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Abstract We review the classical Cauchy—Kovalevskaya theorem and the related uniqueness
theorem of Holmgren, in the simple setting of powers of the Laplacian and a smooth curve
segment in the plane. As a local problem, the Cauchy—Kovalevskaya and Holmgren theorems
supply a complete answer to the existence and uniqueness issues. Here, we consider a global
uniqueness problem of Holmgren’s type. Perhaps surprisingly, we obtain a connection with
the theory of quadrature identities, which demonstrates that rather subtle algebraic properties
of the curve come into play. For instance, if €2 is the interior domain of an ellipse, and /
is a proper arc of the ellipse d€2, then there exists a nontrivial biharmonic function u in €2
which is three-flat on 7 (i.e., all partial derivatives of u of order < 2 vanish on 7) if and only
if the ellipse is a circle. Another instance of the same phenomenon is that if € is bounded
and simply connected with C*°-smooth Jordan curve boundary, and if the arc / C 0Q is
nowhere real-analytic, then we have local uniqueness already with sub-Cauchy data: if a
function is biharmonic in O N €2 for some planar neighborhood O of I, and is three-flat on 7,
then it vanishes identically on O N 2, provided that O N 2 is connected. Finally, we consider
a three-dimensional setting, and analyze it partially using analogues of the square of the
standard 2 x 2 Cauchy—Riemann operator. In a special case when the domain is of periodized
cylindrical type, we find a connection with the massive Laplacian [the Helmholz operator
with imaginary wave number] and the theory of generalized analytic (or pseudoanalytic)
functions of Bers and Vekua.
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358 H. Hedenmalm

1 Introduction
1.1 Basic notation

Let
CEEE
=+,
9x2  9y?
denote the Laplacian and the area element, respectively. Here, z = x + iy is the standard

decomposition into real and imaginary parts. We let C denote the complex plane. We also
need the standard complex differential operators

510 +,a ; 10 9
=—\—+t1—), =—\— -1,
T 2\ox oy T 2\ax oy

so that A factors as A = 49.9,. We sometimes drop indication of the differentiation variable
z. A function u on a domain is harmonic if Au = 0 on the domain. Similarly, for a positive
integer N, the function u is N-harmonic if ANu = 0 on the domain in question.

dA(z) := dxdy,

1.2 The theorems of Cauchy—Kovalevskaya and Holmgren for powers
of the Laplacian

Let €2 be a bounded simply connected domain in the plane C with smooth boundary. We let
d, denote the operation of taking the normal derivative. For j = 1, 2, 3, ..., we let 3, denote
the j-th order normal derivative. Here, we understand those higher derivatives in terms of
higher derivatives of the restriction of the function to the line normal to the boundary at the
given boundary point. We consider the Cauchy—Kovalevskaya theorem for powers of the
Laplacian AN, where N = 1,2,3.. ..

Theorem 1.1 (Cauchy—Kovalevskaya) Suppose I is a real-analytic nontrivial arc of 9%2.
Then if f}, for j = 1,...,2N, are real-analytic functions on I, there is a function u with
ANu = 0 in a (planar) neighborhood of I, having 3,{71u|1 = fiforj=1,...,2N. The
solution u is unique among the real-analytic functions.

Holmgren’s theorem (1901, [12]) gives uniqueness under less restrictive assumptions on
the data and the solution.

Theorem 1.2 (Holmgren) Suppose I is a real-analytic nontrivial arc of 0S2. Then if u is
smooth on a planar neighborhood © of I and AV u = 0 holds on © N Q, with 8,{_] ulr =0
Jorj=1,...,2N, then u(z) = 0 on O N2, provided that the open set O N 2 is connected.

As local statements, the theorems of Cauchy—Kovalevskaya and Holmgren complement
each other and supply a complete answer to the relevant existence and uniqueness issues.
However, it is often given that the solution u is global, that is, it solves ANu=0 throughout
2. It is then a reasonable question to ask whether this changes anything. For instance, in the
context of Holmgren’s theorem, may we reduce the boundary data information on / while
retaining the assertion that u vanishes identically? We may, e.g., choose to require a lower
degree of flatness along 7:

3 'ul; =0 for j=1,...,R, (1.1)

where 1 < R < 2N. We call (1.1) a condition of vanishing sub-Cauchy data.
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On the uniqueness theorem of Holmgren 359

Problem 1.3 (Global Holmgren problem) Suppose u is smooth in QU and solves ANy = 0
on 2 and has the flatness given by (1.1) on /, for some R = 1, ..., 2N. For which values of
R does it follow that u(z) = 0 on 7?

DIGRESSION ON THE GLOBAL HOLMGREN PROBLEM I. When R = 2N, we see that u(z) =
0 follows from Holmgren’s theorem, by choosing a suitable sequence of neighborhoods O.
Another instance is when R = N and I = 9€2. Indeed, in this case, we recognize in (1.1) the
vanishing of Dirichlet boundary data for the equation ANu = 0, which necessarily forces
u(z) = 0 given that we have a global solution. When R < N and I = 02, it is easy to
add additional smooth non-trivial Dirichlet boundary data to (1.1) and obtain a nontrivial
solution to A¥u = 0 on Q with (1.1). So for I = 32, we see that the assumptions imply
u(z) = 0if and only if N < R < 2N. It remains to analyze the case when I # 90<2. Then
either d\/ consists of a point, or it is an arc. When I # 92, we cannot expect that (1.1)
with R = N will be enough to force u to vanish on €2, Indeed, if d2\/ is a nontrivial arc,
we may add nontrivial smooth Dirichlet data on 92/ (1.1) and by solving the Dirichlet
problem we obtain a nontrivial function u with A¥u = 0 on Q having (1.1) with R = N.
Similarly, when 902\l consists of a single point, we may still obtain a nontrivial solution u
by supplying distributional Dirichlet boundary data which are supported at that single point.
So, to have a chance to get uniqueness, we must require that N < R < 2N. As the case
R = 2N follows from Holmgren’s theorem, the interesting interval is N < R < 2N. For
N = 1, this interval is empty. However, for N > 1 it is nonempty, and the problem becomes
interesting.

DIGRESSION ON THE GLOBAL HOLMGREN PROBLEM II. Holmgren’s theorem has a much
wider scope than what is presented here. It applies a wide range of linear partial differential
equations with real-analytic coefficients, provided that the given arc I is non-characteristic
(see [15]; we also refer the reader to the related work of Hormander [13]). So the results
obtained here suggest that we should replace AY by a more general linear partial differential
operator and see to what happens in the above global Holmgren problem. Naturally, the
properties of the given linear partial differential operator and the geometry of the arc 7 will
both influence the the answer.

1.3 Higher dimensions and nonlinear partial differential equations

The global Holmgren problem makes sense also in R”, and it is natural to look for a solution
there as well. Moreover, if we think of the global Holmgren problem as asking for uniqueness
of the solution for given (not necessarily vanishing) sub-Cauchy data, the problem makes
sense also for non-linear partial differential equations. We should note here that things can
get quite tricky in the nonlinear context. See, e.g., Métivier’s example of non-uniqueness
[17] (which is based on on Hérmander’s linear first order non-uniqueness example in the C*°
context [13]).

We refer the interested reader to Garding’s booklet for a survey of Holmgren’s theorem
with relevant historical references.

In Sect. 5, we analyze the biharmonic equation in three dimensions with respect to the
global Holmgren problem. Along the way, we obtain a factorization of the biharmonic oper-
ator A? as the product of two 3 x 3 differential operator matrices which are somewhat
analogous to the squares of the Cauchy—Riemann operators 9, , 3, from the two-dimensional
setting.
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360 H. Hedenmalm

1.4 The local Schwarz function of an arc

If an arc [ is real-analytically smooth, there exists an open neighborhood O of the arc and
a holomorphic function S; : O; — C such that S;(z) = z holds along /. This function
Sy is called the local Schwarz function. In fact, the existence of a local Schwarz function is
equivalent to real-analytic smoothness of the arc. It is possible to ask only for a so-called
one-sided Schwarz function, which need not be holomorphic in all of O; but only in O; N Q2
(the side which belongs to 2). Already the existence of a one-sided Schwarz function is
very restrictive on the local geometry of I [21]. To ensure uniqueness of the local Schwarz
function S; (including the one-sided setting), we shall assume that both O; and O; N Q2 are
connected open sets.

1.5 A condition which gives uniqueness for the global Holmgren problem

As before, we let Q2 be a bounded simply connected domain in the plane. We have obtained
the following criterion. In the statement, “nontrivial” means “not identically equal to 0.
Moreover, as above, we assume that the set O N Q—the domain of definition of the (one-
sided) Schwarz function—is connected.

Theorem 1.4 Suppose there exists a nontrivial function u : Q@ — C with ANu = 0 on €,
which extends to a C*N ~'-smooth function on Q U I, where I is a real-analytic arc of 9.
If R is an integer with N < R < 2N, and if u has the flatness given by (1.1) on I, then there
exists a nontrivial function of the form

Yz w) = yn@w" gy @uw T @), (1.2)
where each () is holomorphic in Q for j =1, ..., N, such that
W(z, w) = O(Jw — S *N) as w— S;(2), (1.3)
forz€e QNOy.

The above theorem asserts that w = S;(z) is the solution (root) of a polynomial equation
[over the ring of holomorphic functions on 2]

Wz, w) =Yy @Quw’ Uy 1 @QuN TP+ Y (2) = 0, (1.4)

and that W(z, w) has the indicated additional flatness along w = S;(z) if N +1 < R.
An equivalent way to express the flatness condition (1.3) is to say that w = S;(z) solves
simultaneously the system of equations

(N =1

o W w) = ——— v @u T+ (- D@ =0, j=1....R-N.
(N =) L3

The Eq. (1.4) results from considering j = 1 in (1.5). Let J, 1 < J < N, be the largest
integer such that the holomorphic function ¥ (z) is nontrivial. Since the expression ¥ (z, w)
is nontrivial, such an integer J must exist. As a polynomial equation in w, (1.4) will have
at most J — 1 roots for any fixed z € Q. Counting multiplicities, the number of roots is
constant and equal to J — 1, for points z €  where ¥;(z) # 0. At the exceptional points
where ¥ ;(z) = 0, the number of roots is smaller. With the possible exception of branch
points, where some of the roots coalesce, the roots define locally well-defined holomorphic
functions in Q\Z(yr;), where

Z(yy) ={z€Q: ¥;(2) =0}
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On the uniqueness theorem of Holmgren 361

If we take the system (1.5) into account, we see that / > R — N. Indeed, we may effectively
rewrite (1.5) in the form
o -=n!

W w) = Y @Quw T 4+ (- D) =0, j=1,....R—N,
JJ =D

andif / < R — N, we may plug in j = J into (1.6), which would result in
O Wz w) = (= DY) =0,

which cannot be solved by w = S;(z) [except on the zero set Z(1;)], a contradiction. We
think of (1.4) as saying that w = S;(z) is an algebraic expression over the ring of holomor-
phic functions on 2. In particular, the local Schwarz function S; extends to a multivalued
holomorphic function in £\ Z(y;) with branch cuts. So in particular S; makes sense not just
on QN Oy [this is an interior neighborhood of the arc 7], but more generally in Q \ Z(¢y), if
we allow for multivaluedness and branch cuts. The condition that w = S;(z) solves (1.4) is
therefore rather restrictive. To emphasize the implications of the above theorem, we formulate
a “negative version”.

Corollary 1.5 Let I be a real-analytically smooth arc of 02, and suppose that R is an
integer with N < R < 2N. Suppose in addition that the local Schwarz function Sy does not
solve the system (1.5) on Or N Q for any nontrivial function V(z, w) of the form (1.2). Then
every function function u on S, which extends to a C*N~'-smooth function on QU I, with
ANy = 0 on Q and flatness given by (1.1) on I, must be trivial: u(z) = 0.

In particular, for N = 2 and R = 3, the condition (1.3) says that w = S;(z) solves the
linear equation

Y2 (Dw +¥1(z) =0,
with solution

@)
V()

which expresses a meromorphic function in 2. We formulate this conclusion as a corollary.

w=S87(z) =

Corollary 1.6 Let I be a real-analytically smooth arc of 9<2, and suppose that the local
Schwarz function Sy does not extend to a meromorphic function on Q. Then every function
Sfunction u on 2, which extends to a C 3 _smooth function on Q U I, with A%y =00nQand
flatness given by

uly = dyul = dyul; =0,
must be trivial: u(z) = 0.

Remark 1.7 Corollary 1.6 should be compared with what can be said in the analogous situ-
ation in three dimensions (see Theorem 5.6 below).

It is well-known that having a local Schwarz function which extends meromorphically to
2 puts a strong rigidity condition on the arc /. For instance, if €2 is the domain interior to
an ellipse, and / is any nontrivial arc of 9€2 [i.e., of positive length], then S; extends to a
meromorphic function in 2 if and only if the ellipse is a circle. This means that the Global
Holmgren Problem gives uniqueness in this case, with N = 2 and R = 3, unless the ellipse
is circular. We formalize this as a corollary.
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362 H. Hedenmalm

Corollary 1.8 Suppose Q2 is the domain interior to an ellipse, and that I is a nontrivial arc
of the ellipse 9. Suppose u is C3-smooth in QU I, and A*u = 0 on Q. If u has

ul = dpul; = djul; =0,
then u(z) = 0 unless the ellipse is a circle.

Remark 1.9 The smoothness condition in Theorem 1.4 and Corollary 1.5 is somewhat exces-
sive. For instance, in Corollaries 1.6 and 1.8, the C3-smoothness assumption may be reduced
to C2-smoothness. The additional smoothness makes for an easy presentation by avoiding
technicalities.

1.6 Uniqueness results for arc-flat biharmonic functions for smooth arcs that are
nowhere real-analytic

In the global Holmgren problem, we asked when vanishing Cauchy data may be relaxed to
vanishing sub-Cauchy data (1.1) if we know that we have a global solution in the domain
Q2. In the local problem, no improvement was possible because the Cauchy—Kovalevskaya
theorem produces nontrivial solutions if we supply nontrivial (real-analytic) Cauchy data on
the arc 1. However, there is a way to suppress the effect: just assume the arc is C°°-smooth
and nowhere real-analytic. By this we mean that / has no nontrivial subarc which is real-
analytic. Then the Cauchy—Kovalevskaya theorem cannot be applied as stated. We recall the
standing assumption that 2 is bounded, simply connected, and has a C°°-smooth Jordan
curve boundary.

Theorem 1.10 Suppose I C 02 is an arc that is nowhere real-analytic. Let O be an open
planar neighborhood of I, such that O N Q is connected. Then every function function u on
O N, which extends to a C3—sm00thfuncti0n on (ONQUI, with A%>u = 00on ONQ and
flatness given by

ulp = dguls = dul; =0,
must be trivial: u(z) =0on O N Q.
1.7 Meromorphic Schwarz function and construction of arc-flat biharmonic
functions
Here, we study the necessity of the Schwarz function condition in Corollary 1.6.

Theorem 1.11 Suppose 92 is a C*-smooth Jordan curve, and that I C 992 is a real-
analytically smooth arc, such that the complementary arc SNl is nontrivial as well. If the
local Schwarz function Sy extends to a meromorphic function in Q with finitely many poles,
then there exists a nontrivial function u on Q, which extends C°°-smoothly to Q U I, with
A%y = 0 on Q and flatness given by

2
Lt|1 = 8,,u|1 = 3n1/l|1 =0.

Remark 1.12 When Q = D, the open unit disk, the Schwarz function for the boundary is
ST(z) = 1/z, which is a rational function, and in particular, meromorphic in D. So if / is a
nontrivial arc of the unit circle T = 0D, and T\/ is a nontrivial arc as well, then Theorem 1.11
tells us that there exists a nontrivial biharmonic function # on D which is C®°-smooth on
D U I and has the flatness

ulp =0, duul; =0, d7ul; =0.
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On the uniqueness theorem of Holmgren 363

In this case, an explicit function u can be found, which works for any nontrivial arc / C T
with I # T. Indeed, we may use a suitable rotation of the function

Ca—z»?
u(Z) - W

which is biharmonic with the required flatness except for a boundary singularity at z = 1.
This shows that the circle is exceptional in Corollary 1.8. We should mention here that the
above kernel u(z) appeared possibly for the first time in [1], and then later in [5] and [19].
Elias Stein pointed out that very similar kernels in the upper half plane appear in connection
with the theory of axially symmetric potentials [26].

)

Remark 1.13 Corollary 1.6 and Theorem 1.11 settle completely the issue of the Global
Holmgren problem for A? with the flatness condition (1.3) [for R = 3], in the case when
the meromorphic extension of the Schwarz function S; to 2 has finitely many poles. Most
likely this [technical] finiteness condition may be removed.

Moreover, it seems likely that there should exists an analogue of Theorem 1.11 which
applies to N > 2. More precisely, suppose that N < R < 2N, and that the local Schwarz
function w = S;(z) solves a polynomial equation system of Eq. (1.6) where the highest
order nontrivial coefficient ¥;(z) has only finitely many zeros in D, and that / C dQ is a
nontrivial real-analytically smooth arc whose complementary arc is nontrivial as well. Then
there should exist a nontrivial function # on € which is C*~!-smooth on Q U I with
ANu = 0 on Q having the flatness given by (1.3) on /.

As a corollary to Corollary 1.6 and Theorem 1.11, we obtain a complete resolution for
real-analytically smooth boundaries.

Corollary 1.14 Suppose 02 is a real-analytically smooth Jordan curve, and that I C 92
is a an arc, such that the complementary arc SNl is nontrivial as well. Then there exists a
nontrivial function u on Q, which extends C 2—smoothly 0 QU I, with A>u = 0 on Q and
flatness given by

2
Ll|[ = 3nu|1 = 8nu|1 = 0,
if and only if the local Schwarz function Sy extends to a meromorphic function in Q.

Remark 1.15 In the context of Corollary 1.14, the condition that the local Schwarz function
extend to a meromorphic function in €2 is the same as asking that Q2 be a quadrature domain
(see Sect. 4.1).

2 The proof of Theorem 1.4 and its corollaries
2.1 Almansi expansion

It is well-known that a function u which is N-harmonic on €, that is, has ANy = 0 on €,
has an Almansi expansion

2N-2

uz) = ui(2) + 1zlPua@) + - + 12*V 2un (2), 2.1

where the functions u ; are all harmonic in 2; the “coefficient functions” u ; are all uniquely
determined by the given function u. On the other hand, every function u of the form (2.1),
where the functions u; are harmonic, is N-harmonic.
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364 H. Hedenmalm

Proof of Theorem 1.4 The function u is N-harmonic in €2, and hence it has an Almansi
representation (2.1). Next, for j = 1, 2, 3, ..., we we consider the function

U@z) = agvu(z),

where 9, is the complex differentiation operator defined in Sect. 1.1. From the flatness
assumption on u, we know that

U@ =0, zel, j=1,...,R—N. 2.2)
Since
U@ =3YoNu) =4"ANu@) =0, zeqQ,
the Almansi representation for U has the special form
U@@) =U1() + @) + -+ 2V Un (),

where the functions U, j = 0, ..., N — 1 are all holomorphic in €2, and uniquely determined
by the function U. As u is assumed C2N=1_gmooth on QU I, the function U is C¥ ~!-smooth
on Q U /. In particular,

N
sj—1 Si—1 N zk— (k—1!
6! U(z) = gzk %(@-Z(k PGS 2.3)

is C2N=J_smooth on QU I for j = 1, ..., N. By plugging in j = N into (2.3), we find that
Uy is continuous on 2 U /. Next, if we plugin j = N — 1, we find that Uy _ is continuous
on © U I. Proceeding iteratively, we see that all the functions Uy are continuous on 2 U

(k=1,..., N). In terms the Almansi representation for U, the condition (2.2) reads
: 5 (k=)
éz‘lU(z)—Z T U =0, zel j=1,...R-N. (24

We now define the function W (z, w). We declare that ¥ (z) := U, (z), so that the function
W (z, w) is given by

N N
V(z, w) := Zl//k(z)wk_l = Z Uk(z)wk_l.

k=1

By differentiating iteratively with respect to w, we find that

N N (k ) N
07 W (z, w) =) Zm<z>w’<—1:2(k @ = Z U @uw*,
k=1 k=j k= /
so that
37 (z, w)| i k=D, ( k=j
A W) g o) = K@@, (2.5)

(k= j)!
and according to (2.4), the right hand side expression in (2.5) vanishes on the arc I for

j=1,...,R— N, as S;(z) = Z there. But the right hand side of (2.5) is holomorphic
on 2 N Oy and extends continuously to (2 U I) N O and apparently vanishes on / for
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On the uniqueness theorem of Holmgren 365

j=1,..., R— N, so by the boundary uniqueness theorem for holomorphic functions (e.g.,
Privalov’s theorem), the right hand side of (2.5) must vanish on Q N Oy:

3 "Wz )|, 0, zeQNO;, j=1,...,R—N.

=851

Thisis the system of Eq. (1.5), which by Taylor’s formula is equivalent to the flatness condition
(1.3).

It remains to be established that the function W (z, w) is nontrivial. Since, by construction,
W(z,7) = U(2), it is enough to show that U is nontrivial. We know by assumption that u
is nontrivial, and that 3ZN u = U while u has the flatness (1.1) along 7. If U is trivial, i.e.,
U(z) = 0, then BZN u = 0 which is an elliptic equation of order N and since R > N, the
flatness (1.1) entails that u(z) = 0, by Holmgren’s theorem (for the elliptic operator 9%).
This contradicts the nontriviality of «, and therefore refutes the putative assumption that U
was trivial. The proof is complete. O

Proof of Corollary 1.5 This is just the negative formulation of Theorem 1.4. O

Proof of Corollary 1.6 In this case where N = 2, the equation (1.4) is linear, so by The-
orem 1.4 with N = 2 and R = 3, the existence of a nontrivial biharmonic function on
with flatness (1.3) along I forces the local Schwarz function S; to extend meromorphically
to Q. O

Proof of Corollary 1.8 Itis well-known that the Schwarz function for an non-circular ellipse
develops a branch cut along the segment between the focal points (cf. [8,22]), so it cannot
in particular be meromorphic in €2. So, in view of Corollary 1.6, we must have u(z) = 0, as
claimed. O

3 Arcs that are nowhere real-analytic
3.1 Arc-flat biharmonic functions

We suppose u is C3-smooth on Q U I, where I C 9<2 is a nontrivial arc, and that u solves
the sub-Cauchy problem (O stands for an open connected planar neighborhood of 7 and we
assume O N Q is connected)

2 2
Aulong =0, ul; =0dul; =9d,ul; =0.

We make no particular assumptions on the arc 7, but we know 92 is a C°°-smooth Jordan
curve. As in the proof of Theorem 1.4, we form the associated function

U(z) == 8§u(z), 7€ 0N,
which is bianalytic:
_ - 1
32U (z) = 8707u(z) = 1—6A2u(z) =0, zeONQ.
As such, it has an Almansi-type decomposition U(z) = Ui(z) + zU2(z), where Uj is holo-
morphic on O N Q, for j = 1, 2. Since U, = 9, U, the smoothness assumptions on U entail

that U, extends continuously to (O N 2) U I, and, consequently, U; extends continuously to
(ONQ)UI as well.
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366 H. Hedenmalm

Proof of Theorem 1.10 We argue by contradiction, and assume that there exists a nontrivial
biharmonic function # on © N € which extends to a C3-smooth function on ©@ N Q with the
given flatness on /. As above, we form the function U (z) := Bzzu(z), which is bianalytic ONE2
and C!-smooth on (ONQ)UI. We putUs(z) := 5Z U (z), which s then a holomorphic function
on O N which extends continuously to (O N Q) U I. The function U; (z) := U(z) —zU2(2)
is also holomorphic on O N € and continuous on (O N ) U I. So the bianalytic function U
has the decomposition U (z) = U;(z) + zUz(z), where U;, j = 1, 2, are both holomorphic
on O N € and continuous on (O N Q) U I.

From the sub-Cauchy flatness on 7, we have that

U(z) =Ui(2) +zUa(2) =0, zel (3.1)

We suppose for the moment that the the analytic function U, — which is continuous on
(ON)UI —is nontrivial; then there must exist a nontrivial subarc I’ C I where U, (z) # 0
for z € I'. The function

Ui(z)
Uz (2)

Sp(z) == —

then has the following properties: (i) it is holomorphic in O’ N €, for some neighborhood
O of I, and (ii) it extends to a continuous function on (O’ N Q) U I’, with boundary values
S7(z) = z on I'. We conclude that S/ is a local one-sided Schwarz function. By Sakai’s
theorem [21], a C°°-smooth nowhere real-analytic arc cannot have a one-sided local Schwarz
function. This gives us a contradiction, and the assumption that U, was nontrivial must be
incorrect. So Uz (z) = 0on O'N, and by (3.1), U1 (z) = 0 on I, and the uniqueness theorem
for analytic functions gives that U;(z) = 0. We conclude that U (z) = 0, and the function u
solves the partial differential equation afu(z) = 0 on O N 2, which means that the complex
conjugate of u solves the same equation that U did, with even flatter data on the arc /. A
repetition of the above argument then gives that u(z) = 0, as claimed. O

4 Quadrature domains and the construction of arc-flat biharmonic
functions

4.1 Quadrature domains

As before, 2 is a bounded simply connected domain in C. For the moment, we assume in
addition that the boundary 92 is a real-analytically smooth Jordan curve. As before, I C 992
is a nontrivial arc. Then the local Schwarz function S; extends to a local Schwarz function
for the whole boundary curve; we write Sy for the extension. In [2], Aharonov and Shapiro

show that in this setting, the following two conditions are equivalent:

(i) the Schwarz function Sy extends to a meromorphic function in €2,
(i1) the domain €2 is a quadrature domain.

Here, the statement that Q2 is a quadrature domain means that for all harmonic functions
h on € that are area-integrable (h € LY(Q)),

/hdA — (h, a)e,
Q
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for some distribution o with finite support contained inside 2. The notation (-, -)q is the dual
action which extends (to the setting of distributions) the standard integral

(fogla = /Q fedA

when fg € LY(€). It was also explained in [2] that the conditions (i)-(ii) are equivalent a
third condition:

(iii) any conformal map ¢ : D — Q [with ¢(D) = 2] is a rational function.

It is easy to see that the condition (iii) entails that the boundary curve d€2 is algebraic.
Let us try to understand why the implication (i) = (iii) holds. So, we assume the Schwarz
function extends to a meromorphic function in €2, and form the function

S: , D,
W) = aQ(<_ﬂ(§)) ¢ €
o(1/0), ¢ €D,

where D, := {¢ € C: || > 1} is the “exterior disk”, and ¢ is any [surjective] confor-
mal map D — . By the assumed real-analyticity of d€2, the conformal map ¢ extends
holomorphically (and conformally) across the circle T = 9D, see, e.g. [20]. In particular,
W(¢) is well-defined on T, and is holomorphic in C \ T. As the two definitions in C\T agree
[in the limit sense] along T, Morera’s theorem gives that ¥ extends holomorphically across
T. But then W is a rational function, as it has only finitely many poles and is holomorphic
everywhere else on the Riemann sphere C U {oo}. If we put

Pext($) 1= W(1/0),

then @ey; s a rational function, which agrees with ¢ on ID. This establishes assertion (iii).

4.2 Real-analytic arcs with one-sided meromorphic Schwarz function

We return to the previous setting of a real-analytic arc I C 92, where €2 is a bounded simply
connected domain whose boundary 992 is a C*°-smooth Jordan curve. We shall assume
that the local Schwarz function extends to a meromorphic function in  with finitely many
poles. In this more general setting, the surjective conformal mapping ¢ : D — €2 extends
analytically across the arc [ = = ¢~ 1(I): the extension is given by

Pext(§) == Sy o (/7(1/5)7 ¢ €.

The extension is then meromorphic in D U D, U I, with finitely many poles; we denote it by
¢ as well.

Proof of Theorem 1.11 We assume for simplicity that the arc [ is open, i.e. does not contain
its endpoints. Also, without loss of generality, we may assume that the origin 0 is in . We let
¢ : D — €2 be a surjective conformal mapping with ¢ (0) = 0, which by the above argument
extends meromorphically to D U D, U I, with finitelywith finitely many poles. Here, IcT
be the arc of the circle for which <p(1 ) =1 C 02. We let F be a the function

1 §1+§'I /
9() —577

where [§| = 1 is assumed. For fixed § ¢ I, the function F (-, &) is well-defined and holomor-
phic in a neighborhood of D U I. Moreover, F (¢, £) enjoys an estimate in terms of a (radial)
function of || which is independent of the parameter & € T.

F(.§) =

@ (mdn, 4.1
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Next, we let proceed by considering functions real-valued vy, vy that are harmonic in D
(to be determined shortly), and associate holomorphic functions Vi, V, with Im V{(0) =
Im V2(0) =0 and Re V; = v; for j = 1, 2. Then 28, v2(¢) = V,(¢), for j = 1, 2. We form
the associated function

(&) = 1) + () Fv2(8). 4.2)
The functions vy, vy are real-valued and harmonic, and we calculate that
Av = Afv; + |¢*v2] = Allp[*v2] = 4|<p’|2{v2 +2Re [%3;1}2”, 4.3)
and 1
2 oy o] = VI/o'T @) +oOf2V50) +oOIV3/¢'1T ()} (4.4)

Now, we require of vy, v, that the function v gets to have vanishing second order derivatives
along [ in the following sense:

1
¥ i
Since
V /
vs +2Re |:£/3§U2i| =Re [Vz + f/vg] =Re [ (¥V2) }
4 @ @
the first condition in (4.5) may be expressed as
Va) ~
Re[((p 2) ]:0 on I. (4.6)
@
If we let V5 be the holomorphic function
Va(8) =/ F(g, §)dv(§), 4.7
T

where F'is asin (4.1) and v is a real-valued Borel measure supported on the complementary
arc ’]I\i , then condition (4.6) is automatically met, so that the first requirement in (4.5) is
satisfied. It remains to meet the second requirement of (4.5) as well. In view of (4.4), and
the uniqueness theorem for holomorphic functions, we may write the second requirement in
the form

V{1910 + ¢ /D{2V3(0) + oIV /¢'T(0)} =0,
which is the same as
V{] ¢(1/¢) d [[w(c)]zvg@)]
— + — =0.
[W O+ 0 @l ¢

We think of this is as a second order linear differential equation in Vi, with a nice holomorphic
solution Vj in a neighborhood of D U I unless the finitely many poles in D of the function

eU/8) _ Si(e))
o) @)

are felt. In order to suppress those poles, we may ask that the function V; should have a
sufficiently deep zero at each of those poles in D. This amounts to asking that

v;f)<;)=AagF<;, HIVE =0 j=1....jo@Q). (4.8)
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for a finite collection of points ¢ in the disk . Taking real and imaginary parts in (4.8),
we still are left with a finite number of linear conditions, and the space of real-valued Borel
measures supported in T \ [ is infinite-dimensional. So, clearly, there exists a nontrivial v
that satisfies (4.8). If we like, we may even find such a v with C°°-smooth density. Then the
function V; is nonconstant, and its real part is nonconstant as well.

Finally, we turn to the issue of the biharmonic function u on 2 that we are looking for. We
put ii(z) := v o ¢~ !(z) and observe that with the choice of the Borel measure v, the function
u is real-valued with

Aiil =0, 8%il; =0,

by (4.5). This means that all partial derivatives of & of order 2 vanish along I, which says that
both d,it and d,u have gradient vanishing along /. So both 0, i and 9, ii are constant on I. If
we repeat this argument, we see that there exists an affine function A(z) := Ag+ A1x + Aoy
such that u := it — A has the required flatness along /. Since by construction i cannot itself
be affine, this completes the proof of the theorem. O

Proof of Corollary 1.14 In view of Remark 1.9, the forward implication follows from Corol-
lary 1.6. In the reverse direction, we appeal to Theorem 1.11 and use the observation that
the local Schwarz function Sy is automatically holomorphic in a neighborhood of the entire
boundary 92, so it can only have finitely many poles in 2. O

S The biharmonic equation in three dimensions and the global Holmgren
problem

5.1 A uniqueness conjecture for biharmonic functions flat on a patch which is
nowhere real-analytic

Let Q2 be a domain in R"” (for n > 2) which is the image of the open unit ball under
a C*°-diffeomorphism between the closures. In particular, then, the boundary 92 is C*°-
diffeomorphic to the unit sphere, and, in particular, 32 is C°°-smooth. We pick a patch
I C 0%2, which asks of I that it is nonempty, relatively open, and connected. We say that I is
nowhere real-analytic if there is no real-analytic sub-patch of /. In view of Theorem 1.10 and
its proof, we suggest the following conjecture. If true, the conjecture would be a far-reaching
extension of Sakai’s theorem (which has a rather elementary proof in the given setting with
n=2).

Conjecture 5.1 (n > 3) Suppose I C 9K is a patch which is nowhere real-analytic. Let
O be an open neighborhood of 7 in R”, such that O N 2 is connected. Then every function
function u on O N 2, which extends to a C3-smooth function on ONQ)UI, with Au=0
on O N 2 and flatness given by

2
ul; = dpul; = 9,ul; =0,

must be trivial: u(z) = 0on O N Q.
5.2 Matrix-valued differential operators

In C = R?, we may identify a complex-valued function u = u + iua, where u1, up are
real-valued, with a column vector:
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u -~ .
uz

In the same fashion, we identify the differential operators 9, and 3, with 2 x 2 matrix-valued
differential operators

9 B _ -
2.~ ° ), 2.~ 7,
—dy Oy dy Ok
i} A 0
A = 49,9, ~ o Al

which identifies the Laplacian A with its diagonal lift. Along the same lines, we see that

, [0F—097 20,9, o 05— —20.0y
49 ~ 2 ) A0 2_g52 )
20,9, 0} — 02 20,0y 92— 02

and the main identity which we have used in this paper is simply that

97—y 20,0, 7 —0;  —20,0, _ A0 G.1)
20,0, 97 —0; J\ 20,9, 9} —0; 0 A?) '

While it seems unclear what should be the canonical analogue of the Cauchy—Riemann
operators 9., 8 in the three-dimensional setting, it turns out to be possible to find suitable
analogues of their squares! Indeed, there is a three-dimensional analogue of the factorization
(5.1). We write x = (x1, x3, x3) for a point in R3, and let 9 ;i denote the partial derivative with
respect to x;, for j = 1,2, 3, and let

so that

A=03]+85+ 03

be the three-dimensional Laplacian. We then define the 3 x 3 matrix-valued differential
operators

3t — 093 — 07 2919, 29103
L:= 2913, 3? — 93+ 03 28,33
—20; 93 28,5 9% + 03 — 02
and
9 — 03 — 92 —291d —29133
L = 2019 97 — 03 + 07 23,33
20183 20,03 9%+ 07 — 02

Proposition 5.2 The matrix-valued partial differential operators L, L' commute and factor
the bilaplacian:

A0 0
LL =L'L=] 0 AZ 0
0 0 A?
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Proof We first observe that it enough to check LL’ equals the diagonally lifted bilaplacian,
because L'L amounts to much the same computation (after all, L’ equals L after the change
of variables x; — —x1). The entry in the (1, 1) corner position of the product equals

(87 — 87 — 09 +4(0102)> + 4(8103)* = (37 + 85 + 03)% = A,
Similarly, the entry in the (1, 2) position equals
(9% — 83 — 82)(—20102) + 201 32(87 — 97 + 83) + 201 93(—20203) = 0,
and the entry in the (1, 3) position equals
(8 — 83 — 83)(—20183) + 20192 (—28233) + 2019337 + 85 — 83) = 0.
Furthermore, the entry in the (2, 1) position equals
—20102(87 — 83 — 82) + (87 — 03 + 82)(20102) — 20203(20133) = 0,
the entry in the (2, 2) position equals
—28182(—2812) + (07 — 83 + 03)% — 20003(—20233) = (8] + 95 + 03)> = A?,
and the entry in the (2, 3) position equals
—20102(—20133) + (37 — 87 4 83)(—20283) — 20203(37 + 853 — 83) = 0.
Finally, the entry in the (3, 1) position equals
2019307 — 83 — 93) — 28293(201 ) + (7 + 93 — 83)(28133) = 0,
the entry in the (3, 2) position equals
—20193(—20132) — 28283(97 — 33 + 83) + (O + 83 — 93)(—2203) = 0,
and the entry in the (3, 3) corner position equals
4(3103)% + 4(0203)2 + (32 4 07 — 89)2 = (87 + 03 + 9D)? = A2
This completes the proof. O

5.3 An Almansi-type expansion

We need to have an Almansi-type representation of the biharmonic functions. We formulate
the result in general dimension 7.

Definition 5.3 We say that the domain Q C R” is x{-contractive if x = (x1,...,x,) € Q
implies that (fxy, x2,...,x,) € Q for all r € [0, 1]. Moreover, we say that Q& C R” is
strongly x1-contractive if, in addition, x = (x1,...,x,) € 02 with x; # 0 implies that
(tx1,x2,...,x,) € Qforallt € [0, 1[.

Proposition 5.4 If Q@ C R" is xy-contractive, and if u : Q — R is biharmonic, i.e., solves
A%y = 0, then u(x) = v(x) + x w(x), where v, w are harmonic in .

Proof By calculation, we have that

Alxjw] = (812 + -+ 83)[x1w] =201w + x]Aw,
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so that if w is harmonic, A[x;w] = 28w, and hence, A2[xjw] = 2Adw = 20; Aw = 0. It
is now clear that any function of the form u(x) = v(x) + xjw(x), with v, w both harmonic,
is biharmonic.

We turn to the reverse implication. So, we are given a biharmonic function « on €2, and
attempt to find the two harmonic functions v, w so that u(x) = v(x) + xjw(x). We first
observe that 4 := Au is a harmonic function, and that if v, w exist, we must have that
h=Alv+xw] = Alxjw] = 20 w. Let x’ := (x2,...x,) € R"7! so that x = (x1, x/).
By calculation, then,

X

X1
A/ h(ty, x)dt; = 81h(x)+/
0 0

= 91h(0, x"),

1 X1
A'h(ty, x")dty = d1h(x) — / 3th(ry, x')dry
0

where we used that 2 was harmonic, and let A’ denote the Laplacian with respect to x’ =
(x2, ..., xn). Next, we apply the results on P-convexity in Sections 10.6—10.8 of [14] to the
slice ' := Q N ({0} x R"~1), and obtain a solution F to the Poisson equation A’F(x") =
91h(0, x") on . We now declare w to be the function

wkx) =wki, x) = %[ /x1 h(t1, xdt — F(x/)],
0

which is well-defined since 2 was assumed x-contractive. In view of the above calculation,
w is harmonic in €2, and we quickly see that 20;w = h, so that A[x;w] = h. Finally we put
v := u — xjw which is harmonic in 2 by construction. O

Remark 5.5 1If Q is strongly xj-contractive, and if / C 92 is a relatively open patch on the
boundary 92 — which is assumed C*°-smooth —and u is C 4_smooth on QU I, then the above
proof can be made to produce a decomposition # = v + x;w, where v, w are harmonic in €2
and C2-smooth on Q U I.

5.4 Application of the matrix-valued differential operators

We return to three dimensions and assume « is biharmonic in a bounded convex domain 2
is R? which is strongly x1-contractive. We assume that the boundary 9€2 is C*°-smooth, and
that / C 9% is a nontrivial open patch. We may lift u to a vector-valued function in the
following three ways:

u 0 0
uV=ueo0e0=[0]), u? =00uco=(ul, u® =ue000=[0
0 0 u

We assume that all partial derivatives of u of order < 2 vanish on I, and that u is C*-smooth
on QU 1. Since u is biharmonic in 2, we apply Proposition 5.4 to decompose u", 1, u®):
uD = o o @ 2@ @ ) B )

with obvious interpretation of v wli) as vector-valued functions. In view of Remark 5.5,
the functions v, w are both C2-smooth in Q U 7. Moreover, by the flatness assumption on u,

L' =L +Lxiw1=0 on1, =123
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We let R denote the matrix-valued operator

37 =019 —3193
R:= (31, 87 - |,
303 —0pd3 —03

and observe that L'[h] = 2R[A] holds for all harmonic 3-vectors 4. In a similar fashion,
we calculate that L'[x14] = 2C[h] + 2x1R[A] for harmonic 3-vectors 4, where C is the
matrix-valued differential operator

dp —0dr —03
C:=|0 0 0
g 0 01

In particular, for j =1, 2, 3,

0=L'[u"] = 2R[v"] 4+ 2C[w"] + 2x;R[w""] on I,
which we may write in the form

xR[wY] = =R = ClwY'] on I, for j =1,2,3. (5.2)
Let H[ /] be the Hessian matrix operator:

32 919 0193
H:i=[00 97 3|,
N3 ndz 93

where, for a scalar-valued function f, the matrix operator is applied to f in each entry,
producing a 3 x 3 matrix field H[ f]. Note the similarity with R. The system (5.2) amounts
to the 3 x 3 matrix equation

x1H[w] = —H[v] — B[w] on I, (5.3)
where
d1 dr 03
B:= 32 31 0
3 0 0

By the flatness assumption on /, a calculation gives that
O0=Au=Aw+xiw) = A(xjw) = x1Aw + 20w = 20;w on I,

so we may reduce the system (5.3) to

x1H[w] = —H[v] — A[w] on I, 5.4
where
0y 02 03
A=]|d 0 O
a3 0 O

We have arrived at the following.
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Theorem 5.6 In the above setting, we have that
ojw =0 and x H[w]= —H[v] — A[w] on I.
In particular, if the Hessian H[w] is nonsingular on the patch I, then the matrix field
X1 = —Hw) ™ Hv] + Alw)),

defined in Q U I wherever the Hessian H[w] is nonsingular, has the property that X1 = x11
holds on the patch I, where I denotes the unit 3 x 3 matrix.

Unfortunately, the determinant of the Hessian of a harmonic function may vanish identi-
cally (see Lewy [16]). However, if the determinant vanishes then the given harmonic function
is rather special, connected with the theory of minimal surfaces (Lewy [16]). Quite possibly
the system (5.3) should give a lot of information anyway also in this case. We mention here
Lewy’s observation that unless the harmonic function is affine, the corresponding Hessian
has rank at least 2.

Remark 5.7 Theorem 5.6 is a three-dimensional analogue of Corollary 1.6. It should be
mentioned that part of the assertion of Theorem 5.6 is the equality

Viw+ ojv] +x;V[ojw] =0 on I,

so that x; multiplied by one gradient of a harmonic function equals the gradient of another
harmonic function.

Remark 5.8 Holmgren’s theorem for the Laplacian A asserts that in the above three-
dimensional setting that if the harmonic function vanishes along with its normal derivative
along the (relatively open) patch I C 92, then the function vanishes identically [observe that
the vanishing of the normal derivative is the same as the vanishing of the gradient here]. In
two dimensions, the corresponding statement is a special instance of Privalov’s uniqueness
theorem, as the gradient of the harmonic function is identified with a holomorphic function.
Privalov’s uniqueness theorem allows the arc to be replaced by a (closed) set of positive
linear measure (see [3] for a collection of related results), and it might seem reasonable to
suspect that a corresponding positive area criterion would be possible in three dimensions.
This was disproved by a counterexample of Bourgain and Wolff [6,27] (see also Wang [25]).
Our understanding remains rather incomplete.

5.5 Domains with toric product structure

Theorem 5.6, and especially Remark 5.7, tells us about the rigidity imposed by the global
Holmgren problem in three dimensions with R = 3 (sub-Cauchy data involving partial
derivatives of order < 2). It is, however, not clear what the result really says about the
patch / and the domain 2. Here, we will try to analyze a rather special situation in three
dimensions where we can apply “dimension reduction” which leads us to analyze two-
dimensional problems in place of three-dimensional problems. The appearance of a flat
direction should make it easier to have nontrivial biharmonic functions with sub-Cauchy flat
boundary data. Indeed, this is precisely what we find.

To begin with, We let Q, C R? be a bounded simply connected domain with smooth
boundary, and consider the cylindrical domain 2 := Q, xR C R3. This domain is unfortu-
nately unbounded. To remedy this, we fix a positive real parameter o and consider

A :={0,0)} x aZ ={(0,0,an) : n € Z},
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which is then a discrete additive subgroup of R3. We will consider /A, where two points
x,y € Qareequatedif x —y € A. Geometrically, €2/A looks like a doughnut. The functions
on £2/A can be understood as the functions on €2 which are periodic with respect to A. We
let I, C 0€2, be an arc, and consider the patch I := I, x R. The global Holmgren problem
now asks whether a biharmonic function on ©/A which is, say, C*-smooth on Q U I, with
vanishing sub-Cauchy data

uly =0, duuly =0, 82ul; =0,

must necessarily vanish identically.
In the theorem below, we use the notation

A =07 + 03

for the two-variable Laplacian. In the proof, it is convenient to work with complex-valued
functions, so in the assumptions we may as well assume each of the functions u, U to be
complex-valued.

Theorem 5.9 The following two conditions are equivalent:
(i) There exists a nontrivial biharmonic function on Q /A which extends to a C*-smooth
Sfunction on (2 U I)/ A with vanishing sub-Cauchy data

2
ul; = dpul; = d,ul; =0.

(ii) There exists an integer n € Z and a nontrivial function U of two variables that is
C*-smooth on Q. U I, which solves the sub-Cauchy problem

(A —47%a 20U =0 on Q., and U|;, = 8,U|;, = 82U|;, = 0.

Proof We first consider the implication (ii)) = (i). By (ii), we have a nontrivial function U
with the given properties, and consider the function

wx) = 2B U (0, x), X = (a2 x) € 2,
which is A-periodic and also biharmonic:
AZu(x) = (A + 9P U (x1, x)] = 27 (A — dmPa 202U (x1, x2) = 0,

The vanishing of the sub-Cauchy data along / is immediate.
Second, we consider the implication (i) = (ii). Given the nontrivial biharmonic function
u, we form, for a suitable integer n € Z, the function

o . —
U(xy, x2) 1= / g 1Zmna 1’u(xl L X2, 1)dr.
0
The choice of n should be such that the resulting function U is nontrivial. The nontriviality of
u ensures the existence of such an n, by standard Fourier analysis. Next, by the biharmonicity
of u, we have
o . —
(A = kDU, x2) = / g i2mna 1’{(A’)z — 22 A + k2 u(xy, xa, 1)dt
0
o . —
- /0 ez gl | 09252 4 99252 4 24 2p>

+ 26203 — kMu(xy, x2, 1)dt, (5.5)
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where we write k := 2o~ 'n. A calculation involving integration by parts shows that
* et qanb “ b —i2nrna~t
/ e T 10595 u(xy, xp, 1)dt = (—l)c/ a7 0 u(xy, xo, )0 [e” =" T]dr
0 0
o . —
- (izna—ln)cafag/ e 2y (o) x, dE = (iK)°9900U (x1, x2).
0

fora,b,c=0,1,2,.... By combining this with (5.5), it follows that
(A — 4720 202U (x1, x2) = 0,

as claimed. The smoothness and the vanishing of the sub-Cauchy data along I, are rather
immediate. O

5.6 The structure of homogeneous solutions to the square of the massive Laplacian

Theorem 5.9 allows us to reduce the three-dimensional situation to a two-dimensional one.
Accordingly, we no longer need to separate A and A’, and write A := 812 + 822 for the
two-dimensional Laplacian. The partial differential operators

A —«? (5.6)

for real « are very similar to the classical Helmholtz equation, only that we would expect a
plus sign instead of the minus. Instead the operators (5.6) appear in the context of massive
Gaussian free fields (see, e. g., [18]), sowe call A — k2 [withk # 0] the massive Laplacian. As
before, we identify the (x, x2)-plane with the complex plane C, and work with the R-linear
operators D, D':

Du :=20u + rii, D'u:=20u — Ari.
Here, A € C is a constant with |A|2 = k2. We calculate that
DD'u = D'Du = (A — |AP)u = (A — k). (5.7)

If Conjecture 5.1 holds, we would also expect this to carry over to the setting of massive
Laplacians in the plane, which might be easier to decide conclusively.

Conjecture 5.10 Suppose k € R*, and that ©, is bounded and simply connected with
C°°-smooth Jordan curve boundary 9€2,. Suppose I, C 9€2, is an arc which is nowhere real-
analytic, and let O, be a planar open neighborhood of I, for which O, N €, is connected.
Then every function function U on O, N 2, which extends to a C3-smooth function on
(O N Q) U I, with (A — k%)2U = 0 on O, N L, and flatness given by

Uli, = 0,Ul1, = 0;U1;, =0,
must be trivial: U(z) = 0 on O, N Q.

We will now try to explain how the proof of Theorem 1.10 can be modified to fit the
present setting, and why it does not seem to yield Conjecture 5.10.

We consider the function V := D?U, which vanishes along the arc I, and solves (D’ )2 V=
0 on O, N Q, in view of the factorization (5.7). Next, we put V» := D'V, which then solves
D'V, = 0on O, N Q. Wealso put V; := V — £V, where £ := Re z + c is a real-valued
affine function with 20¢ = 1. Then
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D'Vi =DV -D[EVa] = Vo = D'[EVa] = Vo — 20(EVa) + AEV,
= Vo —20(EVa) + AEVL = Vo — 2V50E —EQVa + AEVL = —EVo + AEV,
= —ED'V, =0,

so that D’Vj =0holdson O, NQ for j =1,2,and V = V| 4+ £&V,. Since V = 0 along I,
we obtain that § = —V)/V, wherever V; is nonzero along I,.. Unless V; vanishes identically,
the theory of generalized functions of Vekua and Bers [4,23,24], shows that V; vanishes at
most on a closed set of zero length. But Sakai’s theorem does not apply, and we run into
difficulty.
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