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Abstract. We study an operator-valued Berezin transform corresponding to
certain standard weighted Bergman spaces of square integrable analytic func-
tions in the unit disc. The study of this operator-valued Berezin transform
relates in a natural way to the study of the class of n-hypercontractions on
Hilbert space introduced by Agler. To an n-hypercontraction T' € L(H) we
associate a positive L£(H)-valued operator measure dwn,, 7 supported on the
closed unit disc D in a way that generalizes the above notion of operator-
valued Berezin transform. This construction of positive operator measures
dwnr, T gives a natural functional calculus for the class of n-hypercontractions.
We revisit also the operator model theory for the class of n-hypercontractions.
The new results here concern certain canonical features of the theory. The
operator model theory for the class of n-hypercontractions gives information
about the structure of the positive operator measures dwn, .
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0. Introduction

Let 'H be a general not necessarily separable complex Hilbert space and denote by
L(H) the space of all bounded linear operators on H. Let n > 1 be an integer. An
operator T € L(H) is called an n-hypercontraction if the operator inequality
m

S (-1 @)T*W >0 in £(H)
k=0
holds true for every 1 < m < n. In this terminology a 1-hypercontraction is a
contraction, but for n > 2 the class of n-hypercontractions is a more restricted class
of operators. The class of n-hypercontractions was first introduced by Agler [1, 2]
whereas the study of contractions on Hilbert space is a classical topic of which the
book [27] by Sz.-Nagy and Foias is a standard reference.

Let n > 1 be an integer. We shall need the Hilbert space A, (D) of analytic
functions in the unit disc D with reproducing kernel

1
Kﬂ(zv C) = T s\
1—Cor
The space A;(D) is just the standard Hardy space H?(D), and for n > 2 the
space A, (D) is the standard weighted Bergman space of square integrable analytic
functions in D corresponding to the weighted area measure

dpn(2) = (n = 1)(1 = [2[*)"72dA(z), ze€D;

here dA(z) = daxdy/w, z = x + iy, is the usual planar Lebesgue area measure
normalized so that the unit disc D is of unit area. For notational reasons we let
also du; denote the normalized Lebesgue arc length measure on the unit circle
T = 9D. For n > 1, an analytic function f in D belongs to the space A, (D) if and
only if the norm

(2,() e D x D.

1915, = tim [ 1£0)Pdu(2)
r—1 D
is finite. Notice that this norm can also be written

IF12, =D larPrn,

k>0

where ay, is the k-th Taylor coefficient f € A, (D) (see (0.5) below) and {tn;x x>0
is the sequence of moments of the measure dy,, defined by

s = [Pt =1/ (") k2o (0.1)
D
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A standard reference for Bergman spaces on the unit disc is the recent book [19]
by Hedenmalm, Korenblum and Zhu.
The function B,, defined by

K50 (= )
K, (z,2) |1 —Cz2n’

is called the Berezin kernel associated to the kernel function K,,. The corresponding
transform defined by

B.[f](z) = / Bo(z. O f (O)dn(0), €D,

D

B, (2,¢) (2,¢) €D x D,

for, say, f € L'(u,) is called the Berezin transform. Notice that for n = 1 the
so-called Poisson transform is obtained. It is well-known that the Berezin trans-
form reproduces harmonic functions. In the literature the Berezin transform has
attracted some attention because of its use in the study of Toeplitz operators; see
for instance [3, 7].

In this paper we shall consider certain related operator-valued Berezin trans-
forms that we now proceed to define. Let T € L(H) be an operator with spectral
radius 7(T") = max.¢q(7) |2| strictly less than 1. The operator-valued Berezin ker-
nel B, (T),-) is the function defined by

Bu(T,¢) = (I — ¢T*)™ ( S (-1 <Z> T*’“T’“) (I-¢T)™, ceD. (0.2)
k=0
Notice that B,(T,¢) > 0 in L(H) if T is an n-hypercontraction. We have an
associated operator-valued Berezin transform defined by

B.[f)(T) = /D Bo(T.0) f(O)dpin(C)

for, say, f € C(D). Throughout the paper we denote by C(D) the space of contin-
uous functions on the closed unit disc .

We shall associate to an n-hypercontraction T € L(H) a positive L(H)-
valued operator measure dw, 7 supported on the closed unit disc D. The Berezin
transform of a monomial (7¢*, j, k > 0, has the power series expansion

BATICH](2) = #7900 (3 Wiy 22757909, 2 €,
m2>0

This equality clearly determines the numbers W,,.p,.;x uniquely. The operator
measure dwy, 7 is defined by its action on monomials by the requirement that

[ 6 dwnin(Q) = TGN (57 Wi T TN THROH (03
D m>0
for j,k > 0 (see Theorem 3.1). We remark that there is a decay estimate

Wik = Om™ D) s m — oo
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so that formula (0.3) makes sense (see Lemma 3.1). Notice also that since the
space C|z, z] of polynomials in z and Z is dense in C(D) (Stone-Weierstrass) the
operator measure dwy, 7 is uniquely determined by its action on monomials.

The operator measure dw, 7 extends the above notion of operator-valued
Berezin transform in the sense that the equality

/@ F(O)dwn r(C) = Bulf((T), f e C(D),

holds when 7(T') < 1 (see Corollary 3.1). Recall that C(D) denotes the space of
continuous functions on the closed unit disc D.

We remark that for n = 1 the operator measure dw; 7 obtained in this way
is supported by the unit circle T and coincides with a certain operator measure on
T denoted by dwr (see Proposition 4.1). We mention that the operator measure
dwr is closely related to the unitary dilation of the contraction 7" and was called
the harmonic spectral measure by Foias [15, 16] in the 1950’s (see Section 4).

The operator measures dw,, v have the continuity property that the map

C(D) % Cu 5 (f,T) / F(O)dwnr(C) € L(H)

is continuous; here C,, denotes the set of all n-hypercontractions in £(H) and L(H)
is equipped the uniform operator topology (see Theorem 3.2). The operator mea-
sures dwy, 7 are also shown to have a property of conformal invariance with respect
to conformal automorphisms of the unit disc (see Corollary 3.2). This property of
conformal invariance is inherited from corresponding conformal invariance prop-
erties of the class of n-hypercontractions (see Section 1).

The above considerations yield also a natural functional calculus for the class
of n-hypercontractions. Let the function u in D be the Berezin transform of f €
C(D): w = B,[f]. The function u is real-analytic in D and has a power series
expansion

u(z) = Z cjki-jzk, z €D.
J:k=0
The function u now operates on the class of n-hypercontractions T' € L(H) in the
sense that

u(T) := lim Pt THTE = / f(Q)dw, 7(¢) in L(H) (0.4)
" k>0 D

(see Theorem 3.3). We emphasize that the limit in (0.4) is computed in the uniform
operator topology, that is, in operator norm. A basic property coming from the

positivity of the operator measure dw,, r and w,, v(D) = I is the norm inequality

[ /D F(Odwnr (O < Ifller f € C(D),

which by (0.4) extends the classical von Neumann inequality [25].
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For reasons of modeling a general n-hypercontraction we shall need to con-
sider also Hilbert space valued versions of the spaces A,, (D). Let £ be a Hilbert
space and denote by A4,,(£) = A, (D, &) the space of all £-valued analytic functions

flz)= Z arz®, zeD; (0.5)

k>0

here a; € & for k > 0, with finite norm

1712, = S el e,

k>0

where {pn:k >0 is the sequence of moments of du,, given by (0.1). Notice that
this is consistent with the previous description of the space A, (D). On the space
Ap(€) we have a natural shift operator S =S, defined by

(Snf)(z) =2zf(2) = Zak_lzk, zeD,
E>1
for f € An(€) given by (0.5). It turns out that the shift operator S,, acts bound-
edly on the space A,(€) in such a way that the adjoint operator S} is an n-
hypercontraction with the property that limg .o S* = 0 in the strong operator
topology (see Proposition 5.1).

In Sections 6 and 7 we shall revisit some operator model theory relating to
the class of n-hypercontractions. Recall that an operator A € L(H) is part of an
operator B € £(K) if H is a B-invariant subspace of K and A = B|; the operator
B is then called an extension of A. As pointed out in the previous paragraph
the adjoint shift operator S; is an m-hypercontraction with the property that
limy, o0 5% = 0 in the strong operator topology. It is also clear that every isometry
is an n-hypercontraction. The principal modeling result of n-hypercontractions due
to Agler [1, 2] asserts that an operator T' € L(H) is an n-hypercontraction if and
only if it is part of an operator of the form S} & U, where U is an isometry. As a
byproduct of this result one has that an operator T' € L£(H) is part of an adjoint
shift operator S if and only T is an n-hypercontraction such that limy .., T% = 0
in the strong operator topology. This result by Agler was first proved using C*-
algebra methods. The purpose of our presentation in Sections 6 and 7 is to show
that there is a certain uniqueness property and associated canonical construction
behind this modeling result of n-hypercontractions.

To describe our results we need some more notation. For an operator T €
L(H) such that the limit limy_ ||7%2||? exists for every x € H we consider the
operator

1/2
_ . xkmk .
Q—(klggoT T) in £(H),

where the positive square root is used and the limit is computed in the weak
operator topology. We denote by Q the closure in H of the range of @, that is,
Q = Q(H). On the space Q we have a natural isometry U defined by U : Qz +—
QTx for x € H and continuity.
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In Section 6 we consider the more general problem of modeling an operator
T € L(H) as part of an operator of the form T} & Ty, where T € L(H;) (j = 1,2)
are operators such that limy o, 75% = 0 in the strong operator topology and T
is an isometry. This more general modeling problem amounts to that of finding an
isometry

V:(‘G?‘/Q):H_)H1®H2 (0.6)
of H into Hy @ Hs satisfying the intertwining relation
VT = (17 @ Ty) V. (0.7)

It turns out that there is a canonical choice of Vo and (T, Hsa) given by Vo = Q,
T, = U and Ho = Q, and that the general modeling problem (0.6) and (0.7)
reduces to that of finding a bounded linear operator Vi : H — H; satisfying the
norm equality

l2]|* = 172 = [[Vizl® = 1Ty Vaz]?, @ €M,

and the intertwining relation V1T = T}V (see Theorems 6.1 and 6.2).
For an n-hypercontraction 7' € £L(H) we consider the defect operators

Ui m\ ... /2
Do = (Z(—l)k<k)T kT’“) in £(H)
k=0
for 1 < m < n, where the positive square root is used. We have an associated
defect space D,, r defined as the closure in H of the range of D,, r, that is, D, r =
D,, r(H).

In Section 7 we specialize the modeling problem (0.6) and (0.7) further to
the case when H; = A,,(€) and Ty = 5, is the shift operator acting on this space.
It turns out that there is a canonical choice of coefficient space £ and operator
Vi:H — Ay(€) given by € = D, r and Viz = V; ,x for © € H, where for x € H
the D,, r-valued analytic function V; 2 is defined by the formula

k -1
(Vinx)(2) = Dp (I —2T) "z = Z < +Z )(DH,TTkx)zk, zeD (0.8)
k>0

(see Theorem 7.1). To some extent formula (0.8) is also motivated by the explicit
form of the operator-valued Berezin kernel (0.2).

In the case of an n-hypercontraction T' € L(H) we show that the map V; =
Vi @ @ — Vi given by (0.8) is admissible for the above modeling problem (0.6)
and (0.7) in the sense that the map

V=WVinQ) :H—A,(Dpr)®Q

defined by Vo = (Vi 2, Qx) for x € H is an isometry of H into A, (D, 1) ® Q
satisfying the interwining relation

VT = (S, eU)V
(see Theorem 7.2).
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In Section 8 we use the operator model theory for the class of n-hyper-
contractions to give some more detailed results describing the structure of the
operator measures dw, 7. Let us denote by & the o-algebra of planar Borel sets.
The operator measure dwy,, r naturally decomposes as

wn)T(S> = Vv]fnwn,S; (S)‘/l,n + QwU(S)Q7 S € 67

and for n > 2 we further have that

Vinons; (SWVin = [ Bul.0dun(0), S€©
DN S
(see Theorems 8.1 and 8.2). Notice that this gives that w, r(S) = 0 in L(H) if
S is a Borel subset of D of planar Lebesgue area measure zero. In particular, we
have that

dwn,7(¢) = Byn(T, ()dun(¢), (€D,
if n > 2 and T € L(H) is an n-hypercontraction such that limy_.o, 7% = 0 in the
strong operator topology (see Corollary 8.1). Invoking a classical theorem of Sz.-
Nagy and Foias we deduce that the operator measure dwy is absolutely continuous
with respect to Lebesgue arc length measure on T if T € L(H) is a completely
non-unitary contraction.

The method of construction of operator models used here goes back at least
to work of de Branges and Rovnyak [10, Theorem 1] in the 1960’s; see also [27,
Section 1.10.1]. In this context we also want to mention more recent related
work by Miiller [22], Vasilescu [28, 29], Miiller and Vasilescu [23], and Curto and
Vasilescu [13, 14] concerned with modeling of operators in terms of weighted shifts,
and also the papers Ambrozie, Englis and Miller [4] and Arazy and Englis [5]. Also,
operator models of this type form an integral part in recent work on constrained
von Neumann inequalities by Badea and Cassier [8].

It was shown by Agler [2, Theorem 3.1] that an operator T € L(H) is a
subnormal contraction if and only if it is an n-hypercontraction for every n > 1.
In Section 9 we derive this characterization of subnormal contractions as a limit
case of our study of operator-valued Berezin transforms (see Theorem 9.1). As
an application of this result by Agler we consider two operator-valued moment
problems of Hausdorff type (see Theorem 9.2 and Proposition 9.3).

At several places in this paper we encounter operators T such that
limy—oo T% = 0 in the strong operator topology. We mention that an operator
T € L(H) is said to belong to the class Cp. if limy_oo 7% = 0 in the strong
operator topology (see [27, Section I1.4]).

In a recent paper [26] we have studied a related positive operator measure
dwr on the unit n-torus T™ associated to an n-tuple T' = (17, ...T,) of commut-
ing contractions in £(H) having a so-called regular unitary dilation. The more
involved construction of the operator measure dw,, r in this paper using the num-
bers Wiy.m.;r and the decay of these numbers as m — oo (see Lemma 3.1) is due
to a more complicated regularity behavior of Berezin transforms compared to the
case of the Poisson transform. Eventhough f € C|z, z] is a polynomial, the Berezin
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transform Bs[f] is in general not C2?-smooth up to the boundary T = D (see
Remark 3.2 for an example). A similar regularity behavior is known to present
itself in the study of the Dirichlet problem for the so-called invariant Laplacian
(the Laplace-Beltrami operator) for the unit ball in C™ (see [21, Chapter 6]).

Preliminaries. Let us recall the notions of weak, strong and uniform operator
topology. The uniform operator topology on L(H) is the usual topology on L(H)
defined by the operator norm. The strong operator topology (SOT) on L(H) is
the topology on L£(H) defined by the semi-norms

LH)>T — ||Tz| €[0,00), z€H.

Notice that T, — T (SOT) means that Tpz — T in H for every x € H. The
weak operator topology (WOT) on L£(H) is the topology on L(H) defined by the
semi-norms T — [(T'z, y)| for z,y € H.

In the paper we shall need some facts from the theory of integration in Hilbert
space. Let & be the o-algebra of planar Borel sets. A finitely additive set function
w: S — L(H) is called a positive operator measure if u(S) > 0 in L(H) for every
S € G and the set functions pg 4, @,y € H, defined by ps ,(S) = (u(S)z,y) for
S € &, are all complex regular Borel measures. A positive operator measure y is
of finite semi-variation

1l (S) = sup pay[(S) = [[u(S)], S €6,
lzllllyll<1
where |fi,, | is the total variation of the complex measure ju, ,,. The integral [¢ fdu
is defined as an operator in £(H) by the duality requirement that ([q fduz,y) =
fS fdpg , for all x,y € H. An important property of the integral is the norm
inequality

| [ #eauts)| < el

where || - || denotes the norm of essential supremum on S. We refer to [26] for
some more details.

We shall use the following operator version of the F. Riesz representation
theorem: If A is a linear map from C(D) into £(H) which is positive in the sense
that A(f) > 0in £(H) if f > 0 in D, then there exists a positive £(H)-valued
operator measure d\ on I which represents A in the sense that

A(f) = / f(2)dA(z), | e C(D)

(see [26]).

1. Invariance properties of n-hypercontractions

The purpose of this section is to discuss some invariance properties of the class of
n-hypercontractions and the related operator-valued Berezin kernel. Let n > 1 be
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an integer, and recall that an operator T' € L(H) is called an n-hypercontraction
if

- k(T pskpk :

> (=1 (k)T T >0 in L(H) (1.1)
k=0

for 1 < m < n. Notice that the defining property (1.1) of an n-hypercontraction
is equivalently formulated that

St (3 )it 2o, aen

k=0

forl1<m<n.

Let us consider the backward shift operator A acting on sequences a =
{ar}2y by (Ma)r = ap41 for k > 0. We notice that an operator T' € L(H) is
an n-hypercontraction if and only if (I — A\)™a > 0 for 1 < m < n and every
sequence a = {a}2°  of the form ay = || T*z||? for k > 0, where z € H.

It is known that if T € L(H) is an n-hypercontraction, then so is rT for every
0 <r <1 (see [2, Lemma 1.9]). For the sake of completeness we include a proof
of this fact.

Proposition 1.1. If T' € L(H) is an n-hypercontraction, then so is I for every
0<r<1.

Proof. We consider the backward shift operator X acting on sequences a = {ax}32,
by (Aa)i = ag41 for k > 0. By the binomial theorem we have that

(I —r2\)™ = i (Z) (1 — r2)m=hp2k ([ — )k, (1.2)

k=0

Consider now a sequence a = {ax}3°, of the form ay = ||T%z|? for k >
0, where =z € H. Since the operator T is an n-hypercontraction we have that
(I —X)™a >0 for 1 < m < n. By the binomial identity (1.2) we conclude that
(I - rz)\)ma > 0 for 1 < m < n. This yields the conclusion that the operator rT
is an n-hypercontraction. O

The following lemma gives a kind of stability property of n-hypercontractions.

Lemma 1.1. Let n > 2. Let T € L(H) be an operator such that

Z(—1)’€<Z> T*T% >0 in L(H),

k=0

and | T*z||*> = o(k) as k — oo for every x € H. Then the operator T is an
n-hypercontraction, that is, inequality (1.1) holds for 1 <m < n.

Proof. Let us first recall a simple fact about convex sequences: If a = {ax} 32, is a
convex sequence and limsup,_,  ar/k < 0, then {ar}72, is decreasing. In terms
of the backward shift A this fact gives that (I — \)%a > 0 and a, = o(k) implies
(I —MXNa>0.
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We now consider a sequence a = {ay}32, of the form ay, = | T*z||? for k > 0,
where z € H. By assumption we know that (I — A\)"a > 0 and ax = o(k). By
repeated applications of the observation in the previous paragraph, we conclude
that (I —X\)™(a) > 0 for 1 < m < n. This yields the conclusion of the lemma. O

We mention in passing that Lemma 1.1 relaxes the growth assumption of T’
power bounded used in [22, Corollary 3.6].
Lemma 1.1 gives the following converse to Proposition 1.1.

Corollary 1.1. Let T € L(H) be an operator such that

Jj=0

forr =1, —1,0<r, <1, and limsup,_,_ |T*z||** <1 for every x € H. Then
the operator T' is an n-hypercontraction.

Proof. By an application of Lemma 1.1 we conclude that the operator r;T is an
n-hypercontraction. Now letting rx — 1 the conclusion of the corollary follows. [

We shall now consider some properties of invariance with respect to conformal
automorphisms of the unit disc. First we need a lemma.

Lemma 1.2. Let n > 1 be an integer, and let T € L(H) an operator such that
r(T) < 1. Then the equality

PR (4 PRCAENEEE

k=0
= (1~ |a)™(I - aT*)_”(i(—l)k (Z) TN (1 - 1)

k=0

holds for every conformal automorphism @, of the unit disc of the form pq(z) =
(z —a)/(1 —az) for z €D, where a € D.

Proof. To simplify some formulas in the proof we shall write

Sy (T) = zn:(—l)k@) Tk,

k=0
With this notation the assertion of the lemma reads as
Sn(pa(T)) = (1 = |a*)*(I — aT*)~"S,(T)(I —aT)™". (1.3)

We shall prove formula (1.3) by induction on n > 0. Notice that by the standard
formula (Z) = (";1) + (Z:i) for binomial coefficients we have

Sp(T) = Sn_1(T) — T*Sp_1(T)T. (1.4)
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Let us now turn to the proof of (1.3). For n = 0 there is nothing to prove.
Assume n > 1 and that formula (1.3) holds true with n replaced by n — 1. Using
(1.4) and the induction hypothesis we compute that

Sn($a(T)) = Sn-1(9a(T)) = ¢a(T)" Sn-1(¢a(T))pa(T)
= (1= |af)"" (I = aT*) "8, 1 (T)(I — aT) ™"
— (1= [af)" " pa(T) (I = aT*) ™" 1S, (T)(I — aT) " pa(T)
= (1= |a2)" (1 = aT*)"{(I = aT*)S,1(T)(I - aT)
— (T* — &I)Sp_y(T)(T — aI)}(I — &)™

=(1—|a®)"(I - aT*)_"{Sn_l(T) - T*Sn_l(T)T}(I —ar)™"
=1 —|a®)"(I - aT*)™"S,(T)(I —aT)™".
By the principle of induction this completes the proof of formula (1.3). O

Let us denote by Aut(D) the set of all conformal automorphisms ¢ of the
unit disc D. It is well-known that every ¢ € Aut(ID) can be written in the form

o(2) = e’pa(z), 2€D,

where € € T, « € D and ¢, (2) = (2 — a)/(1 — @z).
We can now conclude that the conformal automorphisms operate on the class
of n-hypercontractions.

Corollary 1.2. If T € L(H) is an n-hypercontraction, then so is p(T) for every
v € Aut(D).

Proof. This is clear by Lemma 1.2. O

We mention here that Corollary 1.2 is contained in the statement of [12
Theorem 2.1].

Recall that the operator-valued Berezin kernel is the function defined by the
formula

n

Ba(T.¢) = (I = ¢T) ™ (Y (—1 ()T*ka)(I—CT)‘", ¢ ey

k=0
here T € L(H) is an operator such that r(T) < 1. We shall now prove a property
of invariance of this operator-valued Berezin kernel.

Proposition 1.2. Let n > 1, and let T € L(H) be an operator such that r(T) < 1.
Then the operator-valued Berezin kernel has the invariance property that

Bu(p(T), p())(1 = |o(OF)" = Ba(T,)(1 = [¢]})", (€D,
for every ¢ € Aut(D).
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Proof. Tt is easy to see that it suffices to consider ¢ of the form ¢ = ¢,. We first
compute that

(1= 2l ™" = ({705

Using Lemma 1.2 we now compute that

) (1 —ary -y

Bu(en(T).0(0) = (1=7ats) (1 = aT)"(1 =<1
x (1 - |o|?)™(I — aT™) (Z ( )T*ka)(I—aT)_"
- k=0
x(f:@é)(l—&TVU—fTr”
::%%Efg%?iz CT)” (é; k<:>7“k7*)u-—ézj—”
_ [r—agpr
ey O

By the well-known formula
(1 — o)A —¢P?)
[1—ac?

the conclusion of the proposition now follows. O

1 - |pa(Q))* =

We remark that in Proposition 1.2 we have r(p(T)) < 1 by the spectral
mapping theorem.

Associated to the Berezin kernel B, (T, -) we have the operator-valued Berezin
transform defined by

B, [f)(T) = / Bo(T,O)f (Q)din(C),  f € C(B). (1.5)

We shall now prove that this operator-valued Berezin transform (1.5) commutes
with the action of conformal automorphisms.

Theorem 1.1. Let T € L(H) be an operator such that r(T') < 1. Then the operator-
valued Berezin transform has the invariance property that

By[f o ¢(T) = Balfl(p(T)), [feCD),
for every ¢ € Aut(D).

Proof. We assume that n > 2. The case n = 1 is handled similarly. By a change
of variables we see that

Bulfogl(T) = (n—1) /D B (T, ¢~ (OOl QP = [¢™ ()" "2 dA(Q).
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Notice that T = ¢~ ((T')). By an application of Proposition 1.2 we now conclude

that
Bulf 0 l(T) = (0= 1) [ BuliD). 0£10) L (1~ 6P aac)

By an invariance property of the Bergman kernel function we know that

QP 1
T lOP? _a_jeper <P

This completes the proof of the theorem. O

We remark that in Theorem 1.1 we have r(¢(7")) < 1 by the spectral mapping
theorem.

We shall consider also the variant of the operator-valued Berezin kernel de-
fined by

n

Bn(T,g)z(I—gT*)—"(Z(— < )T*ka) [-CT)™, ¢eD, (1.6)
k=0

where T' € L(H) is an operator such that r(7T) < 1. Notice that this modified
operator-valued Berezin kernel given by (1.6) has the corresponding invariance
property that

Bu(o(T), ()1 = 9(QO)" = Bu(T, Q)1 — [¢*)", ¢eD,
for ¢ € Aut(D) (see Proposition 1.2).

Notice also that the Berezin kernel B, (T, ¢) given by (1.6) is positive in £L(H)
if T is an n-hypercontraction. We shall need the following lemma.

Lemma 1.3. Let n > 2, and let T € L(H) be an n-hypercontraction. Then the
function B, (T,-) defined by (1.6) is integrable with respect to the measure dpi,.
Furthermore, we have that

/D (BT, ), ) dpin (€) < gl 2,y € M.

Proof. Let 0 <r < 1. By Proposition 1.1 the Berezin kernel B, (T, () is positive
in L(H). By Corollary 2.1 in the next section with f = 1 we have that

[ (BT )din(O) = ol €
D
Letting » — 1 an application of Fatou’s lemma gives that

/D (Bo(T, ), 2)dpin(C) < ||

By the Cauchy-Schwarz inequality we now have that

/ (BT, ), )l (€) < / (Bo (T, ), 1)/ (Bo(T. Oy, ) 2djin (C)
D D

<llzlllyll, =yeH.
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This completes the proof of the lemma. O

For T € L(H) an n-hypercontraction and n > 2, the Berezin transform
B, [f](T) defined by (1.5) and (1.6) is well-defined by Lemma 1.3. The invariance
property of Theorem 1.1 remains true in this context.

Proposition 1.3. Let n > 2, and let T € L(H) be an n-hypercontraction. Then the
operator-valued Berezin transform defined by (1.5) and (1.6) has the invariance
property that

Bylf o ¢l(T) = Bulfl((T)), f € C(D),
for every ¢ € Aut(D).

Proof. See the proof of Theorem 1.1. We omit the details. O

We remark that in Proposition 1.3 the operator ¢(T') is an n-hypercontraction
by Corollary 1.2.

We wish to point out that similar conformal invariance properties of operators
have been studied in the context of the unit ball in C™ by Curto and Vasilescu [12].
The principal object of study in [12] is the operator-valued M-harmonic Poisson
kernel introduced in [28].

2. The Berezin transform for a general radial measure

In this section we shall derive some formulas for the Berezin transform in the con-
text of a general radial measure z on the closed unit disc D. We assume throughout
the section that the associated kernel function K, is non-vanishing in D x D.

Let p be a finite positive radial measure on the closed unit disc D such that
w(D\ 7D) > 0 for every 0 < r < 1. The Bergman space A,(D) is the space of all
analytic functions

flz)= Zaw’ﬂ zeD,
k>0
with finite norm

1915, = i [ 1£r2) () = 3 oo,

k>0

where {ux}rx>0 is the sequence of moments of p defined by
o= [ Prauz), ko,
D

Notice that limy o pp/* = 1.
The function K, defined by
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is known as the kernel function for the Bergman space A, (D). The corresponding
function B,, defined by
[ Ku(z, Q)2

AR (2,() e D x D,

Bu(z,¢) =

is called the Berezin kernel.

In what follows we assume that the kernel function K, is non-vanishing in
D x D, that is, K,(z,¢) ;é 0 for (z,¢) € D?. We write

chCz (2,() e D x D.

k>0

The assumption of non-vanishing of the kernel function K, is a non-trivial as-
sumption which means that limsup,_ . |cx|'/* < 1, so that the above series is
convergent. Notice that

co/po =1 and ch_k/uk =0 (2.1)
k=0

forn > 1.
We now proceed to define the Berezin transform for operator-valued argu-
ments. Let T' € L(H) be an operator such that r(7T") < 1. We set

B,(T,¢) = (g) ing*k) (g% ckT*ka) (]; iz’“T’“), ceD. (22

Notice that by the spectral radius formula the sums in (2.2) are absolutely con-
vergent in £(H). We shall be interested in operator-valued Berezin transforms of
the type

BT = [ BT Of(Qautc)
where, say, the function f is in C'(D).
Lemma 2.1. Let T € L(H) be an operator such that r(T) < 1. Then

Q)= > ps(Q)TT*, (€D, (2.3)
r,s>0
where the polynomials
min(r,s) 1 ~
prs(C) = 7Clcr_l<5_l
; Hr—1s—1
satisfy the growth bound limsup, ;_, ., ||prs||1c/%)+s < 1. In particular, we have that
/ W(T,0) f =Y / Prs(Q)F(Q)du(¢) T* T (2.4)
D r,s>0

for, say, f € C(D).



518 Olofsson IEOT

Proof. Expanding formula (2.2) for B, (T, () we have that

BT, = 3 —

k>0 HIFE

Cncjsz*(j—i-n)Tk—O—n

Notice that by the spectral radius formula this sum is absolutely convergent uni-
formly in ¢ € D. By a change of order of summation we obtain the series expan-
sion (2.3). Indeed, if we set r = j+mn, s = k+n and | = n, then r,s > 0 and
0 <! < min(r,s), which gives (2.3). The growth bound for the polynomials p;s
follows by limy_ 0 ,ullc/k = 1 and limsup,_.__ |cx|'* < 1. The last formula (2.4)
follows by termwise integration of (2.3). d

We shall now compute the Berezin transform of a monomial.

Proposition 2.1. Let T € L(H) be an operator such that r(T) < 1 and fiz j, k > 0.
Then

[ BT QP () = T 008 (30 18, T )T,
D

m>0

where
m

Hj+k—min(j,k)+1
Wik = Y Crm—1-
1—o Mj—min(j,k)+1Hk—min(j,k)+1

Proof. Recall formula (2.4) in Lemma 2.1. Notice that the polynomial p,s has
the homogeneity property that p,,(e?¢) = €=, (¢) for € € T. Since the
measure y is radial we have that

/E,Dprs(og"jc’“du(g) =0

whenever r + k # s 4+ j. Assume now that » = j — min(j,k) + m and s = k —
min(j, k) + m, where m > 0. For such r, s we have that

[prs (C)@deﬂ(o
D

23

m
Ci
-0 Hj—min(j,k)+m—1Hk—min(j,k)+m—1

[ |CREHRmIGRITTD (€)= Wi,
D

where the last equality follows by a change of order of summation. Going back to
formula (2.4) we have that

[ BT QP () = T 008 (30 18, T )T,
D

m>0

This completes the proof of the lemma. O
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We remark that Proposition 2.1 gives the power series expansion for the
Berezin transform of a monomial

/, By(2, Q) ¢Fdp(C) = 7m0 M) (37 Wiyl ) F7mnGR, s e,
D m>0
where j,k > 0.

Lemma 2.2. Assume that j =0 or k =0. Then

m

Hj+k—min(j,k)+1
Wm;j,k = Z Cm—1 = 5m,07
1—o Mj—min(j,k)+1Hk—min(j,k)+1

where o0 =1 and dp,0 =0 for m > 1 is the Kronecker’s delta.

Proof. We have that

m

m

Hj+k—min(j,k)+1

Winsjik = ) Cmt =Y Cont/ 1,
=0 Mi—min(j,k)+lHE—min(j,k)+1 =0

and the conclusion follows by (2.1). t

We now conclude that the Berezin transform reproduces harmonic polyno-
mials.

Corollary 2.1. Let T' € L(H) be an operator such that r(T) < 1. Then for every
harmonic function f =" cxr*le™®? (2 =re?) in C(D) we have that

[ Bur.05@au0 = Y. aT(h),

k=—oc0
where T'(k) = T* for k >0 and T(k) = T** for k < 0.

Proof. By Proposition 2.1 and Lemma 2.2 we have that

[ BuT.050dn() = iy [ BT, 5C)du(c)
D r=1JD

1 k| _ .
A.I_)Hi k_z_ eI (k) k_z_ aT(k) in L(H),
where the limits are computed in the uniform operator topology. O

We wish to point out that the assumption of non-vanishing of the kernel
function K, in D x D is of a non-trivial nature even for simple measures p. Let

dp = cddo + dpin,

where ¢ > 0 is a positive parameter and ddy is the unit Dirac mass at 0. A
straightforward computation shows that

Kz 0) = (= -

c+_1_1) oo (30 eDxD.
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It is a straightforward matter to verify that for c large the function K, has zeroes
in D x D. This example has been communicated to the author by Carl Sundberg
(private discussion).

On the other hand, Hedenmalm and Perdomo [20] have shown that if the
weight function w : D — (0, 00) is such that the function

D> 2+ log (w(z)/(1 —|2*))

is subharmonic, then the corresponding kernel function K, is non-vanishing in
D x D.

3. Construction of the operator measure dw, r

The purpose of this section is to construct the operator measure dw,, 1 and discuss
some of its properties. Let n > 1 and let T € L(H) be an operator such that
r(T) < 1. The operator-valued Berezin kernel is defined by the formula
Bo(T,¢) = (I — (T*)~ (Z ( )T*kT’f) (I-CT)™", ¢eD.
k=0
Recall from Section 2 that

[ BT 00 ey (©) = T (32 Wy T TG
D

m>0

for 5,k > 0, where

min(m,n) liei o n
Wik = Z n;j+k—min(j,k)+m—1 (_1)1 <l>
-0 M5 —min(j,k)+m—1Hn;k—min(j,k)+m—I

(k+n 1)

(see Proposition 2.1); here pin., = 1/ for k > 0 are the moments of dp,,.

We shall need the following lemma.
Lemma 3.1. Let n > 1 and j, k > 0 be integers. Then
Whimsjk = O(m_(n+1)) as m — 00.

Proof. We set
Hon;j+k—min(j,k)+1

a; =
M5 —min(j,k)+1Mn;k—min(j,k)+1
Since
n—1
1 k+n-1 1
= = — k
it ( k ) o L),

we have that

I f(]‘mln(]»k)—Fl—FS)H (k min(7, k)—|-l_|_3).

RS [T+ o — minG, k) + L+ s)
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In particular, the coefficient g, is a rational function in /. By the division algorithm,
we see that a; has the form )
q(l
where p, ¢, are polynomials with deg(p) <n — 1 and deg(q) < deg(r) <n — 1.
We now consider the shift operator o acting on sequences a = {ax}3, by
(ca)r = ag—1 for k > 1 and (ca)g = 0. In terms of this shift operator we have that

min(m,n)
Wik = Z (—1)! (7) am—1 = ((I - (7)”a)m7 m > 0.

1=0
Now using the above algebraic form (3.1) of the coefficients a; we see that
(1 - U)"a)m = O(m_("+l)) as m — 0.
The conclusion of the lemma follows. g

Remark 3.1. For n = 1 the numbers W,,.,,.; 1 are easily computable. We have that
Wi, =1 and Wi = 0 for m > 1.

Remark 3.2. Let us also consider the case when n =2 and j = k = 1. A compu-
tation gives that Wa.0.11 = 1/2, Wa.1;1,1 = 1/3 and

sy dy

W 1 2 L 1 2
FLLT Y2 m+l om (m+2)(m+1)m
for m > 2. In particular, we see that decay estimate in Lemma 3.1 gives the right
order of magnitude in this case. A further computation using Proposition 2.1 gives
that

1 \2 1
Wamet |22 = 2 (1-=5) tog (+—x). D,
BaGPI(D) = 3 Wamaalef" = 2= o + (1= ) 10w (=) 2

m>0

which is not C2-smooth up to the boundary T = OD.
We are now ready to construct the operator measure dwy, 7.

Theorem 3.1. Let n > 1 be an integer, and let T € L(H) be an n-hypercontraction.
Then there exists a positive L(H)-valued operator measure dwy 1 on the closed unit
disc D such that

[ GG dwnin(Q) = TGN (57 W, ) TG,
D m>0

where

min(m,n)

M54+ k—min(j,k)+m—1 [(n
Whimsjk = E (—1)
s =0 Hn;5—min(j,k)+m—1Hn;k—min(j,k)+m—I l

for 4,k > 0; here pn = 1/(’“‘2_1). Furthermore, the operator measure dwy, T s
uniquely determined by this action on monomials.



522 Olofsson IEOT

Proof. We set
A(Ejzk) _ T*(j—min(j,k)) ( Z anj kT*me>Tk—min(j,k)

m>0

for monomials z7z*, j,k > 0, and extend this map A linearly to a linear map A
from the space C|z, z] of polynomials in z and z into £(H). We shall show below
that this map A extends uniquely to a bounded linear map from C(D) into £(H)
of norm less than or equal to 1 with the property that A(f) > 0 in £(H) for
0< fecCD).

By an operator version of the F. Riesz representation theorem (see the prelim-
inaries in the introduction) it then follows that there exists a positive £(H)-valued
operator measure dwy, 7 on D such that

A(f) = / f(2)dunr(), | e CD).

Clearly, this operator measure dw,, r has the action on monomials described in the
theorem. Since the polynomials in C[z, Z] is dense in C(D) (Stone-Weierstrass) it
is clear that the operator measure dw, 7 is uniquely determined by its action on
monomials.

We now proceed to prove the estimates needed. Let f(2) = . ;> ¢ju2’ 2*
be a polynomial in C|z, z] and 0 < r < 1. By Proposition 2.1 we have that

/D Ba(rT, Q) £(C)dptn (€) (3.2)
= 3 T RO (N W (T T ) (TR,
4,k>0 m>0

By Proposition 1.1 the Berezin kernel B, (rT, () is positive in £L(H). We have now
that the left-hand side in (3.2) is of norm less than or equal to | f|c(p) (see the
preliminaries in the introduction) and is positive in L(H) if f > 0 in D. Also, the
right-hand side in (3.2) tends to A(f) in £(H) as r — 1. Passing to the limit as
r — 1 we conclude that [[A(f)|| < [|fllcm) for f € Clz, 2] and that A(f) > 0 in
L(H) if f € C[z,Z] is such that f > 0 in D. Since the polynomials in Cl[z, z] is
dense in C(D) (Stone-Weierstrass), the map A extends uniquely to a continuous
linear map A : C(D) — L(H) of norm less than or equal to 1. Let us verify the
positivity property that A(f) >0 in L(H) if 0 < f € C(D).

Since 0 < f € C(D), also the function /f is in C(D) and we can find a
sequence {p;} of polynomials in C[z, z] such that p; — /f in C(D). Now the
polynomial f; = |p;|? is positive and we have that f; — f in C(D). Now A(f) =
lim; o A(fj) > 0 in £(H). This completes the proof of the theorem. O

The operator measure dw,, 7 is positive and wy, (D) = f dw,, 7 = I. By these
properties we have the inequality

H/Df(C)dwn,T(C)H <|flee, f€CD) (3.3)
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(see the preliminaries in the introduction). We also have that [ fdw,r > 0 in
L(H) if f>0in D.

We next observe that the operator measure dw, r generalizes the notion of
operator-valued Berezin transform.

Corollary 3.1. Let T € L(H) be an n-hypercontraction such that r(T) < 1. Then
dwn,T(C) = Bn(T7 C)dﬂn(C)7 QS D.

Proof. By the formulas stated in the first paragraph in this section the operator
measures By, (T, -)dp, and dw,, 1 have the same action on monomials. The corollary
follows by the uniqueness assertion of Theorem 3.1. O

We remark that in terms of action on test functions the assertion of Corol-
lary 3.1 means that

[ 50,00 = [ BT 08(Qdmn(0), 1€ COD).
The operator measures dw, 7 enjoy the following continuity property.

Theorem 3.2. Denote by C,, the set all n-hypercontractions in L(H), and let Cp,
and L(H) be equipped with the uniform operator topology. Then the map

OwnxaacﬁﬂhﬁéﬂQMMAOecno

18 continuous.

Proof. Let {T,,} be a sequence of n-hypercontractions such that T,,, — Ty in L(H).
Using Lemma 3.1 it is straightforward to check that

[@&WMAOH/@&mMﬂ>mam
D D

as m — oo. By linearization we see that [ Pdw, 1, — [ Pdw,r, in L(H) for
every polynomial P in C[z, z].

The proof is now completed by a standard approximation argument. Let also
fm — foin C(D), and fix ¢ > 0. By approximation (Stone-Weierstrass) we can
ﬁnd a polynomial P in Cl[z, 2] such that || fo — P|l¢(p) < €/4. Recall the inequality

). We now have that

HfmcmT>—[mw%mmmw[wx— (©))dwnz,, (€]

1 (€)= PO, 0] + | / i1, (€)= [ PQnn O]
+] [ (P© = fo0) 0] <

for m large. O
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The previous results yield in particular a uniform functional calculus for the
class of n-hypercontractions. Let u = B, [f] be the Berezin transform of f € C(D).
The function w is real-analytic in D and has a power series expansion

z) = Z cipz 2%, 2 eD.

j,k>0
For an operator T' € L(H) such that r(T) < 1 we set
u(T) =Y cipTTF in L(H). (3.4)
4,k>0

Notice that by the spectral radius formula the series in (3.4) is absolutely con-
vergent in L£(H). This functional calculus extends naturally to the class of n-
hypercontractions.

Theorem 3.3. Let T € L(H) be an n-hypercontraction and let u = By[f] be the
Berezin transform of f € C(D). Then

hm u(rT) / F(Q)dwn,r(¢) in L(H).

Proof. We consider first the case when T' € L(H) is an operator such that 7(T) < 1.
By Lemma 2.1 we have that

[ BT 01Ot

min(n,r,s)

pre(Q) = Y

1 _
(_1>l (n) CT_ICS_Z )
=0 Hnr—1Hn;s—1 l

If we substitute zI, z € D, for T in (3.5) we obtain the power series expansion of

u, that is,
= E crsZ 2%, z €D,
r,s>0

Z /prs dﬂﬂ(C) TWTS? (35>

r,s>0

where

where ¢4 = f Prsfdun,. We now conclude that

(T) = / Bo(T, )1 (Q)dun(C),

where u(T) is defined by (3.4).
Let us now consider the case when T' € L£(H) is an n-hypercontraction. By
the result of the previous paragraph we have that

u(rT) = /D Bo(rT, Q) (C)dpin (€ / FO)duonrr(C

where the last equality follows by Corollary 3.1. Notice that the operator T is an
n-hypercontraction by Proposition 1.1, so that dw, ,r exists by Theorem 3.1. The
conclusion of the theorem now follows by Theorem 3.2. O
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Remark 3.3. We remark that in the first paragraph in the proof of Theorem 3.3
we showed that

u(T) = / Bo(T, )1 (Q)din(€)

when u(T') is defined by (3.4) and T' € L(H) is an arbitrary operator such that
r(T) < 1.

The operator measures dw, r have a property of invariance with respect to
conformal automorphisms of the unit disc.

Corollary 3.2. Let T € L(H) be an n-hypercontraction. Then we have the invari-
ance property that

[ 00)0dnr(0) = [ 1Qdwnn(). £ D),
D

for every ¢ € Aut(D).

Proof. Let 0 < r < 1. By Theorem 1.1 we have that

/@ Ba(rT.0)(f © ) (Q)dpin(C) = / Bu(@(rT), ) £ (Q)dpin(C),

D
which we can restate as

/D(fOSO)( Q)dwn 7 ( /f )dwn, ) (€)-

Notice that the operators rT and ¢(rT') are n-hypercontractions by Proposition 1.1
and Corollary 1.2. Letting » — 1 the conclusion of the corollary now follows by
Theorem 3.2. (]

Notice that ¢(T) is an n-hypercontraction by Corollary 1.2 so that the oper-
ator measure dw,, (7 exists by Theorem 3.1.

4. Relations with the operator measure dwr

It is well-known that every contraction T' € L(H) has a unitary dilation, that is,
there exists a unitary operator U € £(K) on some larger Hilbert space KC containing
‘H as a closed subspace such that

TF = PU*|y, k>0,

where P is the orthogonal projection of K onto H. This unitary dilation U €
L(K) can be chosen minimal in the sense that K = \/;—___ U*(H) and is then
uniquely determined up to isomorphism. We refer to [27, Chapter I] for details of
the construction.

Let now U € L(K) be a unitary dilation of a contraction T € L(H). By
the spectral theorem the unitary operator U € £(K) has an L(K)-valued spectral
measure dE supported by the unit circle T. Compressing the spectral measure dE
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down to H we obtain a positive £L(H)-valued operator measure dwy on T by the
requirement that
wT(S) = PE(S)|H, SeG;

here as above P is the orthogonal projection of I onto H and & is the o-algebra of
planar Borel sets. This operator measure dwr does not depend on the particular
choice of unitary dilation U € L(K) of T € L(H) (see the formula for the Fourier
coefficients wr (k) below).

In terms of Fourier coefficients the operator measure dwr is characterized by
the requirement that

_ _ T for k>0
) _ —ik6 0y — —a
op(k) = /Te dwr(e”) = { T for k < 0.

In the case of a contraction T' € L£(H) such that 7(T") < 1 the operator measure
dwr has the explicit form

dwr(e’) = P(T,e”)df/2n, ¢” €T,
where P(T, ) is the operator-valued Poisson kernel given by the formula
P(T,e") = (I — T I —T*T)(I — e T)71, P eT.

We refer to the paper [26] for the similar construction in the context of the unit
polydisc D™ in C™. In the terminology of Foias [15, 16] the operator measure dwr
is called the harmonic spectral measure for the contraction T with respect to the
spectral set .

We next observe that dwi 7 = dwr.

Proposition 4.1. Let T € L(H) be a contraction. Then
dwr, () = dwr(¢), ¢ eD.
In particular, the operator measure dwi r s supported by the unit circle T.

Proof. By Remark 3.1 we know that Wi.o.;x = 1 and Wi, = 0 for m > 1. By
Theorem 3.1 we now have that

/, ¢ dan p(¢) = THOTmREENTETRGE) = oo (j — k) = / ¢ ¢tdwr ()
D T

for all j,k > 0. By linearization we see that f Pdwy 1 = f Pdwr for every polyno-
mial P € C[z, z] and an approximation argument (Stone-Weierstrass) gives that
[ fdwi,r = [ fdwr for every f € C(D). This completes the proof of the proposi-
tion. O

We remark that in terms of action on test functions the assertion of Propo-
sition 4.1 means that

/ F(Qdan7(0) = / f(€®)dor(€?), | € C(D)
D T

(compare Proposition 4.2 below).
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We shall need the following lemma.

Lemma 4.1. Let the numbers Wy.m.j .1 be as in Section 3. Then
Z Whimsje = 1.
m>0

Proof. We shall use a property of the Berezin transform of a continuous function.
Namely, if f € C(D), then B,[f] € C(D) and B,[f] = f on T. For a proof of this
fact we refer to [19, Proposition 2.3].

Let us now turn to the proof of the lemma. Notice first that the sum in the
lemma is absolutely convergent by Lemma 3.1. By Proposition 2.1 we have the
power series expansion

[ Bales 8 ¢Hdun6) = #7832 WoggaloPm )50, 2 €,
D m>0
Now letting z — 1 using the property of the Berezin transform quoted in the
previous paragraph the conclusion of the lemma follows. O
We shall now consider the case of an isometry.

Proposition 4.2. Let T' € L(H) be an isometry. Then

dwn,7(¢) = dwr(¢), (€D,
for n > 1. In particular, the operator measure dw, T does not depend on n > 1

and is supported by the unit circle T.

Proof. By the construction of the operator measure dw,, 7 in Theorem 3.1 we know
that

/]D $I¢ dwn () = T O GI) (37 W g T T ) TERGR (4.1
m2>0

Since T is an isometry, meaning that T*T = I, we have by (4.1) and Lemma 4.1
that

/ gjé-kdwn T(C) — T*(j—min(j,k:))Tk:—min(j,k:)
5 )

for all 5,k > 0. The conclusion of the proposition now follows by a linearization
and approximation argument (see the proof of Proposition 4.1). O

5. The space A, (&) and its shift operator S,

In this section we shall discuss some properties of the shift operator .S,, and its
adjoint S acting on the space A, (€). Let £ be a Hilbert space. We denote by
A, (&) the Hilbert space of all £-valued analytic functions

f(z) = Zakzk, z €Dy (5.1)

k>0
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here ai € & for k > 0, with finite norm
1A, =D okl ner,

k>0

where fin;, = 1/(k+n_1) for k > 0. The norm of A, (€) can also be written

k
11, = limy [ 1762 (o)

The measure dpu; is the normalized (mass 1) Lebesgue arc length measure on the
unit circle T, and for n > 2 the measure du,, is the weighted area measure given
by
diin(2) = (n — 1)(1 — |2|))"2dA(z), z€D,
where dA(z) = dady/m, z = x + iy, is the normalized Lebesgue area measure.
On the space A, (€) we have a natural shift operator S = 5,, defined by

(Suf)(e) = () = Sanasb, €D,
k>1
for f € A,(€) given by (5.1). In fact, by the formula
n—1
1 k+n-1 1 .
(") - e
j=1

,un;k

we see that the weight sequence {fink}r>0 is decreasing in k > 0 and that the
ratio fin;k+1/tn;k tends to 1 as k — oo. Therefore the operator S, is bounded on
Ap (&) of norm equal to 1. The adjoint operator S’ of S,, has the form

I

(Spf)(z) =Y Fittla 28 zeD, (5.2)
k>0 Hnsk

where f € A, (€) is given by (5.1) above.

For later use it will be convenient to have available the following lemma.

Lemma 5.1. Let S, be as above and let f € A, (E) be given by (5.1). Then

m

S (s, =X (7T il

Jj=0 k>0
for1<m <n, and
n /n y
(17 (7)1, = ool
i=0 J
Proof. By formula (5.2) we have that
M2 k
*j n;k—+j
1S5 Fl1A, = %;Ilak+j||2-

k>0
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Let 1 <m < n. A computation shows that

> (Miser, = e ()T ks, (53)

J n

=0 =0 k>0 Fm
min(m,k) m 1
S (M)
k>0 =0 J /) Hnik—j

where the last equality follows by a change of order of summation. We now notice

that the sum
min(m,k) 1
> (=1 (m)

=0 J/ Hnik—j

equals the k-th coefficient in the power series expansion of the function
1 1

=" =g

()

Jj=

We conclude that

(=)

for 1 < m < n, and that

min(n,k) n 1
Z (_1)3( ) :5]6,07

s J/ Hnik—j

where dp0 = 1 and d; 9 = 0 for £ > 1 is the Kronecker’s delta. Substituting the
values of these last two sums into (5.3) we arrive at the formulas in the lemma. O

The following proposition establishes two basic properties of the adjoint shift
operator S’.

Proposition 5.1. The operator S} : A, (E) — An(E) is an n-hypercontraction such

that limy_.o0 S;¥ = 0 in the strong operator topology.

Proof. Let us first verify that S* — 0 (SOT). If f € A,,(€) is a polynomial, then
clearly S;*f = 0 for k large. Since ||S:*|| < 1 we conclude by an approximation
argument that S¥*f — 0 in A, (&) for every f € A, (€). The assertion that the
operator S is an n-hypercontraction is evident by Lemma 5.1. O

We shall now compute the operator measure dwy, sx.

Proposition 5.2. For n > 2, we have that
dwn,S:‘L (€)= Bn(S;:a Qdun(¢), ¢€ D.
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Proof. By Lemma 1.3 we know that the function B, (S},-) is integrable with re-
spect to du,. To prove the proposition it suffices to show that

[ & ¢Fdum 51.(C) / Bo(5%, Q)& ¢ dpn(©) (5.4)
D

for 7,k > 0. The conclusion of the proposition then follows by a linearization and
approximation argument (see the proof of Proposition 4.1).

Let now f,g € A,(€) be polynomials and 0 < r < 1. Since S}*f = 0 for k
large for such an f, the resolvent sum

(I—rlSp)"f = Z ’“C_’“S;i’“f

k:>0

is finite. Therefore, the function

n

(Ba(r57.15.0) = (( (1% () SESiE) (1 = G011 = 1870 )

k=0

is a polynomial in r, ¢ and ¢. By Corollary 3.1 we now have that
/ Gt dion s (Of g) / Bo(rS, 8 Fdpin(C) f. 9)
- /D (Bo(rS7, ) f. 9)E Cdpin () — / O 9)E P dun(©)

as r — 1. Since also
‘/7 Ejgkdwn,rSE (C) - [ E'jgkdwn,sﬁ (C) in ‘C(H)
D D

as r — 1 by Theorem 3.2, we conclude that

~j ~k k:w .
</DB( 08 () /CCdnS(C)f:>

for f, g polynomials in A, (€). By approximation (5.4) follows. O

We remark that in terms of action on test functions the assertion of Propo-
sition 5.2 means that

[ F(Odwnse (O) = / Bo(S5 0 f(Q)dn(C),  f € C(D).
D D

6. Operator model theory. General considerations

In this section we consider the problem of modeling an operator T' € L(H) as part
of an operator of the form T} & Ts, where T; € L(H;) (j = 1,2) are operators
such that T;7* — 0 in the strong operator topology and T is an isometry. The
principal results in this section are Theorems 6.1 and 6.2 below. Let us begin with
some general considerations.
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Let T € L(H) be an operator such that the limit
lim || 7%z
k—o00
exists for every # € H. Since ||T*z|? = (I'**T*z,z) for x € H, we have by

polarization that the operator limit limy_ . T**T* exists in the weak operator
topology. We can now introduce the operator

Q= ( lim T*ka)1/2 in £(H),

k—o0
where the positive square root is used. Notice that
IQaf* = Jim ([T, =& (6.1
Associated to the operator @Q we have the range space Q defined as the closure in
H of the range of @, that is, @ = Q(H). By (6.1) we see that the formula
U:Qr— QT

gives a well-defined map which by continuity extends uniquely to an isometry U
on Q satisfying the intertwining relation QT = UQ.
We have the following theorem.

Theorem 6.1. Let T € L(H) and let T; € L(H;) (j = 1,2) be operators such that
Ty% — 0 in the strong operator topology and Ty is an isometry on Hay. Assume
that we have an isometry

V=(W,V2): H— Hi ®Ha
of H into H1 ® Ha satisfying the intertwining relation
VT = (Ty @ To)V. (6.2)
Then

o the limit limy o | T*z||? exists for every x € H,

e the map Vo : H — Ha factorizes as Vo = VgQ, where Vo : Q — Hs is an
isometry, in such a way that the intertwining relation ‘72U = T2‘72 holds,

e the operator Vi : H — H; satisfies the norm equality

]| = | Tz = |Vazl® - |7 Vaz |, 2 € M.
Furthermore, the operator limit
Q? = VyVy = lim T*T*
k—oo
exists in the strong operator topology.

Proof. Since the map V is an isometry, we have by the intertwining relation (6.2)
and the isometry property of T5 that

T 2|* = | T Vaal|® + |Vaz|®, = €,
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for k > 0. By this equality and the assumption that 7;% — 0 (SOT), we have that
the limit limy_o || T%2[|? exists and equals ||Vaz||? for every z € H. We thus have
that

Qal? = lim [T*a]? = [Vaal?, € H.

By this last equality we see that the formula Vs : Qzr — Vox gives a well-defined
map which by continuity extends uniquely to an isometry V3 : @ — Hz such that
V2Q = V5. Also

VQUQx = %QTz =WTy =TVox = TQVQQx, reH,
which gives that VQU = TQVQ.

Let us now verify the norm equality for the operator V;. Since the opera-
tors V. = (V4,V2) and T» € L(H2) are isometries we have using the intertwining
relations T5Va = Vo1 and ViT = T7V; that

ll|? = [Vaz||* = |[Vaz|? = || T2Vaz||* = ||VoT||?
= |Ta|® - |[ViTa|* = ||T|* — | Ty Viz|?, 2 €H.
This gives the norm equality for V7.
Let us now turn to the last limit assertion of the theorem. By the intertwining
relation (6.2) we have
VTt = (T7* o Ty)V,
and passing to the adjoint operator we see that
TV = VH(TF @ T3).
We now have that
Tk = TRV VTY = V(T @ TSR TRV = VA(TETYE @ In,)V,

where in the last step we used that T5Ts = I. Since T7% — 0 (SOT) we have that
also TET}* — 0 (SOT). Passing to the limit we now conclude that

Jim THTY = V(0 & Iy, )V = Vi Vs
in the strong operator topology. O

We remark that in the statement of Theorem 6.1 and also in Theorem 6.2 be-
low the existence of the limit limy_ o || T%z||? for every € H is included merely to
ensure the existence of the operator (). As pointed out in the paragraph preceding
Theorem 6.1 the limit assertion (6.1) can be rephrased saying that

Q* = lim T*FT* (6.3)
k—oo
in the weak operator topology. The last conclusion of Theorem 6.1 says that the
limit (6.3) holds also in the stronger sense of convergence in the strong operator
topology.

By Theorem 6.1 we see that there is a natural choice of space Hs and operator
T given by Ho = Q and Ty = U. We shall now show that this choice (Tz, Hsa) =
(U, Q) does the job.
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Theorem 6.2. Let T € L(H) and let T1 € L(H1) be an operator such that Ty* — 0
in the strong operator topology. Assume that there exists a bounded linear operator
Vi H — H1 satisfying the norm equality

] = | Tz = |Vazl® - |7 Vaz |, = €, (6.4)
as well as the intertwining relation

Wr =17v.
Then the limit limy,_., | T*2||? exists for every x € H and the map
V=V,Q):H—-H ®Q

defined by V : x — (Viz, Qx) for x € H is an isometry of H into H1 @ Q satisfying
the intertwining relation
VT =(Ty e U)V;

here Q, Q@ and U are as in the discussion preceding Theorem 6.1.
Proof. Substituting 77z for z in (6.4) we obtain using the intertwining relation
WiT =T7V; that

IT7a|? = | T+ 2| = |77 Vaa | — 1794 Vial?
for j > 0. Summing these equalities for j =0,...,k — 1 we see that

lz[* = 17"z ||* = [Viz|)? — | TT*Viz|?, = € H.

Now since T7% — 0 (SOT), we see that the limit limy_, [|T%z|? exists for every
x € H. Furthermore, by a passage to the limit we conclude that

ol = [Vaal® + lim T2 = [Vie)? + |Qull®, = € H.

This last equality shows that the map V = (V1, Q) is an isometry of H into H1® Q.
The intertwining relation VT = (T} @ U)V follows by ViT = T7V; and QT = UQ.
This completes the proof of the theorem. O

7. Operator model theory. n-hypercontractions

In this section we continue the study of operator model theory from Section 6. Of
particular concern here is the modeling of a general n-hypercontraction T' € L(H)
as part of an operator of the form S} ®U; here U € £(Q) is the canonical isometry
associated to T' described in Section 6 and S, is the shift operator on a space A4, (£).
In the notation of Section 6 we have that H; = A,(€) and Th = S,,.

Recall that the adjoint shift operator S} on 4, (£) is an n-hypercontraction
such that limy,_ o S** = 0 in the strong operator topology (see Proposition 5.1).

Let T € L(H) be an n-hypercontraction, and consider the defect operators

Dy = (i(—l)’f(TZ)T*kT’“)l/Q in £(H)

k=0



534 Olofsson IEOT

for 1 < m < n, where the positive square root is used. We write D,, r for the defect
space defined as the closure in H of the range of D,, r, that is, D, 1+ = D,, 7(H).

Theorem 7.1. Let T € L(H), and let V}, : H — A, (E) be a bounded linear operator
satisfying the norm equality
2l = |1 Tz|* = [Vizl%, - [ISiVazll%,, =€ X, (7.1)

as well as the intertwining relation ViT = S;Vi. Then the operator T is an n-
hypercontraction and there exists an isometry Vi : Dy, v — & such that the operator
Vi admits the representation

(Viz)(z) = Van,T(I —2T) "z, ze€D,
for x € H.

Proof. By Theorem 6.2 with 73 = S,, and H; = A, (€) the operator T is part
of the operator S’ @& U, where U is an isometry. Therefore the operator T is an
n-hypercontraction.

The operator V; in the theorem is defined by the formula

Vi : Dppa — (Viz)(0)

for x € H. We shall show that this formula gives a well-defined map which by
continuity extends uniquely to an isometry Vi : D,, 7 — £. To accomplish this it
suffices to prove the norm equality || D, rz||? = ||(Vaz)(0)||? for = € H.

Notice first that the standard identity (}) = (') + (}=;) for binomial
coefficients gives us the formula

n n—1
S ( Jirelr = v (U ) Urtal? ). e e n (r2)

k=0 k=0
which is valid for an arbitrary operator T' € L(H).
Let us now turn to the proof of the norm equality || D,, rz|* = ||(Viz)(0)
for € H. Let x € ‘H and write f = Viz, where f € A,(€) is given by (5.1).
Substituting T*z for = in the norm equality (7.1) we obtain using the intertwining
relation V1T = S:V; that
T 2))® = 1T a|® = 538 f 1A, = 152V fIA, -

By formula (7.2) we have that

I?

n n—1
n n—1
Dol = Y0¥l = S0 (M ) (P )
k=0 k=0

I
gl

n—1 N N
ot ) Ui, - s,

b
Il

0

I
NE

() isitria.

b
i

0
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By Lemma 5.1 we have that

>0t () Isit 1R, = ol

k=0
We now conclude that || D, rz||* = ||ag|* = ||(Viz)(0)||?. This gives the asserted
norm equality.

We now turn our attention to the representation formula for the operator V;.
By the intertwining relation Vi1 = S;:V; we have that

VD, 1T = (ViTF2)(0) = (S;*12)(0) = pmear,

where in the last step we have used (5.2); here Viz = f € A, (€) is given by (5.1).
A computation now gives that

1. .
f2) =) = —(DpsT*2)2* = ViDy (I = 2T)™", z€D.
k>0 k>0 Hnsk

This completes the proof of the theorem. O

Let T' € L(H) be an n-hypercontraction. For an element x € H we consider
the D,, p-valued analytic function V; , defined by the formula

k+n—1

(Vin2)(2) = Dnr(I = 2T) "= 3 < k

)(Dn,TTkx)zk, zeD. (7.3)
k>0

The explicit form of this function V4 ,z given by (7.3) is of course strongly sug-
gested by Theorem 7.1. The formula (7.3) is also to some extent motivated by the
explicit form of the operator-valued Berezin kernel (0.2) studied earlier.

Our next task is to model a general n-hypercontraction using the map V; ,, :
x — Vi nz. The following proposition gives a norm bound for this operator V; ,,.

Proposition 7.1. Let T € L(H) be an n-hypercontraction. Then the above map
Vit @ — Viax defined by (7.3) maps H into An(Dp,1) in such a way that

Vinel, <llel?, zeH,
and the intertwining relation V1 ,T = S}V n holds.

Proof. Let us first verify the intertwining relation V4 ,T = SV . By (5.2) and
(7.3) we have that

n; 1
(S Vi) (2) = Z M—(Dn’TTk-&-lx)zk
>0 Hn;k  Mnsk+1

1
= Z (D rTF 1 2) 2k = (W, Tx)(2), 2€D.
5>0 Hn;k

This gives the conclusion that S;V; , = Vi, T.
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Let us now turn our attention to the norm bound of the operator Vi ,. Let
0 <r <1 and fix x € H. By Corollary 2.1 with f =1 we have that

/D (Bu(rT, ) 2)idpin (¢) = ||2]%

Recall that also the operator T is an n-hypercontraction (see Proposition 1.1). In
particular, the defect operator D,, ,r is defined, and by the defining formula for
the operator-valued Berezin kernel (0.2) we have that

(Bu(rT, )z, 2) = | Dy yr(I — (rT) "z,
A change of variables and the Parseval formula now shows that

1 —-n
S D (T = / 1D — CrT) "2 dpin (C) = 1]
E>0 Hn;k D

Now letting » — 1 an application of Fatou’s lemma gives that

1
> ——IDprTa|? < ||2l*, zeH.
k>0 7
This completes the proof of the proposition. O

We shall need the following lemma.

Lemma 7.1. Let T € L(H) be an n-hypercontraction. Then we have the norm

equality
2] = |1 Tl =)
k>0 n—1;k

HDn,TTkaQ, r e H.

Proof. Let us first make a few preparatory remarks. Recall that

m

. /m .
|Dm,Tx|2=Z<—1>-7(j)||m|% ren,

j=0
for 1 < m < n. Using a standard formula for binomial coefficients it is a straight-
forward matter to verify that

I Dmsral* = | D ral® = | DmrTe)?, z€H, (7.4)

for 1 < m < n. We also notice that since the limit limy_ [|7%z||? exists (the
operator T is a contraction) we have that limg_ oo | Dy rT%(|> = 0for 1 <m < n.
Let us now turn to the proof of the lemma. Substituting 77« for x in formula
(7.4) we see that
D1, 7T ||* = | Dy 7T 2|2 = | Do T4 ]2, 2w € H,

for 7 > 0. Summing these equalities for j =0,...,k — 1 we obtain that

k-1 k-1
Z | D1, 7T )|* = Z (1D 7T 2||? = || Do e TV ]|?)
=0 =0

= |1Dim,z||* = | D 7T 2.
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Now letting k — oo, using that || D,,T*z||*> — 0 (see the previous paragraph), we
conclude that
|Dmra|? =D |Dmir o T |?, z€H,

k>0
for 1 < m < n. Iterating this last equality, we arrive at
1
IDyral?= Y [DusTh ] = Y || D, g T,
B ook 120 k=0 Hnt

where in the last step we have used a standard property of binomial coefficients.
This completes the proof of the lemma. O

We can now model a general n-hypercontraction.

Theorem 7.2. Let T € L(H) be an n-hypercontraction, and consider the map
Vit @ — Viax given by formula (7.3). Then the map
V= (‘/1,77.7@) H — An(Dn,T) S Q
defined by Vo = (Vi nx,Qx) for x € H is an isometry of H into Ap(Dp1) ® Q
satisfying the intertwining relation
VI =(S;yoU)V;
here Q, Q@ and U are as in the discussion preceding Theorem 6.1.

Proof. We shall apply Theorem 6.2 with V; = V; , and 171 = S, acting on the
space Hy = An(Dnr). Recall that Si* — 0 (SOT) (see Proposition 5.1). By
Proposition 7.1 the map Vi, : H — An(Dy,r) is bounded of norm less than or
equal to 1 and the intertwining relation Vi ,T = S Vi, holds.

It remains to verify the norm equality (6.4) in our case. Let € H. We have
that

. 1 1

”Vl,an,%ln - HSnVl,nx”?An = Z ||Dn,TTk$H2 - Z ||Dn,TTk+1$H2
k>0 1 k>0 sk

2 1 1 k2

= | Dol + > (—— - V1D r T

E>1 ,Un;k ,Un;k—l

By the standard identity (Z) = ("gl) + (Z:i) for binomial coefficients we further
conclude that

Vinzli, = IS5 Vinalls, = >
k>0 n—1;

1
| Dy T |2

By Lemma 7.1 this last sum on the right hand-side equals ||z||> — ||Tx||?. This
completes the proof of (6.4) in our case. O

In the proof of Theorem 7.2 above we needed the boundedness of V7 ,, as an
operator from H into A, (D, 7). The proof of this boundedness property we gave in
Proposition 7.1 used properties of the operator-valued Berezin kernel studied ear-
lier. Adapting the argument from the proof of Theorem 6.2 instead, we can prove
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this boundedness of V; , directly without reference to operator-valued Berezin
kernels. In fact, we have the following proposition.

Proposition 7.2. Let T € L(H) be an n-hypercontraction. Then we have the norm

equality
ll2]* = Z

k>0

o TRe||? + hm |T*z|?, =€ H.

Proof. Notice first that since T is a contraction the limit limy_ o ||7%z||? exists.
Substituting 77z for x in Lemma 7.1 we obtain that

. , 1 ,
1T = | T )|* =) Dy 2 T*||?,  x € H,

n—

k>0
for 7 > 0. Summing these equalities for j =0,...,] — 1 we conclude that
-1 oo
] = 1T = wr T2z e H.
7=0 k= 0

Now letting | — oo, noticing that

> HD rTH|* = —— || Dn s T |,
§,k>0 Hn— k>0
the conclusion of the proposition follows. O

Notice that the conclusion of Proposition 7.2 can be rephrased saying that
the map V = (V4 ,,, Q) in Theorem 7.2 is an isometry of H into A, (D, 1) ® Q.

Theorem 7.2 has the following corollary when the operator T is also in the
class Cy..

Corollary 7.1. Let T € L(H) be an n-hypercontraction such that limy,_... T* = 0 in
the strong operator topology. Then the map Vi, @ x — V1,2 defined by (7.3) is an
isometry of H into An(Dy 1) satisfying the intertwining relation Vi , T = SXVi .

Proof. The operator  in Theorem 7.2 vanish. O

8. Structure properties of the operator measure dw, r

The purpose of this section is to discuss some results describing the structure of
the operator measure dw, 7 in some more detail. We denote by & the o-algebra
of planar Borel sets.

Theorem 8.1. Let T € L(H) be an n-hypercontraction, and let
V=WVinQ):H— An(Dn) ® Q
be the isometry in Theorem 7.2. Then
wn,r(S) = Vfinwms;(S)VLn + Quwy(S)Q, SeG;

here the operator U is as in the discussion preceding Theorem 6.1.
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Proof. A computation using the intertwining relation VI = (S} @ U)V shows that
T T% =V}, SES2 Vi + QUUQ (8.1)

for r,s > 0. By Theorem 3.1 we have that

/7 éjckdwn,T(C) — T*(j—min(j,k))( Z Wn;m;j,kT*me)Tk_min(j’k)
D

m>0
Vi [ Ot s (©) Vi + Q( [ Tt

for j,k > 0. An approximation argument gives that

[ £ = Vi [ 10050 i+ Q( [ FOdn(0))@

for f € C(D) (see the proof of Proposition 4.1). By Proposition 4.2 we know that
dwy, v = dwy. This completes the proof of the theorem. O

We remark that in terms of action on test functions the assertion of Theo-
rem 8.1 means that

[ 100020 = Vi [ 1000550 Van + @ [ £ aan(e))
for f € C(D).

Theorem 8.2. Let T € L(H) be an n-hypercontraction for some n > 2, and let
V = (Vin, Q) be as in Theorem 8.1. Then

wnr(S) = / BT 000+ Quu($)Q, S <8

here the operator U is as in the discussion preceding Theorem 6.1.

Proof. By Proposition 5.2 we have that

dwn,S;‘l (C) = Bn(S:w C)d,un(C)v Ce D,

which by Theorem 8.1 allows us to conclude that

[ 100 = Vi ([ Bl 50O Vi + @ [ ("))

- (8.2)
for f € C(D).
‘We shall now consider the Berezin kernel

Bu(T,Q) = (I~ CT*>‘”(an(—1>k<Z)T*ka)<I =(1)™", (e,

k=0
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in some more detail. By formula (8.1) and Lemma 2.1 we have that

Bn(T, () = Z Prs(Q)TT?

r,s>0

Vi (2 P88 ) Vin + QD prlOUTUY)Q

r,s>0 r,s>0

Now since U is an isometry, that is, U*U = I, we have that B, (U, () = 0 for all
¢ € D. We conclude that

Bn(Ta C) = Vlann(S;FmC)Vl,n? C e D. (83>
By formulas (8.2) and (8.3) the conclusion of the theorem follows. O

Notice that by Theorem 8.2 we have that w, 7(S) = 0 for every Borel subset
S of D of planar Lebesgue measure zero.

We remark that the operator measure B, (T, ()du,(¢) appearing in Theo-
rem 8.2 has an invariance property with respect to conformal automorphisms of
the unit disc (see Proposition 1.3).

We have the following corollary when the operator T is in the class Cy..

Corollary 8.1. Let n > 2, and let T € L(H) be an n-hypercontraction such that
limg oo T% = 0 in the strong operator topology. Then

dwn,7(¢) = B(T,¢)dun(¢), ¢ €D.

Proof. In this case the operator U is not present (see Corollary 7.1). The corollary
follows by Theorem 8.2. O

We remark that in terms of action on test functions the assertion of Corol-
lary 8.1 means that

/ F(Oduonr(¢) = / Bo(T, Q) f(Q)dn(C), | € C(D).
D D

We recall that a contraction T' € L(H) is said to be completely non-unitary
(c.n.u.) if for every element = € H the equalities

IT**a|? = |l«* = |T*z]?, k>0,

imply that = 0 (see [27, Section 1.3]). A classical result of Sz.-Nagy and Foias
asserts that the spectral measure for the minimal unitary dilation of a c.n.u. con-
traction is absolutely continuous with respect to Lebesgue arc length measure on
the unit circle (see [27, Theorem 11.6.4]).

Let T € L(H) be a completely non-unitary contraction, and let U be as in the
discussion preceding Theorem 6.1. Using the result of Sz.-Nagy and Foias qouted
in the previous paragraph it is straightforward to see that the operator measure
dwy is absolutely continuous with respect to Lebesgue arc length measure on T,
that is, wy(S) = 0 in L(H) for every planar Borel set S such that u(S) = 0. We
omit the details.
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9. Subnormal contractions and the Hausdorff moment problem

A theorem of Agler [2, Theorem 3.1] asserts that an operator T € L(H) is a
subnormal contraction if and only if it is an n-hypercontraction for every n > 1.
In this section we shall reconsider this characterization of subnormal contractions
and derive it as a limit case of our study of operator-valued Berezin transforms
(see Theorem 9.1 below). As an application of this result we shall also consider
two operator-valued moment problems of Hausdorff type (see Theorem 9.2 and
Proposition 9.3).
First we need a lemma.

Lemma 9.1. Let n > 2, and let T € L(H) be an operator such that r(T') < 1. Then

[ BT 00 MO = [ (10 =GP = T HE M = D) ()
for all integers j, k > 0.
Proof. We have a series expansion
(T = ¢ =CT) 7 = pjra(Q) T,
1>0

where the p;1.i(¢)’s are polynomials in C[¢,{]. A more detailed analysis shows
that the maximum max|¢|<1 [pjr;(¢)| grows at most like a polynomial in 1. We
now have the series expansion

(T* = CIY (I = ¢T*) ™ MT = DI = CT) 7 = Y prjs (Opjikass (O T T,
11,12>0

which we integrate term by term to obtain that

Jo =G =R = =) 0.1
= 3 [ s Opana Qe (O T
11,12>0

We shall now consider in some more detail the integrals appearing on the
right-hand side in (9.1). Substituting zI, z € D, for T in (9.1) we obtain that

/Dsaz(C) O dun(¢) = /pk,m (Opjksta(Odpn(C) 212", 2 €D,

11,1220

where ¢,(¢) = (z—¢)/(1 — z() is a conformal automorphism of the unit disc. The
change of variables w = ¢,(() gives that

/ 220 02 (O dpn(€) = /D B (2w} w dpn ()

(see [19, Section 2.1]). By Proposition 2.1 we have the power series expansion

/ B (2, Q)8 g (¢) = 29700 (37 W a2 ) 2400002 e,

m>0
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Comparing coeflicients we conclude that

/D Prits ©OPsts (Odiin () = Wiy

for Iy = j — min(j, k) + m, Il = k — min(j, k) + m, m > 0, and that

/D Prjitn OP3sts (i () = 0

for all other values of I1,l2 > 0. Going back to (9.1) we conclude that
[ =0 = )T = DM = CT) ()

= UG (N7 W T ) TEIO) / Bu(T, )¢/ ¢ djun(C),
m>0 D

where the last equality holds by Proposition 2.1. This completes the proof of the
lemma. (]

Let us recall the notion of a subnormal operator. An operator T' € L(H) is
called subnormal if there exists a normal operator N € £L(K) on some larger Hilbert
space K containing H as a closed subspace such that T' = N|; the operator N
is then called a normal extension of T'. A normal extension N of T can be chosen
minimal in the sense that £ =\/, ;oo N *IN*(H) and is then uniquely determined
up to unitary equivalence. By the spectral theorem the normal operator N has a
spectral measure dE supported on the spectrum o(NN) of N. If we set

u(S) = PE(S)lx, S € & (9.2)

here & is the o-algebra of planar Borel sets and P is the orthogonal projection
of K onto H, then du is a positive L(H)-valued operator measure on K = o(N)
which represents the operator 7" in the sense that

THTk = /K Sakdu(z), gk >0, 9.3)

Notice that (9.3) determines the operator measure du uniquely (Stone-Weier-
strass). Conversely, assume that (9.3) holds for some (compactly supported) posi-
tive operator measure dyu. By a theorem of Naimark [24] there exists an L(K)-
valued spectral measure dF also supported by K such that (9.2) holds. This
spectral measure dFE is then the spectral measure for the normal extension N =
Jx 2dE(2) of T with o(N) C K. A standard reference for subnormal operators is
the book Conway [11]; see also Bram [9)].

Theorem 9.1. Let T € L(H) be an operator such that the inequality

n

> (-1 (Z) T*T* >0 in L(H) (9.4)

k=0
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holds for every n > 1. Then there exists a positive L(H)-valued operator measure
dp on D such that

7Tk = / Z2kdu(z),  j k> 0.
D
In particular, the operator T is a subnormal contraction.

Proof. We consider the map A with values in £(H) defined for polynomials f(z) =
Zj,kzo Cjkijzk in Clz, z] by

A(f) =D euTTH.
J:k=20
We shall show below that A(f) > 0 in L(H) if f(z) > 0 for all z € D. By
approximation the map A then extends uniquely to a continuous linear map A
from C(D) into £(H) such that A(f) > 0in L(H) if 0 < f € C(D) (see the proof
of Theorem 3.1). By an operator version of the F. Riesz representation theorem it

then follows that that there exists a positive £(H)-valued operator measure du on
D such that

Amzémm@,mam

(see the preliminaries in the introduction). This gives then the conclusion of the
theorem.
Let us prove the estimate needed. We consider first the case of an operator
T € L(H) such that »(T") < 1 satisfying (9.4) for n > 1. Notice that the sequence
{1} of probability measures converges weak* to the Dirac measure dy in M (D) =
C(D)*, that is,
lim | f(2)dn(z) = £(0), f e C(D).

n—oo ]D)
By Lemma 9.1 we have that
m‘ﬂ&MAmﬂm/m—m%—awmumm>@me>
n—oo ]D)

n—oo ]D)
=TTk in L(H)

for j,k > 0. Taking linear combinations we see that

lim [ f(Q)dwn,r(C) = A(f) in L(H)

n—oo D

for every f € CI[(, (]. Since the dw, ’s are positive operator measures, we conclude
that A(f) > 0in L(H) if f € Clz, Z] is positive in D.

Let us now consider the case of an arbitrary operator T' € L(H) satisfying
(9.4) for n > 1. Let 0 < r < 1. By Proposition 1.1 the operator T satisfies (9.4)
for n > 1, and by the result of the previous paragraph we have that

Z ciprtTRTHTE >0 in L(H)

J,k=0
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for every f(z) =2, 150 cjkz?2* in C[z, 2] such that f > 0 on D. Letting r — 1 we
conclude that A(f) > 0 in L(H) for every polynomial f in C[z, Z] which is positive
in D. This completes the proof of the theorem. O

It is known that a subnormal contraction is an n-hypercontraction for every
n > 1. For the sake of completeness we include some details of proof.

Proposition 9.1. If T € L(H) is a subnormal operator such that ||T|| < 1, then T
is an n-hypercontraction for every n > 1.

Proof. Let du be as in (9.3). For ¢ > 1 we have that
]2TWWz/VW@@28%WEK:M>d)mqm
K

for k > 1. Letting k — oo we see that u({z € K : [z| > ¢}) = 0. This shows that
the operator measure dy is supported by D. We now have that
S ()Tt = [ ) 20 i ),
k b
k=0
which shows that the operator T is an n-hypercontraction for every n > 1. O

We want to mention here that the relationship between the spectrum of a
subnormal operator and the spectrum of its minimal normal extension has been
studied by Halmos [17] and Bram [9] in the 1950’s; see also [11, Theorem II.2.11].
Notice that the spectrum of the minimal normal extension N of a subnormal
operator T' € L(H) equals the support of the operator measure du given by (9.3)
(see the discussion preceding Theorem 9.1).

We shall now turn to a discussion of some related moment problems. We say
that an infinite matrix {L;x}; x>0 with entries Lj; in £(H) is positive definite if

N
Z (ijxj,xk> >0
4,k=0
for every choice of xg,...,xn € H.

As an application of Theorem 9.1 we have the following variation of a moment

problem considered by Atzmon [6]; see also [30, Theorem 3.7].

Theorem 9.2. Let {L,;}; k>0 be an infinite matric with entries Lk in L(H) such
that the matrices

{ PBIC (Z) Lj+m,k+m}j g P20, (9.5)
m=0 o2

are all positive definite. Then there exists a positive L(H)-valued operator measure
d\ on D such that

LM:/}wwM@,mkzu (9.6)
D
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Proof. By (9.5) with n = 0 we have that the matrix {L;x}; r>0 is positive definite.
On the space of H-valued analytic polynomials

flz) = ar; (9.7)

k>0

here ay, € H for k > 0, we consider the semi-norm defined by

£ =" (Ljkay, ax).

J;k=0

This semi-norm induces in a natural way a Hilbert space Ay, in which the equiva-
lence classes of H-valued polynomials form a dense subset.
We now consider the shift operator S defined by

(SH)(2) = 2f(z) =) ar1z" (9.8)

for f a polynomial given by (9.7). A computation shows that

IS™FI? = > (Liktjoms ahm) = > (Ljsmkrmay, ar),

Jikzm 7. k>0
and that
n

0 (17 = 3 (S () s

J,k=0

m=

here f is given by (9.7) and n > 1. By (9.5) with n = 1 we have that the shift
operator S induces a well-defined contraction on the space Ay, which we also denote
by S.

Invoking the full strength of (9.5) for n > 1 we have that the induced operator
S on Ay, is an n-hypercontraction for every n > 1. By Theorem 9.1 we conclude
that there exists a positive £(Ar)-valued operator measure dy on D such that

S*igk = /Dzjzkd,u(z), 4 k> 0.

We have a natural map Ay mapping the element x € H to the corresponding
constant element = in Ay, that is, Agx = f, where f is given by (9.7) with ag =z
and ay = 0 for k > 1. We now set A(F') = A§u(F)Ap for F € & (Borel sets). This
gives us a positive £(H)-valued operator measure d\ on D. We proceed to show
that (9.6) holds with this choice of dA. We have that

/ HERN(2) = A;;( / zjékdu(z))Ao = A3S5*RS A,,
D D

and (A3S**S7 Aoz, y) = (S Agw, S¥Agy) = (Ljrx,y) for x,y € H, which gives
that AgS*kS-jAO = L. This completes the proof of the theorem. O
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We remark that the method of proof of Theorem 9.2 is adapted from Atz-
mon [6]. We also remark that an operator measure d\ is uniquely determined by
(9.6) (Stone-Weierstrass); the same uniqueness remark applies in the context of
Proposition 9.3 below.

Theorem 9.2 has the following converse.

Proposition 9.2. Let the infinite matric {L;i}; k>0 with entries L in L(H) be a
Hausdorff moment sequence in the sense that (9.6) holds for some positive L(H)-

valued operator measure d\ on D. Then the infinite matrices (9.5) are all positive
definite.

Proof. By a theorem of Naimark [24] there exists an £(K)-valued spectral measure
dE on D and a bounded linear operator A : H — /C such that

A(S) = A*E(S)A, S e 6;

here G is the g-algebra of planar Borel sets.
A computation shows that

Ljgn = Z (—1)m (:L) Litvmktm Z/, (

m=0 D

Zn_: SR (:) TR a(2)

m=0
_ A*(/Dzjzk(l - |z|2)de(z))A.

Let xg,...,xny € H. We now have that

Z (Lj knxj, xp) = Z (A*(/Dzjék(l - |z|2)de(z))ij,xk)

J,k>0 4, k>0
J
j>o0 /D D
This completes the proof of the proposition. 0

We can adapt the proof of Theorem 9.2 to yield also the following version of
the operator-valued Hausdorff moment problem.

Proposition 9.3. Let {Lj}r>0 be a sequence of operators in L(H) such that

n

Z(—l)k (Z) Litp>0 inL(H) (9.9)

k=0
for all integers n,j > 0. Then there exists a radial L(H)-valued positive operator
measure d\ on D such that

Ly = / |z|*kd\(z), k>0. (9.10)
D

Furthermore, by a change of variables, we have a positive L(H)-valued operator
measure dv on the closed unit interval [0,1] such that

n :/ 2Fdv(z), k>0. (9.11)
[0,1]
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Proof. By (9.9) with n = 0, the operators Ly are all positive. On the space of H-
valued analytic polynomials f of the form (9.7) we consider the semi-norm defined
by
£ = (Lrar, ax).
k>0

This semi-norm induces in a natural way a Hilbert space Ay, in which the equiva-
lence classes of H-valued polynomials form a dense subset.

We consider the shift operator S defined by (9.8). By (9.9) with n = 1,
the shift operator S induces a contraction on Ay which we also denote by S. A
computation shows that

IS*F117 = (Litjaz,a;)
j=0
and therefore we have that
- n - n
St (st = o000 () e o) 0
k=0 i>0 k=0

for f given by (9.7) and n > 1. We thus have that the induced operator S on Ay,
is an n-hypercontraction for every n > 1, and by Theorem 9.1 we conclude that
there exists a positive L(Af)-valued operator measure du on D such that

S*igk = /Déjzkdu(z), J,k=>0.

Consider the natural map Ay mapping the element x € H to the correspond-
ing constant element = in Ay, that is, Aoz = f, where f is given by (9.7) with
ap = x and ar = 0 for k > 1. We now set A(F) = Aju(F)Ap for FF € & (Borel
sets). A computation shows that

. . ; 0 for #k
jsk * jsk * oxk QJ J )
ﬁz ZVdAN(z) = A0</Dz Z d,u(z))Ag = AjS™SI Ay = { L. forj—Fk

(see the proof of Theorem 9.2). We conclude that dX is a radial positive operator
measure satisfying (9.10). The last conclusion (9.11) of the proposition is evident
by a change of variables. O

We mention that a sequence {Lj}i>0 satistying (9.9) for n,j > 0 is some-
times called totally monotone (see [18, Section 11.6]). Notice that if {Lj}x>0 is
a Hausdorff moment sequence in the sense of (9.10) or (9.11), then the sequence
{Lk}r>0 is totally monotone. Indeed, if (9.10) holds we have that

S0 (3w = [ (S0 (3) o )ane)

k=0
= /@(1 —[2*)"|2*d\(z) > 0 in L(H)

for n,j > 0, and similarly in the case of (9.11).



548 Olofsson IEOT

References

[1] J. Agler, The Arveson extension theorem and coanalytic models, Integral Equations
Operator Theory 5 (1982) 608—631.

[2] J. Agler, Hypercontractions and subnormality, J. Operator Theory 13 (1985) 203—
217.

[3] P. Ahern, On the range of the Berezin transform, J. Funct. Anal. 215 (2004) 206-216.

[4] C.-G Ambrozie, M. Englis and V. Miiller, Operator tuples and analytic models over
general domains in C", J. Operator Theory 47 (2002) 287-302.

[5] J. Arazy and M. Englig, Analytic models for commuting operator tuples on bounded
symmetric domains, Trans. Amer. Math. Soc. 355 (2003) 837-864.

[6] A. Atzmon, A moment problem for positive measures on the unit disc, Pacific J.
Math. 59 (1975) 317-325.

[7] S. Axler and D. Zheng, Compact operators via the Berezin transform, Indiana Univ.
Math. J. 47 (1998) 387-400.

[8] C. Badea and G. Cassier, Constrained von Neumann inequalities, Adv. Math. 166
(2002) 260-297.

[9] J. Bram, Subnormal operators, Duke Math. J. 22 (1955) 75-94.

[10] L. de Branges and J. Rovnyak, Appendix on square summable power series, Canon-
ical models in quantum scattering theory, Perturbation Theory and its Applications
in Quantum Mechanics, Wiley, 1966, 347-392.

[11] J. B. Conway, The theory of subnormal operators, American Mathematical Society,
1991.

[12] R. E. Curto and F.-H. Vasilescu, Automorphism invariance of the operator-valued
Poisson transform, Acta Sci. Math. (Szeged) 57 (1993) 65-78.

[13] R. E. Curto and F.-H. Vasilescu, Standard operator models in the polydisc, Indiana
Univ. Math. J. 42 (1993) 791-810.

[14] R. E. Curto and F.-H. Vasilescu, Standard operator models in the polydisc II, Indiana
Univ. Math. J. 44 (1995) 727-746.

[15] C. Foias, La mesure harmonique-spectrale et la théorie spectrale des opérateurs
généraux d’un espace de Hilbert, Bull. Soc. Math. France 85 (1957) 263-282.

[16] C. Foias, Some applications of spectral sets. I harmonic spectral measure, Acad.
R. P. Romine. Stud. Cerc. Mat. 10 (1959) 365-401; Amer. Math. Soc. Translations
Series 2 61 (1967) 25-62.

[17] P. R. Halmos, Spectra and spectral manifolds, Ann. Soc. Polon. Math. 25 (1952)
43-49.

[18] G. H. Hardy, Divergent Series, Oxford, at the Clarendon Press, 1949.

[19] H. Hedenmalm, B. Korenblum and K. Zhu, Theory of Bergman spaces, Springer,
2000.

[20] H. Hedenmalm and Y. Perdomo, Mean value surfaces with prescribed curvature
form, J. Math. Pures Appl. 83 (2004) 1075-1107.

[21] S. G. Krantz, Partial Differential Equations and Complex Analysis, CRC Press, 1992.

[22] V. Miiller, Models for operators using weighted shifts, J. Operator Theory 20 (1988)
3-20.



Vol. 58 (2007) An Operator-valued Berezin Transform 549

[23] V. Miiller and F.-H. Vasilescu, Standard models for some commuting multioperators,
Proc. Amer. Math. Soc. 117 (1993) 979-989.

[24] M. A. Naimark, On a representation of additive operator set functions, C. R. (Dok-
lady) Acad. Sci. URSS (N.S.) 41 (1943) 359-361.

[25] J. von Neumann, Eine Spektraltheorie fiir allgemeine Operatoren eines unitéren
Raumes, Math. Nachr. 4 (1951) 258-281.

[26] A. Olofsson, Operator-valued n-harmonic measure in the polydisc, Studia Math. 163
(2004) 203-216.

[27] B. Sz.-Nagy and C. Foias, Harmonic analysis of operators on Hilbert space, North-
Holland, 1970.

[28] F.-H. Vasilescu, An operator-valued Poisson kernel, J. Funct. Anal. 110 (1992) 47-72.

[29] F.-H. Vasilescu, Positivity conditions and standard models for commuting multi-
operators, Multivariable operator theory (Seattle, WA, 1993), Contemp. Math. 185,
Amer. Math. Soc. 1995, 347-365.

[30] F.-H. Vasilescu, Moment problems for multi-sequences of operators, J. Math. Anal.
Appl. 219 (1998) 246-259.

Anders Olofsson
Falugatan 22 1tr
SE-113 32 Stockholm
Sweden

e-mail: ao@math.kth.se

Submitted: November 2, 2005
Revised: May 25, 2007



