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Abstract— Signal Temporal Logic (STL) has been found
an expressive language for describing complex, time-
constrained tasks in several robotic applications. Existing
methods encode such specifications by either using inte-
ger constraints or by employing set invariance techniques.
While in the first case this results in MILP control problems,
in the latter case designer-specific choices may induce con-
servatism in the robot’s performance and the satisfaction of
the task. In this paper a continuous-time receding horizon
control scheme (RHS) is proposed that exploits the trade-
off between task satisfaction and performance costs such
as actuation and state costs, traditionally considered in
RHS schemes. The satisfaction of the STL tasks is encoded
using time-varying control barrier functions (CBFs) that
are designed online, thus avoiding the integer expressions
that are often used in literature. The recursive feasibility
of the proposed scheme is guaranteed by the satisfaction
of a time-varying terminal constraint that ensures the sat-
isfaction of the task with pre-determined robustness. The
effectiveness of the method is illustrated in a multi-robot
simulation scenario.

Index Terms— Autonomous systems, control barrier
functions, formal-methods control synthesis, receding
horizon control, signal temporal logic

[. INTRODUCTION

VER the last decades, multiple robots have been con-
sidered in a variety of tasks, examples of which are
object transportation [1], coverage control [2] and search
and rescue missions [3]. Literature is rich in application-
specific solution approaches in the majority of which problems
like task-allocation, multi-robot coordination and planning are
addressed independently. Recently, trajectory planning meth-
ods were proposed for the satisfaction of a general class of
local or global, complex tasks described by Linear Temporal
Logic formulas (LTL) [4]-[6]. In these works the dynamical
systems describing the motion of the agents are abstracted into
Finite Transition Systems and discrete plans are obtained using
graph-based methods.
An important limitation of LTL is its inability to express
tasks with strict deadlines. Signal Temporal Logic (STL) [7],
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on the other hand, provides an appropriate framework for
introducing time-constrained tasks. In STL planning the satis-
faction of such tasks is examined over continuous time signals
and evaluated by robust semantics examples of which are
introduced in [8], [9]. In the majority of the works [10]-[14]
the STL formulas are encoded by integer variables and the
agents’ plans are obtained as solutions to MILP problems.
Although suggestions towards reducing the computational
burden have been made [15], these problems are known for the
scalability issues arising as the optimization horizon or number
of robots increases [12]. Addressing this problem, authors in
[10] make use of the agents’ past actions during planning
increasing conservatism in the overall performance of the
task. Other approaches [11], [16] consider an arbitrarily small
optimization horizon without however providing guarantees on
the recursive feasibility of the proposed RHS scheme while
recently learning-based controllers have been designed for
satisfaction of STL tasks [17], [18] or maximization of the
STL robustness [19] in discrete time.

An important limitation of the aforementioned works is the
lack of guarantees for the satisfaction of the task in continuous
time. This problem is addressed in [13], [14] where in the
former case a high-rate trajectory is designed while in the
latter case the differential flatness property of the continuous-
time nonlinear system is exploited.

Closer to our work is the control scheme proposed in
[20]-[22] for continuous-time, input-affine, nonlinear systems
under STL tasks. Here, a desired temporal behavior of the
system is introduced guaranteeing the satisfaction of the STL
task with predetermined robustness. Based on these temporal
behaviors, a time-varying Control Barrier Function (CBF) is
defined as a function of the error between the actual and
desired behavior of the system, and feedback control laws
are designed rendering a desired superlevel set of the barrier
function forward invariant. In that way, satisfaction of the STL
formula is ensured and a lower bound on the robustness is
obtained. Although computationally efficient, this method does
not consider input constraints while the performance of the
task is highly dependent on the user-defined temporal behavior
of the agents.

In this work a continuous-time receding horizon control
scheme is proposed for the satisfaction of a set of STL tasks
by a team of dynamically-coupled robots under state and input
constraints. Motivated by [21], a time-varying barrier function
is designed encapsulating a desired, temporal behavior for



the system guaranteeing the satisfaction of the STL task. In
our previous work [23], the desired temporal behavior of the
system is designed offline ensuring the satisfaction of the task
with a pre-determined robustness. Here, contrary to [20], [23],
the desired behavior of the system is shaped online with the
robustness value found as a solution to an RHS in which
the trade off between an increased performance and state and
input costs is explored. Based on [22], we design a least-
violating control law for the cases when the satisfaction of a
task is not possible due to state and input limitations. Given an
arbitrarily small optimization horizon, the recursive feasibility
of the proposed scheme is guaranteed by the design of an
appropriate terminal controller, initially introduced in [23], that
ensures the satisfaction of the global task with a minimum,
pre-determined robustness provided that the initial problem is
feasible. Extending [23], in this paper we provide a detailed
proof of existence of the proposed terminal controller.

The remainder of the paper is organized as follows: Section
IT introduces the preliminaries and Section III the problem
formulation. Section IV describes the proposed control barrier
functions and Section V presents the proposed RHS scheme.
Simulations are shown in Section VI and conclusions are
summarized in Section VII.

[I. PRELIMINARIES

In this paper Ry denotes the set of non-negative real
numbers. True and false are denoted by T,_L respectively.
Scalars and vectors are denoted by non-bold and bold letters
respectively. The partial derivative of a function b(x,t;0)
with respect to x and ¢ evaluated at (x’,t') is abbreviated
by 98 = %(g}’:;e) |y and 98 = ab(g’;"a) | s’ TESpECtively.

b t=t’ t=t’

Here, 3 is considered to be a row vector. We denote by

0 = [Oiicz = {01T 9§|1T
0;, i € 7. An extended class K function o : R — R is
a locally Lipschitz continuous and strictly increasing function
with a(0) = 0. The function u : [t1,t2] — R™ has a property
a.e. (almost everywhere) if the property holds everywhere
in [t1,t2] except from a set of points of measure zero. The
Euclidean norm of a vector ¢ € R™ is given by ||¢]| = 1/¢”¢.
The induced 2-norm of a rectangular matrix C' is defined as:
IC]] = omax(C), where opax(C) is the maximum singular
value of C. The minimum singular value of the matrix C
is denoted by omin(C). The Moore-Penroose matrix of a
full row-rank matrix B € M, xm,m(R) is defined as: Bt =
BT(BBT)~!. Given a,b € R, a divides b, denoted by alb
if there exists an integer k£ such that b = ka. The Cartesian
product of the sets Xi,...,X,, is denoted by X = H?:l X;.

the stacked vector of

A. Signal Temporal Logic (STL)

Signal Temporal Logic (STL) determines whether a pred-
icate p is true or false. The validity of each predicate p

is evaluated based on a continuously differentiable function
h:R™ — R as follows:

)T, h()=0
=YL e <o

The basic STL formulas are given by the grammar:

=T || =9 | o1 ANd2 | Glap® | Flap® | o1 Upay) d2,

where ¢1, ¢o are STL formulas and Gy, 3], Fla,b), Uja,p) 1S the
always, eventually and until operator defined over the interval
[a,b] with 0 < a < b. Let ¢' = ¢ denote the satisfaction of
the formula ¢ by a signal ¢’ : R>¢ — R™. The formula ¢ is
satisfiable if 3 ¢’ : R>¢ — R™ such that {’ = ¢.

The STL semantics for a signal ¢’ : R>g — R” are
recursively given by [24]: (¢,t) E u < R(¢'(t)) > 0,
() E 6 & () E é). (C) E é1Ady &
(Clvt) ': ¢1 A (C/at) |: ¢27 (Clvt) ': g[a,b]¢ & Vi €
[t +a,t + b]v (C/vtl) ): é, (C/vt) ': -F[a,b](z) & dty €
[t+a,t+b] s.t (¢',t1) = pand (¢',t) = d1 Ujay) P2 < Tty €
(t+at+0]st(¢ t1) g2 A (C t2) | é1, Vi € [t, 1]

STL is equipped with robustness metrics determining how
robustly an STL formula ¢ is satisfied at time ¢ by a signal
¢’. These semantics are defined as follows [8], [9]:

(¢ 1) = h(¢' (1)
p (¢ t) = —p? (¢, 1)
p¢>1/\¢2 (C/, t) = 1nin(p¢1 (CI7 t)a P¢2 (C/a t))

PrlUlay 92 —  max  min(p?2 (¢t min p® (¢t
P t1€[t+a,t+b] (p™(Cs 1)’tze[t,t1]p (¢ 42))
ety = max (¢

t1€[t4a,t+b]
Pent(¢ )= min pP(¢' )

t1€[tta,t+b]

Finally, it should be noted that ¢’ = ¢ if p?(¢’,0) > 0.

B. Control Barrier Functions for STL satisfaction

In this Section we summarize the basic steps towards
designing a control barrier function (CBF) for STL satisfaction
as described in [20], [21]. Consider the STL fragment:

Yv="T|[p|-u (1a)

?=Gan¥ | Fan¥ | ¥1 Ugp vo. (1b)
N

¢ = /\ @l) (IC)
=1

where i1, 1y are STL formulas of the form (la), ¢;, I =
1,...,ng4 are STL formulas of the form (1b), ngy > 1 and
0<a<b< . By definition of the STL semantics, the
satisfaction of any until formula ¢y Uj; 5 ¥ of (1b) is ensured
by the satisfaction of a formula written as a conjunction of an
always and an eventually formula, i.e., as Gg 1] Y1 AF [ 1) P2
where ¢ € [a,b] is a-priori chosen in [20], [21]. Hence, it is
sufficient to ensure the satisfaction of the formula ¢ that is
defined as a conjunction of eventually and always formulas
; as follows:

é= N\ i )

€L

where |Z| = p = ng + n, and ng is the total number of
STL tasks in (Ic) and n, the number of until operators in
(Ic). Let @¢;, be the /;-th formula in (1c). The new formula
; is identical to a formula ¢;, in (1c), if ¢, = g[ﬁlpgli]d)i



or o1, = Fia, b, 1% If @1, is an until formula, ie., ¢, =
V1 U, 5,102, then @i = Gpa, 111 or i = Flo.tha,
where t; € [ay,,b;,]. We denote the time interval associated
with the temporal operator of ¢, as [a;, b;]. For each subfor-
mula ¢;,i € Z, let b¥(x,t;0%) = —~'(t;0%) + h;(x), where
h; : R — R is the predicate function corresponding to ¢,
assumed to be continuously differentiable and 7* : R>q X
©! — R is a function describing a desired temporal behavior
of the system that ensures satisfaction of ; with a minimum
robustness 7. In [21] the performance functions v(t; 8°%) are
defined as piecewise linear functions, whose values depend
on a set of parameters 8" € ©" C R x R% that are chosen
offline. Based on the functions b’(x, ¢; 8%), the CBF function
b:R" x R>g x © — R corresponding to ¢ is defined as:

b(x,t;0) = —In (Z o' (t) exp (—b'(x, t; 01)) )
i€T

where 8 = [6°], ., © = [],c;©" and o' : R>o — {0,1} is
an integer valued function introduced to ensure that the barrier
function corresponding to subtask ¢; stops contributing to
b(x,t;80), when ¢, is satisfied. Note that due to the existence
of the integer variables, b(x,t;0) is differentiable only at
R™ x (04, 091) x ©, where 0¢ < g9t! and 0 € {0,00}UT
where & = {a;,b; : i € I9,a; # 0y U {b; : i € ITY,a; =
0} U{t™ :i € I7}, and where 79,77 C T are the sets of
always and eventually formulas respectively. For this particular
choice of b(x,t;0), it can be shown [24, Lemma 2] that:
b(x,t;0) < minge ) b*(x,t;0%), where A(t) = {i € T :
0'(t) # 0}. Therefore, if there exists x : R>¢ — R™ such that
b(x,t;0) > 0 for every ¢t > 0, then each subtask ¢;,i € Z, is
satisfied with a minimum robustness 7.

[1l. MULTI-AGENT DYNAMICS AND PROBLEM
FORMULATION

In this work we consider a team of R agents with each
agent identified by its index k € {1,..., R}. For every agent
k let x;, € R™, u; € R™ denote its state and input vector
respectively. The states of agent k evolve over time based on
the following equation:

X = AppXp + Z A Xp + Bruy
k'

where Agg, A € Mnp(R), Br € Mpxm(R). Here, the
matrix Ay, describes possible dynamical couplings between
the states of agents k, %’ and is a-priori known by agent k.
Examples of dynamically coupled systems include networked
systems, platoons, energy systems and mobile manipulators.
Letx = [x] ... x5’ eRru=[ul ... uf]" €
R™ be the stacked vector of the states and inputs of all agents
in the team respectively with n = Rn and m = Rm. Then,
the dynamics of the agents can be written in stacked form as:

x = Ax+ Bu (3)
A Air
where A = | , B=diag{B;,...,Bgr}.
Ap1 ARR

Assumption 1. The matrices By, k= 1,..., R have full row
rank equal to n (n < m).

In this paper each agent is restricted to work within a pre-
specified area and is subject to actuation limitations. These
constraints could be expressed as x; € Xi, ug € U, k =
1,...,R where X;, = {x; € R" : ||xx|| < d*} and Uy =
{up € R™ : |lug|| < dF} with d¥,d* > 0 known constants
for any k = 1,...,R. Let X = nglxk, U = Hle Uy,
and d, = kR=1 d®. Then, we may write the state and input
constraints of the centralized system as x € X, u € U with

X, U satisfying:
XC{xeR": |x]| <d,}
U={ueR™: ||u|<d,} CU.

(4a)
(4b)

Definition 1. Given a control signal u : [t1,t2] — U a
solution x : [t1,t2] — X of (3) with x(t1) = x; is an
absolutely continuous function such that:

x(t) = x3 +/ (Ax(7) + Bu(r))dr

ty

holds a.e. in [tq,ts].

Assumption 2. There exist sets X, U satisfying (4a)-(4b), such
that dyomin(B) > Omax(A)dy is true for the system dynamics
(3) subject to state and input constraints of the form x €
X, uel.

Intuitively, Assumption 2 guarantees that there exists
enough control input to prevent the multi-agent system from
leaving the workspace in the most “aggressive” way based on
its dynamics. As will be shown in Section V-A this argument
is necessary for the design of a terminal controller that ensures
the satisfaction of task with a pre-determined robustness.

Remark 1. Assumptions 1 and 2 can be easily generalized
Sfor input-affine systems xi, = fr(x) + gr(X)ug, k=1,..., R,
where fi, : R™ — R" and g;, : R™ — R™ are locally Lipschitz
functions, as follows: 1) gi(x) is full-row rank for every x €
R™ ke{l,...,R} and 2) ||f(X)|| < Omin(9(X))dy,Vx € X,
where maxxex || f(X)]| < 0o, maxxex [|9(x)]] < o0, f(x) =
[ (x) fEx)] " and g(x) is the block diagonal matrix
of g1(X),...,9r(x). Hence, the RHS scheme proposed in
Section V-B can be easily applied to more general, nonlinear
dynamics.

Given the STL fragment defined by (la)-(1c) let a finite
sequence of time instants {7; }'J'I:o with 7; = jJAT, j € J =
{0,...,J} and 7; = max; b;, where A is a given, positive
constant satisfying A7|max; b, and b; is the upper bound
of the interval of satisfaction corresponding to the temporal
operator of ¢; in (I1c). Based on the above we are in position
to define the Problem considered in this paper as follows:

Problem 1: Consider the dynamical system (3) subject to
state and input constraints x € X, u € U with X, U known,
compact sets satisfying (4a)-(4b). Given an STL formula ¢ as
in (1c), a positive prediction horizon length N and a sampling
rate A7 satisfying A7|max; b;, design a control input u such
that any solution x : [0, 7;] — X of (3) with initial condition
x(0) guarantees p?(x,0) > p, where p is maximized.



IV. BARRIER FUNCTIONS FOR TASK SATISFACTION IN
THE RHS

In this Section we begin by designing the control barrier
functions (CBFs) encoding the STL constraints induced by
¢ in (2). Motivated by the work in [20], [21], we introduce
two piece-wise differentiable functions b, : R"™ x R>¢ X
0, — Ryw € {H,F}, defined as in Section II-B. The
barrier by (x,t;6; ) encodes the satisfaction of the STL
formula ¢, defined in (2), and is designed online at each time
interval [7;, 7; + N]. On the contrary, br(x,t;0p), called the
terminal barrier function, is designed offline and encodes the
satisfaction of ¢ = A\, .7 @i = ¢APpr1A. .. Appyr, Where:

Optrk = G(0,bp 0] Uptks (5a)
T, h x)>0
Ypik = pik() 20, (5b)
J_, hp_;,_k(x) < 0
with byyr = 77 + N and hyir(x) = d¥?2 — ||x,? for

k=1,...,R. The extra tasks @p11,...,¢ptr are introduced
to ensure that the agents will stay within the workspace,
thus the state constraints x € X are always satisfied. Since
the terminal barrier function is designed offline, for brevity,
we will sometimes omit the dependence on @ and use the
notation bg(x,t) instead.

Definition 2. A sub-formula ¢;, i € T = {1,...,p} is
called active in the interval [t;,7; + N|, j € J, if either
the intersection of the interval of satisfaction [a,,by,] of the
formula @, with [r;,7; + N| is non-empty, i.e., [a,b,] N
(75,75 + N] # 0 or if ; + N < @, holds.

Let I}{ denote the set of indices of the sub-formulas ¢;, ¢ €
7, that are active at [, 7; + N] for every j € J. Note that by
definition of (2), 7}, = z%g Uy, where I = {i € T}, :
pi = Flaspg¥it and Ty = {i € Iy i = Gpa,p1¥%i}-
Given the active sub-formulas, we may define the barrier
function at each time interval [r;, 7; + N] as:

b (x,1:60;,) = —In ( > ou(t)exp (b;[<x7t;9;i,H>>>,
i€Ty

where 0; g € O is a set of parameters to be optimized on-
line, O = [[;c7s ©f and G;H € O is a set of parameters
defined shortly befow. To simplify notation, we may omit the
subscript j from the elements defining by (x,t; 6; ), when it
is clear from context. Next, we may define the terminal barrier
function bp(x,t;0F) as:

br 101) =~ n (3 o) exp (-6 (x,5:65) ). )
i€Llp
where O € OF is a set of parameters to be chosen offline,
OF [licz, ©F and 8% € ©% is also given below.
We compactly denote the barrier functions considered here
by by (x,t;0,),w € {H,F}. For every w € {H,F} the
functions bl (x,t;0%),i € Z,, are defined as:

br, (x, 15 0,,) = —7,, (£ 6;,) + hi(x),

where h; : R" — R is the predicate function corresponding
to @;,t € Ly, w € {H,F} and '71iu : RZO X @20 - R

is the performance function ensuring satisfaction of ¢; with
robustness r,, defined as follows [21]:

_ _ Yivsoe ~ V.0
7 . OA? — ok
rYw(t’ gw) - .V

%
7w,oo7

t+Ak o, ift <t
’Yw,O ' u; , (7)

ift >t

where 0%, = [7L 0 Vb .00 tfj]T € ©,,we {HF}isa

set of parameters depending on the robustness value r,, and

satisfy the following:

’Y'Z),O € (—OO,hZ‘(X(OD), (83.)
7121),00 € (max(r’w”ﬁu,o)v hgnax)) (8b)
i {dl~}> 1€ Ij’g
tor € o v, 8
" {[a’lﬂbli]’ i€ I%Z;J: (8
£ > Tag), i1y, (8d)
o J ), 1 =0 o
(0, A=), tix £ 0,

where A" = sup,epn hi(Xx) < 00, d(i) = max{j € J :
[, b, N [, 7j+1) # 0}, where 7711 = (J + 1)Ar. From
(8a), b,,(x(0),0;0,,) > 0, for every w € {H, F'}. In addition,
due to (8b), for every t > ti* we have that bl (x,;0!) <
—7Ty + hi(x). Thus, b? (x,¢;0%) > 0 implies h;(x) > r,, for
all t > t*. Constraint (8c) ensures that ¢** takes values within
the time interval of satisfaction of ¢;,¢ € Z,, while (8d) is in-
troduced to ensure that cases where ¢;, ¢ € I};F is deactivated
prematurely without being satisfied are avoided. Based on the
above, we define ©%, = {0 € RxRZ : 0 satisfies (8a)—(8d)}
and ©% = {0 € R x R2, : 0 satisfies (8a) — (8¢)}, for every
i € Iy and i € Ip, respectively.

When a formula ¢; is satisfied, the contribution of
b, (x,t;0%) to by(x,t;0,) is deactivated. The deactivation
policy is introduced using an integer variable o, : R>q —
{0,1} defined as follows:

o (t) = 1, teT ©)
Y0, te¢ T

where T = [0,t%*), if i € ), or T! = [0,b;), if i € {i’ €
9 :ay = 0}, or T8 = [0,a;) U (az,b;) if i € {i’ € IY :
a; # 0}. In addition, in order to ensure that b, (x,;0,,),w €
{H, F'} are well defined at every time interval [7;, 7, +N],j €
J, we set olw(t) = 1,Vt > 0, where ir € {p+1,...,p+
R} and iy = argmax;.7 b;,. Based on b, (x,t;0,), w €
{H, F}, we may define the J-level sets of b, (x,t;6,,) as:

C(t;0,) = {x € R"| by(x,t;0,) > 6}, (10)

w

where 0, € ©,, is a set of parameters on which the value of
by (x,t;0,,) depends at each (x,t). If 6 = 0, we will omit
the superscript and write Cy(t;0y) for w = H and Cp(t),
forw = F.

V. CONTROL APPROACH

As discussed in Section II-B maintaining a non-negative
value of the barrier function b, (x,t;0,),w € {H,F} for
any t > 0 implies that there exists a time instant ¢i* such
that h;(x(t)) > 7,,t € T¢, i.e., the satisfaction of ;. In [20]



authors construct a barrier function b(x, t) for determining the
satisfaction of ¢ and design a feedback control law u(x,t)
satisfying:

%(Ax + Bu) + % > —a(b(x,1)),
where «(-) is an appropriately chosen extended class K
function. The constraint above guarantees that b(x,t) > 0
for all ¢ > 0 when b(x(0),0) > 0. Specifically, as long
as x € {¢ € R" : b(¢,t) > 0}, (11) forces the state
of the multi-agent system to keep the value of b(x,t) non-
negative without necessarily increasing it. However, when
x € {¢ € R":b(¢,t) =0} is true, (11) becomes b(x,t) >0
forcing the state of the system to move towards maximizing
b(x,1).

t>0, (1D

A. Terminal Controller

Motivated by the work in [20], we design a feedback control
law satisfying an equivalent constraint to (11) for bg(x,t).
The resulting control law will work as a terminal controller
guaranteeing x(t) € Cp(t) for any t > 7; + N if x(r; +
N) € Cr(7j + N) holds for any j € J. To further simplify
notation, let L = {0, 00} U X%, where X5 = S\ {b;,. : ir €
{p+1,...,p+ R}} is the set of points at which bp(x,t) is
discontinuous with 3 as defined in Section II-B. We begin by
formally introducing control barrier functions as follows:

Definition 3. The function bp(x,t) is a control barrier func-
tion (CBF) within each time interval (JF7J;+1), oh € Xp,
if there exists an extended class K function ap(-) and an
open, connected set ) C R"™, where Cp(t) C Q C X is
assumed to be satisfied for every t > 0, such that for all
(x,t) € Q x (05, 05t holds the following:

sup{— (Ax + Bu )+%—f+ap(bp(x,t))}zo. (12)

ueU o0x 0
Assumption 3. Consider a differentiable function bp(x,t)
on Q X (U},J}H), o} € Xp, defined as in (6). Let
Assumption 2 hold. Consider further an extended class K

function ap(-) and a given, positive constant 01 satlsfymg

Li+|ar(X)]
0 > Tromm(B) = oo (AL where Ly = max;ez, dt £l

and x < inf(x )caxrs, 0F(X,t). Then, the barrier function
br(x,t) is designed such that abF Ax+ ‘%F +ap(bp(x,t)) >
0 holds, for every (x,t) € Q >< (UF,U;:H), 0% € Xp with

Assumption 3 ensures that a constraint similar to (11)
is satisfied when applying u = 0 for any (x,t) € Q X
(05,05 Y), 0% € Sp with || 22| < 61. A high value of &
e.g., due to actuation limitations and/or increased performance
expectations, may introduce conservatism on the choice of
0r € O for the design of bp(x,t). Hence, a trade-off should
be considered between the performance of the multi-agent
system and the size of {(x,t) € Q x (0%, 05") Ha[’F H <

o1}

Theorem 1. Consider the multi-agent system dynamics (3)
subject to input constraints u € U with U defined by (4b)

and an STL formula ¢' = /\ieIF i, defined by (2) and (5a)-
(5b). Assume that bp(x,t) is a differentiable function on € x
(0F70F+1), o} € X, defined as in (6). Let Assumptions 1-
3 hold. Consider an extended class K function ap(-) and a
control law a(x,t) := @ with u given by:

@ = arg min u’u, (13)
uel

subject to:

8bF 8hF
Ax+ Bu)+ — > —ap(b t)).
S (Ax+ Bu) + 5 > —ap(br(x.1)
Then, there exists a function x : R>o — X satisfying (3) a.e.
guaranteeing p® (x,0) > rp > 0, where rr is a designing
parameter of the terminal barrier function bp(x,t), provided
that x(0) € Cr(0).

(13a)

Proof. The proof of Theorem 1 is given in Appendix I. W

Remark 2. The proposed terminal barrier function bp(x,t)
ensures the satisfaction of the STL formula ¢’ with a minimum
robustness rp > 0 for systems subject to input constraints. Not
surprisingly, the limited actuation capabilities of the systems
require a stronger assumption than [20, As. 3], [21, As. 3],
where no input limitations are imposed. To that end, Assump-
tion 3 is introduced to ensure the existence and continuity of
a terminal controller for every (x,t) € Q x (0%, 05") that
respects the input constraints u € U. Although this condition
is sufficient for the existence of the terminal controller, our
simulations show it is not necessary. Relaxing Assumption
3 while ensuring existence and continuity of the optimal
controller will be a subject of future research.

B. Receding Horizon Control Problem

A basic assumption on CBF based control under STL
tasks [20] is the existence of an appropriate CBF function
br(x,t;0p), where 8y € Op are chosen offline. This
requirement may potentially introduce conservatism and limit
the performance of the agents towards satisfying the task, as
feasible solutions of (3) may be excluded from Cg(t;0p).
Towards increasing the size of Cp(t;0f), a novel RHS
problem is proposed in which the CBF function by (x,t; 0pr)
is designed online while state and input costs, often considered
in RHS problems, are minimized. The proposed RHS is solved
at pre-determined, equidistant time instants 7; based on the
current state of the system x(7;). The resulting control law
is applied over a finite time interval [7;,7;1) until the next
state measurement x(7,41) becomes available at 7;41. The
aforementioned procedure is repeated for a finite number of
times J + 1 with J = max; b;/AT.

Given the actuation limitations of the agents satisfaction of
¢ might not be possible at all times as this decision might lead
to excessive state and input costs. Therefore, a modified ver-
sion of (11) is considered for the barrier function by (x,t; 65r)
and applied over the time interval [r;,7; + N|, j € J. More
specifically, motivated by [22], we propose the relaxation of
(11) by a factor € with € : [rj,7; + N] — R>q allowing



the violation of the task when necessary. Hence, the modified
version of (11) can be written as:

8bH 8bH
- - > . —
% (Ax+Bu)—|— o = OéH(bH(X,t,BH)) e, (14)

where ag(+) is an extended class C function. The relaxation
factor € is considered as a variable of the RHS and the goal
is to minimize its value within [7;,7; + N], j € J. Based on
(14), we may impose the following constraint in the RHS:

(X,U,G,OH) EKH(t), (15)

where Kp(t) = {(x,u,6,0p) € R x R™ x R>o X O :
9811 (Ax + Bu) + 22 + ay(by(x,t;0m)) + € > 0}
Considering the above, we may define our problem at each
[7;,T; + N] as follows:

a.e. [Tj,Tj —|—N)

I{llien J(x,u,€,71,0H) (16)

On,ru

subject to:

x = Ax+ Bu, ae.[7r;,7; + N] (16a)
(x,u,¢,0p) € Kg(t), ae. [r;,7,+N) (16b)
0 € Ok, i € T, (16¢)
ry satisfying (8e) for every ¢ € I;{ (16d)
x(0) € C2(0;0p), ifTi, =1I% (16e)
x(1; + N) € Cp(1; + N), (16f)
X(75) = X, (16g)
xeX, telr, 1+ N] (16h)
uel, telr,7+N] (16i)
e€Rsg, ter, 7+ N] (16))

where 02 is a strictly positive tuning parameter such that
b (x(0),0;05) > 02. The performance criterion of (16) is
defined as the sum of two cost functions as follows:

Tj+N
Joxw e 0 = [ (||u||2 Tl + ||e||2)dt+

Tj
+ tz —TH-.
i€Ty,

a7
The first function expresses the state, input and task violation
costs over the horizon while the second is introduced as
a function of the parameters of the barrier by (x,t;0p).
The goal of this problem is hence threefold: 1) to minimize
operational costs usually considered in RHS problems while 2)
maximizing the robustness 7y of ¢ and 3) minimizing the time
instants ¢%5 at which each task ¢; is satisfied with robustness
TH.

Equation (16a) defines the dynamics of the multi-agent
system. Assuming that by (x(7;),7;;0m) > 0 and €(t) = 0
is true for every ¢ € [7;,7; + N), constraint (16b) guarantees
that the states of the agents will stay in Cy(t;0y) for all
t € [1j,7; +N). However, when this is not possible, e.g., due
to input limitations, agents’ states are allowed to lie outside
the set Cyr(¢; 017). This is encoded by allowing €(¢) to take a
positive value. One of the main goals of this RHS framework

is to minimize the value of €(t) so as agents stay at the
closest possible distance from Cg(t; 0y ). Constraints (16c),
(16d) impose conditions for the choice of the parameters of
the barriers and the robustness value respectively. Constraint
(16e) forces agents to lie in the interior of C(0; 07 ). Note
that (16i) is omitted when Z7, C ZY% increasing the flexibility
in the choice of the parameters of by (x,¢;0p) allowing the
design of gamma functions with an increased robustness value
rp. Constraint (16f) guarantees that the final state of the
system lies inside the set Cr(7;+N) and (16g) determines the
initial condition of the system. Finally, (16h)-(16i) define the
allowable values of the system’s state and input, respectively
while (16j) constrains the violating factor to be non-negative.

Due to the deactivation policy and since the time instants
t;ffH are decision variables of (16), the proposed optimiza-
tion problem becomes a Mixed Integer Nonlinear problem
(MINLP) which can be solved by global optimization solvers
or other solvers like BARON [25] and SCIP [26]. Neverthe-
less, if the sampling rate A7 is chosen such that Arl|b;, for
every 1 € 77 7 then (16) becomes a Nonlinear Program (NLP)
with continuous variables.

C. Theoretical Analysis

For the optimal control problem (16) we make the following
assumption on the regularity of u(t) on any time interval
[, 7; +NJ], j € J:

Assumption 4. Any control inputu : [7;,7,+N| = U, j€ J
satisfying (16a)-(16j) is continuous a.e. in [j,7; + N].

Assumption 4 is a common assumption in continuous time
model predictive control schemes, introduced to ensure the
existence of solutions of (3). Let {n1,...,7sw)} denote the
points of discontinuity of the control input u(¢) € U in the
interval [7;, 7; + N|. For brevity we will omit the dependency
of s on u when u is clear from context. From now on
we restrict our analysis to linear extended class K functions

an(§) =ané.

Proposition 1. Consider the dynamical system (3) under the
STL task ¢ defined by (2). Let Assumption 4 hold. Assume
further that (16) is feasible over the time interval [T;,T; +
N], j € J with ag(§) = agé a linear, extended class K
function and let (u;,€;,0; 1,7; 1) be a feasible solution of
(16) over [1j,7; + N|. In addition, let x; : [1j,7; + N] = X
be a solution to (3) with X(7;) = X,, when w;(t) is applied
a.e. in [1j,7; + N|. Then, for any t € [1;,7; + N) it holds:
x;(t) € Cilo(t; 0,1, (18)
where Cl.(t;0, ) = {x e R” bu(x,t0, 1) >
al}l(—ea,c)—l—c}, ¢ = min (0, by (x;(7;), 75; 0]-_,H)) and €),. =
SUPiclr;,m;4+N) € (t).
Proof. The proof of Proposition 1 is given in Appendix II. W
For any feasible solution of (16) at [r;, 7; + N], Proposition
1 ensures a worst-case lower bound of the barrier function that
depends on the violating factor €(t),t € [1;,7; + N) and the

initial value of the barrier function at 7;. This proposition will
be used later in Theorem 3 to determine a lower bound on the



robustness of the STL formula ¢. Next, assuming the initial
feasibility of (16), we show the recursive feasibility property
of the proposed RHS scheme.

Theorem 2. Consider the system (3) and the STL formula ¢
defined by (2). Let Assumptions 1-4 hold. Assume further that
(16) is feasible at 1o, and a (§) is a linear, extended class K
Sunction with oy (€) = agé. Then, (16) is recursively feasible
Sor the same class K function o (§).

Proof. The proof of Theorem 2 is given in Appendix III. W

Having shown the recursive feasibility property of the RHS
scheme and the existence of a worst case lower bound of
the online designed barrier function by (x,¢; @) at each time
interval [r;,7; + N), we can now determine a lower bound on
the robustness of the STL formula ¢ as follows:

Theorem 3. Let the Assumptions of Theorem 2 hold. Let Xcy :
[0,75] = X be a solution of (3) under the control law:

(t)v te [TjaTj+1)7 .7 € j\{J}

u;
uJ(t), t= T

A(x(t)) = {

Then,  p®(xcr,0) > minjes p;  with  p; >
infte['rj,TjJrN) br(x;(t),t:05,1) > ¢+ agll(_€w0)7 JjeJd,
where x; : [1j,7; + N| — X is the solution to (3) when
applying the optimal control input u;(t),t € [1j,7; + NJ,
¢ = min (0, bH(Xj(Tj),Tj;ijH)), €we = MaAXjeg €,
€he = SUDselr, r,4n) (1) and p; is maximized within
(775 + N).

Proof. The proof of Theorem 3 is given in Appendix IV. W

VI. SIMULATION RESULTS

In this Section we present a simulation scenario for R =
4 agents. All simulations are performed in an Intel Core i7-
8665U with 16GB RAM using MATLAB.

The multi-robot dynamics are given by:

-1 0 0 1
. 0O -1 0 1
X=0b 0 0 -1 1 @Iz +u
-2 0 -2 4
where x = [x{ ... x{|.x{ =[x w|, k=1,....,4,

b =0.025 and I,, is the n x n identity matrix. The agents are
under state and inputs constraints with d* = 4, d, = 20, k =
1,...,4. Next consider the formula ¢ = /\?=1 p; with the
sub-formulas ¢;,i = 1,...,4 defined as: p1 = G o¥1,
2 = Fla5%2, 3 = (V3 APa) Ujs 100905 and 4 = F5 10)V6-
The predicate functions corresponding to ¥;, ¢ = 1,...6 are
defined as: hy(x) = 1.2—||x4—pal|? h2(x) = 1—|x1—psl?
hg(X) = 12 — HX2 — X1 — pup||2, h4(X) = 12 — HXg —
X1 — Paown||® hs5(X) = 2 — ||x; — pcu‘2 and hg(x) =
1.5—||xs —ppl|2 where pa = [-0.5 2.5 ,pz=[0 0]",
pe = [-15 1), pp = [2 1]", pyp = [-03 03]
and pgown = [—0.3 —0.3] . Based on ¢ agent 4 needs
to stay close to py for 2 sec and agent 1 should approach
pp between 2 and 5 sec. Then, agents 1,2 and 3 move as

a formation until agent 1 approaches pc between 5 and 10
sec while agent 4 eventually approaches pp within the same
time interval. The optimization horizon and sampling rate are
chosen as N = 1 and A7 = 0.1 respectively. Observe that

for any i € Iﬁ}- it holds that Z; € J, hence due to (8d),
th = by, Vi € I};}—, and thus the problem becomes a nonlinear
problem with continuous variables. Observe that Assumption
1 is satisfied since B = Ig while d,, — omax(A)d, = 19.4737.

In Figure 1b the evolution of by (x,t; @) is shown when
0y € Op is found as a solution to (16). The jumps shown at
time instants t = 0,2, 5 and 10 are a result of the deactivation
policy defined in (9). Observe that by (x,¢;05) > 0.0059 for
any t € [0,10]. Hence, considering the fact that €;(t) = 0
for any j € J and t € [1;,7; + N], by Theorem 3 we may
conclude that p?(xcr,0) > min; p; > 0 where p; > 7; 1.
In Figure Ic it is shown that r; 7 > 0.01 for any j € J.
Combining the results above, p®(xcr,0) > 0.01. The agents’
trajectories found by the proposed RHS framework are shown
in Figure 1la.

For comparison we design the feedback controller proposed
in [22], found as a solution to a quadratic program (QP)
where U = R® when the performance functions ~% (¢;0%)
are linearly defined as in (7). The parameters 6% € ©%
are those guaranteeing the initial feasibility of the RHS with
the robustness value r chosen equal to 0.009. In Figure 2
the agents’ trajectories are shown for the QP-based feedback
controller of [22]. Notice that agent 4 after satisfying ¢;, being
affected by its dynamics tries to stay away from agent 2 and
3 before heading towards pp. The evolution of the barrier
function b(X¢abk,t) when applying the QP-based controller
is presented in Figure 3. Observe that b(xmpk,t) > 0.007
implying p?(X¢gpk,0) > 0.009 [22, Thm 1]. Based on the
above, we can conclude that the proposed controller ensures a
higher robustness of the STL task while respecting the input
and state constraints of the system at all times. In addition,
the actuation costs are considerably low when compared to
those of the feedback controller with sup,¢(q,1q) [|%(XcL(?))|l
being 53.91% of the corresponding value of the QP-based
controller. On the downside is the average computational time
required for solving the RHS online, being 5.98 sec contrary
to 12.3 msec for the QP. In this work our focus was on the
design of a RHS scheme that ensures STL satisfaction under
input constraints. As part of our future work, we plan to work
towards decreasing the computational time of the problem.

VIl. DISCUSSION-FUTURE WORK

A RHS framework is proposed for a linear system under
Signal Temporal Logic Tasks. The STL specifications are en-
coded using time-varying shaped online towards maximizing
the robustness of the STL task. The recursive feasibility of
the proposed scheme is proven by introducing a time-varying
terminal constraint that ensures a worst-case temporal behavior
of the system towards the satisfaction of the task with a pre-
determined robustness. The proposed framework is central-
ized, thus amenable to “curse of dimensionality” problems
when a large number of robots is considered. Additionally, the
actions of the agents are chosen such that the robustness of the
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Fig. 2: Agent’s
proposed in [22].

Trajectories with the feedback controller

STL tasks is maximized with respect to (x,t). As a result the
complexity of the problem is significantly increased compared
to existing CBF-based STL feedback approaches. Future work
will focus on the design of a decentralized framework as also
on reducing the complexity of the problem by for example
exploring alternative ways for encoding the satisfaction of ¢.

APPENDIX |
PROOF OF THEOREM 1

For the proof of Theorem 1, we consider the following
lemma:

Lemma 1. For any matrix B € M, y,(R) with B # 0 it
holds: | Bt|| = m, where oy (B) is the minimum, non-
zero singular value of B.

Proof. Consider the SVD decomposition of B, ie., B =
USVT. Then, B can be written as Bf = VXTU7T where 27
is defined by taking the reciprocals of the non-zero diagonal
elements of 3, leaving the zero elements at place and transpos-
ing the resulting matrix [27, Rem. 2.2]. By [28, Thm. 2.1.4]
the Euclidean norm is unitarily invariant. Therefore |BY|| =
IVETUT] = |£1]] = omax(ET) = —

(Tmm(g) U'mm(B)
The proof of Theorem 1 is divided in 2 parts. In part 1

we the existence and continuity of the terminal controller

0 2 4 6 8
Time [s]

10

Fig. 3: Barrier Function Evolution with the feedback controller
proposed in [22].

s+1

for every (x,t) € Q x (o}, 05

p¢/ (x,0) >rp > 0.

Part 1: Let §; a known constant chosen as in Assumption 3.

By Assumption 2 and the choice of the parameters O € O

it holds that 47 is strictly positive. We may split the analysis

of part 1 considering the following two cases: 1) (x,t) €

Q x (0%,001), 0% € Bp with || 222 || < 61 and 2) (x,1) €
), 0% € X with ||'9 £ || > §1. By Assumption

) and in part 2 we deduce

s+1
Qx (UF7 UF

3, the control law u = O ensures that aabF Ax + [’F >
—ap(bp(x,t)) for every (x,t) € Q X (0%, }*1)7 o3 e Xr

with ||222]| < ;. Next consider the case when (x,t) €
Q x (05,05, 0% € Sp with H‘%F H > §7. First we show
that (13) has a feasible solution ug,s that lies in the interior of
the solution space defined by (13a) and the constraint ||u|| <
d,. This is an essential requirement for guaranteeing the
existence of the Lagrange multipliers in the KKT conditions
(22) when the linear independent constraint qualification [29,
Thm. 8] is not guaranteed. By assumption 1, B is of full
row rank. Hence, we may define the Moore-Penrose matrix
of B as Bf = BT(BBT)~!. A candidate solution of (13)
could be the following: Ugas = BT(—Ax + Vi) Where
Vieas = (Lt — ap(x ))HahF - 28{;’—5. Next we show that Uges
lies in the interior of the solution space of (13). Substituting



U = Ugfeys 1O a E(Ax + Bu) we get:

abF 8bF
ox ox
For any (x,t) € © x R>¢ the following is true: bp(x,t) >

Inf(x t)eaxRrs, br(x,t) > x. Hence, for the class X function
ap(+) it holds:

(AX =+ BUfeas) = Vieas = Ly — aF(X)' (19)

OéF(bF(X,t)) — OéF(X) > 0. (20)

By the choice of % (¢) in (7) we have:

dyp(t)
dt

i
YF,00 —VF,0

7
{ t?
0,

For every ¢ > 0 and due to the particular choice of O (i.e.,
Or satisfies (8a)-(8e)) it holds that 0 < dwF(t) < dvF(t)|
Let Ly = Ly(0r) = max;cr, 20
the following is true:

, <t
t>tix

l+=0- Then, for every t

% _ Zvezp OF(t) exp (—b (x t))dVF(t)
ot >ty O () exp (=0 (x, 1))
o Yier, 0F(t) exp (—bin(x, 1)
=k > ez, O (t) exp (=bl(x,1))
> —L;. an

Based on (19)-(21) we may conclude that:
Obp 0b
0x ot

for any (x,t) € Q x (0%,05™"), 05 € Sp with ||'%F|| >

01. Furthermore, considering Lemma 1 and Assumption 2 we

)
)

Since ug,s belongs in the interior of the solution space defined
by (13a) and the constraint u € U, Slater’s constraint qualifica-
tion is satisfied. Hence, by [30, Prp 3.3.9] the KKT optimality
conditions imply that for any (x,t) € Q x (o5, 05uM), 0% €
Y. r with ||%b—)f|| > 07 there exist Ag(x,t) > 0, w = 1,2 such
that @' and Az (x,t) > 0, @ = 1,2 satisfy:

(AX—FBUteaS) T +aF(bF(Xa t)) > 07

1 Li + |ar(X)|
||U-feas|| < m (Umax(A)dx + W
1
Umin(B)
< dy.

Li 4 [or ()|

< 5

(amaxm)d@. i

2(\a(%, 1) + 1)’ — Ay (x,£) BT LE = 0,
9br (Ax + BR') + 282 + ap(bp(x,t)) > 0,
[@']} = du <0,

Ai(x,t) =0, if 222 (Ax + BW') +
Xa(x,t) = 0, if ||@]| — dy < 0.

%r 4 ap(bp(x,t) > 0

(22)
Since the problem (13) is convex, these conditions are also suf-
ficient [31]. Therefore, for any (x,t) € Q x (05, 05™), 0% €
Y with H%H > §; we may define @’ in closed form as
follows:

€ [—du|| B

0]’

where C(x,t) = ‘%FAX + %F + ap(bp(x,t)) and uy

*% T%b—)f. Next, we denote by u = u(x,t) the
%
control input for any (x,t) € Q X (aF,af;rl), o € Xp.

Consider any (x,t) € Q x (o5,05"), 0% € Zp with

||‘%F | = 61. By continuity of C(x,t) and for any (x',')
in a neighborhood U around (x,t) it holds C(x/,¢) > 0.
Hence, u(x’,t") = 0 holds, implying continuity of @(x,t) in
X.

Part 2: By continuity of @ in x there exist solutions x :
[0, Timax) — © with Tp.x > 0. Constraint (13a) is equivalent
to bp(x,t) > —ap(bp(x,t)) with bp(x(0),0) > 0. Then,
by [32, Lem. 4.4] and the Comparison Lemma [32, Ch. 3.4]
it follows bp(x,t) > O for all ¢ € (0, min(Tmax,05)). As-
suming that 7y, > ol 1 and using similar arguments we may
conclude that bg(x,t) > 0 for all ¢t € (oL, min(rmax, 02)).
Note that for x satisfying bp(x,t) > 0 as ¢t —
op it holds limt_m}; Yiez, 0r(t) exp (=bh(x,t)) >
Yiez, 0 (0p) exp (—bh(x,05)). As a result, we have 0 <
lim,_, 1 br(x,t) < bp(x,0k). This implies that x(¢) €
Cp(t) for any t € [0k, min(Tmax, 0%)). The previous argu-
ments may be repeated unless there exists a o0 € X such
that Tiay < 05 If bp(x, ) > 0is true forany ¢ € (0%, 05 ),
then, as discussed in Section II-B, b% (x,¢) > 0 holds for any
i € Ir with 0% (t) # 0 implying h;(x(t)) > ~%(¢). Since
0r € O for any 1 p+k, kK = 1,...,R the relation
hi(x(t)) > ~h(t) implies that ||xx||?> < d%2 — rp. Hence,
any solution x lies within the compact set X. If 7, < 00
by [33, Ch. 2, Thm 1.3] there exists a B > 0 such that x
is continued on [0, Tyuax + 3) which leads to contradiction.
Hence, the solutions x of (3) are defined for every ¢ > 0.

Next we show p‘z’/ (x,0) > rp > with rr a design parameter
of bp(x,t). Note that the STL formula ¢’ is a conjunction of
always and eventually formulas. By definition of the robust
semantics we have: p? (x,0) = minez, p¥(x,0). If the
formula ¢; is an always formula by the robustness semantics,
the choice of @, and the non-negativity of b%.(x,¢) we have:

t—o

PP(x,0) > min yp(t) = vp(a;) = rF.
t1€[a;,b;)
The above is true since by design of 7% (¢) it holds that
vL(t) > rp for any t > t% = a,. If the formula 4 is an
eventually formula, it holds:

pPi(x,0) > max h;(x(t1)) > max

, p(t) > e
t1€faq,ty] t1€fa;,th]

Based on the above we may conclude that p? (x,0) =
min;ez, p?(x,0) > rp. This concludes the proof.

APPENDIX Il
PROOF OF PROPOSITION 1

For the proof of Proposition 1 the following lemma will be
useful:



Lemma 2. Consider the initial value problem: § = —a(y)—e,
y(t1) = y1 where a(§) = af is a linear, extended class
K function and ¢ > 0. Then, the solution to this initial
value problem is given by: y(t) = e~ (=4 (y; + a7 (e)) +
a"t(—e), t >t

Proof. The proof follows standard arguments for solving first-
order differential equations with given initial conditions and
is thus omitted. u

Next, we continue with the proof of Proposition 1. By
Assumption 4 and the feasibility of (16) there exists an
absolute continuous function x; : [7;, 7; + N| — X satisfying
(3) when u;(t) is applied a.e. in [7;,7; + N]. Let ¥y =
({tiry +i € T Y Udaib; i € T a; £ 0y U{b; 1 i €
I};g,ai =0})\{ig} and H = {n, : w=1,...,5} the points
of discontinuity of by (x,t;0; ) and u;(t) respectively. Let
Y = Yg N 1,7 + N). We next consider two cases: 1)
t €, +N\(XUH)and 2) t € YUH, ie., tis a
time instant at which either the derivative of by (x,t;65)
with respect to (x,t) does not exist or X is not continuous
with respect to t.

Case 1: By feasibility of (16), x;(t) satisfies (16b) for any
t € [rj,7 + N)\(X U H). Let €4c = supcpy, - 4n) €(1)-
Since vy is a linear, class K function we have gt (—e€(t) >
o' (—€he) forany t € [1,7j+N). As a result, the satisfaction
of (16b) implies the satisfaction of the following inequality:

6;7:(14)(3' + BUj) + a(gif > —OtH(bH(Xj,t;Oj,H)) — €.
(23)
Applying the Comparison Lemma [32, Ch. 3.4] to (23) and
due to Lemma 2 the following holds:

b (x;(t), t;0;.1) > e~ (by (x;(75), 755 05.m)
+ a;{l(e\]}vc)) + Oé;{l(—ﬁgvc).
By (16j) and for the linear, class K function ap(§) =
agé we have al}l(e\&) > 0. Hence, it holds that
b1 (x;(75), 753 0;.1) + ap (€he) > b (x;(7;), 75505, 1). This
implies the following:

(24)

br (x;(t),8:65,0) > e b (x5(7), 755 60j.11)
+ag (—€he)-
If by (x;(7j),7;;65,1) > 0, the inequality above implies
b (x;(t), ;0 1) > af' (—ehe). If brr(x,(75),75;0;.1) <0,
given that ¢ € [7;,7; + N), (25) becomes:
br(x;(t),t;05,m) = bu(x;(7;), 755 65,m)

+ a;{l(_egvc)'

(25)

Setting ¢ = min (0, by (x;(7;),7;;6;,1)) the result follows.

Case 2: By design of by (x,t;0y) for any oy € ¥ it holds
that: lim,_, - b (x;(t),t;0;m) < bu(x;(ow),o0m;0; 1)
Additionally, for any ¢ € H\X the barrier function
br(x;(t),t;0;#) is continuous in (x;,t) and x;(t)
is by Definition 1 absolutely continuous in ¢, thus
lim, ,, - bg(x;(t),t;6;m) = b (%5 (M), s 0,1
Note that the quantities lim,_, - br(x;(t),t;60; ) and

lim, ,, - bu(x;(t),t;6;n) satisfy the conditions of Case 1,
thus are bounded from below by ¢ + Ozl_Jl(fe&,c). Hence,
the result follows also for bp(x;(0n),0m;0;H) and
b (x5 (M), Nws 6,1 )-

APPENDIX I
PROOF OF THEOREM 2

The recursive feasibility of (16) is proven by induction.
Assume that (16) is feasible at 7;, j > 1. To prove the
feasibility of (16) at 7,41 given its feasibility at 7;, we pro-
pose a candidate solution (w;i1,€;41,60j41,8,7j41,1) Over
[Tj+1,Tj+1 + N] and show it satisfies (16a)-(16j).

Let u; [Tj,Tj +N] — U, € [Tj,Tj +N] — Rzo,
Oin = |0;n iers, > TiH denote the control input, the
violating factor, the vector of parameters and the robustness
value respectively, found as a solution of (16) over the time
interval [r;,7; + N]. Consider 0,11 x = [0} 5]

i€,z
and 7j41. 5 = 7; g the vector of parameters and the robust-
ness value used in the design of by (x,t;0) over the time
interval [7;41,7;41 + N]. Note that by feasibility of (16) at
[7;,7; + NI, (0j41,1,7j+1,1) satisfy the constraints (16c)-
(16d). Furthermore, let the candidate control signal:

_ ) ui(®),
u;y1(t) = {u(t),

where u : (7; + N, 7,41 + N| — U is the optimal solution
of (13). By Theorem 1, (13) is always feasible with the
resulting control law u(X(t), t) being continuous in (X(t),t) €
Qx (0%,05™), 0% € g, where x : [1;+ N, 741+ N] = X
is a solution of (3) when w(X(t),t)is applied to the system.
By Definition 1, X(t) is an absolutely continuous function
in ¢. Hence, the feedback control law u(x(t),t) = u(t) is
piecewise continuous over (7; + N, 7,11 + N]. Additionally,
by feasibility of (16) at [7;, 7; + N, the feasible control u;(t)
satisfies Assumption 4. As a result the proposed control signal
u,+1(t) satisfies Assumption 4 guaranteeing the existence of
solutions of (3) over the interval [7j41,Tj4+1 + NJ.

By Theorem 1, bp(X(t),t) > 0 is true for all ¢t € [r; +
N, 7j41 + NJ. Therefore, (16f) is satisfied. In addition, since
u,(t),t € [Tj41,7; + N] is a feasible input for the RHS at
7;, any solution x; of (3) satisfies the state constraints, i.e.,
x;(t) € Xforany t € [1j41,7;+NN]. By design of the terminal
barrier function, if bp(x(t),t) > 0, then xX(¢) € X implying
that x;1(t) = x(t) € X, for every t € (7; + N,7j41 + N|.
Note also that u;y1(t) € U for ¢ € [1j4+1,7j+1 + N|. Hence,
(16h)-(161) are satisfied.

Let bly(x,t;05 ), by(x,t0%,, ;) be the barrier
functions of ¢; designed over the time interval [7;,7; + N]
and [7j41,7j41 + N] respectively. At the time interval
[Tj+1,Tj+1 + N] it is possible that some formulas ¢; do
not contribute to the construction of by (x,t;60) because
b; < 7j+1 holds. This implies that Z' C ZJ. As a
result, 6%, , ; = 0, is true for any i € Iy N .
If 7;;7" = T7), = I¥, then for any (x,t) € X x Rxg
it holds that 33, . o (t)exp (=bly(x,1; 0% 1)) =
Z/L‘Ez};l % (t) exXp (_bs? (Xv 1 0;‘+1,H))' The

te [Tj+1,Tj—|—N]
te (Tj+N,Tj+1+N]7

latter



implies that by (x,t;0;5) = by(x,t0,11 ) where
br(x,t0,.1), ba(x,t;0,41 1) denote the barrier functions
designed at [7;, 7; + NJ, [Tj41, Tj+1 + N], respectively. Since
(16) is feasible at 7;, it holds that: by (x(0),0;0; 1) > 0.
Hence, (16e) is satisfied at 7;1.

The proof is completed by introducing a candidate violation
factor €;41(t) a.e. in [7j41,741 + N| and showing that
(16b), (16j) are satisfied. Let Sg (') = by (x(t'),t';0;41,1)
denote the barrier function by as a function of time with
X : [r5 + N,7j11 + N] — X the solution of (3) when
applying 1(x,t). Additionally, let Bg () = dg—tﬂt:t/ =
abH(i(t’gi’;eHl,H)i(t,) + 3bH()_((t/)é§,;9j+1,H) ae. in [rj; +
N,7j41+ NJ. Note that (8 (t), B (t)) can be computed a.e.
in [7;4+N, 7j41+N] since X(t), 641,z are known. To simplify
notation we will omit the subscript H and the dependence of
e(t), Br(t), Bu(t) on t when necessary.

Consider the violation factor €41 (¢) a.e. in [7j41, Tj41+N]:

€int _ GJ'(t)a
j+1(t) {e(t)7

where € := €(t) is defined as:

te [Tj+1,’7’j+N]
te (Tj+N,Tj+1 +N]’

=)0 (B.8) € BiUBz U B
~(B+an(p), (B.B)€BsUB;UBs’

where the sets By,q =1,...,6 are defined as:

Bi={(8,8) €eR*: <0, >0, an(B) > -},
By={(8,8) eR*:3>0, 3 >0},
Bs={(B.8) eR*:3>0, 3<0, B> —an(B)},
By={(8,8)€eR*:3<0, 8>0, an(B) < -5},
Bs={(8.8) eR*: 3 <0, 3 <0},
Bs={(B,8)€R?*:3>0, <0, < —an(B)}.

By feasibility of (16) at 7;, it holds that: 1) €;(¢) > 0 is true in
[1;,7; + N] and 2) (16b) is satisfied for any solution x;(¢) of
(3) when applying u,(t) a.e. in [7;, 7; + N]. Observe further
ﬁ+aH(B) < 0 is true for any (B,B) € B4 U Bs UBg. Hence,
€ > 0. For any (8, 8) € B;UB,UBs we have B+aH(B) > 0.
Therefore, choosing €;41 = .O implies the satisfactiop of (16b).
Finally, setting €;11 = —(8 + an(8)) when (8,58) € By U
Bs U Bg results in €11 + 3+ ay(8) = 0. Therefore, (16b) is
satisfied as equality. Based on the analysis above the candidate
solution (Wjy1,€;41,0;41,m,7;+1,1) satisfies the constraints
(16a)-(16j). As a result, (16) is feasible over 741, 7j41+ N|.
Since the above hold for any j > 1, (16) is recursively feasible
when ap(§) = agé.

APPENDIX IV
PROOF OF THEOREM 3

By Theorem 2, (16) is feasible for every j € 7, i.e., there
always exists a continuous function u;(¢) a.e. in [1;,7; + N]
for every j. This implies that x(x(t)) is always defined and
due to Assumption 4 it is a continuous function a.e. in [0, 7).
Let xc : [0,77] — X a solution of (3), when s(x(t)) is
applied for ¢ € [0, 74].

The formula ¢, defined by (2) is a conjunction of always and

eventually formulas ¢;, i € Z%. Hence, by definition of the
i N — min. Pi

robust semantics we have: p?(xcr, 0) = min;ezo p¥*(xcr,0).

By construction, for any (x;,t) € Xx [, 7;+ N] it holds that

br(x;,t,0;5) < minieI;{ by (x5, 0;-7H), where 0,y =

[0§7HL€I}-{ is found as the solution of (16) at [r;, 7; + N]. As

a result, hi(XCL(t)) > VZH(t; 0;H) + bH(XCL(t),t; 0j7H), te
[ai,bi] N [T]‘,Tj+1)7j S ng, where Jlg = {j eJ: [(Iz‘,bi] N
[7j,7j41) # 0}. If ¢; is an always formula, by design of
Vi (t; 07 ), at every interval [7;, 75+ N1, j € J¢ and (8c) we
have:

Vir (405 1) > Vi (ais 05 ) > rjm, € [ag, b N [15,7541)

where 7; f7 is the robustness value found as a solution to (16)
at [7;, 7;+ N]. The inequality above implies that for every j €
JY it holds that h;(xcr(t)) > 7. + bm(xcL(t), t;0;5) >
riH + inft,e['rj,TjJFN) bH(Xj (tl)7 t 0j,H)7 t e [ai> bl] N
[Tj, Tj+1). Letp; =71, H —|—inft/€[.,-j Ti+N) bH(X]‘ (t/), t'; aj,H)-
Then, we may conclude the following for the robustness value
p%i(xcL, 0) of an always formula ¢;:

PP (xcL,0) = min  h;(xcL(t1)) > min p; > min pj.
JEJ

t1€[ai,b;) T jeT
(26)

If the formula ¢; is an eventually formula, the following is
always true for its robustness value:

PP (xcr,0) > sup hi(xcL(t1)),

tr€lmax(ry.a:).ti%)
for any j € J such that the eventually formula ¢; is active at
[7;,7; + N]. Due to (8d), there exists t = d(i) € J such that
t7; > 7,. By the choice of vj;(t; 8] ;) and its design at the
time interval [7,, 7, + N| we have:

Vi (413 031,) < sup Yy (b 0, ) = 7w, 27)
tiel
for any t, € I = [max(7,,a;),t/*;). By definition of ¢+ =

d(i) and (8d), I C [r,,7,+1). Hence, for any closed loop
trajectory Xcp(t1) with ¢; € I it holds that: h;(xcL(t1)) >
Yo (1307 ) +bg(xcL(t1), t1; 0, 1) This in addition to (27)
implies:
p?¥*(xcL,0) = sup hi(xc(t1)) = p. > min p;,
tiel jeJ

where p; = rj g+infyclr, -8 bu (% (), t';0,H), € T.
Considering the aforementioned results for the always and
eventually formulas, we may conclude that p?(xcr,0) =
min;czo p¥ (Xcr,0) > minje 7 pj. Note that p; = rjm +
infy e, 748 b (x;(t'),t';0; 1) holds, irrespective of the
choice of the temporal operator. Due to (16d), r; i > 0 is true,
thus p; > infyepr, 4 n) bu(x;(t), ;65 ). By Proposition
1, it is known that by (x;(t'),t';0; 1) > c+ap (—ehe). t' €
[7j,7;+N). Considering this result and for ey, = max;ec 7 €hc
we have that by (x;(t'),t';0; 1) > ¢+ aj' (—ew). Hence,
pj = inft’E[Tj,Tj-‘rN) bH(X]'(t/)v t'; aij) 2c+ a;ll(_ewc) is
concluded.
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