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Abstract—We present a distributed, event-triggered, and adap-
tive control algorithm for cooperative object manipulation with
rolling contacts and unknown dynamic parameters. Whereas
conventional cooperative manipulation methods require rigid
contact points, our approach exploits rolling effects of passive
end-effectors and does not require force/torque sensing. The
removal of rigidity allows for more modular grasping, increased
application to more object types, and online adjustment of
the grasp. The proposed control algorithm exhibits the fol-
lowing properties. Firstly, it is distributed, in the sense that
the robotic agents calculate their own control signal, under an
event-triggered communication scheme. Such a scheme reduces
the inter-agent communication requirements with respect to
continuous communication schemes. Secondly, it uses an online
adaptation mechanism to accommodate for unknown dynamic
parameters of the object and the agents. Finally, it adapts
existing internal force controllers to guarantee no slip throughout
the manipulation task despite the event-triggered nature of the
communication scheme. Hardware implementation validates the
effectiveness of the proposed approach.

I. INTRODUCTION

Recent technological advancements have led to the con-
cept of automated manufacturing where the ability to trans-
port objects/packages autonomously is key to the production
process. One popular, modular approach to perform object
transport is via cooperative manipulation, which entails the
transport/manipulation of an object by using multiple mobile
manipulators. Due to the different objects that must be trans-
ported in such a setting, the cooperative manipulation methods
should be robust to uncertainties in object weight, inertia,
shape, and even center of mass location.

Existing methods in cooperative manipulation aim to track a
desired object reference trajectory using robotic manipulators
on mobile bases. Multiple robots allow for carrying heavy
loads and executing dexterous maneuvers. Early works in
cooperative manipulation focused on hybrid force/position and
impedance control schemes [1], [2]. Other approaches focused
on decentralization of the agents [3] and adaptive controllers
[4], [S]. However, those methods rely on the assumption that
each agent is rigidly fixed to the object, allowing it to apply
any force/torque at the contact point. The rigidity assumption
is highly restrictive as it only applies to objects on which a
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Fig. 2: Objects (from left to right): hex, ball, and box.

rigid grasp can be formed, excluding, e.g., objects with smooth
surfaces or large boxes/spheres (e.g packages), which cannot
be rigidly grasped by a simple gripper. Furthermore, many
existing approaches are dependent on force/torque sensors
mounted on each robot, which can be expensive or difficult to
equip appropriately on a fleet of mobile manipulators.

We aim to remove the rigidity assumption that is character-
istic of current cooperative manipulation approaches, and relax
the dependency on tactile sensors to contact location sensors
only by exploiting the natural rolling of a passive end-effector.
Non-rigid/rolling contacts increase the number of objects that
can be grasped, increase the workspace of the system, and
allow for scenarios in which robots can be swapped in/out to
adjust the grasp online. Note that by employing rolling con-
tacts, the cooperative manipulation problem here is similar to
robotic grasping [6] albeit with mobile “fingers.” An example
of non-rigid grasping is shown in Figure 1.

Despite advancements in the literature, existing methods
from cooperative manipulation and robotic grasping are not
applicable to the cooperative manipulation problem posed here
due to their dependence on rigid grasps, known dynamics,
and/or centralized schemes. The aforementioned works in



cooperative manipulation [1]-[5] are not applicable due to
the dependency on rigid contacts. Rolling contacts complicate
the problem as each contact may only apply a force that
respects friction cone constraints to prevent slip, instead of
an arbitrary wrench associated with rigid contacts [7]. Early
robotic grasping approaches required exact knowledge of the
agent’s dynamics [7], [8]. Other recent techniques are robust
to model uncertainties, but neglect rolling effects or dynamics
[9]-[11], while other more sensor-deprived approaches assume
the object is weightless [12], [13]. The approach from [14]
assumes a priori bounded states, which does not apply to
the mobile manipulators considered here. Adaptive control
schemes that have also been developed require force and
contact location sensing, and assume boundedness of the
uncertain parameter estimates [15], [16], or are limited to
set-point (constant reference) manipulation [17]. Additionally,
all robotic grasping methods are formulated as centralized
controllers, which would require large communication require-
ments between all agents. Such centralized approaches do not
scale well with the number of agents and are highly sensitive
to faults of the central controller. Finally, most related works
(e.g., [1], [4], [5], [8]) consider accurate knowledge of the ob-
ject center of mass, which can be difficult to obtain in practice,
especially in cases of complicated object shapes. Thus, there
exists no distributed, robust cooperative manipulation approach
that ensures stability to a reference trajectory with non-rigid,
rolling contacts and no force/torque sensing.

A critical attribute of cooperative manipulation with rolling
contacts is that of object slip. The agents need to exert the
appropriate forces in order to maintain contact with the object
and avoid slip without jeopardizing the manipulation task.
Methods of ensuring slip prevention are developed typically
by solving an optimization problem online [9], [18], [19].
However [9], [19] neglect the agent dynamics, which may
perturb the system and cause slip. The approach in [18]
is centralized and would require a central computer unit to
compute and distribute to the agents the forces to be applied.

In this paper, we present a novel event-triggered, adaptive
control algorithm for the cooperative object manipulation
with rolling contacts and unknown dynamic parameters. The
algorithm extends the method from [20] in a distributed
manner in which each agent calculates its own control sig-
nal and determines when inter-agent communication is re-
quired independently of other agents. Such a scheme reduces
the communication requirements with respect to continuous
communication. Moreover, an online adaptation mechanism
compensates for the unknown dynamic parameters of the
object and the agents. We further adapt existing internal force
controllers to our event-triggered scheme that guarantee no slip
during the manipulation motion. Hardware implementation is
used to validate the proposed approach.

Notation: The notation v¢ indicates that the vector v is
written with respect to a frame &, and if no explicit frame
is defined, v is written with respect to an inertial frame, P.
The operator (-)x denotes the skew-symmetric matrix repre-
sentation of the cross-product. SO(3) is the special orthogonal
group of dimension 3, and S™ is the unit (n — 1)-dimensional
sphere. The r x r identity matrix is denoted by I, and the

r-dimensional vector of zeros by 0,.. For a set 3, the boundary
of B is denoted OB. The terms =, =< denote element-wise
vector inequalities. The null space of a matrix B is 91(B),
and the interior of a set A is Int(.A). A continuous function
a : R>9 = Ry is a class-KC function if it is strictly increasing
and «(0) = 0. A continuous function 5 : R>o x R>g = R>g
is a class-CL function if for each fixed s, 5(r, s) is a class-
KC function, and for each fixed r, 3(r,s) is decreasing with
respect to s and S(r,s) — 0 as s — oo. The terms A and V
denote the logical ‘and’ and ‘or’ operators, respectively.

II. PROBLEM FORMULATION

Consider N € N robotic agents, consisting of a holonomic
moving base and a robotic arm, grasping a rigid object in
3D space. Let their generalized joint space variables and
respective derivatives be g;,q; € R™ with n; > 3, for
all i € N := {1,...,N}. Here q; consists of the degrees
of freedom of the robotic arm as well as the moving base.
The overall joint configuration is then q := [q] ,...,q\] ",
q:=1a,..qy]" € R" with n == > ien M- Each agent
has a smooth, convex “fingertip” (i.e. passive end-effector) of
high stiffness that is in contact with an object via a smooth
contact surface. Let the inertial frame be denoted by P,
and an end-effector frame, F;, fixed at the point py, € R3
on each end-effector. The rotation matrix from F; to P is
Ry, := Ry, (qi) € SO(3). The contact frame, C;, is located
at the contact point, p., € R? and defined as a Gauss frame
[21] where one of the axes is defined to be orthonormal to the
contact plane. We use the standard assumption that the end-
effector surface is smooth and the Gauss frame is well-defined
for all points on the surface. The vector from F; to C; is
Pfe; = Pe; — Pf; € R?)’ and Rpci = Rpci (pfciaqi) € 50(3)
are the rotation matrices mapping the contact frames C; to the
inertial frame P. The contact geometry for the ith agent is
shown in Figure 3.

(a) (b)

Fig. 3: Object/agent and contact frames for agent .

The dynamics of agent ¢ is defined by [21]:
Mi@; + CiGi + g = —Jy, fe, + ui ()

where M; := M;(q;) € R™*™ is the positive definite inertia
matrix, C; := C;(q;, q;) € R™*™ is the Coriolis/centrifugal
matrix, g; := g;(q;) € R™ is the gravity torque, f., €
R? is the contact force exerted at Pe;» w; € R™ is the joint



torque control input; Jy, = Jp,(qi, Pse;) € R3*™ is the
agent Jacobian matrix, defined by

Jhi (qi7pfci):: [ I3 7(pf(!1t)x ] Jsi(qi>7

where J;, (q;) € R6%" is the manipulator Jacobian that maps
q; to the translational and rotational velocities of F; [21]. The
full hand Jacobian matrix is J,, := diag{[Jp,]ien’} € R3V*".
We emphasize that the dynamical parameters, which refer to
masses, moments of inertia, and center of mass of the robotic
base/links appearing in the terms M;, C;, g;, i € N, are
considered to be unknown. However, the kinematic parameters
in Jj, which refer to the link lengths, are assumed known since
they can be easily measured. The dynamics (1) can be written
in vector form as

Mg+Cq+g=—J) fe+u, )
where M = M(q) = diag{[M,lien}, C = C(q,q) =
diag{[Cilien’} € R™", and g = g(q) = [g/,...,9x] .
fe=[f, fL ) w=[ul, ... uy]” eR™

Let O be a reference frame fixed at p,, which does not
need to be coincident with the object center of mass. Let
also Ry, € SO(3) be the respective rotation matrix, which
maps from O to P. Let x, := [p},n]]T € M = R3 x S3,
v, := [p),w,]]T € RS denote the pose and generalized veloc-
ity of the object frame, with 7, € S? as the unit quaternion.
The position vector from O to the respective contact point
iS Poc; = Pe; — Po € R3. The assumption is that the system
used to track the object is broadcasting x,, and &, to all agents,
which is a common assumption in related literature [1], [7],
[9], [10], [22]. This assumption can be relaxed by equipping
each agent with vision capabilities [23].

We denote by p, € R? the location of the center of mass
of the object and, without loss of generality, we align the
object body frame with O so that n, = 7, and @, = w,.
Thus, we let Z, == [p,,n)]" € M be the object pose with
respect to the inertial frame P and v, == [p, ,w, ] € RS. Let
pOCi = pCi _pO Wlth pOC = [p(—)rcl7"'7p(—)rCN]T E RE}N' The
conventional object dynamics with respect to the object center
of mass are given by the Newton-Euler formulation:

Moéo + C70'50 + go = G.f(, (3)
where M, := M,y(n,) € RS*® is the object inertia matrix,

Cy = Co(N0,@,) € RE*6 is the object Coriolis and cen-
trifugal matrices, G := G(Poe) € RSN is the grasp map,
and g, € R is the gravity acting on the object. Similarly to
the agents, the object dynamic parameters, which refer to the
object mass, moment of inertia, and center of mass, appearing
in the terms M,, C,, g, are considered to be unknown.

The grasp map, G, maps the concatenated contact force,
f. € R3*YN, to the net wrench acting on the object center
of mass and is defined by G := [G1,...,Gy] where G; =
Gi(Poc,)=[I3, —(Poc,) x] € RE*3. We note that G is the
conventional grasp map commonly used in grasping [21].

Regarding the object orientation, we use the unit quaternion
choice 1, = [p,, €.} |T, where ¢, € [-1,1] and €, € R? are
the scalar and vector part, respectively, satisfying ©2+€/ €, =
1. Moreover, it holds that [5]

. 1 .
Mo = §En(no)wo = Wy = 2E77(770)T770a (4)

where E, : S3 — R**3 is the matrix

—e!

Ealm) = Lﬂz — (€)x

] , Vn=[p,e]" €S>

The more practical consideration of rolling contacts, as
opposed to a rigid grasp, requires no slip to occur between the
agents and object by ensuring that each contact force remains
inside the friction cone defined by [21]:

Felw) ={fc €R®: fun> /L2, + 13} )
where f$ = (fu,, fy., [n,) is the contact force at ¢ written in
frame C; with tangential force components f,,, fy,, € R and
normal force component f,,, € R, and p € Ry is the friction
coefficient. The full friction cone is the Cartesian product of
all the friction cones: F. :i= F,, X ... X F .

Let now a desired pose trajectory, pg : R>g — R3, 0y ==
[0a,64]T : Rsg — S3, to be tracked by x,. To that end,
we define the position error e, := p, — pq as well as the
quaternion product e, = ng ® n}, as an orientation error
metric [5], where n* = [p,—€']" denotes the quaternion
conjugate. The aim is then to regulate e, to [+£1,04]T [5].
Moreover, we aim at ensuring that the end-effectors are always
in contact with the object and slipping is avoided. Formally,
the problem is defined as follows.

Problem 1. Given a desired bounded, smooth object pose
trajectory defined by py : R>o — R3, my : R>g — S?, with
bounded first and second derivatives, determine a distributed
control law wu in (2) such that the following conditions hold:
1) limy—so0 (€p(t), €,(t)) = (03,[£1,04]")
2) fSi(t) € Fe, Nt>0,i €N,

III. PROPOSED SOLUTION

This section presents the proposed control algorithm, which
exhibits the following properties: first, it is distributed, in
the sense that each agent calculates its own control signal
and determines when an event (inter-agent communication) is
needed; second, it employs an even-triggered communication
scheme to reduce the communication requirements of the
agents; third, it employs adaptive control techniques for the
compensation of the dynamic uncertainties of the agent and
object; fourth, it guarantees avoidance of object slip through
the appropriate design of internal forces.

We organize the presentation of the proposed solution’s
components as follows. First, we present a rigid body trans-
formation used to handle the unknown object center of mass.
Second, we introduce an internal-force algorithm that ensures
slip avoidance and thus allows for rolling contacts. Third, we
use the rolling contact kinematics to determine the coupled
agent-object dynamics and formulate an adaptive control law
that compensates for the uncertain dynamic parameters of
both the agents and the object. Fourth, we introduce the
event-triggering update law that dictates the time instants
that the agents communicate with each other. Finally, we
prove the stability of the closed-loop system and discuss the
implementation of the proposed algorithm.



As stated, the proposed controller relies on an event-
triggered methodology, wherein many different components of
the control will be updated at each event. Thus, we introduce
first the event-triggering elements. At each event, the only
updated terms are p,., and the quaternion representation of
R,.,, which we denote 7,,,, between all agents, at each time
tr € Ryg for £ € N. We use the subscript k£ to denote a
variable that is held constant over the time interval [tx, tx+1)
and updated at each t51. For example, 1, ;, = Mpe, (t = t),
Rpe,; = Rpe,(t = tr), Pocy, = Poc,(t = t1). All agents
broadcast such information at ¢; so that all agents have access
to Ry, ;> Poc,, for all i € N. The events are defined based
on how much Ry, ; and p,, , deviate from their true values,
which will impact stability and slip prevention.

The main variables used in the proposed approach can be
found in Table L.

TABLE I: Table of Variables

Variable ‘ Description

C; Frame fixed to contact 7.

C;,Cy, C Coriolis matrix of agent i, the object, and the
agent-object system, resp.

dp, Or, Oc Event-triggering parameters.

Apoc, Error in p,; and poc, ;-

€,€¢ Design parameters for the internal force con-

troller and event triggering, resp.
e Pose error of the object.

€, €y Quaternion components of e,,.

e, e, Error between true and desired vectors for the
object position and orientation, resp.

ey, ey, Error in estimated dynamic parameters and

true dynamic parameters w.r.t the agents and
object, resp.
e, Error between v, and vy.

Mpes Mo, Na | Quaternion representation of R, Ry, and the
desired orientation, resp.

fe. Contact force of agent 1.

Fi Frame fixed to agent ¢’s end-effector.

Feis ]-'c Friction cone, friction pyramid, resp.

Fint,, Internal force controller written in the inertial
frame.

G; Grasp map for agent ¢.

9iy 90,30 Gravity vector of agent ¢, the object, and the

agent-object system, resp.
¥ Event-triggering parameter.

I.r, Gain matrices for the adaptive control associ-
ated with the agents and object, resp.

JIh; Agent manipulation Jacobian.

p Internal force controller with elements written

in the respective contact frames.

A; Matrix used to define the friction pyramid.

Ak, Manipulation force controller.

W Friction coefficient.

M;, M,, M | Inertia matrix of agent 7, the object, and the

agent-object system, resp.

Variable Description

Vi, V, Dynamic parameters of agent ¢ and the object,
resp.

v, U, Estimates of v;, v, resp.

@) Frame fixed to the object.

P Inertial frame.

Do, Pd Position of O and desired position, resp.

Psc;»Poc; | Vectors to contact ¢ from agent ¢’s end-effector
and the object, resp.

q; Joint configuration of agent 3.

Ry, Rpo Rotation matrix from inertial frame to C; and
O, resp.

u; Control torque of agent 3.

Vo, Vg Translational and angular velocity of the object
and desired trajectory, resp.

vy Reference velocity term.

Y, Y, Regressor matrix of agent ¢ and the object,
resp.

Y., Y, Reference versions of Y;, Y, resp.

A. Handling the Uncertain Object Center of Mass

A common assumption in the majority of the works in
the related literature is that the object center of mass is
accurately known (e.g., [1], [4], [5], [8]), which is typically
not the case in practice. In this work, we assume tracking
of a traceable point p, on the object surface instead of the
center of mass, whose information is considered unknown.
Note that appropriate sensor equipment, e.g., cameras and
markers, can accurately track such points in practice. Hence,
to remove the dependency on an unknown object center of
mass, we perform a standard rigid body transformation to the
conventional object dynamics as follows. To perform the rigid
body transformation, let J,:= J,(),) € R6*® be defined as:

. o
Talile) = [ & Tloblo) ] ©

where pg, = p@ — pY, such that v, and v, can be related
via v, = J,v,, which is derived by differentiating p, = p, +
Ry (P9 — p?). Note that pg, is constant.

Substitution of v, = J,v, and left multiplication by J;'— in
(3) yields the adjusted object dynamics with respect to p,:

Mo'bo + Oo'vo + g0 = G.fm (7)

where M, = M,(n,) = J,M,J, € RS C, =
Co(No, wo) = JaT(MOJa + gja) € R%*9, 9o = Go(Mo) :=
Jlg, € RS, and G := JJG € RY%S, for which it holds

G = [Gl,...,GN], with
[ . :|
(pUCi)X ’

where we have used R,,pS, = Pso such that —psy + Poc;, =
Poc;- Note that G = G(poe), i.e., G is not dependent on p,.
Note also by the relation p, = p, — Rpop?o that M,, C,, g,
are functions of 1, = n,, W, = w, with dependency on the

I3

Gi=J]G; = _
_(Rpop?o) X +(Poc; ) X

a




constant but unknown term p&. We also note the following
relation that will be needed subsequently:

.
AT~ I3 I3 (Rpopg?o)x _ T
Gi o = {(Pci — Do) X 03 I3 Yo = Gi %

®)

B. No Slip Control

In practice, it is common to approximate the friction cone
Fe,(u) by an inscribed pyramid with /5 € N sides [19], [24].
The set associated with this inscribed pyramid is defined as

Fo(p) = {f& e R®: Ay (u) fS = 0} )

where A; : Rug — R!*3 is a matrix defining the pyramid.
Similarly, the friction pyramid is defined as the Cartesian
product of all F.,, which is equivalent to concatenating all
A;(p) into A(p) = diag{A1, ..., An}. The resulting set is then
F.i={f¢ e R*N : A(u)f¢ = 0}. Note that if f., € F,,,
then the contact force always has a positive normal component
(i.e. the manipulators cannot “pull” on the contact point).
Substitution of f&' = R f.,. and concatenation over all
1 € N yields:

ARy fe = 0,

where R i= diag{[Rpe, liex'}, A(p) = diag{[A:(1)]ien}-
The following standard assumption is made for the grasp to
ensure the existence of contact forces for slip prevention:

(10)

Assumption 1. The grasp consists of N > 3 agents with
non-collinear contact points and N(G) () Int(F.) # 0.

Note that N > 3 agents with non-collinear contact
points ensures G is full row rank [21]. The condition that
MN(G) (N Int(F.) # @ ensures the existence of a contact force
that lies within the friction cone and yields a desired object
wrench, which is called the force-closure condition [8]. Force-
closure depends on the initial grasp, and can be ensured by
existing high-level grasp planning methods [25].

Slip prevention is addressed by ensuring that the no-slip
condition (10) holds. In particular, we guarantee that (10)
holds by designing an internal force controller fi,, € R3Y
as follows:

fintk = Rpckez (lla)

£; =argming psy £ £ (11b)
s. t. (11c)
GrRpe, £ = 0g (11d)
A(/L)e > 6131\[, (116)

where € € R+ is a design parameter. Here (11d) ensures the
internal force remains in the null space of G to not interfere
with the reference tracking task and (11e) ensures the internal
force is sufficiently inside the friction cone to prevent slip.
The term ¢ is used to account for dynamics and uncertainties
in G, Ry, that may cause slip. Note that fi,, is constant
for ¢ € [ty,tr11) such that it needs only be computed at
each k update. We note that fi,, is the concatenation of all
agents’ internal forces fiy, , € R3. Thus, at each event, agent

1 computes (11) and implements the respective component
f intg ;-

To ensure slip prevention for the proposed control, we need
an additional assumption:

Assumption 2. There exists a I € Rsg such that, for any
k € N, there exists a ||£||2< satisfying (11d) and (11e).

Assumption 2 is a practical assumption stating that there
exists a bounded contact force to satisfy the no-slip condition.
We introduce the following lemma to ensure no slip between
events.

Lemma 1. Let a matrix W € R33N and a vector 1), € R3N
satisfying |Wllw< 6. and ||lx||cc< I, for some positive
constants 0.,1. Further assume that ||A(p)||ec< X for a
positive constant \. If, for a given e, € Rso, Alp)ly =
(€h + )\501)13N, then A(/J,)(InggN - W)lk > eplan.

Proof. Let z = —A(u)W1l, be a perturbation on the term
A(p)lg, with bound ||zl < [|[=A(p)Wik|lw< Aol Tt fol-
lows then that z = —\8.l13x. Thus, A(u)(Isnxsn — W)l =
A(M)lk — A(/J,)Wlk >~ (Eh + )\56[— Aéci)lgN >~ 5h13N- O

In Lemma 1, the matrix W represents the error associated
with G — Gy and R) Ry, — Isnxsy due to the lack of
communication between agents between events. The constant
€p, 1s a robustness term that bounds the system dynamics to
prevent slip. The additional robustness margin \d./ is required
to ensure the perturbations from G and R, do not push the
contact force outside the friction cone and thus cause slip.

C. Adaptive Updates and Distributed Control Law

When the contact points do not slip, the grasp relation
Jng = G, holds [8], which, after substituting (8), becomes:

ve=Jng =G v,, (12)

T T

where v, = [v, ,...,v] |7 € R3" is the vector of contact

velocities. We make the following standard assumption:

Assumption 3. The matrix Jy,(q) is non-singular, and the con-
tact points do not exceed the end-effector surface throughout
the manipulation task.

Remark 1. By incorporating optimization techniques, as e.g.
in [26], we can enforce prevention of excessive rolling of
the contacts and thus relax the respective part of Assumption
3. The non-singular condition of Jy intuitively implies that
tracking the desired reference trajectory does not force the
agents through such singular configurations. This can also be
achieved by exploiting internal motions of redundant agents
(n; > 3). If contact loss is prevented, the full row rank
condition of G implies the existence of a g > 0 such that
)\min(GGT) =9

Moreover, the following Lemma will be needed in the
subsequent analysis.

Lemma 2. [5] The matrices M;(q;), M,(7,) are symmetric
and positive-definite, and M;(q;) — 20,(qi, @), My(11,) —
2C, (Mo, w,) are skew-symmetric, for all q;,q; € R" i €
N, 1o, @, € M x RS,



In view of Lemma 2, one can verify that M, is positive
definite and M, — 2C, is skew-symmetric as well. We also
assume that the contact vectors p? ., and pfc are measured
accurately online, for all ¢ € N. This can be achieved by the
use of tactile sensors that provide contact location.

Without loss of generality, we assume that n; = 3, Vi € N,
i.e., the agents are not redundant. The proposed solution can be
extended to redundant cases, e.g., by following the analysis of
[21, Chapter 6]. By combining the agent and object dynamics
(2), (7) as well as (12), we obtain the coupled dynamics:

Mv,+Cv, + g = GJ, Tu, (13)
where M := M(z) = M, + GJ,"MJ,'GT, C =
C(@, @) == Co+ GJ, " (CJ,'GT + ML(J,*GT)), g =
g&) = go+GJ; g, and T = [n),q",p},.p]" €
S3 x R"*6N_ The following lemma, which can be derived
using Lemma 2, states useful properties of (13):

Lemma 3. [5] The matrix M, is symmetric and positive-
definite, and M — 2C is skew-symmetric.

The left-hand side of the object dynamics can be linearly
parameterized with respect to the dynamic parameters as:

Mo (10)06 + Co(Mo, Wo)Vo + Go = Yo (Mo, Wo, Vo, Vo) Vo,

where v, € R, 1, € N, is a vector containing unknown object
dynamic parameters as well as the term p< , introduced in (6),
and Y, : $% x R'® — R6*! i5 a known regressor matrix.

Similarly, the dynamic parameters of the agents from (13)
can be linearly parameterized [20]:

MJ G, + (M(Z(Jh_lGT) + CJ;laT) Vo+g=

Y (&, &, 00, Vo)V,

where v € Rl,l € N, is a vector of unknown dynamic
parameters of the agents, and Y : S3 x R2n+15N _, RONx!
is the respective known regressor matrix. Note this regressor
can be formulated in a distributed manner by exploiting the
block diagonal structure of M and Jj:

0

M 6T o, + (M (0, 1GT) 4 Gt 16T ) 0,4 s =

Vi@, &, 00, Vo) Vi,

where &; = 17,4 ,Pj.,.Po] . Y = diag{[Vi]Jien}, and
v =[v/,...,vy]". The linear parameterization of the dynam-
ics is achieved by separating the dynamic parameters from the
functions defined in the regressor matrix. In practice, this can
be done using symbolic methods in Python/Matlab.

The left-hand side of (13) can be written as:

Mo, + Cv, +g =
Yo (Nos Wos Vos Do)V + G5 LY (&, 2,00, Do)V (14)

Let now o € RY, &, € Rle, be estimates of v and v,,
respectively, by the agents, and the respective errors e, =
UV—v,and e, =0, —V,.

As described in Problem 1, the pose errors are e, = p, —Pq
and e, = ng ® ), which can be shown to satisfy [5]:

€y Popa + €, €

= = o . 15

° [ €. ] l Po€d — Pa€o + (€0) X € 1 (152)

€p =Po — Pd (15b)

: 1,7

. (ép| 5€c €y

€n = {éj a l_é(ew’iﬂ + (ec) x )e, — (ec) X wd] ’
(15¢)

where e,, = w, —wy € R3 and wyq = 2F(n4)nq, similarly to
.

The reference velocity signal vy € R® and the associated
velocity error e, are defined by

b kpep

Vf =Yg — Ke = [ U-’Z :| - —kn% (16a)
€

e, = v, — vy, (16b)

where K = diag{k,I3, k,I3} € R3 is a positive definite gain

i

matrix, with k,, k, positive constants, e := [e) ,—%5] ", and
)

vg = [pd,wy]". As will be shown later, e,(0) # 0 =

e, (t) # 0, Vt > 0, thus (16a) is well defined.

Next, we present the distributed control algorithm that uses
event-triggered communication among the agents to track the
desired reference trajectory:

Uk, :Yr,f/z + J;I (Ak, + fintk,i)ﬂ
A, =— G Kye, + G}, (Y, .0, — €)

(17a)
(17b)
where Y,, = Y(:ii,:f:i,vf,i)f), Y., = Y,(No,wo, vy, Vy),
K, € RY%% is positive-definite and diagonal, and G} =
[G,”;j, ey G,";;]T is the generalized inverse of the grasp map
at t = t;. We design the adaptation signals as

(18a)
(18b)

v; = Proj(i;, —TY,[ 1,1 G e,),

Vo = Proj(Ue, —T,Y, e,),

where I' € R*. T, € Rlexlo are positive-definite constant
matrices, and Proj() is the projection operator satisfying: [27]:

(6 —0)T (A" 'Proj(8, Az) — z) < 0,_, (19)

for any symmetric positive definite A € R'=*!=_ and V8, 0,z ¢
Rz, for some I, € N. Moreover, by appropriately choosing the
initial conditions of the estimates (0), ©(0), the projection
operator ensures that (t), (¢) will stay uniformly bounded in
predefined sets defined by finite constants &, D, i.e., | &(t)]| <
U, |D,(t)||< Do, ¥t > 0 [27]. Hence, we can achieve the
boundedness of the respective errors as

e, ()|l <&, =0+ v
lew, ) < e, =D, + [[voll,

(20a)
(20b)
for finite constants €,, €,, (see [27, Chapter 11] for more de-

tails). Note that the adaptation signals (18) are only dependent
on local information q;, py., and the broadcast signals x,, &,.



D. Event-triggering Updates

Now that the slip prevention and trajectory tracking con-
trollers are defined, we can present the event-triggering con-
ditions. First, we note that the only elements of (11) and
(17) that depend on inter-agent communication are R, , G,
and Gy . Further note that each agent has knowledge of its
own G since it is only dependent on local measurements.
However, the inverse G7j, is dependent on knowledge of all
Poc; and so is only updated at events. The broadcast signals
Pocy, ;> Mpey,,; jeopardize the control law because they are not
continuously communicated between all agents. To address
the lack of communication, we introduce the event-triggering
conditions to define when these terms need to be updated:

HApoci = 5p (21)

HR;—CiRPCk,q: _IBXSHZ O 22)

0 " N
e { (Apos ) ] (fimes + G Yorko) =27 =0 (23)

with Apoci = Poc; — Pocy,,;> ki = /\min(K), ko = minpoc
Amin (G (Poc)G(Poc) TKy), and 7, ca € (0, min{ks, ko}) are
design parameters. The bound J,, is constant between events
and is defined by

2 0
0, :=min 7*min{k:1 — Ca, kg — CQ}, <
v { SGE 2,

for design parameters ., . € R~ . Note that by construction
0, is always positive and bounded. Furthermore, the full rank
condition on G ensures that G exists and |G} [|# 0. The
term J, is a constant satisfying 6, < 2651' Finally, note that
ko > 0 due to the fact that (G is full row rank (see Remark 1).

We note that many design parameters are introduced in (21),
(22), and (23), which will be explained as follows. The first
term in §, is required to ensure stability of the closed-loop
system. The second term of J,, ensures that the errors that arise
from Gy, i.e., G — Gy, are sufficiently small to prevent slip.
The condition for d,. is similarly defined to ensure errors from
Ry, . ie. R;,FCRM —I3n %3N, are small. Finally, condition (23)
is required to ensure ultimate-boundedness of the closed loop
system wherein the ultimate bound is determined by . This
condition is necessary due to the product of the erroneous G,
in the control (17). We note that a smaller ultimate bound (i.e.
smaller ) may require more communication between agents
as seen in (23). In effect, v acts as a tuning parameter that
defines a trade-off between communication and performance,
i.e., more communication yields better tracking and vice versa.
Also, the approach avoids Zeno behaviour (this is formally
shown in the proof of Theorem (1)). Intuitively, the right-
hand sides of (21) and (22) are strictly positive, and thus
the left-hand sides become 0 at triggering times. Moreover,
as shown in the proof of Theorem (1), the continuity and
boundedness (in compact sets) of the terms in the left-hand
sides renders the inter-event times positive and lower-bounded
(similar arguments hold for (23)).

The time instants when an event is triggered is when (21),
(22), or (23) are satisfied, and formally defined as:

t0) =0, tpyr =inf{t e Rt >t A ((21) V (22) V (23))}
(24)

The event is triggered when the contact points roll excessively
far such that p,, ;, Ry, ; €xceed the pre-defined errors or the
tracking error is too large. The condition (24) is evaluated by
each agent individually. When one agent identifies a triggering
condition, the agent then signals to all agents that an update
is required and all agents then broadcast only their local p,.,
and 1., for all i € N, which allows them to compute Gy,
Rpey» Gy,» and fin, , to implement the proposed control.

Theorem 1. Consider N robotic agents in contact with
an object, described by the dynamics (2), (7), and sup-
pose Assumptions 1-3 hold. Let the desired object pose (py,
M4) : Rso — R® x S® be bounded with bounded first
and second derivatives and consider the stack vector state

X = [e;,:—;T,eI,eI,eL]T € X = RZH+ Moreover,

o

assume that e,(0) # 0 and fC:(0) € Int(F,,), Vi € N.
Then, for sufficiently large control gains ¢, €., the event-
triggered control protocol (17), (18), (11) with event-triggered
mechanism (24) guarantees (a) avoidance of Zeno behavior,
(b) fCi(t) € F.,,¥t > 0, i € N, and (c) the existence
of class-IKC functions o1, g, a class-KCL function S, and
11,15, py, s, ky € Rsq such that the following hold:

el +llew ()< py, VE > T, (25)
Ix@®N< BIx(0)[],¢), vt € [0,T3), (26)
5
X< i (aa(y [ 3-)0), V¢ > To. 27)
X
Proof. See Appendix. O

Remark 2. Note that the lower bounds for € and €. as needed
in the proof of Theorem 1 (see Appendix) can be computed a
priori. In practice, the terms v, v, which concern masses
and moments of inertia of the object and the agents, can
be known a priori up to a certain accuracy, leading thus to
respective bounds. Hence, one can compute upper bounds for
V(0) (see proof of Theorem 1) and hence for e, e,, e,, and
e,,. Also, since the structure of the dynamic terms is known,
their approximate bounds can be computed, which allows for
off-line computation of € and ¢..

Remark 3 (Effect of v,d,,0,). The parameter « yields a
monotonically increasing relationship with p~, which provides
a trade-off between communication frequency and ultimate
bound as per (25)-(27) and (30). In other words, as ~y
decreases, the ultimate bound decreases. The term 5p dictates
the maximum allowable errvor in AG, which directly affects
the ultimate bound in (30). The terms 6, and 0, affect the
magnitude of fi, and thus the ultimate bound from (30), as
follows. As 6, and b, decrease, the magnitude of W in (33)
decreases, yielding smaller disturbance due to communication
lag and thus requires a smaller €. A smaller € yields a smaller



magnitude fi;, as per (11), which results in smaller ultimate
bound due to (30).

E. Implementation

We have presented a novel, event-triggered control law
to reduce the communication needed for cooperative mobile
manipulators to manipulate objects. Our formulation assumes
force/torque control of all robot agents. In practice, it is com-
mon for the mobile bases to be controlled via position/velocity
commands, which does not fit within our framework.

To account for non-force/torque commanded mobile-bases,
one can use standard formation controllers [28] to keep the
mobile bases in a desired formation throughout the entire
manipulation trajectory. This has the advantage of reducing
complexity when, for example, avoiding obstacles, since the
mobile bases can be controlled in formation, independent of
the manipulators. In such a case, we exploit the redundancy
in the mobile manipulator to let the bases navigate the 2-
dimensional plane, while the manipulators manipulate outside
of the plane. Then, the ‘inertial frame’ &7 is fixed to the mobile
base formation, which each agent can determine independently
once the formation is formed at the start of the manipulation
task. In practice, the motion of the inertial frame will be
seen as a disturbance on the inertial-frame related terms.
However, the ultimate boundedness guarantees from Theorem
1 ensure that for sufficiently slow formation movements, these
disturbances will not de-stabilize the system.

The proposed method can handle objects of various shapes
due to the internal force controller (11). If knowledge of the
object shape is known a priori, then the quadratic program
from (11) can be replaced by a closed-form solution, which
avoids solving an optimization problem online. Consider, for
example, spherical objects, which can be difficult or even
impossible for a gripper to form a rigid grasp on. If the initial
formation of the agents is distributed evenly around the sphere
(i.e., the agents form a so-called optimal grasp [29]), then we
can also exploit the symmetry of the formation to avoid the
computation of (11), as shown in the following lemma.

Lemma 4. Consider a spherical object with radius r € R+,
wherein the contact points of all agents are equi-distantly
distributed on the surface of the object and lie in the equatorial
plane. Let the internal force control be f,-mki = %zi, with
z; = %(Eia\/poci) — Doc, for it € N and p, designates
the geometric center of the object. Then, the internal force
controller solves (11) with ||€|,=1 = \/N%

Proof. 1t is clear that the contact normal for each ith agent
is Hi—LH Also, due to the symmetry of the contact points,
Po = =~ 2jenPoc, and [|zi]|= r. Now it is clear that
Gk fin, = 0 by definition of Gj with p, located at the
spherical object’s center. Next, we can write the internal
force control in the contact frame of each agent as: €5, =
Ry, fin,, = 7(0,7,0]" = £[0,1,0]", where without loss of
generality we assume the second axis of the contact frame is
aligned with the normal direction and has magnitude f,,, = i
Since the internal force only acts in the normal direction,

from (5), we see that f,,up = ¢ > 0 = 2+ f2.
Thus £, is in the friction cone and has a lower bound
on the normal force: f,, = <. It can now be deduced

that this implies A(u)€; = £lsy. Finally, we can compute

[€kllo= /3 ienr(£)? = VNE. -

Lemma 4 provides a closed-form solution for which the
bound of the internal force control is easily computed a priori.
However, the results of Lemma 4 only hold when the contact
points are equi-distant on the object surface. In practice, the
contact points may deviate from these positions as they roll
during the manipulation task. As a result, we have found that
larger values of ¢ are required to account for such deviations
in practice, as will be shown in the next section.

IV. HARDWARE RESULTS

In this section, we implement the proposed controller to
manipulate several objects. We also demonstrate how the
proposed control can be used to track an object reference
that transports an object through an environment. We used
the mobile manipulators HEBI A-2160-01, named “Rosie”,
which have an omni-directional base with a 3DOF robotic arm.
We removed the gripper from the HEBI arm and replaced it
with a 3D printed hemispherical passive end-effector, shown
in Figure 1. We emulated tactile sensing by using the object
shapes and location of the object and agent end-effectors
using the method discussed in [30]. The proposed control was
implemented using ROS Kinetic in Python.

To showcase the results, we consider three objects of
varying mass/inertia, shape, and size. These objects include a
hexagonal prism (denoted ‘hex’), a soccer ball (denoted ‘ball’),
and a cubic box (denoted ‘box’), which are shown in Figure 2.
The respective masses of the hex, ball, and box are 71g, 350g,
and 450¢g. Here we focus on the application of our controller
to different object sizes and shapes, and so keep the friction
coefficient i constant, estimated to be © = 1.2, by applying
tape (blue strips in Figure 2) on the objects’ surfaces.

For each agent, a ROS node was launched to compute the
respective control law. Each node has a loop, which contains
the calculations of (21)-(23). During this loop, if the event
condition was satisfied by agent j, then agent 5 would publish
to a node that all agents are subscribed to to indicate that
an event has occurred. Once this happens, all agents publish
their measurements of p,., , and 7,., , to all other agents.
Each agent then updates their stored values of Poc,, and 7, .

The proposed controller is implemented with a practical
perspective by taking into consideration the fact that, prior to
any manipulation task, an initial grasp must be formed. This
can be done using existing grasp planning algorithms in which
the size/shape of the object is approximately known a priori.
Also, an initial ‘good’ estimate of the object mass/inertia can
be provided. The important distinction in our implementation
is that we do not assume these properties exactly known. The
adaptive component in our controller allows for each agent
to estimate the model parameters, which vary inside their
parameter sets. In this demonstration, the parameter sets are
the same for all objects and set as [0.05,.85]. Furthermore,
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Fig. 4: Comparison of trajectories for tracking Z-translation amongst the hex, ball, and box objects. Plots (a)-(c) show tracking
curves (orange is the object position, blue is the object reference), plots (d)-(f) show position error, and plots (g)-(i) show

orientation error.

each parameter set excludes physically impossible values.
For example, the object mass parameter set interval contains
only positive values. In practice, the size of the parameter
sets should be determined by the confidence in the model
parameter estimates. Finally, in view of the distributed nature
of the proposed algorithm, each agent has information only
regarding its own and the object’s parameter set. The latter
can be defined and distributed to all agents a priori.

The controller gains used in these demonstrations are:
K = 100, K, = 50, A = I_x;., I' = 0.001;«,
T', = 0.0011;, «;, with the event triggering constants: d, =
2.2 x 1075, ¢, = 0.001. The term k, is computed at the
start of the grasp for which we assume the eigenvalue of G
will not deviate too much during the manipulation. Thus we
compute: ky = /\min(Gk=0G£:0Kv) —1 x 1077, The term
cy is then computed as co = min{k;,ko} — 1 x 10~7. From
these constants, the event-triggered conditions (21), (22), and
(23) are computed online. The € constants for the hex, ball,
and box objects are respectively € = 3.6, ¢ = 9.7, ¢ = 4.0.

The internal force control from Lemma 4 was applied to the
ball and hex objects as they satisfy the symmetry requirement,
i.e., the initial contact points were placed equidistantly on the
objects. Although the hex object is not spherical, a sphere can
be inscribed inside the contact points and satisfy the properties
of Lemma 4. The radius of the ball and the hexagon’s

inscribed sphere is 11cm and 7cm, respectively, resulting in
the respective gains of % = 75.0 and ﬁ = 28.0. The box
was implemented with the internal force control from (11).

A. Comparison Amongst Objects

To demonstrate the applicability of our controller to all
objects, we focused on a common manipulation motion where
the object must be lifted and lowered along the z-axis. This
allows for picking up/dropping off objects in a warehouse and
is an in-formation manipulation that cannot be achieved via
simple robot formation control since the direction of motion is
outside the plane of the bases. For each object, the controller is
implemented to track a time-varying, periodic sigmoid signal
for translating about the z-axis. We also note that while the z-
position is meant to track the periodic reference, the remaining
5 states should not move. Figure 4 shows the proposed control
for all objects for the z-translation tracking task. The plots
shows similar performance of the proposed controller across
all objects, despite their varying size, shape, and mass.

B. Effect of Event-triggering

Next, we investigate the effect of the event-triggering com-
ponent, v, on the performance of the system. Recall that «y
provides a trade-off of how close the system will track the



reference and how much communication is required to do so.
We implement the proposed controller on the ball with the
same z-translation task as in Section IV-A, and experiment
with different values of ~.

Figure 5 shows the effect of varying + on the proposed
control and Table II shows the associated total number of
events and average inter-event time for each value of . As ex-
pected, the results show an inverse relationship between com-
munication events and magnitude of ~. The plots show that
there is no perceivable change in performance as ~ increases.
This shows that increased communication is not needed to
achieve the same level of performance and highlights how
the event-triggered control law helps reduce communication
requirements with minimal impact on performance. We note
that the results presented in Theorem 1 provide a worst-
case bound as a function of ~, however the other events
(21) and (22) can also be triggered, which could improve the
performance (see Remark 3). These results indicate that the
rolling effects are triggering sufficiently to improve upon the
worst-case bound to yield nearly identical performance despite
increasing values of +, yet still reducing the communication
requirements.

The effect of (21) and (22) can be seen for v = 1, which
is associated with the least amount of communication. The
gap in communication occurs when the reference trajectory
is relatively unchanging at the peaks and troughs. Intuitively,
when the reference signal is relatively constant and the ob-
ject is within the appropriate bound of the error, the event-
triggering conditions are satisfied and no communication is
required. This highlights another advantage of the proposed
method: during lift-and-hold tasks, the agents can exhibit
nearly completely decentralized implementation, i.e, without
inter-agent communication, once the object is lifted to the
desired altitude.

TABLE II: Number of event triggers during manipulation

ol Total # of Events  Avg. Inter-Event Time (s)
1.0 373 0.1443
0.1 926 0.0579
0.01 2677 0.0205
0.005 3249 0.0169

C. Transport Task

In this final demonstration, we show how the proposed
control algorithm can be combined with standard formation
controllers [28] to provide a distributed solution to transport
a ball while avoiding collisions in the environment. The
proposed control is implemented as described at the end of
Section III where the bases are controlled using standard
formation controllers to maintain their initial formation shape.
The environment is shown in Figure 6 where the cones define
the boundary of the environment. The agents must transport
the object from the initial location to the bin, while navigating
around an obstacle located at the bend in the L-shaped
environment. Furthermore, the bin is located at the boundary
of the environment where the agents are not allowed to cross.
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Fig. 5: Comparison of trajectories for different values of .
The ‘Event Trigger’ plots show vertical blue lines at each time
instant at which an event occurs.

To accomplish the aforementioned task, we design a reference
trajectory for the agent formation and the manipulators. The
formation trajectory translates through the environment and
rotates the formation about the obstacle to prevent collision
with the obstacle. Similarly, the manipulator trajectory lifts the
object above the obstacle to prevent collision. Additionally, the
manipulator trajectory is required to translate the object to the
bin when the formation can no longer traverse the distance to
the goal due to the boundary of the environment. The error
trajectories associated with the position and orientation for
the transport task are shown in Figure 7. A video of the
demonstration can be found in [31], and depicts the object
successfully transported to the goal location, while avoiding
the obstacle and remaining within the boundary region.
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Fig. 7: Position and orientation errors for transport task
demonstration.

V. CONCLUSION

In this paper we present a novel, event-triggered, adaptive
control scheme for multi-agent cooperative manipulation with
rolling contacts. The event-triggering component allows for
distributed control in the sense that agents update each others
contact information only as needed and the control (including
determination of events) is computed by each agent indepen-
dently. The proposed controller ensures ultimate boundedness
trajectory tracking, while actively preventing slip. Further-
more, the proposed controllers are robust to uncertainty in the
object mass and are not dependent on the rigidity assumption,
which allows for grasping more general objects than can be
held with grippers. Hardware implementation demonstrates
the effectiveness of the proposed method. Future work will
incorporate multi-agent grasp formation/re-grasping and time-
varying base formation for robot swarms.
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VII. APPENDIX

Proof of Theorem 1. The proof is structured into two Cases.
Case 1 addresses the system if no event occurs. Case 2
addresses if an event occurs and ensures non-Zeno behaviour
for the time updates. We first note that Assumptions 1 -3
ensure that (17) and (11) are well-defined.
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Case 1: Here we address the system if no event occurs, i.e.,
t, =0, tk41 = 00. Next, note by (2), (3), and (12) that, when
fCC; i ¢ Fe,, each fcc_i can be written as a function of the stack
state, i.e., fg = S (x), for all i € M. Consider also the set

e _ _ _
U={xe: ||é||< e, llepll< &p, [lev]| < e,
levl|< & llew, < év,, £ (x) € Int(Fe,), Vi € N},

for some positive constants e, > 1, &,, €, satisfying ||e, (0)||<
€v, ||lep(0)||< €p, and &,, &, larger than é,, €,,, respectively,
which were introduced in (20). Next, by using (17) and (18),
one obtains the closed-loop dynamics x = h,(x,t), where
h, : X x R>g — X is a function that is continuous in ¢ and
locally Lipschitz in x. Note that x(0) € U. Then, according
to Theorem 2.1.3 of [32], there exists a positive time constant
7 > 0 and a unique solution x : [0,7) — U, i.e., defined for
[0,7) and satisfying x(t) € U, for all ¢ € [0, 7). Hence, slip
does not occur and the dynamics (13) are well-defined, for
t € [0,7). Let now a candidate Lyapunov function be

1

1
V= Sllepl3+

T
e,,—}—ieyo

”es”%

¢

—1
FO el’o

(28)
Since e,(0) # 0, it holds that V|;—o< Vj for a bounded
Vb € Rg. Also, by properties of the unit quaternion, it holds
that % _ 1 — Hesllg

o .. Ge .
Differentiation of V results in:

1 + - 1
+§eIMeU+§eII‘_1

. 1 5 ~ ~
V=e'(v,—vq)+ ieIMeU +e, (—Cv, — g — Moy
+GJ; ) +e, T, +e, T, e,
which, after substitution of (17), becomes

V=—e"Ke—e GG K,e, +el GGY, 1, — el Y, v,
—e) (GG} — DNe+e) Gy, +e, .0,

From AG = G — G}, it follows that GG}, — Isxs = AGG),
which yields, along with (18), (19), and the fact that Gy, fini, =
0:

V < —kile|>—kz|le.]*+e; AGGLY, b, — el AGG}e
+ €, AG fing,

Note that ks can be increased by tuning K,. From AG,; =

(A%zxs and AG = [AGY,...,AGy], it follows that

oc;

[AGGE]< [[AGH|GEII< 32| Apoc: || |G, || From the trig-
gering condition (24), it follows that ||Ap,,||< §, for all
i € N. We thus define ¢; := 9,3 ]G} ||, which is
constant between events, such that [|AGG}||< ¢i. Note that
Assumptions 1 and 3 as well as the fact that slip does not occur
for [0,7) imply that [|[AGGY || is well defined and bounded,
for all ¢ € N. Hence, V becomes

V < kallelPkalles P +e] AGGLY,, b, + cilew el
+ evAGfintk



We then complete the squares such that c|le,]||le]|<
<ley|*+%lel|?, which leads to
=5 ) lleul?

. Cc1 2
< — I —— —
V< (k 2)||e| ( :

+ e, AGGLY, Uy + €y AG finy,

We introduce now a constant cs € R< ¢ such that:
c
ki — 5 —c ko — — —c2

V<o (k-9 -a)ldi- (k-G -a)lel?
— &olel|?—calles||*+e) AGGLY, D, + €y AG fin,

= (ke = c2)[le]*~(ke, = e2)l|es|* ~calle]*~c2leu ]

+ e, AGGLY,, Uy + €, AG finy,

€1

where k. = k1 — 3 and k¢, = kz — %1 Note that since (21)
is satisfied, k. > co and k., > ca, for co from (23).

Let Q = {x € X : |e|*+|le,]|?’< ~}. Note that Q is
compact since e,, e, are bounded as per (20). Choose p, =
max V(x)s.t.x € 0Q and let Q, :={x € X :V(x) < p,}
Moreover, in X'\ Q and in X'\(2,_, it holds that ||e[|*+||e, >
~ and hence cy|e||?+cz|le,]|>> cay, and V becomes

1% < - (ke - C2)||6H2_(kev - C2>||evH2
+ e, AGGLY, Uy + €, AG finy, — Coy

According to (23), the following condition holds between
events
O3x3

-
e
v { (Apoc,) x
By summing for all 7 € N, the latter becomes

e) AGG; (YorWo + finy,) — c2v <0,

} (fins + GEYortro) = 27 <0, (29)

implying that V' < — (k. — ¢2)||e]|?—(ke, — ¢2)||€]|?< 0. By
following the standard results (e.g., see proof of Theorem 4.18
of [33]), it can be shown that x(¢) will reach €2, in finite time
and pr is an invariant set so that there exists a 7} such that
lell?+|le,||*< p, for all ¢ > Th.

By using (20), we now investigate V' inside Q,.,, for which
it holds |le,||< 5 2\/W

—, where Aps
eigenvalue of the posmve—deﬁnite matrix M for all X €Q,p,

> 0 is the minimum

min

V< —kelle]?~
< — kelle]?

o llev]|?+el AGGLY, Dy + ey AG fin,
—ke, Hev||2_5u||eu||2_ﬁuo ”euo ”2"‘51/512/

+ B8 + e, AGGLY, ey, + e, AGGLY,, v,

+e) AG fin,

IIesll

_/BV||eV||2_/BVo lev, H2

) - keu

\/p7

min

ke lepl*+

[AGGEIIYo, [lev,
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€ R, are positive constants. Note that
2_ ‘esH
—llepll*~ <

+ Bue, + B,
2./p~
)\MWLL'n

where B,, B,
in the previous inequality, —|e||?=

Vo

+ [AGGEIYo, [[lIvoll+

IAG | finsi I,

min

12

2
ey P25 since e 4

since €4 < 1 and so - < —a for any
» ®
a > 0. Since IAGGE|I< |AG|IGEII< ¢1, it holds that
1
||AG||< TG Which is bounded, since omin(G}) = E (e
and G, is fu}il row rank. Furthermore, fiy, is constant between
events. Thus, in view of (20) and since y lies in the compact
set va, we can conclude that there exists a d; such that:

- 2,/
B 2,2 + B2, + 3 L AGG Yo e,
Moin
2./p . 2./p
+ I AGGE Yo ol + 5L IAG fi, |
Am min AM min
(30)

Hence V becomes
v < *kx||X||2+5k7

where ky = min{ke,ke,,B,,0,,}. Since V is positive-
definite, there exist class-C functions o, @9, such that
ar(Ixll) < V(x) < az(|lx]]). Therefore, by invoking [33,
Th. 4.18], we guarantee that x is ultimately bounded in a
compact set defined by k, and dy, for ¢ € [0, 7). Note that the
size of this compact set is proportional to k., k.., and 7.
Now we investigate the slip prevention properties.
By wusing (2), (7) and (12), one obtains the
following expression for the interaction forces:f. =

B! (JhM_1 {uk .~ (CJ,;lGT—&—

di(‘]h 1GT)) j + GTMgl(Covo + 90)>’
B JuM~1JT + GTM;1G. We substitute (17) for
U, Uy e, + v, and (14), and add and subtract
B 'GT"M; GG} £y and BTG T M 1G fin, to obtain:

where

fo=(I - B 'GT"M;'AG) fini, + h (31
hi :=Xe + B~ ' M~ (Y0 — Yv)+
B 'G™M (GGTK e, +e+Yw,—Y, D,
L AGG (e yoyo)> (32)

Substitution of f, into (10), which is the condition for slip
prevention, yields the following condition to be satisfied:

AR~ B G M, AG) fin, = ~A(0) R, b

PCk

From the boundedness of signals, we conclude that hy is
bounded for all ¢ € [0,7) in a compact set, independent of
7. Let now ¢, denote the maximum bound of the elements
of £A(p)R,., hi and substitute fin, = Ry, £ with W =
(RjeRpc,, — Isnxsn) — Rp. B'GT M7 AGRy,, to re-write
the sufficient condition for no slip as:

Ap)(I - W) = ey

Here we show that (22) and (21) ensure that | W || < 6.. By
the boundedness of the system dynamics and rotation matrices,
there exist g1, g2 € Rx>g such that | Ry, ||oc< [|[Rpelloo< 91
and |R).B~'G"M;'||< g,. Furthermore, the structure
of G yields: [|[AG| < 3 ;[|APoc, |l1- By the equivalence

(33)




of norms and (21), there exists a g3 € R-o such that
Y illApoc, 1< 93N, such that [|AG| < ¢3Ndp. From
the block diagonal structure of R,. we can also compute
IRE, Rpe, — oo oo S maxs|| R, Rpey., —Laxs . Again,
by the equivalence of norms and (22) there exists a g4 € Ry
such that: ||R ). Rpc, . — I3x3llc< 940,. Now we can upper
bound W using the triangle inequality: ||| < ||R;,'—CRM —
IonxonllooHIBLB1GT My V|l Ry | AG] o<
91940, + 929193N6p < max{g194,929193N }(6r + 6p).
Now for sufficiently large e, > max{g194,929195N},
(IW]leo< €0, + 0p). Since ¢, < %; and 0, < 2‘5;0 it holds
that ||W]|co < dc.

Next, by Assumption 2, there exists an ||£|2< [ satisfying
(11). Furthermore, since the solution of (11) minimizes ||£||2,
then ||€;||2< [ must hold. We note that by equivalence of
norms, the following also holds: ||€||o< |[£k|l2< I. Now for
e chosen large enough such that € > ¢;, + Ad.[, (11) ensures
A(u)€; = (en + Adl)13y. Lemma 1 then ensures that (33)
holds and hence contact slip is actively prevented Vt € [0, 7).
In fact, the internal forces analysis above and the fact that A
defines pyramid constraints imply that f< € F,, where F,
is a compact subset of Int(F,), Vi € N. Therefore, since e,
and e, are uniformly bounded through the projection operator
by €, and €,,, respectively, by choosing large enough €, and
€, in the definition of U, x(t) belongs to a compact subset
U of U, ¥t € [0, 7). Thus by invoking the maximal solutions’
theorem (e.g., Th. 2.1.4 of [32]), it follows that 7 — oo. Thus
slip prevention and ultimate-boundedness is ensured, which
yields (26) and (27) for § = §j.

Case 2: Here we show that the event triggering preserves
the results from Case 1 and ensure no Zeno behaviour.

First we show that there exists a lower bound between
two consecutive triggering time instants. Events (21) and
(22) are dependent on bounds ¢, and §,, where 6, > 0
is fixed and 6, > 0 and will never tend to zero due to
boundedness of p,., such that ||G7 ;|| will not tend to infinity
(recall that all signals have been shown to be bounded).
From the Lipschitz continuity of p,., and R,., and the
system’s states, let L,,L, € Ry, denote the respective
Lipschitz constants with respect to time such that ||p,e, (t,) —
Poc, ()< Ly(ty — ta) and [[£(t,) — o ()| < Lyt — t)
for fr(t) = Isx3 — Rpe, (t) " Ry, ,- In the worst case, suppose
these terms achieve their Lipschitz upper bounds and trigger
the event such that ||poc; (tp) — Poc; (tk)||= Lp(tpy — ti) = dp
and || f-(t,) — fr(tp)l|= L.(t, — tx) = o, which yields
Aty =ty —t, = 3= >0 and At, = t, —tp = 2= > 0.

Similarly, the event defined by (23) depends

on the bound
coy. Denote by e, : [eva,eT T € R? x R3. Let fo(t) =

ey, (t) T (Apoc, (1)) x Jint;, + G,i Y., (t)D,(t). Using the same
argument with Lipschitz continuity of f. yields the following
relation in the worst case when the Lipschitz constant bound
is reached: || fe(tx+1) — fe(te)||= Le(tps1 — ti) =: LeAte =

c27, such that At, = f;y > 0.

Finally, as t; is defined by satisfaction of any events from

(21), (22), or (23), it follows that At

= lgt1 — Uk
min{L—Z, i—:, CL;;Y } where At > 0 and lower bounded. We note

that the event-triggering introduces a discontinuous jump in
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the control. However, since At is lower bounded, the events,
and thus the step discontinuity in the control, occur on a set of
measure zero. From Caratheodory’s Theorem [34], the solution
x(t) is absolutely continuous.

Now consider the analysis of Case 1 if events do occur.
First, as with the solution of x/(t), V(x(t),t) is absolutely
continuous during events such that V exists almost everywhere
on t € [tk,trt+1]. Now consider Vi, = lims¢, V(x(t),1).
Also, at t = t;, the agents communicate such that Ap,. = 0,
AG =0, ||Rpc TRpe,, — Isnxsn||= 0. So at each event, the
conditions of Case 1 are satisfied and so the analysis can be
repeated for t € [ty,tr41) with the initial condition V = Vj,
for V. Also, t = ti, W = 0 such that the no slip condition
holds following the same analysis as in Case 1. For x € Q,_,
the condition V < k, || x||?+d holds although 5 will change
between events. However, since x and fi,, are bounded in
Q,,, there exists a maximum & > 4, for all & € N. The
analysis of Case 1 can be repeated by induction between all
events as t — oo, and thus the ultimate boundedness of the
system and no slip condition, £ (t) € F,, holds for all t > 0,
1 € N which yields (26) and (27).

O
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