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Continuous-time damping-based mirror descent for a class of non-convex
multi-player games with coupling constraints

Guanpu Chen, Kun Cao, Karl Henrik Johansson, and Yiguang Hong

Abstract— We study the computation of the global generalized
Nash equilibrium (GNE) for a class of non-convex multi-player
games, where players’ actions are subject to both local and
coupling constraints. Due to the non-convex payoff functions,
we employ canonical duality to reformulate the setting as a
complementary problem. Under given conditions, we reveal
the relation between the stationary point and the global
GNE. According to the convex-concave properties within the
complementary function, we propose a continuous-time mirror
descent to compute GNE by generating functions in the Bregman
divergence and the damping-based design. Then, we devise
several Lyapunov functions to prove that the trajectory along
the dynamics is bounded and convergent.

I. INTRODUCTION

Game theory fully leverages its advantages in multi-
player scenarios. The Nash equilibrium (NE) plays a pivotal
role, transcending disciplines such as applied mathematics,
computer science, engineering, and economics. This paper
studies a typical class of non-convex multi-player games.
Player ¢ minimizes its own payoff function J;(x;,x_;) :
RY" — R impacted by both the player’s own decision
x; € R" and others’ decisions &_; € RV—D"_ Specifically,
the players’ non-convex payoff structure is

Ji(xi, e i) = Vi(Ai(z5, 2 5)).

Here, A; : R¥™ — R% is a vector-valued nonlinear operator,
where A; = (Aj1, -+ ,A;g)7 and, for k € {1, ,q;},
Ak RN 5 Risa quadratic function in x;. Also, ¥, :
R?% — R is a canonical function [1] and VV¥; is a one-to-one
mapping from the primal space into the dual space.

This setting has been extensively explored in engineering
applications. For example, in sensor localization tasks [2], [3],
[4], z; is a non-anchor node localization, A; j, represents the
estimated distance between x; and x_;, while W; represents a
Euclidean norm to measure the error of the true distance and
the estimated distance. In robust neural network training
[5], [6], x; is the model parameter, A;j serves as the
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output of training data, and ¥, represents the cross-entropy
function. Moreover, this setting may also serve as inspiration
for addressing resource allocation problems in unmanned
vehicles [7] and secure transmission [8], where x; stands
for the transmit resources and V¥, denotes the transmission
cost together with A; j, which is a logarithmic-posynomial
function.

There exist several efficient tools to search for NE in
multi-player settings [9], [10], [11], [12]. They are, however,
restricted to convex payoff functions. For non-convex settings,
it is much harder to a global NE, because the aforementioned
methods become trapped in local NE or approximations. Also,
constrained problems represent a complex yet compelling
research domain. For local constraints, the most prevalent
approach involves incorporating projection operations into
algorithms. Moreover, coupling constraints present another
challenge in multi-agent settings, like resource allocation
tasks. In such scenarios, another acceptable concept of players
should be the generalized Nash equilibrium (GNE) [13],
since players’ strategies share common coupling constraints.
The primal-dual framework, connected with decoupling
techniques, has emerged as a popular methodology [14], [15],
[16]. However, the aforementioned approaches often overlook
the intricacies inherent within specific constraint structures.
Particularly, the time complexity involved in finding optimal
solutions with complex or high-dimensional constraints
necessitates the development of efficient approaches tailored
to special constraint structures, such as the unit simplex and
the Euclidean sphere [17].

The mirror descent (MD) method is an established tool to
overcome the aforementioned bottleneck. Initially introduced
in [18], MD is recognized as a generalization of (sub)gradient
methods. By mapping variables into a conjugate space
and leveraging the Bregman divergence, MD demonstrates
effectiveness in handling constraints with specific structures
[19], [20], [21]. This approach yields a faster convergence
rate compared to projected (sub)gradient descent algorithms
concerning problem dimensions [22], rendering it suitable for
addressing large-scale optimization problems. Undoubtedly,
as a pivotal tool, MD has played a crucial role in multi-agent
settings [23], [24].

The objective of this paper is to design a novel continuous-
time MD-based dynamics to compute GNE for a class of
non-convex multi-player games, where players’ actions are
subject to both local and coupling constraints. The main
contribution is threefold.

« We reformulate the non-convex setting with constraints

by a complementary problem via employing canonical
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duality theory. Under certain conditions on the domain
of the dual variables, it is shown that the stationary point
of the complementary function is a global GNE of the
non-convex game (Theorem 1).

o We propose a continuous-time MD-based dynamics (Al-
gorithm 1) to compute global GNE efficiently. Designing
Bregman damping terms in dynamics helps to ensure
that all variables are bounded.

« We provide a convergence analysis of the proposed
dynamics based on Lyapunov theory and the invariance
principle. Through Bregman divergence, we show that
the continuous-time dynamics converges to a stationary
point of the complementary function (Theorem 2).

The rest of this paper is organized in the following way.
Section II formulates the non-convex multi-player game.
Section III transforms the non-convex structures into a
complementary problem and shows a basic assumption.
Section IV proposes a novel damping-based continuous-time
MD to solve the problem. Section V shows the convergence
analysis of the algorithm. Section VI provides a numerical
experiment. Section VII summarizes the paper.

II. NON-CONVEX GAME FORMULATION

Consider a game G with multiple players in Z =
{1,--- N} defined as follows. For i € Z, the ith
player has an action variable x; € R" Let the pro-
file * = col{zy,...,ax} € R"™W, while z_; =
col{xy, - ,2—1,%iy1, - ,xn} stands for all players’ ac-
tions except the ith player. For constraints, player ¢’s action x;
is constrained locally in a compact and convex set €2; C R",
and thus denote 2 = Hfil ;. Also, consider more complex
coupling constraints, that is, players’ actions are subject to
both a convex function g(x) < 0 and an affined function
h(x) = 0. The coupling constraints usually come from
resource allocation conditions, which means that players’
decisions should admit shared resources [16], [11].

The ith player has a payoff function J;(z;,z_;) : 2 — R,
twice continuously differentiable in x;. Specifically, we are
interested in the following non-convex payoff

Ji(xi, ;) = V(A (x4, ;). 1

Notice that A; : RN — ©; C R% is a vector-valued operator
with A; = (Ai,la"' 7Ai’qi)T. For k € {1, 7Qi}s each
Aig e RV 5 R is quadratic in z;, whose second-order
partial derivative in z; is x-free, e.g., A; = xZTAi,kxi +
Do oy ziTBi,kasj. Additionally, the function ¥; : ©; — R is
called a convex canonical function [1], with gradient VU, :
©; — ©OF being a one-to-one mapping. Such non-convex
structures play an important role in many applications like
robust network training [5] and sensor localization [2], [4].

Remark 1: Let ¥, = Zje/\/; AZinJ and A;; =
|z — ;||* — dij. Then, the payoff becomes J;(z;,@_;) =
Sjeni(llzi = a;]|> = d; ;)%, which is the widely accepted
payoffs in sensor localization problems [2], [3], [4], where
x; € §; is the non-anchor node’s location, . ; is its neighbors,
and d;; is the distance.

Therefore, given x_;, the ith player of game G tries to
solve the following problem:

min ¥, (A; (2, ;) 2

st x; €Q, g(x) <0, h(x)=0.

The following definition describes a solution to this problem.

Definition 1: A strategy profile =0 € € satisfying
g(x®) <0 and h(x®) = 0 is said to be a GNE of game G, if
for all i € Z and for any z; € ; satisfying g(x;, a:?l) <0
and h(mi,wgi) =0, we have

Ji(af,22;) < Jiwi, 22,). 3)

Within this non-convex game scenario, a generalized Nash
equilibrium (GNE) represents a strategic profile where each
player adopts their globally optimal strategy. In essence, this
concept of GNE aligns with a form of global NE, distinct
from local NE or stationary points [5], [25].

Clearly, in convex games, the predominant approach in-
volves computing (global) NE or GNE by exploring stationary
points [9], [11], as these two concepts are equivalent under
certain conditions. However, given this rugged geometric
complexity of the non-convex payoff function as highlighted
by [5], it is unrealistic to rely solely on stationary points to
discover a global GNE. Furthermore, due to the interdepen-
dence of constraints, seeking a GNE is even more challenging
than seeking an NE, as each player must consider not only
their own payoff but also the actions of others in relation to
shared resources.

With these challenges in mind, our objective in this paper
is to ascertain a global GNE for such a non-convex multi-
player model 2, and we embark on this exploration in the
subsequent discussions.

III. COMPLEMENTARY REFORMULATION

In this section, we will employ the canonical duality theory
to transform the non-convex game into a complementary
dual problem, and investigate the relationship between the
stationary points of the dual problem and the global GNE.

Let & = Aj(x;, ;) € ©; in the payoff function of (1)
as a canonical measure following the canonical functions.
Considering that ¥;(;) is convex, the one-to-one relation
o, = V¥, (&) + ©; — Of yields the structure of the
conjugate function ¥} : ©F — R. It is able to be defined
uniquely by the Legendre transformation [26]: ¥} (0;) =
¢To; — W, (&) . Take ¢ = col{oy, - ,on} and OF =
Hfil OF C R? with ¢ = va:l ¢;. As well, we introduce
two multipliers «, 3 for the coupling constraints. So far, the
modified complementary function I'; : @ x O xRxRT — R,
according to the canonical duality theory, is

Briefly, we will design dynamics according to the gradient
descent or ascent of I'; in the next section. Before designing
algorithms, we need to investigate the domain of vector o
since the set ®* is not accurate enough to ensure a good
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structure of I';. For 7 € Z, let
qi
Pi(o;) = Zkzl[ﬂi]kvii/\@k(%,foi)~

Because A; : 2 — O, is a quadratic operator and VgiAi is
x-free, P;(0;) is linearly combined of [o;];. Hence, define
the set

& =07 N {0 : Pi(0y) = k.1, }, )

where the scalar parameter £, > 0 and &7 = & x -+ x
@@K,r Since both €2; and ©; are convex sets, O is compact
consequently. Thus, é‘f is compact for ¢ € 7.

When o; € &7, the positive definiteness of P;(o;) and the
convexity of function ag(x) imply that T'; is convex with
respect to x;. Besides, the convexity of ¥,(&;) derives that
its Legendre conjugate ¥} (c;) is also convex. Hence, the
complementary function I'; is concave in o;. Also, I'; is
linear in either « or 5. This convex-concave property enables
us to investigate the optimality of the stationary points of (4).

To rationally use the convex-concave property of I';, we
need the following basic assumption.

Assumption 1: Set & is nonempty for i € Z.

Based on the above formulation, we obtain the following
result to reveal the relation between its stationary point and
the global GNE of the non-convex game (2)

Theorem 1: Under Assumption 1 and given a profile =,
if there exists the stationary point (=, o’? ,a?, 30) of Ty, for
i € T, satisfying O’? IS 6’;" and 0? =V, (Ai(wo)), then
x° is a GNE of game (2).

Proof. For the convenience of investigating the GNE, we need
to discuss the action variable within both local constraints
and coupling constraints. Given x_;, denote the constraint

El((l?_l) = {IZ cQ,: g(a:) <0, h(a:) = 0}

Since (29,00, a%, 3%) is a stationary point of Ty, it is not

A

hard to know
(09TV 0, Ni (28, 20 N (2 —20) >0, Va; € Ei(x)).
If o0 = VU, (Ai(x)), for any z; € Zi(22;), we can derive
(V0 (Ai(22) TV, Ay (20,22 ) (2 — 20) > 0,
which implies, by the chain rules,
(Va, Ji(z0, 2 N (z; — 20) >0, Va; € Z(2°,). (6)

This tells that 2¢ is a Nash stationary point of the original
game (2). Moreover, when o; € éj*, the positive definiteness
of P;(0;) and the convexity of function aig() imply that T';
is convex with respect to x;. Besides, due to the convexity

of U;, its Legendre conjugate ¥ is also convex [26], [27].

Therefore, the total complementary function I'; is concave in
canonical dual variable ¢;. In this light, we can obtain the
global optimality as below, for i € Z and z; € Z;(x°,),

—1

FZ‘(Z‘?,G?,QT?,NO[O,BO) S Fi(xiva-?axgﬂaowgo)- (7)

Get together the relations (6) and (7) and it confirms that xz°
is the global GNE of (2), which completes the proof. |

IV. DAMPING-BASED MIRROR DESCENT

In spite of the above complementary function handling the
coupled constraints, to design efficient dynamics, we also
need to notice the local constraints. Usually, sets €2; and &f
can be equipped with structures in specific tasks. We intend
to employ conjugate properties of the generating functions
within Bregman divergence to design ODE flows.

Take ¢;(x;) and ¢;(0;) as two generating functions. In
detail, ¢;(x;) is p-strongly convex and L,-smooth on €;,
while ¢;(0;) is po-strongly convex and L,-smooth on &F.
It follows from the Fenchel inequality [20] that the Legendre
conjugates ¢ and (o} are convex and differentiable. Then, for
Yi € Rn’ denote (b;k (yz) £ mlnxleﬂl{_xfyz+¢z(xl)} Anal-
ogously, for v; € R%, denote ¢} (1;) £ min,, .+ {—0] v; +
©i(c:)}. Accordingly, their conjugate gradients yield

Vi (y:) = argmin, g, {—»T;‘Fyz + ¢i(zi)}, (8)
Vi (vi) = argmin, ¢ g+ {~0]vi + pi(0:)}. (9

On this basis, for each player ¢ € Z, the continuous-time
MD for seeking a global GNE of the non-convex multi-player
game (2) is proposed in Algorithm 1. We drop the time ¢ in
the dynamics for a concise expression.

Algorithm 1
Input: generating functions ¢; on ; and ; on &,
Initialize: for i € Z, yz(O) = Yi0 € R™, Vi(O) = v € R%,
and s(0) = sp € R, B(0) = By € R.
: for i € 7 do
Yi =07 Vi, Ni @)—BVo, h@)—aVy, g@)+ Vi (2:)—y;
v = N () =V (0:)+ V(o) —vi
0; = V5
end for
s=g(x)+a—s
B = h(z)

a=[s]T

R A A R o S e

We provide an elucidation for designing the continuous-
time MD Algorithm 1. Firstly, we devise the dynamics for
yi(t) and v;(t) in dual spaces by leveraging the stationary
conditions. The dynamic evolution of y; and v; is influenced
not only by player i’s own decision, but also by the knowledge
of other players’ decisions x_; contained in A; and its
partial derivative. Then —0,,1; = —ol V., Ai(xi, x_;) —
BV, h(x) — aV,,g(x) for the dynamics of y; and 9,,T; =
Ai(xi,x_;) — VU (0;) for the dynamics of v; represent the
directions of gradient descent and ascent along I'; in (4),
respectively.

Inspired by [24], terms V¢;(x;) and V¢, (0o;) are intro-
duced as Bregman dampings. Specifically, they not only serve
as modified terms to restrict the update directions of y;
and v;, but also play a damping role to avoid y; and v;
going to infinity, respectively. Besides, we use conjugate
gradients V¢, and V7, the mapping from dual spaces
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TABLE I
CLOSED-FORM CONJUGATE GRADIENTS WITH DIFFERENT GENERATING FUNCTIONS.

Feasible set

Generating function Conjugate gradient

General convex set Q
Non-negative orthant R%
Simplex A" {zeRT:Y 2t =1}

Euclidean sphere B}, (w) {zeR™:||z—w|3<p}

sllzll3 argmin, o 3 [lz—y||?
Smiatlog(z)—z' exp(y)

T log( ) CO]{%}l:l
—/p?—[lz—wl3 pylV1+l3] ! —w

back to primal spaces, to update x;(t) and o;(¢), which
play the role of output feedback in system dynamics. The
mappings facilitated by conjugate gradients V¢; and Vi are
established on valid generating functions. This design enables
explicit mappings between dual and primal spaces, allowing
for flexible management of various constraint conditions
and yielding an efficient algorithm for practical computing.
Interested readers can refer to Table I for more structures.
Remark 2: Though the proposed continuous-time MD is
a centralized algorithm, it is possible to deploy it upon
distributed schemes since the setting can be considered as a
multi-agent system. Players would have their own counterparts
a; and §;, and they need to communicate with neighbors to
synchronize the multipliers. This modification would result
in the pursuit of the concept of variational GNE (vGNE), and
additional dynamics for making consensus are required.

V. DYNAMICS ANALYSIS

In this section, we will give a convergence analysis of the
proposed continuous-time MD Algorithm 1. We will also
point out how to utilize the convergent points to achieve a
global GNE of the original non-convex game (2).

Similarly to x and o, compactly denote y € R™N
and v € RY% Denote the profile of all A; by A(x) =

col {A; (z;, @ _ )}fv . » and the augmented partial derivative
profile by Q(z,0) = col{o VA, (2, @ )} -y Take
VU () = col{V¢; }[L,, Vg() = col{ Vs, 9( JHY,, and

Vh(z) = col{Vy,h(z)}L,
and the pseudo-gradient

Q(x,0) + aVyg(x) + fVh(z)
—A(x) + VU* (o)

9(x)

h(z)
So far, we can get the following convergence result.

Theorem 2: Under Assumption 1, the dynamics of Algo-

rithm 1 is bounded and converges to a stationary point of T';
for each 7 € 7.
Proof. (i) We first prove that the trajectory is bounded along
Algorithm 1. Construct a Lyapunov candidate function as

. Also define z = (z,0,,()

F(z) = (10)

Vi= ZD¢* y“yz)"i'D = (v, z<>)

=1

1
%)+ 518 - 8017,

15

where Bregman divergences therein are expressed as

Dy (yi,y0) = 67 (i) — &7 (u) — Vor ) (i — vP),
Dy: (vi,vf) = @f (i) — of (110) = Vi () (v = 19).

Consider Dy: (yz,yZ ) for ¢ € Z. Since z; = V¢! (y;) and
0 =Ver (yl ), it follows from V¢ in (8) that

;i (i) = alyi — dilxi)s 97 () = 20Tyl — dila?).
(11)
Thus, by (11), we get
Dy (yi, 00) = ¢i(af) — di(wi) — (7 — )"y

Since ¢; is ,um-strongly convex on (2;, we derive
> 2 )T (Vo(xi) = yi)-

In fact, Vo (y;) = argmin, g, {—a:Tyi + ¢i(z)}. Due to
the optimality of V¢! (y;) and the convexity of ¢;,

0< (20 — )T (Vi (1)

Dtﬁ*(yuyl) sz_mOH Q_

— i) - (12)

Thus, N
> Do: (i) > 7 o — 2|

Similarly, we can derive

N

> Dy i) 2 B2

i=1

2
lo ="

As a result,

Vi 2 plllz—2® | +llo—o | +lla—a® |+ 8-,
where p = min{u, /2, u,/2,1/2}. Therefore, V; is positive
semi-definite, and V; = 0 if and only if * = z°, o = 09,
a =a®, and B = B°. Moreover, V; is radially unbounded
in z(t), o(t), a(t), and B(t).

(i1)) We investigate the derivative of V; along Algorithm 1.

d N N

V1) = D (@i —ad) hs(t) + D (05— o) vilt)
i=1 i=1
+(a—a%)(g(x) + a —s) + (8= 5)h(=).

We employ the compact form for a concise statement. Hence,

Tyt = (2 - 20)TF(2) + (w — 2°)T (Vo) — )

a@
+ (o -0 (Ve(o) —v).
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Recall that (12) actually reveals
(@-2°)" (Vo(z)-y) <0, (0-0°)" (Ve(o) ~v) <0,

By the first-order condition of 29, we have 42
(z - 2°)" F(z°) > 0. (14)

Thus, (13) and (14) yield a further scaling
Vi < —(z - 20T (F(z) — F(z°)). (15)

With the guarantee of Assumption 1, the pseudo-gradient F'
is monotone in z, which yields

Vi < —rg|@ - 2?|* <0. (16)

Since Vi is radially unbounded, the trajectories of
x(t),o(t),a(t), and 5(t) are bounded along the continuous-
time MD Algorithm 1.

(iii) We show that y(¢), v(t) and s(t) are bounded. Take
another Lyapunov candidate function as V5 = 1||y||?, which
is radially unbounded in y. Along the trajectory, the derivative
of V5 satisfies

Vo < —llyl” +pillyl = —2V2 + p1v/2Va.

Here p; is a positive constant because «, o, o and 3 have
been proved to be bounded. It can be easily verified that V5
is bounded, so is y(t). Analogously, we can prove that v(t)
and s(t) are bounded.

@iv) Now let us investigate the  set
{(z,y,0,v,0,5,8): 4V, =0}, and take I, as its largest
invariant subset. It follows from the invariance principle [28,
Theorem 2.41] that (x,y,0,v,a,s,8) — I, as t — oo,
and I, is a positive invariant set. Then it follows from the
derivation in (16) that I, C {(@,y,0o,v): x =x°}. This
indicates that any trajectory along Algorithm 1 results in
x(t) — x° as t — oo. Thus, we complete the proof. O

Remark 3: Based on the theoretical results presented
above, our work surpasses several obstacles compared to
existing research. Unlike convex optimization problems
addressed by continuous-time MD in [23], [24], we expand
the dynamics design to non-convex settings and effectively
compute global GNE under player interaction and interference.
In contrast to non-convex game problems [29], [30], we tackle
scenarios with coupling constraints to apply the MD approach
in a more generalized formulation.

At the end of this section, we summarized the aforemen-
tioned procedure to facilitate understanding. First, we check
if set <§’i+ is nonempty once the problem is given. Second,
we compute the solution via the continuous-time dynamics
Algorithm 1, wherein the variable o; is restricted on the
nonempty (ST“. Third, we identify that if the convergent point
satisfies the duality relation o = V¥, (A;(z?)), then it
implies a global GNE.

VI. NUMERICAL EXPERIMENT

Consider a sensor localization problem [2], [3] with N =
10 sensor nodes, seeing the illustration in Fig.1. The sensor ¢’s
position x; is unknown while the anchor node k’s position ay,

x .
Ztmé ~ \
9 | &

0
ap T~ M- Zj
(o]
Fig. 1. Tllustration of the sensor localization problem setting
is known. For i € Z, the position strategy set €2; is equipped
with a unit square form Q; = {x; € R? : zpin < x4 <
ZTmax t for { = 1,2. Also, all position strategies need to be

restricted in coupling regions C; < 3.y xy < C;". The
non-convex payoff function is
Ji@iwos) = 3 (s — a2 — d2)?
JEN?
K
+ D (i — axll? = ) + 3 llal .
keN]

The first term measures the localization accuracy between
sensor i and its neighbor j € N, The second term is another
localization measurement between sensor ¢ and its neighbor
anchor k € N. The last term is a regularization.

The problem can be regarded as a potential game and all
players share the same dual variable o. Then,

ET=0"N{0o: P(o)+ kIny = kzInn}

)

Note that the global GNE x° represents the localization
accuracy for all sensors. Deduced by the dual relation crf> =
VU, (Ai(x?)), we have

s o Q12 2\ -
0ij = 2(||lx7 — Z; I - dij) =0,V(3,]) € &ss,

o, =2(||zf — apl]* — €3,) = 0,Y(i, k) € Eqs.

These indicate that dual variables 0© corresponding to the
global NE z? is subject to 0¥ = 0, where q = |Ess| + |Eas|.
Since 0, € &7, we can replace & in (17) with a
simple unit square constraint &+ = [0, D]? in the practical
implementation, where D is a positive constant to reduce
the computa;ional complexity. Take generating functions
bi(zi) = lzl(%‘,l
2;,1)108(Tmas — ;1) and (o) = i[lof|3. The distance
parameters d;; are randomly chosen from a compact region
[5,10]. We randomly generate three different initial points to
check the convergence.

- xmzn) log(xi,l - Imin) + (xmaz -

We compare Algorithm 1 with several developed methods
for multi-player games, including projected gradient descent
(PGD) [11], penalty-based methods [9], stochastic gradient
descent (SGD) [31], and gradient-proximal methods [32]. In
Fig. 2 (a) and (b), we check two cases in view of a fixed
player’s decision. In the first case 9, = 3, all methods
locate the sensors accurately. Nevertheless, with the other
initial conditions z{; = 0, the advantage of Algorithm 1
is outstanding that only Algorithm 1 still converges to the
global GNE, while other methods can not guarantee this. This
validates our theoretical results.
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Fig. 2. Convergence results with different initial conditions

VII. CONCLUSION

We considered a non-convex game with players’ both local
and coupling constraints. We reformulated the problem with
a complementary function and established the connection
between stationary points and the global GNE. We proposed
a novel continuous-time MD by leveraging Bregman damp-

ing.

We demonstrated that trajectories along the dynamics

remain bounded and convergent. Experiments evaluated our
theoretical results. The idea in this paper will naturally guide
a distributed design in our ongoing work.
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