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Distributed Prescribed-Time Observer for
Nonlinear Systems in Block-Triangular Form
Vincent de Heij , M. Umar B. Niazi , Karl H. Johansson , Fellow, IEEE, and Saeed Ahmed

Abstract—This letter proposes a design of a distributed
prescribed-time observer for nonlinear systems repre-
sentable in a block-triangular observable canonical form.
Using a weighted average of neighbor estimates exchanged
over a strongly connected digraph, each observer esti-
mates the system state despite the limited observability
of local sensor measurements. The proposed design
guarantees that distributed state estimation errors con-
verge to zero at a user-specified convergence time,
irrespective of observers’ initial conditions. To achieve
this prescribed-time convergence, distributed observers
implement time-varying local output injection gains that
monotonically increase and approach infinity at the
prescribed time. The theoretical convergence is rigorously
proven and validated through numerical simulations, where
some implementation issues due to increasing gains have
also been clarified.

Index Terms—Distributed observers, sensor networks,
prescribed-time state estimation, nonlinear systems.

I. INTRODUCTION

D ISTRIBUTED state estimation involves estimating the
state of a dynamical system through a network of

spatially distributed observers, where the sensor of each
observer can measure only a partial state. Due to the
limited observability of local sensors, individual observers
cannot independently reconstruct the system state. Therefore,
observers employ information exchanged by their neighbors
over a communication network to achieve full state estimation,
as illustrated in Fig. 1. Such distributed approaches have
emerged as a promising alternative to centralized methods for
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Fig. 1. Framework of distributed state estimation.

state estimation, offering significant advantages in scalability,
resilience, privacy, and communication efficiency [1].

For linear systems, seminal papers [2] and [3] studied dis-
tributed Kalman filtering problem, motivating developments of
distributed Luenberger observers [4], [5], [6], [7] in determin-
istic settings. Extensions to finite-time distributed observers,
such as [8], [9], aim to estimate the state of a linear system up
to a certain accuracy within a finite time, which depends on
the system’s initial condition. A more recent approach in [10]
proposes a kernel-based method for distributed state estimation
to achieve fixed-time convergence of the state estimate for a
linear system, where the convergence time is independent of
the system’s initial condition.

Distributed observers for nonlinear systems represent
a significant advancement in the field. A distributed
Luenberger-like observer asymptotically estimating the state
of autonomous nonlinear systems is proposed in [11]. For
controlled nonlinear systems, [12] proposes a distributed
observer by adapting methods from [4] and [7]. However, these
methods ensure only asymptotic convergence of the estimate
to the system state.

In this letter, we are interested in distributed observers that
can estimate the state within finite time, which is prescribed by
the user and is independent of the system’s initial condition.
This is because, in practical applications, especially those
with uncertain initial conditions, achieving an accurate state
estimate within a prescribed time is critical to meet control
objectives. Existing methods for finite-time state estimation
often have convergence times that depend on the system’s
initial conditions, which may be unavailable, inaccurate, or
confidential in practical applications; whereas methods for
fixed-time state estimation have convergence times that depend
on observer parameters (see [10]) and cannot be chosen
arbitrarily by the user. On the other hand, the prescribed-time
state estimation offers a compelling alternative, as it allows the
user to a priori specify the convergence time independently
of the initial condition.
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Centralized prescribed-time observers for linear and nonlin-
ear systems in triangular forms are proposed in [13] and [14],
respectively, which employ time-varying gains that approach
infinity at the prescribed time. To the best of our knowledge,
the problem of distributed prescribed-time state estimation of
nonlinear systems remains unresolved in current literature.
While [15] attempted to address this problem, this letter
contains critical errors as pointed out in [16, Appendix C].

In this letter, we address the distributed prescribed-time
state estimation problem for nonlinear systems in a block-
triangular observable canonical form [17], [18], [19]. Systems
in this form can be obtained by transforming nonlinear systems
via a specific diffeomorphic map subject to the differential
observability condition [18], [20]. Our proposed distributed
observer allows users to specify an arbitrary convergence
time for state estimation, independent of initial conditions.
Because of the limited observability of local measurements,
observers communicate over a strongly connected directed
graph to estimate locally observable states through output
injection and unobservable states through consensus with their
neighbors. Using time-varying gains that approach infinity
near convergence time and synthesizing observer gains via
linear matrix inequalities, we prove convergence of the dis-
tributed state estimation errors to zero within the prescribed
time. We validate our results through numerical simulations
and also provide guidelines on the implementation issues due
to increasing time-varying gains.

II. PRELIMINARIES

Notations: Given A ∈ R
n×n, sym(A) := A + A�. The

Kronecker product between A and B is given by A ⊗ B. The
identity matrix of dimensions n × n is In, a vector of ones is
1n ∈ R

n×1, and a zero matrix is 0m×n ∈ R
m×n. A symmetric

matrix P = P� ∈ R
n×n is denoted as P ≥ 0 (resp., P ≤ 0)

if it is positive (resp., negative) semi-definite. For matrices
A1, . . . , AN , A = diag(A1, . . . , AN) denotes a block diagonal
matrix with Ai’s as diagonal blocks. A block diagonal matrix
comprising N copies of A is denoted by A = IN ⊗ A. The
vertical concatenation of v1 ∈ R

n1 , . . . , vN ∈ R
nN into a single

column vector is denoted by col(v1, . . . , vN).
Graph theory: A weighted directed graph is denoted by

G = (N , E,A) with N = {1, 2, . . . , N} the set of nodes,
E ⊂ N × N the set of edges, and A = [aij] ∈ R

N×N the
weighted adjacency matrix. The edge (i, j) ∈ E indicates that
node i receives information from node j. Each entry aij in
A denotes the weight associated with the edge (i, j), with
aij > 0 if and only if (i, j) ∈ E ; otherwise, aij = 0. A directed
path from node j to node i consists of a sequence of edges
(i, i1), . . . , (ik, j), for some integer k ≥ 1. A directed graph G
is called strongly connected if, for any i, j ∈ N , there exists a
directed path from j to i in E .

Given G is strongly connected, then (see
[7], [21], [22], [23]):

Fact 1: The Laplacian matrix L ∈ R
N×N of G has a zero

eigenvalue with the corresponding eigenvector 1N
and all other eigenvalues of L lie in C>0.

Fact 2: There exists a unique r = [r1 . . . rN
] ∈ R

1×N
>0 such

that rL = 01×N and r1N = N.
Fact 3: L̂ := RL+ L�R is positive semi-definite, where

R = diag(r1, . . . , rN). (1)

Moreover, 1�N L̂ = 0 and L̂1N = 0.

III. SYSTEM DEFINITION

Consider a nonlinear system

ẋ(t) = Ax(t)+ Bϕ(x(t))

yi(t) = Hix(t), i = 1, . . . , N (2)

where x(t) ∈ R
n is the state, yi(t) ∈ R is sensor i’s

measurement, and ϕ : R
n → R

N is a known function.
Specifically, the system comprises N ≤ n subsystems, where
the state of subsystem i is xi(t) ∈ R

ni with
∑N

i=1 ni = n.
Therefore, x(t) = col(x1(t), . . . , xN(t)) and

xi(t) = col
(
xi1(t), . . . , xi,ni(t)

)
, i = 1, . . . , N.

The nonlinearity ϕ is triangular, meaning

ϕ(x) = col(ϕ1(x1), ϕ2(x1, x2), . . . , ϕN(x1 . . . , xN)) (3)

where ϕi : Rn̄i → R with n̄i =∑i
j=1 nj.

Let H = col(H1, . . . , HN), where Hi ∈ R
1×n given by

Hi = [01×n1 . . . 01×ni−1 Hi 01×ni+1 . . . 01×nN

]

with Hi ∈ R
1×ni placed on the i-th block position. Notice

that yi(t) = Hix(t) = Hixi(t). The system matrices A ∈ R
n×n,

B ∈ R
n×N , and H ∈ R

N×n are given by

A = diag(A1, . . . , AN), B = diag(B1, . . . , BN),

H = diag(H1, . . . , HN)

with Ai ∈ R
ni×ni , Bi ∈ R

ni×1, and Hi ∈ R
1×ni in observable

canonical form

Ai =
[

0(ni−1)×1 Ini−1
0 01×(ni−1)

]
, Bi =

[
0(ni−1)×1

1

]
,

Hi =
[
1 01×(ni−1)

]
.

Assumption 1: The function ϕi : R
n̄i → R, for i =

1, . . . , N, in (3) is Lipschitz continuous, i.e., there exists γi ∈
R≥0 such that for all x̄i, ω̄i ∈ R

n̄i , it holds that
∣
∣ϕi(x̄i + ω̄i)− ϕi(x̄i)

∣
∣ ≤ γi‖ω̄i‖ (4)

where x̄i := col(x1, . . . , xi) and ω̄i := col(ω1, . . . , ωi).
The communication network between the sensors is defined

by a weighted directed graph G = (N , E,A).
Assumption 2: G is strongly connected.
We further assume that the linear part of the system is jointly

observable. However, it must be noted that the class of systems
defined above becomes unobservable if any of the sensors are
removed. Therefore, all measurements yi(t), for i = 1, . . . , N,
must be utilized for state estimation (cf. [12]).

Assumption 3: rank [H� (HA)� . . . (HAn−1)�] = n.
Subject to the assumptions above, our objective is to

design a distributed estimation algorithm with N observers to
cooperatively determine the full state of x(t) of system (2)
within a finite time T > 0, which is prescribed by the user
arbitrarily and independent of the initial conditions.

IV. DESIGN PROBLEM

The distributed state estimation algorithm comprises N
observers, where each observer i can access only the mea-
surement of sensor i and a weighted combination of state
estimates of its neighboring observers according to the com-
munication network G. Let zi(t) ∈ R

n denote the state
estimate of observer i. Each observer i estimates the locally
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observable part of the state, xi(t), by using the local out-
put injection yi(t) − Hizi(t). The unobservable part of the
state, col(x1(t), . . . , xi−1(t), xi+1(t), . . . , xN(t)), is estimated
by seeking consensus with the neighboring observers, i.e.,∑

j aij[zi(t) − zj(t)]. In particular, we consider the following
architecture of the distributed observer

żi(t) = Azi(t)+ Bϕ
(
zi(t)

)+ �(t)Li[yi(t)− Hizi(t)
]

−μ1+m(t)ri

N∑

j=1

aij
[
zi(t)− zj(t))

]
, i = 1, . . . , N (5)

where zi(t) ∈ R
n denotes the full-state estimate of observer i.

The entry aij is the (i, j)-th entry of the adjacency matrix A
of G and ri is defined in Fact 2 in Section II. The distributed
observer design problem aims to find gains �(t) ∈ R

n×n
>0 ,

μ(t) ∈ R>0, and Li ∈ R
n such that a certain stability property

(to be defined later) of the state estimation error holds.

A. Coordinate Transformation and Time-Varying Gains
The state estimation error of observer i in (5) is defined as

ei(t) = x(t)− zi(t), i = 1, . . . , N.

Consider a time-varying coordinate transformation

ζ i(t) = �−1(t)ei(t)

where �(t) ∈ R
n×n
>0 is expressed as

�(t) := �(μ(t)) = diag(�1(μ(t)), . . . , �N(μ(t))) (6)

with �i(μ(t)) ∈ R
ni×ni , associated with subsystem i,

�i(t) := �i(μ(t)) = diag
(
μ1+m(t), . . . , μni(1+m)(t)

)
. (7)

Here, m ≥ 1 and μ:[t0, t0 + T)→ R>0 is defined as

μ(t) := μ(t; t0, T) = T

T + t0 − t
(8)

for some initial time t0 ∈ R≥0 and prescribed-time T ∈ R>0.
Notice that μ is parametrized by t0 and T . In (7), m is a design
parameter that controls the convergence speed, and μ(t) ∈
[1,∞) is a monotonically increasing function approaching
infinity as t→ t0+T . Consequently, its multiplicative inverse
1/μ(t) ∈ (0, 1] decreases monotonically to 0 as t→ t0 + T .

B. Prescribed-Time Convergence of Estimation Error
Let the vector of the state estimates of N observers be

z(t) = col(z1(t), . . . , zN(t)) and the corresponding distributed
state estimation error

e(t) = [1N ⊗ x(t)]− z(t). (9)

By taking the derivative of (9) and combining (2) and (5), we
obtain the error system as

ė(t) = �(t)e(t)+ B�	(t)− μ1+m(t)(RL⊗ In)e(t) (10)

where B = IN ⊗ B, L is the Laplacian matrix, R in (1), and

�	(t) = col
(
ϕ(x(t))− ϕ(z1(t)), . . . , ϕ(x(t))− ϕ(zN(t))

)
,

�(t) = diag(A− �(t)L1H1, . . . , A− �(t)LNHN).

Now, consider the transformed error

ζ(t) = �
−1

(t)e(t) (11)

where �(t) := IN ⊗ �(t). Taking its derivative yields

ζ̇ (t) = �̇
−1

(t)e(t)+ �
−1

(t)�e(t)+ �
−1

(t)B�	(t)

−μ1+m(t)�
−1

(t)(RL⊗ In)e(t).

Let Di = diag(1, 2, . . . , ni) and

A = IN ⊗ A, D = IN ⊗ diag(D1, . . . , DN),

L = diag(L1, . . . , LN), H = diag(H1, . . . , HN).
(12)

Since e(t) = �(t)ζ(t), and using the facts

�̇
−1

(t) = −�
−2

(t)�̇(t) = (1+ m)
μ(t)

T
D �
−1

(t),

�
−1

(t)A �(t) = μ1+m(t)A

we obtain

ζ̇ (t) = μ1+m(t)(A− LH − (RL⊗ In))ζ(t)

−(1+ m)
μ(t)

T
Dζ(t)+ �

−1
(t)B�	(t). (13)

Definition 1 (FGUAS [13]): A system ė = f (e, t) is fixed-
time, globally uniformly asymptotically stable over an interval
[t0, t0 + T) with T ∈ R>0 if there exists a class KL function1

β : R≥0 × R≥0 → R≥0 such that

‖e(t)‖ ≤ β(‖e(t0)‖, μ(t; t0, T)− 1), ∀t ∈ [t0, t0 + T) (14)

where μ(t; t0, T) is defined in (8).
Similar to [13], we employ the definition of fixed-time sta-

bility, which guarantees convergence within finite time T that
is independent of initial conditions. Prescribed-time observers
build upon this notion but via specific time-varying
gain (6) transform the fixed-time property into prescribed-
time behavior—i.e., for any arbitrary T prescribed by the user,
convergence is ensured at T rather than just before some
constant upper bound. Therefore, when a user can arbitrarily
select the fixed time T and the system continues to satisfy the
FGUAS property, we call the system to be prescribed-time,
globally uniformly asymptotically stable.

Our goal is to reconstruct the state before time t0 + T .
To this end, it is restrictive to satisfy (14) over the whole
interval [t0, t0+T). Therefore, inspired by the eventual stability
notion [24], we can relax Definition 1 as follows.

Definition 2 (E-FGUAS): A system ė = f (e, t) is eventually
fixed-time, globally uniformly asymptotically stable over an
interval [t0, t0 + T) if there exists t0 ≤ t∗ < t0 + T such
that ‖e(t)‖ < ∞, for all t ∈ [t0, t∗), and (14) holds for all
t ∈ [t∗, t0 + T).

Using Definition 2, we aim to develop a design criterion for
the distributed observer to ensure that the error system (10)
converges to zero as t→ t0+T . Since the time T is prescribed,
one can substitute “prescribed-time” for “fixed-time” in the
E-FGUAS property. However, showing stability within time
T for time-varying systems (10) and (13) constitutes a sta-
bility analysis problem rather than a stabilization problem.
Consequently, similar to [13], we utilize fixed-time stability
terminology and avoid using “prescribed-time stability” in our
analysis, though it should be understood implicitly that an
observer corresponding to an E-FGUAS error system achieves
state reconstruction within the prescribed time T .

1A function β: R≥0 × R≥0 → R≥0 is of class KL if (i) for each fixed
s ∈ R≥0, β(·, s) is continuous, zero at zero, and strictly increasing; and (ii) for
each fixed r ∈ R≥0, β(r, s)→ 0 as s→∞.
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V. MAIN RESULT

This section provides a design criterion for the distributed
prescribed-time observer (5) that achieves the E-FGUAS
property of error dynamics (10). Given the time-varying gains
�(t) and μ(t) in (6) and (8), one can synthesize local output
injection gains Li, for i = 1, . . . , N, using this criterion.

Theorem 1: Given an initial time t0 ∈ R≥0, the prescribed-
time T ∈ R>0, and μ(t; t0, T) as in (8), suppose there exist
symmetric positive definite matrices P1, . . . , PN ∈ R

n×n, row
vectors Q1, . . . , QN ∈ R

1×n, scalars ε1, ε2, ε3 ∈ R>0, and
μ∗ := μ(t∗), for some t∗ ∈ [t0, t0 + T), such that

sym
(

PA− Q�H − P(RL⊗ In)
)
+ ε1InN ≤ 0 (15a)

sym
(
PD
)− ε2InN ≥ 0 (15b)

P− ε3InN ≤ 0 (15c)

ε2 − 2ε3kf T

μ∗(1+ m)
≥ 0 (15d)

where P = diag(P1, . . . , PN), Q = diag(Q1, . . . , QN), R

is given in (1), kf =
√

N
∑N

i=1(niγi)2 with γi in (4), and

A, H, L, D in (12). Then, the error system (10) is E-FGUAS
over the interval [t0, t0 + T) with the observer gains given by

Li = P−1
i Q�i , i = 1, . . . , N. (16)

Before proving the theorem, we provide some remarks
regarding the feasibility of (15). Firstly, the feasibility of
LMI (15a) is guaranteed by the detectability of the pair
(H, A − (RL ⊗ In)), which holds when Assumption 2 and
Assumption 3 are satisfied [25]. This implies the existence
of symmetric positive definite matrices P1, . . . , PN satisfy-
ing (15a). However, additional requirements, i.e., LMIs (15b)
and (15c), and scalar condition (15d), restrict the search space
of feasible solutions P, but they are necessary for establishing
the E-FGUAS property.

Due to the required prescribed-time convergence, the
inequalities (15) may become infeasible at t0, where μ(t0) = 1.
Allowing a larger threshold μ∗ ≥ μ(t0) reduces conservatism
in ε2 and ensures feasibility. Since μ(t) increases to +∞ on
[t0, t0+T), it necessarily reaches μ∗ at some t∗ ∈ [t0, t0+T),
so the resulting design ensures the observer error converges
to zero strictly before t = t0 + T . This is the reason why it
is generally impossible, as also observed in [13], to establish
the FGUAS property of the error system (10) over the interval
[t0, t0 + T). However, one can show that there exists t∗ ∈
[t0, t0 + T) such that the system exhibits E-FGUAS property,
ensuring the error e(t)→ 0 as t→ t0 + T .

Proof of Theorem 1: We perform Lyapunov analysis
to show the E-FGUAS property of the transformed error
system (13) and then establish the E-FGUAS property of the
original error system (10). The proof is constructive in the
sense that we derive an explicit upper bound of the distributed
state estimation error that converges to zero as t→ t0 + T .

Let P = diag(P1, . . . , PN) with Pi ∈ R
n×n some positive

definite matrices. Consider a candidate Lyapunov function

V(ζ(t)) = ζ(t)�Pζ(t).

Define � := A− LH − (RL⊗ In). Then,

V̇(ζ(t)) = μ1+m(t)ζ(t)�
(
��P+ P�

)
ζ(t)

−(1+ m)
μ(t)

T
ζ(t)�

(
D
�

P+ PD
)
ζ(t)

+2ζ(t)�P�
−1

(t)B�	(t). (17)

From [16, Lemma 1], [26, Lemma 1], and [27, eq. (23)]:

2ζ(t)�P�
−1

(t)B�	(t) ≤ 2λmax(P)‖ζ(t)‖‖�−1
(t)B�	(t)‖

≤ 2kf λmax(P)‖ζ(t)‖2

where kf =
√

N
∑N

i=1(niγi)2. Using (15a), (15b), and (16), we
can upper bound (17) as

V̇(ζ(t)) ≤
(
− ε1μ

1+m(t)− ε2
(1+ m)μ(t)

T

+2kf λmax(P)

)
‖ζ(t)‖2. (18)

Firstly, to establish that ‖ζ(t)‖ remains bounded on [t0, t∗),
we can further upper bound (18) as

V̇(ζ(t)) ≤ 2kf λmax(P)‖ζ(t)‖2.
Since V(ζ ) > 0 for all ζ ∈ R

nN \ {0}, by integrating over
[t0, t), for t0 ≤ t < t∗, we obtain

V(ζ(t)) ≤ V(ζ(t0)) exp

(
2kf λmax(P)(t − t0)

λmin(P)

)
.

Secondly, we show ζ(t) satisfies (14) for t ∈ [t∗, t0 +
T). From (15c), we have λmax(P) ≤ ε3. Moreover, (15d)
guarantees that on the interval [t∗, t0 + T),

ε2
(1+ m)μ(t)

T
≥ 2kf ε3 ≥ 2kf λmax(P).

Therefore, for t ∈ [t∗, t0 + T), (15) implies

V̇(ζ(t)) ≤ −ε1μ
1+m(t)‖ζ(t)‖2.

Since V(ζ(t)) ≤ λmax(P)‖ζ(t)‖2, we have

V̇(ζ(t))

V(ζ(t))
≤ −ε1μ

1+m(t)

λmax(P)
, for ζ(t) �= 0.

Integrating over [t∗, t), for t∗ ≤ t ≤ t0 + T , we have
∫ t

t∗

V̇(ζ(τ ))

V(ζ(τ ))
dτ ≤

∫ t

t∗
−ε1μ

1+m(τ )

λmax(P)
dτ

= −ε1T
[
μm(t)− μm∗

]

mλmax(P)

where we used the fact that
d

dτ
μm(τ ) = m

T
μ1+m(τ ), μm(t∗) = μm∗ .

Since
∫ t

t∗
V̇(ζ(τ ))
V(ζ(τ ))

dτ = ln(
V(ζ(t))
V(ζ(t∗)) ), we obtain

V(ζ(t)) ≤ V(ζ(t∗)) exp

(

−ε1T
[
μm(t)− μm∗

]

mλmax(P)

)

.

Using λmin(P)‖ζ(t)‖2 ≤ V(ζ(t)) ≤ λmax(P)‖ζ(t)‖2, we obtain

‖ζ(t)‖ ≤
√

λmax(P)

λmin(P)
‖ζ (t∗)‖ exp

(

−ε1T
[
μm(t)− μm∗

]

2mλmax(P)

)

. (19)

The right-hand side of (19) can be written as

β(r, s(t)) = �r exp(−αs(t)) (20)

where r = ‖ζ(t∗)‖, s(t) = μm(t) − μm∗ , � =
√

λmax(P)
λmin(P)

, and

α = ε1T
2mλmax(P)

. For each fixed s(t), the function β(r, s(t)) is
strictly increasing in r with β(0, s(t)) = 0. For each fixed
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r, β(r, s(t)) → 0 because s(t) → ∞ and exp(−αs(t)) →
0 as t → t0 + T . Hence, β qualifies as a class KL
function, which by Definition 2 implies that the system (13) is
E-FGUAS.

Having established the bound for the transformed error
ζ(t), we now consider the original error e(t) = �(t)ζ(t),
where we have ‖e(t)‖ ≤ ‖�(t)‖‖ζ(t)‖. From (19), we
have

‖e(t)‖ ≤ �‖�(t)‖‖�−1
(t∗)‖‖e(t∗)‖ exp

(−α
[
μm(t)− μm∗

])

where

‖�(t)‖‖�−1
(t∗)‖ = μp(t)

μ1+m∗
with p = (1+ m) max(n1, . . . , nN). Therefore,

‖e(t)‖ ≤ �‖e(t∗)‖
μ1+m∗

exp
(
p ln μ(t)− α

[
μm(t)− μm∗

])
.

Since μm(t) = s(t)+ μm∗ , we can rewrite the right-hand side

βe(re, s) = �re

μ1+m∗

(
s(t)+ μm∗

) p
m exp(−αs(t))

where re = ‖e(t∗)‖. Again, for fixed s(t), βe is strictly
increasing in re with βe(0, s(t)) = 0. Moreover, as t→ t0+T ,
we have s(t) → ∞ due to μ(t) → ∞. Using L’Hôpital’s
rule, we have that exponential decay dominates polynomial
growth:

lim
s→∞

(
s+ μm∗

) p
m exp(−αs) = 0

implying βe(re, s(t))→ 0 as t→ t0 + T . Hence, βe qualifies
as a class KL function, which implies that the original error
system (10) is E-FGUAS.

Remark 1: The centralized prescribed-time observer in [14]
employs a proof strategy with similarities to our approach.
However, the proof of [14, Theorem 1] contains several math-
ematical errors, as described in [16, Appendix B]. Similarly, a
distributed prescribed-time observer in [15] relies on a wrong
lemma, which is also falsified in [16, Appendix C]. These
errors affect the validity of their stated results. We provide this
observation to clarify the distinctions between our work and
the existing literature, and to ensure mathematical rigor in this
developing field.

VI. NUMERICAL SIMULATIONS

To demonstrate the performance of the distributed observer,
we consider the example from [12], which is a four-agent
(N = 4) system of the form (2) given by

ẋ11 = x12, ẋ12 = −x11 + x12

(
1− x2

11

)

ẋ21 = − x21 − cos(x11)

ẋ31 = x32, ẋ32 = −2x31 + sin(x12)+ x21

ẋ41 = − x41

1+ x2
41

+ x31

y1 = x11, y2 = x21, y3 = x31, y4 = x41 (21)

where n1 = n3 = 2 and n2 = n4 = 1. The agents communicate
over a strongly connected directed graph illustrated in Fig. 2,
whose adjacency and Laplacian matrices are

Fig. 2. Directed graph for the example.

A =
⎡

⎢
⎣

0 1 0 1
0 0 1 0
1 1 0 0
1 0 0 0

⎤

⎥
⎦, L =

⎡

⎢
⎣

2 − 1 0 − 1
0 1 − 1 0
−1 − 1 2 0
−1 0 0 1

⎤

⎥
⎦.

The normalized positive left eigenvector of the Laplacian
matrix (see Fact 2) is computed to be r = [0.8 1.6 0.8 0.8

]
.

The system described by (21) is not globally Lipschitz over
R

n. However, (21) is smooth and its trajectories are bounded
inside a compact set X ⊂ R

n, i.e., it is forward complete
within X . Therefore, as also discussed in [12], the Lipschitz
condition is satisfied over the system’s state space X and our
approach is valid for this example. The Lipschitz constant of
the first subsystem is computed as γ1 ≈ 6 over t ∈ [0, 2]. The
remaining subsystems are globally Lipschitz, with γ2 = γ4 =√

2, and γ3 =
√

6. Therefore, from [16, Lemma 1], we get
kf ≈ 26.2.

For the distributed observer, we set the prescribed conver-
gence time T = 2 and convergence parameter m = 2. For
t0 = 0 and t∗ = 1.98, we obtain μ∗ = 100 from (8). We
find a feasible solution for the LMIs (15) using YALMIP with
Sedumi solver, where we obtain ε1 = 0.0045, ε2 = 0.3694,
and ε3 = 1.0046. The local observer gains (16) are

L1 = [5.8117 7.7697 0 0 0 0
]�

,

L2 = [0 0 1.3578 0 0 0
]�

,

L3 = [0 0 0 8.7002 9.3939 0
]�

,

L4 = [0 0 0 0 0 1.1797
]�

.

In the simulation, the initial state of the observed system is
set as x(t0) =

[
1 0 −1 2 0 −2

]� and z(t0) = 0nN .
All simulations are done with ode15s and the results are

illustrated in Fig. 3. The first plot presents the trajectories
of the observed system. The next four plots display the
trajectories of the local observer errors. It can be seen that
the errors converge to zero for the prescribed time T =
2. Finally, the last plot demonstrates convergence of the
observer estimate z1

12(t) for different m values for the unmea-
sured state x12(t). As m increases, the estimate converges
faster.

Remark 2 (Implementation): To mitigate numerical chal-
lenges arising from the diverging gains �,μ near T , practical
implementation strategies proposed by [13] include: (i) satu-
rating (e.g., when μmax = 1010) or disabling the gains once the
estimation error reaches an acceptable threshold; (ii) selecting
a slightly larger convergence time Tδ = T + δ (δ > 0) to
avoid singularities at t = T + t0); and (iii) implementing a
reset mechanism. Specifically, if at some time tstop we have
μ(tstop) = μmax, the observer is reinitialized by setting t0 ←
tstop and z(t0)← z(tstop).

VII. CONCLUSION

We presented a design for a distributed prescribed-time
observer for nonlinear systems in block-triangular observable
canonical form. Each local observer reconstructs the state
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Fig. 3. From top left to bottom right: the observed system, the errors of
local observers, the estimates z1

12(t) for various m.

within a user-specified time, regardless of initial conditions, by
communicating over a strongly connected graph and utilizing
time-varying, monotonically increasing gains. The significance
of this letter lies in establishing the first theoretically sound
framework for distributed prescribed-time observers for a
class of nonlinear systems. Unlike fixed-time approaches,
where convergence time depends on observer parameters,
our method allows the user to arbitrarily choose the desired
convergence time for the distributed observer to reconstruct the
state.

Several limitations remain to be addressed in future
research. The current framework does not account for
measurement noise, model uncertainties, communication
delays, or time-varying network topologies. Additionally,
exploring extensions to more general nonlinear system
classes and investigating the effect of time-varying gains
under noise measurements will be addressed next. Future
work will also focus on robust versions that maintain
performance guarantees under noisy and uncertain conditions.
Finally, while the observer operates in a distributed man-
ner, its design procedure requires centralized computation.
Developing a fully decentralized design methodology for this
distributed observer remains an important direction for future
research.

REFERENCES

[1] A. Tajer, S. Kar, and H. V. Poor, “Distributed state estimation:
A learning-based framework,” in Smart Grid Communications
and Networking. Cambridge, U.K.: Cambridge Univ., 2010,
pp. 191–202.

[2] R. Olfati-Saber, “Distributed Kalman filtering for sensor
networks,” in Proc. 46th IEEE Conf. Decision Control, 2007,
pp. 5492–5498.

[3] U. A. Khan and J. M. Moura, “Distributing the Kalman filter for
large-scale systems,” IEEE Trans. Signal Process., vol. 56, no. 10,
pp. 4919–4935, Oct. 2008.

[4] T. Kim, H. Shim, and D. D. Cho, “Distributed Luenberger
observer design,” in Proc. 55th IEEE Conf. Decision Control, 2016,
pp. 6928–6933.

[5] S. Park and N. C. Martins, “Design of distributed LTI observers for state
omniscience,” IEEE Trans. Autom. Control, vol. 62, no. 2, pp. 561–576,
Feb. 2017.

[6] L. Wang and A. Morse, “A distributed observer for a time-invariant linear
system,” IEEE Trans. Autom. Control, vol. 63, no. 7, pp. 2123–2130,
Jul. 2018.

[7] W. Han, H. Trentelman, Z. Wang, and Y. Shen, “A simple approach
to distributed observer design for linear systems,” IEEE Trans. Autom.
Control, vol. 64, no. 1, pp. 329–336, Jan. 2019.

[8] H. Silm, D. Efimov, W. Michiels, R. Ushirobira, and J.-P. Richard, “A
simple finite-time distributed observer design for linear time-invariant
systems,” Syst. Control Lett., vol. 141, Jul. 2020, Art. no. 104707.

[9] R. Ortega, E. Nuño, and A. Bobtsov, “Distributed observers for LTI
systems with finite convergence time: A parameter-estimation-based
approach,” IEEE Trans. Autom. Control, vol. 66, no. 10, pp. 4967–4974,
Oct. 2021.

[10] P. Ge, P. Li, B. Chen, and F. Teng, “Fixed-time convergent
distributed observer design of linear systems: A kernel-based
approach,” IEEE Trans. Autom. Control, vol. 68, no. 8, pp. 4932–4939,
Aug. 2023.

[11] S. Battilotti and M. Mekhail, “Distributed estimation for nonlinear
systems,” Automatica, vol. 107, pp. 562–573, Sep. 2019.

[12] Y. Wu, A. Isidori, and R. Lu, “On the design of distributed observers
for nonlinear systems,” IEEE Trans. Autom. Control, vol. 67, no. 7,
pp. 3229–3242, Jul. 2022.

[13] J. Holloway and M. Krstic, “Prescribed-time observers for linear systems
in observer canonical form,” IEEE Trans. Autom. Control, vol. 64, no. 9,
pp. 3905–3912, Sep. 2019.

[14] A. Adil, I. N’Doye, and T.-M. Laleg-Kirati, “Prescribed-time observer
design for nonlinear triangular systems with delayed measure-
ments,” IEEE Trans. Autom. Control, vol. 69, no. 11, pp. 8080–8087,
Nov. 2024.

[15] L. Chang, Q.-L. Han, X. Ge, C. Zhang, and X. Zhang, “On designing
distributed prescribed finite-time observers for strict-feedback nonlin-
ear systems,” IEEE Trans. Cybern., vol. 51, no. 9, pp. 4695–4706,
Sep. 2021.

[16] V. de Heij, M. U. B. Niazi, K. H. Johansson, and S. Ahmed, “Distributed
prescribed-time observer for nonlinear systems in block triangular form,”
2025, arXiv:2502.02669.

[17] J.-P. Gauthier and I. Kupka, Deterministic Observation Theory and
Applications. Cambridge, U.K.: Cambridge Univ., 2001.

[18] H. Shim, Y. I. Son, and J. H. Seo, “Semi-global observer for multi-output
nonlinear systems,” Syst. Control Lett., vol. 42, no. 3, pp. 233–244,
2001.

[19] H. Hammouri, G. Bornard, and K. Busawon, “High gain observer for
structured multi-output nonlinear systems,” IEEE Trans. Autom. Control,
vol. 55, no. 4, pp. 987–992, Apr. 2010.

[20] J.-P. Gauthier, H. Hammouri, and S. Othman, “A simple observer for
nonlinear systems applications to bioreactors,” IEEE Trans. Autom.
Control, vol. 37, no. 6, pp. 875–880, Jun. 1992.

[21] W. Yu, G. Chen, M. Cao, and J. Kurths, “Second-order consen-
sus for Multiagent systems with directed topologies and nonlinear
dynamics,” IEEE Trans. Syst., Man, Cybern., Part B, vol. 40, no. 3,
pp. 881–891, Jun. 2010.

[22] R. Olfati-Saber and R. Murray, “Consensus problems in networks of
agents with switching topology and time-delays,” IEEE Trans. Autom.
Control, vol. 49, no. 9, pp. 1520–1533, Sep. 2004.

[23] W. Ren and R. Beard, “Consensus seeking in multiagent systems
under dynamically changing interaction topologies,” IEEE Trans. Autom.
Control, vol. 50, no. 5, pp. 655–661, May 2005.

[24] J. LaSalle and R. Rath, “Eventual stability,” IFAC Proc. Vol., vol. 1,
no. 2, pp. 556–560, 1963.

[25] V. Ugrinovskii, “Conditions for detectability in distributed consensus-
based observer networks,” IEEE Trans. Autom. Control, vol. 58, no. 10,
pp. 2659–2664, Oct. 2013.

[26] A. Alessandri and A. Rossi, “Time-varying increasing-gain observers
for nonlinear systems,” Automatica, vol. 49, no. 9, pp. 2845–2852,
2013.

[27] A. Zemouche, F. Zhang, F. Mazenc, and R. Rajamani, “High-gain
nonlinear observer with lower tuning parameter,” IEEE Trans. Autom.
Control, vol. 64, no. 8, pp. 3194–3209, Aug. 2019.

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on January 08,2026 at 17:17:55 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Helvetica-Condensed-Bold
    /Helvetica-LightOblique
    /HelveticaNeue-Bold
    /HelveticaNeue-BoldItalic
    /HelveticaNeue-Condensed
    /HelveticaNeue-CondensedObl
    /HelveticaNeue-Italic
    /HelveticaNeueLightcon-LightCond
    /HelveticaNeue-MediumCond
    /HelveticaNeue-MediumCondObl
    /HelveticaNeue-Roman
    /HelveticaNeue-ThinCond
    /Helvetica-Oblique
    /HelvetisADF-Bold
    /HelvetisADF-BoldItalic
    /HelvetisADFCd-Bold
    /HelvetisADFCd-BoldItalic
    /HelvetisADFCd-Italic
    /HelvetisADFCd-Regular
    /HelvetisADFEx-Bold
    /HelvetisADFEx-BoldItalic
    /HelvetisADFEx-Italic
    /HelvetisADFEx-Regular
    /HelvetisADF-Italic
    /HelvetisADF-Regular
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


