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Outline

@ Quantum statistics in 2D vs. 3D

@ lllustrative model

@ Statistics transmutation bosons/fermions — anyons
O Polarons (R?)

©® Angulons (S?)
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Quantum statistics in 3D
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Quantum statistics in 3D
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Quantum statistics in 3D
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Observable:  [W(x1,...,Xj,. ., Xk, ..., XN)|?, x; € R

Exchange symmetry: representation p: Sy — U(1)
+lip=1 = bosons (Bose—Einstein statistics) L2, (R3")

. sym
—l:p=sign = fermions (Fermi-Dirac statistics) L3 ,(R*Y)
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Quantum statistics in 2D

Different in 2D!

[Leinaas, Myrheim '77; Goldin, Menikoff, Sharp '81; Wilczek '82]

quasiparticles )
I strong pot.
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Quantum statistics in 2D
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Exchange symmetry p: By — U(1)  any phase = “anyons”
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Application 1: Fractional quantum Hall
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[TSG'82, L'83, H'84, ASW'84] [Willett, Eisenstein, Stormer, Tsui, Gossard, English '87]
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Application 2: Topological quantum computing

PRL 103, 160501 (2009) PHYSICAL REVIEW LETI
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FIG. 2 (color online). “Effective qubit” gate construction for
311(2); anyons. Part (a) shows a braid in which a pair of anyons
from the control qubit (blue) weaves around pairs of anyons in
the target qubit (green). When either qubit is in the state |0), this
braid produces the identity operation. When both control and

target qubits are in the state |1), the braid consists of weaving a
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[GMS'85, Kitaev, ...] [Hormozi, Bonesteel, Simon] 0 : BN — U(D) non'abelian anyOns
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Hamiltonians for anyons (U(1) bundles)

Starting from the classical Hamiltonian on R?Y x R2N

N

H(x,p) =Y [P} + V(x))]

J=1

= ‘free’ bosons/fermions on Ho = L2, (R*Y) or L2 (R*Y)

N
H() = Z |:—V)2(j + V(X]):|
j=1
= ‘magnetic’ bosons/fermions with A: R?Y — C¥ a connection

N
H = (Vo + A)? + V(x;)]

j=1
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Hamiltonians for anyons (U(1) bundles)

= ‘free’ anyons with statistics parameter o € R
N
HE™ =3 " [—(Vy, + 0iA;)? + V(x;)]
7j=1
where A: R?V\ A — R2V is locally flat,

Aj(x) = (3 —xi) ™t = (2/12)) 7'V, (2/12)),

Py
-1 . (_y>$) —
(z,y) " = ma Z(x) = H(Zj — 2)
<k
with magnetic field (point-flux attachment)
B;(x) = curl Aj(x —27‘(‘25xk Xj).

k#j
Regularized: HQ'A .= |Z|~@ HgiA|Z| = HYA-oA”
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Main results

Refined perspectives:
e emergent anyons via statistics transmutation
e coherent state of composite bosons/fermions

e deformation of quantum system / interpolation between
integer-flux bundles

e computational framework for spectral estimation

Ex:
HYA e—oz/le‘a i (04/2)” g2y 72n ‘Z‘_a
0 n! +
n=0 aznia
and

YA = Hy + g (A~ — Ho)
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An illustrative model for statistics transmutation

Add a collective degree of freedom: [a,a’] =1, N' = ala, |n)

H, = Hy +wa'a + yw(Fa' + F~ta) + vw

Two parameters: w >0, v € R

Two model choices:
® F=(Z/|Z|)® flux attachment
® F = Z? vortex attachment

= Hilbert spaces of composite bosons/fermions: H" = F"Hg|n)
a=2nn=0,1,2,...

Now take the ‘adiabatic’ limit w — oo with ~y fixed.
Claim: in the bottom of the spectrum we obtain anyons with
a=2y24+2n
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Composite bosons/fermions: ladder of integer bundles

e £ & ™
e o
a=4 -

< < ", Frio
a=2 .

C ¢ ) Ho
a=20
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Emergent anyons: ladder of fractional bundles

w — O
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Algebraic transmutation: H,,

We diagonalize H,, by taking the similarity
S:=FN = exp|(log F)a'a]
and unitary shift transformation
e (CAE)
Make use of some algebra
KV X =Y+ X Y] 4 11XV 4 X D6 XY+
S~1aS = aexpllog F] = Fa U taU =a—v
S~lalS = al exp[—log F] = F~laf U lalU =af —
H :=U"'S"'H,SU = H)+w(a' —v)(a —7) + yw(a' +a — 2v) + 12w

wata
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Algebraic transmutation: H,

Emergent gauge field: F;:= Vy log F' = F‘lvij
STV, S = exp[—log F NV, expllog F N] = Vy, + F;N

AL =U Y (Vx, + FiN)U
= Ay, + (Vx, - Fj +2F; - Vi JUT'NU + FAUT'N2U
N
H, =) [-A, +V(x))] +wN
j=1
Coherent state:

— _ ,—(at—a —2/2 —~al ~ya —2/2
|—y) == U0) = e 7( ),0> 72 /2—vat oy 0) = e n
E 5 !

(—N=7) =7, (=N =) =7+,
(n|H! |n) = H(()72+n)F — 721+ 2n)F% + wn
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Algebraic transmutation: emergent anyons

(n|H.n) = HO T 021 4 20)F2 + wn

o0
(O[HLI0) = e > T HyF

Case 1: F = (Z/|Z|)? = exp [2 Zj<kiargzjk]

S 2 _ 2
F=2A = F _—4ZAj
J

= interacting anyons with a = 2y2 + 2n
Case 2: F =72 =exp [2 > j<k(iarg zj, +In |zjk|)]

F=2A-2At = F2= 4A%2+4A%2=0

= free & regularized anyons with o = 272 + 2n
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Application 3: Polarons

:—ZPJ—FW +Zwkabk+ZAk ) (e B+ hc)
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Application 3: Polarons

For N = 2 with relative coordinates (7, ) and radial interaction:

J, =L, + A, L, = —id,, A, = Z “bLubk“
k,p

W = a(r, 0)S(p)U(r)[0)

S(p) = exp [—ipA,], U(r)=exp |— Z Ak#_(r)(b;fw — bry)
kp

Fixed total angular momentum but shift in relative:
Z>j={l)v={(L)v+{A)e = (L)v=7— (As)w

_ 1 .
.A(?”, 80) = _<0’U 1AZU|0>;9¢7 I.€. O‘(T) = _<Az>coherent statey(r)

Can be computed for suitable interaction, a ~ const.(f2)
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Application 4: Angulons

Molecular orientation

(61, v ) S ™ 58 (02, ¢2) (01,918 08 (62,92)

W_ZLQ-H/V +Zwkabk+ZAk (—Zﬁk >bT+h.c.)
7=1
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Application 4: Angulons

Spectrum of N = 2 anyons on S? with monopole field 2B = (N —1)«
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cf. also [Ouvry, Polychronakos '19-'20]
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Conclusions

Moral of the story (QM):
If we don't know with certainty which collective state (here H",
n € N) has been assumed by the system,

e allow for superpositions of all possibilites (here @, H"),

e take coherent states of such superpositions (maximal
simultaneous information; here |—v)), and

e find if their distribution is determined by (/correlated with)
some other collective degree of freedom (here ) to high
certainty.

The result may have a useful alternative representation (here
anyons H%, a =272 € R).
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Thanks!

Funbo runestone, Uppsala
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