] < [1Zo]l cond(V) Amin (A)]

1BII(1 — == [y (@) + /] (32)

where W, U, are given in Assumption 15, and ¢}, is the Lipschitz constant of h(x) for x € X given in (31).

PROOF. Recall o(t) = h(z(t)) — h(z(t)) — v(t) from (29). Then, the solution 2(¢; Zp, o) of (29) satisfies
t
[2@) || <[l exp(At)Zo|| +/ | exp(A7)Bo(t — 7)||dT. (33)
0

The second term on the right-hand side of (33) satisfies

/O | exp(Ar) Bo(t — )| dr
< / | exp(Ar)B||o(t — 7)dr

t
S/ [l exp(A7) Bl|d7 max [jo ()] (34)
0 TZ

From (30), it follows that max,>¢ [|o(7)| < £p1(W)+,/m,v. Substituting this in (34) and in (33), and using Lemma 16,
we obtain (32). O

7.8  Robustness to the Approximation Error

To analyze the observer’s performance, we employ some measure-theoretic concepts. Recall the general probability
measure Dy over the compact state space X. To describe the asymptotic, long-term statistical distribution of the
system’s trajectories, we consider physical invariant measures [21,53]. For the autonomous nonlinear system (1), y
is a physical invariant measure if the probability of the state being in any set X C X remains constant under the
system’s flow [6]. Note that in deterministic dynamical systems, the state evolution itself is not random. However, the
randomness originates from the system initialization. Therefore, any probabilistic statement refers to an ensemble
of trajectories generated by a distribution of initial conditions.

The primary objective of the observer is to minimize estimation error under the system’s long-term, steady-state
operating conditions. For many nonlinear systems, especially the ones we consider in Section 8, the asymptotic
behavior is confined to the attractor, whose statistics are governed by the invariant measure u. The generalization
bounds derived in Theorem 14 guarantee that the inverse map error Ry~(n) is small only if the distribution Dy is
consistent with the distribution encountered during future operation. If Dy instead would be some transient initial
distribution, minimizing the generalization error would not guarantee accuracy at steady state. In this section, by
setting Dy = p, we ensure the domain over which we proved the learning guarantee (Theorem 14) is the same
domain over which we guarantee stability of the estimation error.

Given the invariant measure p, the injective KKL transformation map 7 : X — Z induces a pushforward measure p7

on the observer space Z, defined by ur(2) = u(T-1(2)), VZ C Z. Because y is the invariant measure, the induced
measure p7 represents the steady-state distribution of the transformed states z. The expectation E,.,. [-] with
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respect to this measure is the formal definition of the steady-state expectation because, for any function g : Z — R,

Eempir [9(2)] = /Z o(2)dpr(z) = /X o(T(@)du(x) = Barplg(T ()]

Since the estimate Z(t) is obtained from the learned observer (26), we have x(t) — Z(t) = T*(2(t)) — 7:7* (2(t)). Thus,
the steady-state estimation error is given by

€ss(Q) = lim | T7(2(1)) — ﬁ*(f(t))} (35)

where ¢ = lim; o 2(t). The high-probability bound on the inverse map error Ry~ in Theorem 14 shows that our
learning procedure can find an inverse map 777* that is, on average, close to the true inverse 7*. We now analyze the
consequence of this approximation by demonstrating how Ry~ directly governs the steady-state performance and
robustness of the learned observer (26). We first analyze the noise-free case and then extend the result to uncertain
systems.

Theorem 18 Let Assumptions 2, 6, and 10 hold. Let &(t) be the state estimate from the learned KKL observer (26)
for the noise-free system (1). Then, the expected squared steady-state estimation error is bounded as follows

ECNH«T |:||€ss(<)||2] S QRT*

where &55(C) is the steady-state error given in (35) and Ry~ is the inverse map error (14) bounded by (24).

PROOF. From (25) and (29), the estimation error £(t) = x(t) — Z(t) satisfies

@I = 117~(=(1)) — 7:77*(2(15))” )
<7 (z@) = Ty G+ 1T (@) = 7, @)
|

< bllz@)) + 1€, (@)
where Z(t) = 2(t) — z(t) and & (z(t)) given by (25). Using the inequality (a + b)? < 2a® + 2b*, we have
€@ < 23120117 + 2I1E5 ((0)) 17

Since A is Hurwitz, Z(t) converges to zero exponentially. Therefore, 2£2]|Z(t)||?

vanishes as ¢ — oo. By taking the
limit on both sides and ¢ = lim;_, 2(t), we obtain

€55 (N1 < 215 (1%

We now take the expectation of this inequality over the steady-state invariant measure 7, which gives

]ECNHT[Hé-SS(C)'F] < 2EC"’P‘T[H(€;(<)H2] =2R7-.

This concludes the proof. O
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This theorem provides a link between the learning guarantee in Theorem 14 and the observer’s long-term perfor-
mance. It shows that the expected steady-state estimation error is directly bounded by the inverse map error Ry~.
This result is highly practical as Theorem 14 gives a recipe for reducing Ry~ (i.e., more data, appropriate net-
work complexity, £, regularization), whereas Theorem 18 proves that doing so provably improves the average-case
performance of the KKL observer’s state estimate.

7.4  Robustness to Uncertainty and Noise

We now analyze the robustness of the learned observer (26) to estimate the state of an uncertain nonlinear sys-
tem (27). Note that the design method of KKL observers as presented in Sections 3 and 5 remains the same for
(27).

Theorem 19 Let Assumptions 2, 6, 10, and 15 hold. Let &:(t) = 7;* (2(t)) be the estimate from (26) for the uncertain
system (27). Suppose A is diagonalizable with eigendecomposition A = VAV ~1. Then, the expected squared steady-
state estimation error satisfies

Bemsr [16OP] < 227 +26 (250151 (thoio) + i)’ (36)

where &5 is given in (35), Ry- is bounded by (24), W,7,v¢ are given in Assumption 15, {y, is given in (31), ¢, is
given in (20), and n, is the dimension of the output vector y(t).

PROOF. We begin from the same squared inequality as in the proof of Theorem 18, given by

le@I* < 23217 + 211€; (=)

We use Lemma 17 to bound || Z(¢)||. As t — oo, the exponential transient term decays to zero, leaving the steady-state
bound

. - cond(V _ _
timsup 501 < U By ) + g
t—o0 ‘)‘min(A)|
Let C, = \i\?:,i(‘/)\ | B|[lnt)(w) + /7y 0]. Then, the steady-state estimation error is bounded by

limsup [|€(8)||* < 21303 + lim sup 2||5;(z(t))|\2
t—00 t—o0
Taking the expectation over the steady-state invariant measure yields

Ecmpr (€55 (O] < 26.C2 + 2Ecnr [1€5(O11%)-

Substituting C, and R+, we obtain (36). O

This theorem extends our analysis to the uncertain system (27), which includes model uncertainties and sensor noise.
It shows that the expected steady-state error is additively composed of two terms: a learning-dependent term and
a design-dependent term. The learning-dependent term Ry~ is the approximation error for the learned inverse map
’7?*, which we can control via the learning process (Theorem 14). The design-dependent term depends on the noise
bounds (w,7) and the observer’s design parameters (A, B,¢,). This term can be minimized by choosing A to be
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stable (|[Amin(A)| large) and well-conditioned (cond(V) Smalﬁ), and by regularizing the learning of '7;* to keep £,
small. This provides a quantitative link between learning, observer design, and the estimation performance.

8 Simulation Results

In this section, we demonstrate the effectiveness of our proposed methodologym for the learning-based design of
KKL observers using the following examples:

Reverse Duffing oscillator with state = € R2:

i =3, do=-x1, Y= (37)

Van der Pol oscillator with state x € R? and parameter yu = 3:
B =29, dop=p(l—2)as —x1, Y=21. (38)

o Réssler attractor with state x € R® and parameters ¢ = b= 0.2 and ¢ = 5.7:

T1 = —T3 — X3, Ty = x1 + axs
(39)
i3 = b+a3(r1 —¢), y = 2.
e Lorenz attractor with state x € R® and parameters p = 28, ¢ = 10, and 7 = 8/3:
&1 = p(ra — 1), T2 = 21(q — x3) — T2
(40)

T3 = T1T9 —Tx3, Y = Ta.

Using the benchmark examples listed above, we show the effectiveness of our method in estimating the states of
nonlinear, chaotic systems in the presence of model uncertainties and measurement noise.

8.1 Ezperimental Setup

We generate synthetic datasets S; and Sy according to the procedure described in Sections 5.2 and 5.3, and train
neural networks for each of the systems (37)—(40) according to our proposed methodology in Section 5. For all
systems, we construct the dataset S; by uniformly sampling initial conditions over [—1,1]"=, with n, denoting
the system dimension, which is 2 and 3 for (37)—(38) and (39)—(40), respectively. We sample 100 initial conditions
for (37)—(38), while we used 200 samples for (39)—(40). From each sampled initial condition, we generate system
trajectories over a time interval of [0, 50] with sampling time 0.1. The truncation sample k, is set to 0.17 (10% of
the z-trajectory length), which is sufficient to ensure that the effects of all initial conditions vanish by e = 10~%. The
observer matrices A = diag(A1, ..., A, ), where A; € [-2,—0.5] are distinct, and B = 1,,_, where 1, is a vector of
ones.

We model the forward map 7 and the inverse map ’7:7 as multi-layer perceptions, trained using the synthetic datasets
generated for each system. The hyperparameter specifications for each model are presented in Table 1.

5 For instance, when A is a diagonal matrix, we have V = I,,, and cond(V) = 1.
7 QOur code: github.com/Mudhdhoo/PINN_KKL
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Fig. 2. State estimation with learned KKL observer under noisy measurements. The solid black line shows the true state
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trajectory, while the dashed magenta line is the state estimate obtained from the learned KKL observer.

Table 1

Hyperparameters used for training. All values are used for both the forward map 7o and the inverse map ’777
System Hidden Layer Learning Rate Physics Epochs

Layers Size weight v

Duffing 3 150 1x1073 1 15
VdpP 2 350 1x 1073 1 15
Rossler 3 250 1x 1073 1 15
Lorenz 2 350 1x1073 1 15

8.2 FEstimation Results under Measurement Noise

Simulation results for each system are illustrated in Fig. 2. Each trajectory is generated from random initial condition,
different from those in the dataset S; but sampled within the same region. Each component of the measurement
noise is sampled from A(0,0.1) for the reverse Duffing oscillator, van der Pol oscillator, and Rossler attractor. In
contrast, for the Lorenz attractor, it is sampled from A(0,2). In all cases, the observer’s initial condition 2(0) = 0.
The simulations demonstrate the capability of our method to estimate the state with remarkable accuracy even in
the presence of measurement noise.

8.8 Comparison with the State-of-the-Art

We compare the state estimation performance of our sequential learning PINN method (referred to as SPINN) with
three established learning-based approaches:
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e The unsupervised autoencoder methoﬂ (AE) with gain tuning proposed by [15]. This is a joint encoder-decoder
structure trained in an unsupervised way, with explicit tuning of the observer gain.

e The neural ODE methoﬂ (NODE) proposed by [36]. This method simultaneously learns the unknown nonlinear
system dynamics and the KKL transformation map using a neural ODE structure.

e The deep model-free switching methodrirl (DMF) proposed by [42].

The benchmark system is the reverse Duffing oscillator (37). We use the same neural network architecture and
hyperparameters (described in Section 8.1 and Table 1) for all methods to ensure a fair comparison and focus solely
on the differences in the learning method. We also assess the training costs of each method, which is a critical factor
for scalability and rapid prototyping.

In this comparison, we evaluate the generalization capabilities of the learned observers produced by these methods.
All methods are trained on data generated in the set [—1,1]"=. Generalization performance is evaluated by testing
over 100 independent trials with initial states of system 37 sampled from a larger set [—3,3]™=, which the neural
networks did not see during training. Recall that x(t) is the true state and &(¢) is the estimated state. We use two
standard metrics to quantify the estimation accuracy across the Niy,j = 100 independent test trajectories with the

number of time samples Ngteps:

e Root Mean Square Error

Ntraj Nsteps
RMSE = | ———— s (t) = 25(0) 2
traj steps =1 t=1
measures the absolute magnitude of the average error.
e Symmetric Mean Absolute Percentage Error

SMAPE =

Ntraj ateps

H'M z

;1) — 250
E T ol + Tz < 1007

measures the relative estimation error for comparing accuracy across different scales.

Fig. 3 illustrates a single instance of the estimation performance when the system is initialized outside the training
domain. It visually confirms that our observer estimates the state with the best accuracy even when the system is
initialized from [—3, 3]"=, which is larger than the training domain. On the other hand, Fig. 4 presents the quantitative
error metrics for the 100 test trials. The results show that the generalization performance of our method (SPINN)
is significantly better than all other methods in this out-of-domain generalization test.

The observed performance hierarchy yields key insights into the value of physics-informed learning. Our method
achieves the best generalization because it (a) explicitly incorporates the PDE constraint in (16), which acts as
a physically consistent inductive bias avoiding overfitting on training data, and (b) capitalizes on the sequential
decoupling, which improves learning by avoiding the conflicting gradients inherent in joint 75 and ’f;,* training. The
PDE (6) is incorporated into neural network training via automatic differentiation and the known system model f(x),
thereby reducing the size of the hypothesis space and reliably facilitating extrapolation into unseen state regions.
This observation validates the theoretical arguments of Section 6.

8 Code: github.com/Centre-automatique-et-systemes/learn_observe_KKL.
9 Code: |github. com/KYMiao/L4DC_Neural_ODEs_Observer
10 Code: |github. com/jolindien-git/DeepKKL/tree/main/L4DC_2024
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Fig. 3. Estimation performance of KKL observers learned from different methods when the system is initialized outside the
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Fig. 4. Comparison of quantitative error metrics averaged over the 100 trials.
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Table 2
Computational times for training.

Method Training Time Relative Cost Computational Bottleneck
()
SPINN (our) 18.29 1x Sequential procedure and computation of PDE
Jacobian Vﬂl
AE 7.68 0.42x Simple regression
NODE 219.97 12.03x Numerical ODE integration per forward pass
DMF 7.69 0.42x Simple regression

The unsupervised AE [15] and DMF [42] methods also exhibit reasonable generalization performance. NODE [36]
performs relatively worse in this test. This is because it handles unknown dynamics simultaneously with the unknown
state. Since the system model is learned from limited training data in the domain [—1,1]"* without any physics
knowledge guiding the training in the hypothesis space, the learned model fails to generalize when tested on the
unseen domain [—3, 3]". This model identification error, in turn, contaminates the observer’s performance. Note that
it is an expected limitation of simultaneous model identification and state estimation in a limited-data regime. On
the other hand, the DMF method [42], which is also model-free, benefits from a streamlined learning objective that
directly targets the KKL injectivity property, without inheriting the costly burden of learning the system dynamics
from data.

All models were trained on a MacBook Pro equipped with the Apple M3 Max, featuring a 16-core CPU (12 per-
formance cores and 4 efficiency cores) and a 40-core GPU. The system utilizes 128 GB of unified memory with a
memory bandwidth of 400 GB/s. The total training times for the 15 epochs (or equivalent iterations) are reported in
Table 2. The unsupervised AE [15] and deep model-free [42] methods are the most efficient (~7.7s). Their objective
functions rely solely on algebraic reconstruction losses, allowing for extremely fast backpropagation. Our method
(SPINN) required approximately 2.4x (~18.3s) the training time of these methods. This overhead is the direct cost

of the physics-informed constraint: evaluating the PDE residual requires computing the Jacobian %Z; via automatic

differentiation at every step. However, this cost is constant and leads to the significant generalization gains observed
in Fig. 4. The neural ODE method [36] is orders of magnitude slower (~220s). This is because every forward pass of
the network requires a numerical ODE solver to integrate the learned neural ODE dynamics over time. Backpropa-
gating through this solver (or using the adjoint method) is computationally expensive, making the NODE method
less suitable for scenarios that require rapid retraining or real-time adaptation.

9 Conclusion

We proposed a learning-based method for designing KKL observers for autonomous nonlinear systems. We trained
neural networks using synthetically generated data to approximate the transformation map and its inverse, which
are required for synthesizing a KKL observer. Instead of simultaneously learning the transformation and its inverse,
we proposed learning them sequentially to avoid conflicting gradients during training and improve accuracy. First,
the transformation map is learned by a physics-informed neural network that incorporates the PDE associated with
the KKL observer via automatic differentiation. Then, by generating new data and using the learned transformation
map to produce corresponding features, a second neural network learns the inverse map by minimizing the empirical

reconstruction risk.

Theoretically, we provided non-asymptotic generalization bounds for the learned KKL observer. We proved that
minimizing the empirical risk guarantees the input-to-state stability of the state estimation error with respect to ap-
proximation errors and system uncertainties. The effectiveness of our approach was validated through comprehensive
state estimation experiments across multiple benchmark systems. We demonstrated the generalization capability of
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the learned KKL observer by comparing it with the state-of-the-art methods. The excellent performance is due to
that the PDE constraint serves as a physically consistent inductive bias that effectively reduces the hypothesis space
for neural networks, enabling extrapolation where purely data-driven methods fail.

Our future research will address some key open problems. The primary challenge lies in extending KKL observer
learning to non-autonomous and controlled nonlinear systems, where the transformation maps and their inverses are
time-varying. This temporal dependency results in time-dependent PDEs that probably require more complex neural
network architectures. Moreover, combining PINNs for system identification with observer design would address the
unknown system model scenario more robustly than current end-to-end learning methods. Finally, we will also
explore active learning to identify where in the state space the PDE residual is high and sample adaptively from
those regions, further reducing the data requirement.
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