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The problem

Considered: time integration of stiff semilinear initial value
problems

u'(t) = Au(t) + g(t, u(t)),  u(to) = o,

where u(t) € R", A € R"™" (n large), g a nonlinear function
with a moderate Lipschitz constant.

Specifically considered: problems arising from the spatial
semidiscretization of partial differential equations.

E.g.. A comes from the discretization of the linear part of a
PDE, using finite elements or finite differences.
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Consider the Brusselator problem in 2D,

8—1;:VAu+uU-Vu+av—(b+1)u+U2V,
%ZVAV+/LV-Vv+bu—u2v,

where A and B constants. Write as

ow

E:AW+g(W):
where
A vA+puU-V+(b+1) a _|u
N b vA+puV V|’ v
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Consider the advection-diffusion equation

Ory(t, x) = €0wy(t, x) + alyy(t, x),
y(0,x) = 16(x(1 — x))?, x € [0,1]

subject to homogenous Dirichlet boundary conditions.

Perform spatial discretization using the central differences —
ODE: J/(t) = Au(t), u(0) = up.
Compute the Krylov approximation of:

1) exp(hA)uo
2) (1 + 5AY(I — 5A) "uy
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Krylov subspace

The Arnoldi iteration gives an orthogonal basis Q, € R™* for
the Krylov subspace

K«(A, b) = span{b, Ab, A%b, ..., A1 b},

and the Hessenberg matrix H, = Q,(TAQk € Rkxk,
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Approximation of matrix functions

Cauchy's integral formula: for any analytic function f defined
on D C C, it holds

Tl

F(A) = zi /C FOM — A)~LdA,

where C is a closed curve inside the domain D enclosing o(A).
By using the approximation

(M = A b = QM — H) Q[ b,

and letting C enclose the field of values F(A), the
approximation

f(A)b ~ Qcf(H Qb
is obtained.
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Example
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Figure: Convergence of different Krylov approximations.
Here: h=5-1075, || hA|| ~ 199.
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Exponential integrators

Exponential integrators are based on the variation-of-constants
formula

t
u(t) = e(t=t)A, 4 / e(t_T)Ag(T, u(t)) dr.

to
which gives the the exact solution at time t.
Example: exponential Euler method
uy = e™uy + hp1(hA)g(to, o)

where h denotes the step size and ¢ is the entire function

e —1

¢1(z) = >
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Fast computation of series of ¢ - functions

Computation of one time step can be done using the following
lemma (Al-Mohy and Higham 2010).

Lemma
Let A e RdXd, W = [W]_, Wo, ..., Wp] S Rpr, h e R and

. A W 0O O u
_ (d+p)x(d+p) _ . 0 d+p
A_[O J]ER , J_[lpl 0], Vo_[eJER

with e, = [1,0,...,0]T. Then it holds

p ~
eMuy + Z h o (hA)wy, = [ld O] eMy,.
k=1
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