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Value of Information in Feedback Control:
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Abstract—The rate-regulation tradeoff, defined between two
objective functions, one penalizing the packet rate and one the
regulation cost, can express the fundamental performance bound
of networked control systems. However, the characterization of
the set of globally optimal solutions in this tradeoff for multi-
dimensional Gauss—Markov processes has been an open problem.
In the present article, we characterize a policy profile that belongs
to this set without imposing any restrictions on the information
structure or the policy structure. We prove that such a policy
profile consists of a symmetric threshold triggering policy based
on the value of information and a certainty-equivalent control
policy based on a non-Gaussian linear estimator. These policies
are deterministic and can be designed separately. Besides, we
provide a global optimality analysis for the value of information
Vol;, a semantic metric that emerges from the rate-regulation
tradeoff as the difference between the benefit and the cost of a
data packet. We prove that it is globally optimal that a data packet
containing sensory information at time k& be transmitted to the
controller only if VoI, becomes nonnegative. These findings have
important implications in the areas of communication and control.

Index Terms— decision policies, globally optimal solutions, net-
worked control systems, rate-regulation tradeoff, semantic com-
munications, semantic metrics, value of information.

[. INTRODUCTION

HE RATE-REGULATION tradeoff, defined between two ob-

jective functions, one penalizing the packet rate and one the
regulation cost, can express the fundamental performance bound
of networked control systems. This tradeoff naturally leads to the
adoption of an event trigger that is collocated with the sensor and of
a controller that is collocated with the actuator as the distributed
decision makers, and is formulated as a stochastic optimization
problem over the space of causal decision policy profiles. Unfor-
tunately, the optimization problem in the rate-regulation tradeoff for
the joint design of the event trigger and the controller is in general
intractable [1], [2]. Despite lack of a general theory for coping with
this difficulty, our goal here is to find a globally optimal solution in
the rate-regulation tradeoff, and provide a global optimality analysis
for the value of information, a quantity that emerges from the rate-
regulation tradeoff and systematically captures the semantics of data
packets by taking into account their potential impacts. We previously
argued in [3] that the value of information as a semantic metric
determines the right piece of information, a concept that is not defined
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in classical data communication, while it is crucial to the development
of future communication networks. In this respect, the goal we
pursue here not only is interesting on its own from a theoretical
perspective, but, if achieved, has important implications in the areas
of communication and control.

In what follows, we first review and categorize the previous studies
on networked systems that are closely related to our work, and then
provide an overview of our results.

A. Related Work

There exist a number of studies that have explored a tradeoff
between the packet rate and the mean-square error, and characterized
the optimal triggering policy in this tradeoff [4]-[9]. The intrinsic
difficulty in these studies is due to a non-classical information
structure, which complicates the derivation of the optimal triggering
policy. Notably, Imer and Bagar [4] studied the optimal event-
triggered estimation of a scalar Gauss—Markov process based on
dynamic programming by assuming that the triggering policy is
symmetric threshold, and derived the optimal threshold value of the
policy. Lipsa and Martins [5] analyzed the optimal event-triggered
estimation of a scalar Gauss—Markov process based on majorization
theory, and proved that the optimal triggering policy is symmetric
threshold. Molin and Hirche [6] studied the convergence properties of
an iterative algorithm for the optimal event-triggered estimation of a
scalar Markov process with symmetric noise distribution, and found
a result coinciding with that in [5]. Chakravorty and Mahajan [7]
addressed the optimal event-triggered estimation of a scalar autore-
gressive Markov process with symmetric noise distribution based on
renewal theory, and proved that the optimal triggering policy remains
symmetric threshold. In addition, Rabi er al. [8] formulated the
optimal event-triggered estimation of the scalar Ornstein—Uhlenbeck
process as an optimal multiple stopping time problem by assuming
that the estimator is linear, and showed that the optimal triggering
policy is symmetric threshold. Guo and Kostina [9] also contributed
to this area by studying the optimal event-triggered estimation of
the scalar Ornstein—Uhlenbeck process without any assumption on
the structure of the estimator, and obtained a similar result as in [8].
Note that the studies in [4]-[7], [9] showed that the optimal estimator
is in fact linear.

Aside from the above tradeoff, several works have investigated
optimal event-triggered estimation when the triggering policy is
fixed [1], [10]-[12]. The main challenge in these works is to find
a procedure for dealing with a signaling effect, which can cause a
nonlinearity in the structure of the optimal estimator. To that end, Sijs
and Lazar [10] used a sum of Gaussian approximation, and developed
an estimator that has an asymptotically bounded estimation error
covariance for a Gauss—Markov process subject to a deterministic
triggering policy. Wu et al. [1] used a Gaussian approximation, and
found a suboptimal estimator for a Gauss—Markov process subject to
a deterministic threshold triggering policy. He et al. [11] took one step
further, and adopted the generalized closed skew normal distribution
to characterize the optimal estimator for a Gauss—Markov process
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subject to a similar triggering policy as in [1]. Han er al. [12] also
took advantage of a stochastic triggering policy that preserves the
Gaussianity of the conditional distribution, and obtained the optimal
estimator for a Gauss—Markov process.

Furthermore, several works have investigated optimal event-
triggered control when the triggering policy is fixed [2], [13], [14].
Note that this problem is more complicated than the estimation coun-
terpart because of a dual effect, which can lead to a coupling between
estimation and control. In this context, Molin and Hirche [13] studied
the optimal event-triggered control of a Gauss—Markov process, and
showed that the optimal control policy is certainty equivalent when
the triggering policy is reparametrizable in terms of primitive random
variables. Ramesh er al. [2] studied the dual effect in the optimal
event-triggered control of a Gauss—Markov process, and proved that
the dual effect in general exists. They also proved that the certainty
equivalence principle holds if and only if the triggering policy is
independent of the control policy. Later, Demirel et al. [14] addressed
the optimal event-triggered control of a Gauss—Markov process by
adopting a stochastic triggering policy that preserves the Gaussianity
of the conditional distribution, and showed that the optimal control
policy remains certainty equivalent.

On the contrary to the above vein of research, there exist a few
studies that have considered a tradeoff between the packet rate
and the trace of variance [15], [16]. In this case, one instead of
an observation-based triggering policy, i.e., the type used in [1]-
[14], searches for a variance-based triggering policy. These studies
are somehow related to sensor scheduling, which dates back to a
few decades ago [17]. Previously, Kushner [17] studied the optimal
control of a Gauss—Markov process subject to a limited number
of observations, and found the optimal triggering policy that does
not depend on the observations. Recently, Leong er al. [15], [16]
addressed the optimal variance-based event-triggered estimation of a
Gauss—Markov process, and showed that the optimal triggering policy
is a threshold policy that can be expressed in terms of the estimation
error covariance. Note that when a variance-based triggering policy is
used, the certainty equivalence principle simply holds [18]. Neverthe-
less, variance-based triggering policies are generally outperformed by
observation-based triggering policies, as they do not take advantage
of realized sensory information.

Moreover, there exist a few studies that have considered a tradeoff
between the bit rate and the mean-square error in a causal setting
[19]-[21]. In this case, one instead of a triggering policy searches
for a quantization policy. In particular, Witsenhausen [19] addressed
the sequential coding of a discrete-time k-th order Markov process
over a finite time horizon, and showed that the optimal code depends
on the last k process states and the current decoder state. Walrand
and Varaiya [20] investigated the sequential coding of a discrete-time
finite-state Markov process over a noisy channel with feedback, and
showed that there exists a separation in the design of the encoder and
the decoder through the conditional distribution. Borkar et al. [21]
also studied the sequential coding of a discrete-time Markov process
without fixing the quantization levels, and provided a procedure based
on dynamic programming for the computation of the optimal parti-
tion. Later, Yiiksel [22] extended the above results to optimal control,
and showed that for a Gauss—Markov process the globally optimal
quantization policy is predictive and the globally optimal control
policy is certainty equivalent. Note that all these studies assume that
quantized sensory information is transmitted in a periodic way.

B. Overview and Outline

Despite a considerable body of research in the area of networked
systems, the characterization of the set of globally optimal solu-
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tions in the rate-regulation tradeoff, as described above, for multi-
dimensional Gauss—Markov processes has been an open problem.
In the present article, we characterize for the first time a policy
profile that belongs to this set without imposing any restrictions on
the information structure or the policy structure. We prove that such
a policy profile consists of a symmetric threshold triggering policy
based on the value of information and a certainty-equivalent control
policy based on a non-Gaussian linear estimator. More specifically,
we show that the rate-regulation tradeoff attains a globally optimal
solution of the form (7*, u*) = ({Ilvolkzo}iv:m{—kask}kN:O),
where 1,1, >0 denotes the indicator function of Vol > 0, Vol is
the value of information, Ly is the linear-quadratic-regulator gain,
and Z; is the minimum mean-square-error state estimate at the
controller. Clearly, our study is different from the studies in [4]-[9],
where the results apply to the estimation of scalar processes. Here,
the results apply to the control of multi-dimensional Gauss—Markov
processes. Our study is also different from the studies in [1], [2], [10]—
[14], where only an estimation policy or a control policy is derived
when the triggering policy is fixed and subject to some conditions.
Here, we search for a globally optimal triggering policy and a globally
optimal control policy jointly and without imposing any restrictions.
Finally, our study differs from the studies in [15], [16], [18]-[22],
where a variance-based triggering policy or a quantization policy
is derived. Here, we are particularly interested in observation-based
triggering policies.

Besides, in this article, we provide for the first time a global
optimality analysis for the value of information Voly, which in fact
measures the difference between the benefit and the cost of a data
packet, and complement our analysis in [3]. We prove that it is
globally optimal that a data packet containing sensory information
at time k be transmitted to the controller only if Vol becomes
nonnegative. Using backward induction in [3], we quantified and
approximated the value of information for multi-dimensional Gauss—
Markov processes at a Nash equilibrium, where neither decision
maker has a unilateral incentive to change its policy. However, a
question that was not addressed there is whether this equilibrium
is globally optimal. The importance of this question cannot be
overstated, as the rate-regulation tradeoff might admit other Nash
equilibria with better performance. We address this question in the
present article by developing new techniques, and prove that the
previously characterized Nash equilibrium has zero optimality gap.
Throughout our analysis, we will use the existence result and some
of the mathematical derivations of [3].

The article is organized in the following way. We formulate the
rate-regulation tradeoff in Section II, and present our main result in
Section III. Finally, we conclude the article in Section IV.

C. Preliminaries

In the sequel, the sets of real numbers and non-negative integers
are denoted by R and N, respectively. For z,y € N and = < y,
the set N[, | denotes {z € N|z < z < y}. The sequence of vectors
xo, - - ., T} 18 represented by x;. For matrices X and Y, the relations
X > 0and Y > O denote that X and Y are positive definite
and positive semi-definite, respectively. The indicator function of
a subset A of a set X' is denoted by 14 : X — {0,1}. The
symmetric decreasing rearrangement of a Borel measurable function
f(z) vanishing at infinity is represented by f*(z). The probability
measure of a random variable z is represented by P(x), its probability
density or probability mass function by p(x), and its expected value
and covariance by E[z] and cov]z], respectively.

Definition 1: (Stochastic kernels) Let (X,Bx) and (), By) be
two measurable spaces. A Borel measurable stochastic kernel P :
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By xX — [0,1] is a mapping such that A — P(Al|x) is a probability
measure on (Y, By) for any x € X, and = — P(Alx) is a Borel
measurable function for any A € By.

Definition 2: (Globally optimal solutions) For a given team game
with two decision makers, let v' € G' and 42 € G2 be the decision
policies of the decision makers, where G' and G? are the sets of
admissible policies, and L(’yl, 72) be the associated loss function. A

policy profile (v!*,~%*) is globally optimal if

Ly v*) < L(v',7%), forall v' € G'4% € G

Note that globally optimal solutions express a stronger solution
concept than Nash equilibria.

[I. RATE-REGULATION TRADEOFF

Consider a networked control system in its basic form. The
dynamics of the underlying process is given by the discrete-time
state and output equations

Tpy1 = ApTp + Brug + wg, (1)
Yy = Crrp + vg, 2

for k € N|g, n] with initial condition xg, where z), € R™ is the state
of the process, A, € R™*" is the state matrix, By, € R™*™ is the
input matrix, ug, € R is the control input applied by an actuator and
decided by a controller that is collocated with the actuator, w;, € R™
is a Gaussian white noise with zero mean and covariance Wy > 0,
yr € RP is the output of the process observed by a sensor, C}, €
RP*™ is the output matrix, v, € RP is a Gaussian white noise
with zero mean and covariance V > 0, and N € N is a finite time
horizon. It is assumed that x¢ is a Gaussian vector with mean mg and
covariance My, and that xg, wg, and vy are mutually independent
for all k € Njg, ). The feedback control loop is closed via a reliable
but costly communication channel, and the sensory information in
this channel is carried in the form of data packets subject to one-step
delay. Let a; and by, represent the input and the output of the channel
at time k, respectively. Then, we have

b | oay, =1,
k+1 — @,

otherwise,
for k € Njg ) with by = &, where J), € {0, 1} is the transmission
decision decided by an event trigger that is collocated with the sensor.
It is assumed that the data packet that can be transmitted at time k
contains the minimum mean-square-error state estimate at the event
trigger at time k, and that the quantization error is negligible.

The event trigger and the controller, as two distributed decision
makers, make their decisions based on their causal information sets,
which are given by Zp; := {y, bt, ds, us|t € Njg x5 € Njg x—1)}
and Zj; := {b¢, s, us|t € Njg 1), s € Njg 1)}, respectively. We say
that a triggering policy 7 and a control policy p are admissible if
™ = {P(0k|Z§) bz and pu = {P(ug|Z§) 1o, where P(d%|Zf) and
P(ug|Zj;) are Borel measurable stochastic kernels. We represent the
sets of admissible triggering policies and admissible control policies
by P and M, respectively.

Our goal in this study is to find a globally optimal solution (7*, ™)
to the following stochastic optimization problem:

3

inimize ®(, p) == (1 — A\)R(r, A (7, 1), 4
minimize (m, 1) = ( JR(m, 1) + AJ (7, 1) 4

for the tradeoff multiplier A € (0, 1) and
N
R(m, 1) = w7 B[ 2o bk, )
N N
J(mop) = g E [Zk:ol o} Qi + Yheo Unguk], (6)
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where ¢, > 0 is a weighting coefficient and QQ;, = 0 and Ry > 0
are weighting matrices.

Remark 1: The optimization problem in (4) formulates the rate-
regulation tradeoff between the packet rate and the regulation cost
for multi-dimensional Gauss—Markov processes. Note that the set of
globally optimal solutions in this tradeoff cannot be empty following
our results in [3], where the existence of a Nash equilibrium is proved.
In the sequel, we in fact investigate the optimality gap of this very
equilibrium. Our study focuses on the soft-constraint version of the
rate-regulation tradeoff, where the packet rate appears in the loss
function. The hard-constraint version of the rate-regulation tradeoff,
where the packet rate appears as a constraint, attains the same
solutions as long as there exists an associated Lagrange multiplier.

Il1. GLOBAL OPTIMALITY ANALYSIS OF
THE VALUE OF INFORMATION

The main result of this article is provided in this section. We first
introduce two distinct value functions from the perspectives of the
event trigger and the controller, and then provide the general formula
of the value of information.

Definition 3 (Value functions): The value functions V¢ (Zj) and
Vi (Zj;) are defined as

Vi (Zi) =

min

N e
Lomin [0, 00 i Ize), ™

min
M:r=m*

VET) = e[Sy b101+alTi], ®
for k € Npgnj given a policy profile (7*,u*), where
O = G(1 — N/X and o = (up + (B{Spt1Br +
Ry,) " By Spy1Aran)T (B Sk1Bi + Ri) (ug + (B Sp41 By +
Rk.)_lBk Sk4+1Axkxy) with the exception of _1 =0 and sy 41 =
0, and Sy, > 0 obeys the algebraic Riccati equation

Sk = Qg + AL Sk 1Ak — A}, Sky1By, ©
X (B Spy1Br + Ry) "B Spy14y,

for k € Nio,v) with initial condition SN+1 = @n+1 and with the
exception of Sy49 = 0.

Definition 4 (Value of Information): The value of information at
time k is defined as the variation in the value function Vi (Z;) with
respect to the sensory information aj that can be communicated to
the controller at time k, i.e.,

Voly, := Vi (Ti) s, =0 — Vi (Zi)ls, =15 (10)

where Vi7(Z})|5, denotes the value function Vi7(Zy) when the
transmission decision ¢§;, is enforced.

Let &, = E[zy|Zf] and & = E[zy|Z}] denote the minimum
mean-square-error state estimates at the event trigger and the con-
troller, respectively. In addition, let us define the estimation error
from the perspective of the event trigger €, := x, — E[z|Z}], the
estimation error from the perspective of the controller é; := xj —
E[z1|Z}], and the estimation mismatch éj := E[x|Z] — E[zg|ZE].
The next theorem states our main result on the characterization of a
globally optimal solution in the rate-regulation tradeoff.

Theorem 1: The rate-regulation tradeoff attains a globally opti-
mal solution (7*, u*) such that

(7, 1%) = ({Tvor, 20 b hegr { = Liir}ig)s (1D

with
Volj, = & A Dj1 Apéx — Op + ok, (12)
Zpy1 = Ap@y + Brug + 0 Agéy, (13)
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for k € Ny ny, where Ly, = (B{ S11Bi + Ry,)” "By Spy14y
is the control gain, T} = A{Sk_,_lBk(B,{Sk_i_lBk +
Rk)le,?SkJrlAk is a weighting matrix, o} =
EVEy 1 (T )IZE 60 = 0] — EVE (Z50)IZ60k = 1] is a
symmetric function of €y, and To = mq is the initial condition.

Remark 2: The globally optimal solution (7*, *) in (11) consists
of a symmetric threshold triggering policy based on the value of
information and a certainty-equivalent control policy based on a non-
Gaussian linear estimator. This result is important as it shows that the
characterized Nash equilibrium in [3] has zero optimality gap. Ob-
serve that the decision policies 7* and p* are deterministic, implying
that randomization does not improve the system performance, and
that they can be designed separately. Moreover, note that Voly (Z)
in (12), which is a symmetric function of the estimation mismatch
€1, measures the difference between the benefit of transmitting a data
packet, i.e., é{A{PkJrlAkék + ok, and its associated cost, i.e., 0.
This means that it is globally optimal that a data packet containing
the sensory information Zj be transmitted to the controller only if its
benefit surpasses its cost, i.e., Vol > 0. Furthermore, note that the
state estimate Zj in (13) obeys a linear recursive equation with no
residual o, := Ay, E[é;|Z);, 0 = 0] (see Lemma 2 in the Appendix
for the general equation of the optimal estimator at the controller).
This implies that the controller’s inference about the state of the
process when no data packet is delivered has no contribution from
the minimum mean-square-error perspective. Finally, we remark that
at the globally optimal solution (7*, 1*) the transmission of the state
estimate &, is equivalent to that of the estimation mismatch é;,, whose
magnitude is comparatively smaller.

Proof: Let (w°, 1°) denote a policy profile in the set of globally
optimal solutions. As we said earlier, this set cannot be empty. We
prove that the policy profile (7*, 1) in the claim is globally optimal
by showing that ®(7*, u*) cannot be greater than ® (7%, u°). Our
proof is structured in the following way. We first find an innovation-
based triggering policy o such that ® (o, u°) = @ (7, u°). Then,
we derive a certainty-equivalent control policy £ such that ®(o, &) <
D (o, u°). Afterwards, we construct a symmetric triggering policy w
such that ®(w,&) < ®(o,&). Finally, we show that for the policy
profile in the claim we have ®(7*,u*) < ®(w,&). Throughout
our analysis, without loss of generality, we assume that mg = 0.
Similar arguments can be made for mg # 0 following a coordinate
transformation.

In the first step, we will show that, given the control policy
1, we can find an innovation-based triggering policy o that is
equivalent to the triggering policy 7w°. Note that the innovation
vy, := yg — Ck E[z|Z;_,] is a white Gaussian noise with zero mean
and covariance N = CkMkC,z + Vi, where M}, = cov|xzi|Z7_4].
From this definition, we have y; = v + FrXp_1 + Fug_1, where
E. and F}, are matrices of proper dimensions. By Lemma 1, we have
X = Gy + Hpug_q, where G, and Hy, are matrices of proper
dimensions. In addition, from (3), we know that by, is a function of
X1 and dp_1. As a result, it is possible to write

pﬂo(5k|I]§) = pﬂo(ék‘uk,ék_l,Uk_l),
PMO(UHIE) = puo(uk‘ukflzékfl,ukfl)'

Accordingly, any realizations of §;, and uj, can be expressed as 0, =
Ok (s Vi, Ok—1,up—1) and up, = up(Crs V—1,0k—1, Up—1),
respectively, where 1, and (. represent random variables that are
independent of any other variables. Hence, it is possible to recursively
construct o with p,(dx|vk, 0 _1,C_1) such that it is equivalent
to pro(0x|Zy). This proves that ®(o, u°) = ®(xw°, u°). Note that
although the triggering policy ¢ has been constructed associated with
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the control policy 1°, it now depends only on vy, 851, and ¢j_;
at each time k.

In the second step, given the triggering policy o, we will search for
an optimal control policy £, and prove that £ is certainty equivalent.
Using (1) and (9), we can derive the following identities:

T T
Tp41Sk+18k41 = (Agzr + Brug +wy)

(14)
X Sgy1(Agzr + Brug + w),
oh Sprg = ot (Qr + AF Sk Ak s
— L}, (B} Sy11 By + Ri)Ly,) xy,,
$71:/+1SN+1$N+1 — x4 Soxo 6)

N T N T
= k=0 Tkt 15k+1Tk+1 — D=0 Tk SkTk-

Then, incorporating the identities (14) and (15) into the identity (16),
taking the expectation of both sides of (16), and using the facts that
wy, 1s independent of x; and wy and that the terms achoaco and
wgSk_,_lwk are independent of the decision policies, we find the
following loss function:
N
(o, 1) = E [ 0o Ok + <k, (17)
for o that was obtained in the first step and for any p € M. Note
that W(o, 1) is equivalent to ®(o, p1). Associated with W(o, 1), we
define the value function Vi (Z}), when o is given, as
VE(ZE) := min E [zf’:k 0161 +gt‘z,§], (18)
HEM
for k € Nyg ) with initial condition Vi ;(Z{ ) = 0. By
Lemmas 1 and 2 in the Appendix, we observe that é; and € obey

g1 = Apép — OpApey +wy — (1 — dg)2g, 19

1 = (1= 0p) Ay + K p1vp+1 — (1 — 0p)u, (20)
for k € Njo, ) with initial conditions &g = zo and éy = Kovo,
where v, = Ay, E[éx|Z};, 0 = 0]. It is easy to deduce from (19) and
(20) that é;, and €, are independent of the control inputs under o.
Now, following a similar argument used in the proof of Theorem 1
in [3], we find that the value function V;S(Z};) should obey

VE(ZE) = min

{‘9k—1 E[0k—11Z] + tr(Tx Zg)
ukERm

+ (up, + Li@y) " (BE Si1 B + Ry)

x (ug + Lyy) + EViE (ZE10) 26},

for k € Nyg, ], where d_1 and Zj, = cov[é;|Z}] are independent
of the control inputs. As a result, the minimizer is obtained by u}, =
— L3y This establishes that ®(c, &) < ®(c, u°).

In the third step, given the control policy &, we will prove that
D(w, &) < ®(0,£), where w is a special form of o that is symmetric
with respect to vy, at each time k. Let A be the set on which vy, is
defined, B(r) be a ball of radius 7 centered at the origin and of proper
dimension, and wy, € A be a variable obtained by the transformation
Tyvy, for a given Tj,. We recursively construct w such that at each
time k the following conditions are satisfied:

S POk = Ol 0 —1 = 0) sy (e, ) ooy,

2D
= [\ Po (O = Olowg, 01 = 0) qy, (wwy ) doog,
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and

JB(r) P (O = 0l O —1 = 0) i (@) deo,
. (22)
> [s(r) (Po (0, = Olwy, 8i—1 = 0) qz,(wy))  dooy,

for all » > 0 with p,, (6 = O|wg,d—1 = 0)si(wy) as a radially
symmetric function of wy, where si(.) := p,(.|0x_1 = 0) and
qi(.) == ps(.|6x—1 = 0). Note that while the first condition states
that p, (0 = O|wg, 01 = 0) s (wwg) has the same volume under
the curve as (p, (6 = Olwg,0p_1 = 0)qg(wg))*, the second
condition in fact states that the former is equally or more concentrated
near the origin than the latter. This concentration near the origin, as
we will see, leads to better estimation performance of the innovation,
which is a Gaussian vector with zero mean.
Observe that

P(Vk41) P (0 = Olvg, 01 = 0) s, (v)
P, (0 = 0]dx_1 =0) '

Sk+1(Vhg1) =

P(Vk+1) Py (6 = Olk; 6—1 = 0) 4z (vk)

Py (0 = 0[6,—1 =0) ’
with initial conditions so(v9) = qq(v0) = p(v0). Hence, given T},
we can obtain si(wy) and p, (0 = O|lwg,0k—1 = 0)qp(wg)
based on sy (V) and gy 11 (Vk41)/ P(Vg41). respectively. Moreover,
observe that

Py (0 = 0]0x—1 = 0)

Qk+1(Vk+1) =

= [\ Po (O = Olowg, g —1 = 0) p, (|01 = 0)dwy,
= [ Pu (0 = 0w, 81 = 0) p,, (g |05 —1 = 0)deoy,

= Py (0k = 0[6x—1 = 0),

where in the second equality we used (21). This relation will be
useful in the following derivation.

To adopt the above construction, we need to introduce an equivalent
loss function. It is possible to write

V(o &) =E [Zg:o 0105 + §k}
—E [zszo 01,01 + éz“rkék]
= Y10 E [0k + E[e] Tl Z¢]]

=N E [ekak + Ty + tr(FkYk)},

for any o € P that is innovation-based and for & that was obtained
in the second step, where in the second equality we incorporated
the control inputs uy, = —L 2y, and in the third equality we used
the tower property of conditional expectations. Note that ¥(o, &) is
equivalent to ®(o, ). Let us define the loss function Q37 (&g) as

M~ M T -
Q5 (€0) =D p—oE [9k5k + 6;‘51%%],

for M € N nj given &. Since tr(I'yY)) is independent of the
decision policies, to prove the claim in the third step, it is enough
to prove that Q3 (é9) < Q2 (&) for any M € {0,..., N} and for
any Gaussian vector €g. Note that eg = Kgrg under both o and w.
Moreover, using the fact that p, (6 = 0) = p,,(dp = 0), we obtain

Eo [60] =1 = py (d0 = 0)

=1—p,(do=0)=E, [50].
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Hence, the claim holds for the time horizon 0. We assume that it also
holds for all time horizons from 1 to M — 1. Observe that by the
law of total probability, the following identities hold:

Py (60 = 1) 4 p, (6t = 0)

+ ZZ:] pg(‘ss—l =0,0s = 1) =1,
for any t € Ny n). Applying the law of total expectation for the

(23)

terms E[00)] and E[égl"kék] in QX (&) on a partition provided
by the identity (23) for ¢ = k — 1, and repeating this procedure for
all k € Npp, ps), we can obtain

Q) (e0) = X0, {9k Py (dx—1 =0)Es [5k‘5k—1 = 0]
+ py(0x—1 =0)Eq [5£Fkék‘5k—1 = 0]
+ Py (0k—1=0,0, =1)
X Eo [Q§+17M(ék+1)‘5k71 =0,0 = 1] }7
for M € Njg n7, where the cost-to-go Q];’M(ék) is defined as
ObM@e) =M E [mt i étTFtét],

given €. Now, we will show that the probability coefficients, the
transmission decision terms, the estimation mismatch terms, and the
cost-to-go terms in oM (ép) under o cannot be less than those when
w is used instead. First, note that since p,(dy = 0[dx_1 = 0) =
pw(‘sk = 0|6k71 = 0)’ we have pa(ékfl = 0) = pw(ékfl = O)
and p, (81 = 0,0 = 1) = p,,(6x_1 = 0,0, = 1). Hence,
all the probability coefficients remain the same. Moreover, for the
transmission decision terms, we get

Eo [%‘51@71 = 0] =1-p, (0 =0[6x_1 =0)
=1-p,(6x =0[0x_1 =0)

— E, [5k‘5k_1 - o].

We continue the proof for the estimation mismatch terms by first
showing that ¢, = 0 for all k € Ng ] under w. We assume that
1 =0 forall t € Njg 1) It is possible to write

E [éx|6, 0] = E [ ElewiTt, 01|75, 04

E [ ElexlZ8)| 75, o1 |

E [ék‘zﬁﬁk}

where the first equality comes from the tower property of the
conditional expectations and the second equality from the fact that
0 is a function of Z. Hence, 1, = AiE[éx|ZL,0r = 0] =
Ay E[éx|Z, 05, = 0]. Let 73, denote the time elapsed since the last
delivery when we are at time k. We have éx_,, = Ky 7, Vk—r,,
and from (20), we can express 2; under w as

1, = Ay Ew [Z:ﬁo Dk—t%—t’%—rk =0,...,0, = 0]

= A X780 Dit B [Vt = 0,0 = 0],

where Dj_; is a matrix depending on As for s € Np_g5_q)
and Kj_;. Since p,,(vg|d; = 0) has zero mean, we deduce that
Pow(Wk—rys -+ VklOk—r, = 0,...,8; = 0) has also zero mean.
This implies that ¢, = 0 for all & € Ny ) under w. Given
this observation, from (20) when d;,_1; = 0, we find that &, =
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Xgvi_1 + Kivg + ¢ under o, and that €, = Xpvp 1 + Kpvg
under w, for a suitable matrix X} and a suitable vector c; both
independent of v;. We can then write

Eo [éfrkék‘ék_l - 0]
—E, [(Xkuk,l + Kpvg + ) Th
x (Xpvio1 + Kpvp + i) )J,H - 0]
=E; [Vg—leTFkaqu + vl KT Ky,

+ ¢ Trer, + 2VkT»—1XkTFka’5k—1 = 0]

where in the second equality we used the fact that v has zero
mean and is independent of v;_; and &;_1. Let us now use the
decomposition I'y, = LZUkUkTLk, choose T}, _1 = U,?Lka, and
define fo (wp_1,v5) = (wy—1+ U} Lycp)" (@p_1+ U} Licy)+
VgKngKka, fw(wk—la l/k) = w,{_lwk_l + V%Kk ' Ky,
go(.):=z—minz{z, fo(.)}, and g, (.) := z —minz{z, fu(.)}.
Clearly, for any fixed z, go (@ _1, V%) and g (wg_1, vg) vanish at
infinity. It follows that

= [égrkék“skfl = 0} = [ [y fo(@mr—1,v1)
X Po(@g—1]6k—1 = 0) p(vy)dwi_1dvy.
In addition, we can write

Iy 9o (@r—1, k)

X Py (0g—1 = Olewg—1,0k—2 = 0) aj_1 (@k—1)dwg—1
< Sy 90 (@r—1,vk)

X (P (0)—1 = Olwg—1,0—2 = 0) qp_1(wk—1)) dwi_1
= [ 9w (@k—1, k)

X (P (0)—1 = Olwg—1,0—2 = 0) qp_1 (wg—1)) dwi_1
<y 9o (@h—1, V%)

X Puy(0k—1 = Olwp—_1,0,—2 = 0) sp—1(wg—1)dwg_1,

where in the first inequality we used the Hardy-Littlewood inequality
(see Lemma 3 in the Appendix) with respect to @y, _1, in the equality
the fact that gy(wg_1,Vk) = gw(@r_1,V), and in the second
inequality Lemma 4 in the Appendix and (22). This implies that

Sy minz{z, fo(@wp—1,vk)} po(@r—1|0k_1 = 0)dwp_1
> [ minz {2, fo(@r—1,vk)} P (@k—1|0k—1 = 0)dwi_1,
where we used the facts that
Po(@r—1/0k—1 = 0)

_ Pe(Ok—1 = Olw—1,0k—2 = 0) a1 (@x—1)
Py (0k—1 = 0[0f_2 = 0) ’

and that p,(dg_1 = 0|0p_2 = 0) = p,,(dx—1 = 0|6x_2 = 0).
Now, taking z to infinity, we conclude that

S fo(@r—1,vk) Py (k1[0 -1 = 0)dewy 1

> [y fo(@r—1,Vk) P (@k 1|01 = 0)dwg 1.

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Therefore,

Eo [éfrkék

Sp 1 = 0] > Eu [éfrkék‘ék_l — 0].
Finally, for the cost-to-go terms, we have

Eo [Q§+1’M(ék+1)’5k—1 =0, = 1]

k+1,M ,~
= [tz M (Erg1) Pe (Vg |85—1 = 0,0y, = Ddvpy 1.

Note that €1 = Ky V41 under both o and w when d;, = 1. Let
QM (&y) denote a loss function that is structurally similar to Q3 (o)
but with different parameters. Clearly, if Q27 (éo) > oM (ép), then
OM(&o) > QM (éy). We can write

k+1,M
Snerz QoM (Kpvgn)

X Po(Vi+1[0k—1 = 0,0, = 1)dvy 41
= [y T T (K 1vs1) P4 1)dvisn
> [y QN (K1 viet1) P(Vig1 ) dvg s
= [iorrz WM (K vpgn)

X Py (Vit1|0k—1 = 0,05 = 1)dvpyq,

where in the equalities we used the facts that Q§+1’M(é) =
QM=k=1(&) for any Gaussian vector & and a suitable selection of the
parameters in QM-—k=1 (é), and that vy, is independent of 8y, and
the Fubini’s theorem; and in the inequality we used the hypothesis
QM=F=1(&) > QM~=k=1(&) for any Gaussian vector é. Therefore,

= [Q§+1’M(ék+1)’5k71 =0, = 1}

> Eu [Q£+1’M(ék+1)‘5k—1 =0,0p = 1}-

This establishes that Q2 (&9) < QM (&p) and ®(w, &) < ®(a, €).
In the final step, we will conclude global optimality of the policy
profile in the claim. Consider the following loss function:

U(w, &) =E [Eszo OxOk + %]

for any w € P that is of the form specified in the third step and for
& that was obtained in the second step. Again note that ¥(w,§) is
equivalent to ®(w, £). Associated with ¥(w, £), we define the value
function Vi (Z), when & is given, as

Vi (Zi) = Lnel% E [Zi\;k 00t + G141 ’Iﬂ»

for k € Njg n with initial condition V4, (Zx 1) = 0 and with
1 = 0 for all ¢ € Ny 7. Now, following a similar argument used
in the proof of Theorem 1 in [3], we find that the value function
Vi$(Z5) should obey

Vi (Zi) =

min

6k€{0,1}{ KOk + k)€l Ak Tri1Ares

+tr(Af Dy 1A Yy)

+ tr(Th 1 W) + EIViE 1 (T TR,

for k € Njg n]. As a result, the minimizer is obtained by & =
]IVOIkZO’ where

T T ~ e e
Voly, = €, A D1 Akér — 0k + E[Vii1 (Zy1)IZk, 6 = 0]

— B[V (T Zk, 0 = 1]
This certifies that ®(7*, u*) < ®(w, &), and completes the proof. W

Authorized licensed use limited to: KTH Royal Institute ofTechnoIogy. Downloaded on Apri? 15,2023 at 21:40:45 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for publication in IEEE Transactions on Automatic Control. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TAC.2022.3194125
SOLEYMANI et al.: VALUE OF INFORMATION IN FEEDBACK CONTROL: GLOBAL OPTIMALITY 7

IV. CONCLUSION

In this article, we characterized a globally optimal solution in
the rate-regulation tradeoff for multi-dimensional Gauss—Markov
processes, and showed that such a solution consists of a symmetric
threshold triggering policy based on the value of information and a
certainty-equivalent control policy based on a non-Gaussian linear
estimator. Besides, we provided a global optimality analysis for the
value of information, and showed that it is globally optimal that a
data packet containing the minimum mean-square-error state estimate
at the event trigger or equivalently the estimation mismatch be
transmitted to the controller only if its benefit surpasses its cost. We
suggest that future research should extend the framework developed
in this study to more complex classes of systems.

APPENDIX

In this section, we present a few lemmas that are used in our main
analysis. The next two lemmas characterize the optimal estimators at
the event trigger and the controller. For the proofs of these lemmas,
see e.g., [23] and [3].

Lemma 1: The conditional mean E[zy|Zf] is the minimum mean-
square-error estimator at the event trigger, and obeys

jk—i—l = Akjk + Bkuk o4
+ Kp1 (Uk41 — Crg1 (Apdy + Bruyg)),

Yy = (AR AL + W)~ + C/eT+1Vk1110k+1)_17 (25)
for k € Njg 7 with initial conditions &y = mo + YOCgVO_l(yQ —
Comg) and Yy = (Mof1 + C’gﬂvoflco)_l, where Ty, = Elxg|ZL],
Yy, = covlzy|Zf], and Ky, = Yy, CL V.

Lemma 2: The conditional mean E[zy|Zf] is the minimum mean-
square-error estimator at the controller, and obeys

Tpy1 = Apdp + Brug + 0 Apér + (1 — dp)u, (26)

for k € N[07N] with initial condition To = mg, where L) =
Elz|Z;] and v, = Ay, E[éx|Z}, 6, = 0]. In addition, the conditional
covariance cov|zy|Z}] obeys

Zy1 = AR Zy Af + Wy .
. @
— 0k Ap(Zy — Yi)Ar — (1 — k) Eks

for k € No, ) with initial condition Zyg = Mo, where Zj, =
covlzy|ZE] and Zj, = Ay (Zy — cov|eg|ZE, 8 = 0)) AL

Moreover, the next two lemmas are pertaining to symmetric
decreasing rearrangements of non-negative functions. For the proofs
of these lemmas, see e.g., [24] and [25].

Lemma 3 (Hardy-Littlewood inequality): Let f and g be non-
negative functions defined on R™ that vanish at infinity. Then,

Jrn f@)g(x)dz < [ f*(2)g" (z)dz. (28)

Lemma 4: Let B(r) C R™ be a ball of radius r centered at the
origin, and [ and g be non-negative functions defined on R™ that
vanish at infinity and obey

fB(r) ff(x)dz < f8(7,) g*(x)dz, (29)
for all r > 0. Then,
fB(T) h(z) f*(z)dz < fB(r) h(z)g* (z)dz, (30)

for any symmetric non-increasing function h.
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