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Attitude coordinated control of multiple underactuated axisymmetric spacecraft

Ziyang Meng, Dimos V. Dimarogonas and Karl H. Johansson

Abstract—Attitude coordinated control of multiple under-
actuated spacecraft is studied in this paper. We adopt the
parametrization proposed by Tsiotras et al. (1995) to describe
attitude kinematics, which has been shown to be very convenient
for control of underactuated axisymmetric spacecraft with two
control torques. We first propose a partial attitude coordinated
controller with angular velocity commands. The controller is
based on the exchange of each spacecraft’s information with
local neighbors and a self damping term. Under a necessary
and general connectivity assumption and by use of a novel
Lyapunov function, we show that the symmetry axes of all
spacecraft are eventually aligned. Full attitude control of multiple
underactuated spacecraft is also considered and a discontinuous
distributed control algorithm is proposed. It is shown that the
proposed algorithm succeeds to achieve stabilization given that
control parameters are chosen properly. Discussions on the cases
without self damping are also provided for both partial and full
attitude controls. Simulations are given to validate the theoretical
results and different steady-state behaviors are observed.

I. INTRODUCTION

Synchronization of multi-agent systems has received much
attention recently due to its broad applications in power
networks [2], biological networks [3], social networks [4],
mechanical networks [5, 6] and so on. Distributed protocols
were proposed for various agent networks, including general
linear dynamical networks [7], nonlinear system networks
[8], Lagrangian dynamical networks [9], and mobile robotic
networks [10].

In this paper, the agents are specified as the attitudes of
spacecraft and the relevant works on the attitude control of
multiple spacecraft include [11-22]. In particular, by con-
sidering a ring communication topology structure, attitude
synchronization problem of a group of rotating and translating
rigid bodies was studied in [12]. Attitude direction cosine
matrix was used in [16] to construct a leaderless attitude
synchronization algorithm for undirected fixed communica-
tion topologies, while the observed-based controller was also
proposed to solve the situation of directed switching com-
munication topologies. Similar problems were considered in
[18, 20], where the attitude was represented by the Euler angle
in [18] and almost global convergence was shown in [20].
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The authors of [11] proposed a cooperative attitude tracking
protocol such that the follower spacecraft track a time-varying
leader spacecraft using relative attitude and relative angular
velocity information. Under a standing assumption that the
states of the leader spacecraft are only available to a subset
of follower spacecraft and the follower spacecraft only have
local information exchange, a distributed cooperative attitude
tracking algorithm was designed in [15]. A passivity-based
group orientation approach was introduced in [13] to solve dis-
tributed attitude alignment problem, where the inertial frame
information is not assumed to be available to the spacecraft.
In addition, the attitude containment problem was considered
in [17] and the influence of communication delay between
spacecraft was studied in [14].

We focus on the attitude coordinated control problem of
multiple wunderactuated spacecraft in this paper. As far as
we know, this is the first attempt in the literature to study
collective behaviors for coupled spacecraft systems in an
underactuated setting and with joint connectivity. In particular,
we consider axisymmetric spacecraft with two control torques
and assume that angular velocity commands are possible.
We adopt the special parametrization of attitude given in
[23] to describe attitude kinematics and we propose attitude
coordinated control algorithms to solve the problem. We show
that both partial and full attitude control are achieved under a
necessary and general connectivity assumption.

The organization of this paper is as follows. We first present
some background and preliminaries on graph theory, switching
communication topology, Dini derivatives, and the attitude
parametrization in Section II. Then, partial and full attitude
control of multiple underactuated spacecraft are studied in
Sections III and IV, respectively. Finally, we give concluding
remarks in Section V.

II. BACKGROUND AND PRELIMINARIES

A. Graph theory

Using graph theory, we can model the communication
topology among spacecraft in the formation. A graph G
consists of a pair (V,€), where V = {1,2,...,n} is a finite
nonempty set of nodes and £ C V x V is a set of ordered
pairs of nodes. An edge (i, 7) denotes that node j can obtain
information from ¢. All the neighbors of node ¢ are denoted
as NV; := {j|(j,7) € £}, where we assume that i ¢ N;.

A directed path in a directed graph is a sequence of edges
of the form (iy,43), (i2,43),.... If there exists a path from
node ¢ to 7, then node j is said to be reachable from node <.
G is said to be strongly connected if each node is reachable
from any other node.
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B. Switching communication topology and joint connectivity

In order to implement the distributed algorithm for the
multi-agent systems, each agent is often equipped with a
communication unit. This raises a natural issue of the possible
communication link failure and therefore makes the studying
on the case of switching communication topology important.
In this paper, we associate the switching communication
topology with a time-varying graph G, ;) = (V, & (1)), Where
o : [0,+00) — P is a piecewise constant function and P
is finite set of all possible graphs. G,(;) remains constant for
t € [teyter1), s =0,1,... and switches at t =t., ¢ =1,....
In addition, we assume that inf (tcy1 — t) > 75 > 0,
¢=1,..., where 7] is a constant known as dwell time [24].
The joint graph of G, ) during time interval [t,?2) is defined
by gcr(t)([tlth)) = Ute[tl,tz) g(t) = (VaUte[tlth) E(1)).
Moreover, j is a neighbor of i at time ¢ when (j,4) € Eyy),
and N;(o(t)) represents the set of agent i’s neighbors at time
t. In the remainder of this paper, we use * to denote that a
parameter is constant.

Definition 2.1. G, is uniformly jointly strongly connected
if there exists a constant T* > 0 such that G([t,t + T*)) is
strongly connected for any t > 0.

C. Dini derivatives

Let D'V(t,z(t)) be the upper Dini derivative
of V(t,z(t)) with respect to t, ie., DTV(t,z) =
limsup,_, o+ V(t+7’x(t+:))_v(t’x(t)). The following Lemma
holds [25].

Lemma 2.1. Suppose foreachi € V,V; : RxR" — R
is continuously differentiable. Let V (t,x) = max;ey Vi (¢, x),
and let V(t) = {i € V : Vi(t,z(t)) = V(t,z(t))} be the
set of indices where the maximum is reached at time t. Then
DYV (t,x(t)) = max; .y, Vi(t, z(t)).

D. The (w, z) attitude parametrization

Since we are interested in the control of underactuated
axisymmetric spacecraft, a special but efficient parametriza-
tion is used to represent the attitude of a spacecraft. This
parametrization is based on a pair (w, z) of a complex variable
w and a real variable z that was first introduced in [23].

It is known that the attitude direction cosine matrix R =
[Rpq] € R3*3 is used to determine the orientation between the
body frame and inertial frame and a basic parametrization of
an attitude. The (w, z) parametrization can be derived from R
by using the following relationship (see Lemma 1 of [26]):
—Rza jlfﬁ, cos(z) = %((1 + |w|?)trace(R) +

B Re(w? Im(w? I
W2 = 1), sin(z) = CHREOC DR ImO) Ropolmw sy

where Re(w) and Im(w) denote, respectively, the real part
and imaginary part of a complex number w € C, j = /1,
trace R denotes the sum of the elements on the main diagonal
of a square matrix R, w denotes the complex conjugate, and
|w| = v/ww denotes the absolute value of w.

Based on the above relationship, we use (w, z) to describe
attitude coordinates from now on. Consider n spacecraft with
attitude (w;, 2;), ¢ = 1,2, ..., n. In addition, w;1, w;o, and w;3

w =

are used to describe the components of the angular velocity
of the body frame with respect to the inertia frame expressed
in the body frame. The kinematic equation of each spacecraft
is described by (see (28) and (38b) of [27]):

Wi = —jwlywi + % + %w?, (1a)
Zi = w;’}, + Im(wiw_i), (1b)

where w; = w;1 +jwio, w; = wi1+jw;z. In this paper, we focus
on angular velocity commands and assume that only angular
velocity w; can be manipulated. The third axis of the spacecraft
is considered as the underactuated axis and we know that for
an axisymmetric spacecraft, w;3 = wj3, 4 = 1,2,...,n, remain
constant since the torque input about the symmetry axis is
zero and two of the principal moments of inertia are equal
(see equations (1) and (2) of [23]). Since the input dimension
is less than the state dimension, for the kinematics (1), only
two-axis stabilization of pointing is possible for the general
case when at least one wj;, ¢+ € V, is nonzero [23]. On the
other hand, for the special case when wj; = 0, for all ¢ € V,
three-axis stabilization of pointing is possible, and in this case
the kinematic equations become

(2a)

Wi =
(2b)

We will next focus on (1) and (2) to study partial and full
attitude control problems, respectively. In this paper, we re-
strict the discussion to the corresponding kinematic parameters
without specific mentioning.

III. PARTIAL ATTITUDE CONTROL OF MULTIPLE
UNDERACTUATED SPACECRAFT

In this section, we focus on the kinematic (la) and study
the partial attitude control problem, where the manifold WV is
defined as W = {(w1, 21, ..., Wpn,2,) 1 w1 = -+ = w, = 0}.
Note that (1b) is uncontrollable for the general case when at
least one wy;, © € V is nonzero.

The following attitude control algorithm is proposed for all

the spacecraft,

JENi(a(t))

w; = *bz(t)wz — Qi (t)(WZ - Wj), Vi € V, (3)

where a;;(t) > 0 is the weight of arc (j,¢) for ¢,j € V at
t and b;(t) > 0 is a continuous function denoting the self
damping weight. We also assume that a;;(¢) and b;(¢) satisfy
the following condition:

Assumption 3.1. There exist constants a* > 0 and a, > 0
such that for all i,j € V, andt > 0, a, < a;;(t) < a* when
Q5 (t) > 0.

éssumption 3.2. There exist an agent k € ), a constant
T > 0 and a constant b, > 0 such that for all t > 0,

[T b(r)dr > b

t

Theorem 3.1. Suppose that Assumption 3.1 and 3.2 hold and
Go(v) is uniformly jointly strongly connected. For multiple
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underactuated spacecraft kinematics (la), algorithm (3) guar-
antees that partial attitude control is achieved with respect to
W, ie.,lim;_, o w;(t) = 0, for all bounded w;(0) and all i € V.

Proof. Consider the following Lyapunov function candidate
V(W) = max;cy Vi(w;), where V;(w;) = w;w; = |w;|? for
all7 €V and W = [wl,wQ, ..., wy]. Note that for all i € V,
Wi =W = jwiW+ 9+ 4 wt2 Therefore it follows that for
alli eV, V, = 1+|W7| (wzwz +wiw;).

Let V be the set containing all the agents that reach the
maximum of V;,i € V, at time t, ie., V = {i € V|Vi(t) =
V(t)}. It follows from Lemma 2.1 that the derivative of V'
can be calculated as

1+ |wg|?
D*V = maxV; = max{ Ve (=20 (£)|wy 2
i€V %
+ Y ag(t) (wiws 4 wawy — 2lwil?) }
JENi(a(1))
1+ |WZ|
< max{ ————(=2b;(t)[w;[*
zGV
+ > az‘j(t)(|Wj|2 —[wi*)} < 0,
JENi(a(t))

where we have used the fact w;w; + Wiw; < |w;|? + |w;|?
for all 4,7 € V. This implies that |w;(t)]? < V* < oo, for
all i € V and all ¢ > 0, where V* := V(W(0)). The above
deductions show that the proposed Lyapunov function V' is
nonincreasing and therefore the states of V;(t), Vi € V are
bounded by V* for all ¢ > 0. We next show that V(W(t))
actually converges to zero as t — oo.

Based on Assumption 3. 2 we know that there exists an
agent k;1 €V, aconstant T > 0, and a constant b, > 0 such
that fo b, (T)dT > b,. We first consider agent k; and the
time interval [0, . It follows that

1+ |W7€1 |2
2

X (Jw;[* =

< — by, (Vi +

Vi, < (=2b, (1), |* +

>

FENK, (a(2))

aky j(t)

Wi, [%))
1+ |Wk1 |2

>

JENK, (a(t))
Vk1)7

Ak, j (t)(V* - Vkl )

IN

— by, (t)Vkl + Oé(V* —

where o = W It then follows that
Vkl (T*) S o fof* (bkl (7—)+a)dTVk1 (O)
T" .
+ aV*/ e [ bry (M) ra)dr g
0

=1

=3 T T
< e—(b*+aT )V* —I—OéV*/ e—a(T —s)ds
0
S d1V*a
where & = 1 — e_‘ﬁ*(l — e7b) < 1, Gronwall’s in-

equality has been used for the first inequality, Assumption
3.2 has been used for the second inequality, and relation
j;) e~ T =9)ds = 1(1 — ¢7°T") has been used for the
third inequality. Define Ty = T™ + 27, where T™ is defined

in Definition 2.1. Therefore, we know that after a finite time
period, the state evaluation on agent ky (i.e., Vj,) is strictly
less than the explicit upper bound V'*. _

It then follows that for all ¢ e [T ,T] with
T > T + (n — 1)Ty being an arbitrary constant,

1+|w *
Ver € P55 5 oy s (D7 = Vi) < 0V
Vi, ). This shows that for all ¢ € [T, T],

Vi (8) <V 4+ e TV (T - V) <aiV*, @
where o] = 1 —e e~?) < 1. To this
end, we have shown that Vj, is strictly less than V* for any
t>T".

We next consider the time interval [T, T + T1]. Since the
union graph G([T" 473, T +7541T%)) is strongly connected,
it follows that there exist a time instant ¢, and an agent
ks € V\{k1} such that there exists an arc (ki, ko) for all
t € [ta,ty +73) C [T",T" + Ti]. Due to this connection,
we next show that agent ko will be “attracted” by k; for a
time interval larger than 7 and the state evaluation on agent
ko (i.e., Vi,) will be also strictly less than the explicit upper
bound V*. The analysis can be divided by two cases.

Case I: Vi, (t) > Vi, (t) for all t € [to,t2 + 7). It then
follows that

70((%7?*)6704?* (1 _

y 1+ |Wk2|2
Vie £ =57 [F 20k (Vi + D> a0V = Vi)
JENk, (a(1))
1+ |Wk |2
< —5 2 Z aryj () (Vy — Vi,)
JENK, (0 (1))
1+ |wi, |2
D STl
JENky (a(t))\{k1}
1+ |wg, |?
%aml(%l —Vk,)
1+V* N
< — > k() (V" = Vi, )
JEN Ky (a(t)\{k1}
1+ |wg, |2
%aml(%l —Vk,)
P 1+ |Wk2|2
< Oé(V — V]@) + 72 Alokey (Vk1 — Vk2).
P a .
< OL(V - sz) + 7(041‘/ - sz)a

where we have used Assumption 3.1 and the facts V;(¢) < V*,

for all 5 € V and all ¢ > 0, and Makml(t) > o
for t € [ta,ta + 77), & = M

1 — e Tig=eT (1 — ¢=b). It then follows that
(e_(&+a*/2)7—; + (1 — e_(&+a*/2)7—;) X

O

] =
Vi (t2 + 73) <

Gta.aq/2 * _ Ak Yk Ak _
aTa s ) Vv = asV*,  where 45 =
d+a*/27a7*(1767(6‘+”* /A7g )(1—aq)

- <1,

Case II: there exists a time ¢y € [t2,%2 + 7) such that
Vi, (t2) < Vi, (t2). This implies from (4) that Vi, (t) < oy V*,
forall t € [T, T +T]. Therefore, since &, € [T, T +T1],
we know that Vj, (t2) < a1 V*. Following the similar analysis
for equation (4), we know that Vi, (ta+75) < (1 —e 27 (1~
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Fig. 1. The communication graph G!
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Fig. 2. The communication graph G2

a1))V*. Define o = 1— 12/2/2

)
). It is not hard to show that max{a%, ay, (1 — e *7a (1 —

a1))} < G2 < 1. We thus know that for all k € {ky,ka},
Vk (ta + 1) < &V*. This in turn shows that for all k €
{ki, ko), and all t € [T + Ty, T), Vi(t) < (1 — e T (1 —
Go))V* = aV*, where ap = 1 — e“”‘Tli*—/Q/Qe_‘”;(l -
e~ (@+a</2)72)(1 — q1). To this end, we have shown that both
Vi, and Vi, are strictly less than V* for any ¢ > T + T7.

We next consider the time interval [T + 171, T + 2T1].
Since G([T" + T1 + T;,T* + Ty + T* + 7])) is strongly
connected, it follows that there exist a time instant {3 and
an agent k3 € V\{k1, ka2} such that there exists an arc (k, ks)
for all t € [t3,t3 +75) C [T +T* +75,T + 2T* + 277],
where k € {ki,k2}. Then, following the similar analysis
on agent k:g, we know that for all k& € {ki, ks, k3}, and
all ¢ € [T + 2717, ] Vi(t) <  «a3V*, where as =

di*a/f/g e—2a7] (1 _ e—(@"'@*/Q)T;)Q(l — 041).

Therefore, we know that Vj,,, Vi, and Vj, are strictly less
than V* for any ¢ > T + 277

Finally, at the worst case, it follgws that for all 7 €
Vand all t € [T + (n — DI,T), Vi(t) < o, V¥,

—(n—1)aTy (_di*a/fﬂ)n_l e*(nfl)a-r;(l _

e (@+a/2iyn=1(1 _ o). Thus, for all t € [T + (n —
)T, T), V(t) < «,V*. The above inequality shows no
agents will stay on the boundary V* at a certain time instant
and therefore, by the following arguments, we know that the
Lyapunov function V is strictly shrinking.

Let ¢ be the smallest positive integer satisfying t < ¢y NT5,

e—om—:; (1 _e—(&-i-a* /2)7] )(1 o

1 — e—2aT1

where o, = 1 — €

where T, =T + ( — 1)T7. It then follows that V' (¢) < (1—
t

an )w*IV* < o (1704 )NT2 V* = pe’QtV* where o =

NT In 5 and p = Vt) =

0 and further shows that hmt_mo wi(t)=0forallic). m

We next verify Theorem 3.1 using simulations and show
numerically that the introduce of synchronization term helps
to obtain better transient process in terms of achieving syn-
chronization objective. In particular, we consider that there are
four spacecraft (n = 4) in the group. The weights a;; and b;
are chosen to be 1 when (j,4) € £. The communication graph
G switches between G' (Fig. 1) and G? (Fig. 2) at time instants
t, =0,0=0,1,....In addition, b;, Vi € V switches between
0 and 1 at time instants {, = g0, 0 =0,1,....

Fig. 3 shows the trajectories of w;; and w;o for all ¢ =
1,2, 3,4 using algorithm (3) for (1a). We see that the partial
attitudes of all the spacecraft converge to zero. We also

10 15 20 25 30 35

Fig. 3. Trajectories of partial attitudes

with syn control
== without syn control

t(s)

Fig. 4. Trajectories of synchronization errors

compare algorithm (3) with individual stabilization algorithm
w; = —b;(t)w; in terms of achieving synchronization ob-
Jectlve where we use quantity » . 12] 1 lwit — wii| +
> Z” 1 Wiz — wja| to evaluate the synchronization error
durmg transient process. It is clear from Fig. 4 that algorithm
(3) presents a better transient process in terms of achieving
synchronization objective.

A. Discussions on the case without self damping term

We note that the absolute damping term is used in (3) and
stabilization result is obtained. On the other hand, the study on
case of leaderless algorithms attracts much attention recently
[2, 4, 7] because abundant emergent behaviors can be observed
for the multi-agent systems. This motivates us to observe and
study the complex behaviors of the coupled underactuated
spacecraft being controlled by a leaderless consensus-like
algorithm. We will show later that the convergence results
indicate the noticeable differences between the stabilization
case and the synchronization case, as well as the classical
coupled linear systems and the coupled underactuated attitude
dynamical systems.

In particular, the algorithm without self damping term takes
the following form for all the spacecraft

> at)wi —wy),

JENi(a(1))

Vie v, 5)

wW; = —
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where a;;(t) > 0 is the weight of arc (j,¢) fori,j € V at t.

Proposition 3.1. Suppose that Assumption 3.1 holds and G )
is uniformly jointly strongly connected. For multiple underac-
tuated spacecraft kinematic (1a), algorithm (5) guarantees that
partial attitude norm synchronization is achieved with respect to
Wi. In particular, it follows that lim;_, o |w;(t)| = w*, for all
bounded w;(0) and all i € V, where w* is a positive constant.

Proof. Similar to the proof of Theorem 3.1, we use the
Lyapunov function candidate
V(w) = V1: i)y
(W) = max Vi(w:)
where Vi(w;) = w;w; = |w|? for all i € V and W =
[WI;WQ;_' e ;Wn]'

Let V be the set containing all the agents that reach the
maximum of V;,7 € V, at time ¢, i.e., V = {i € V|V;(t) =
V(t)}. It follows from Lemma 2.1 that the derivative of V'
can be calculated as

DTV
= maxVi
%
1+ |Wi|2 .
=max o > aii(t) (Wi + Wow, — 2|wil?)
e JEN(o(t))
1+ |wg|?
< max ¢ ———— > ai®(wi = wil?)
v JEN(a(1))
<0

where we have used the fact w;w; + wyw; < |w;|? + |w;[?
for all 4,5 € V. This implies that |w;(¢)|? < V(W(0)), for all
i €V and all t > 0. It thus follows that lim; ,, V(t) = V,
where V is a positive constant. Therefore, we know that for
any € > 0, there exists a ¢7(¢) > 0 such that

V—e<V({t)<VHe V>t

Suppose that lim; . V;(t) = V does not hold for certain
1 € V. Then, based on Assumption 3.1 and following the
similar analysis of Lemma 4.3 given in [28], we can show the
contradiction with the fact that V (¢*) > V — & by choosing
¢ sufficient small for some t* > t7. Such a selection of ¢
exists due to the fact that w;(0) is bounded for all i € V. This
indicates a contradiction and shows that lim; . V;(t) = 174
for all % € V. The desired result is proven. [ ]

We notice that Proposition 3.1 only claims that the norms of
all spacecraft’s partial attitudes reach synchronization. There
is no affirmative assertion on convergence of all spacecraft’s
partial attitudes. We next focus on the special case when the
angular velocity of the uncontrollable axis w}; remains zero
for all ¢+ € V and show that in addition to partial attitude
norm synchronization, partial attitude synchronization is also
achieved.

Proposition 3.2. Suppose that Assumption 3.1 holds and G, ;)
is uniformly jointly strongly connected. For multiple underac-
tuated spacecraft kinematic (la) with wj; = 0, forall© € V,

algorithm (5) guarantees that lim,_, .. (w;(t) — w;(t)) = 0, for
all bounded w;(0) and i,j € V.

Proof. We prove that limy o (w;(t) —w;(t)) =0 forall ¢,j €
V using contradiction. We still use V; = |w;|? for all i € V.
Based on the result of Proposition 3.1, we know that for any
e > 0, there exists a t(¢) > 0 such that V_e< Vi(t) <
V+ e, YieV, Vit >t], where Visa positive constant.

Suppose that there exist [,k € V and t; > ¢ such that
wi(t1) # wi(t1). We next show that there exists h € V and
t* > t; such that V3, (%) < V — &, which will indicate a
contradiction and prove the desired result.

Since G([t1,t1 +T*)) is strongly connected, we can define
a time to = inficp, 4, r){Fi1 € V\{I}|(i1,1) € E51)}, and
a set Vi = {i1 € V\{I}|(i1,1) € Es1p)} # 0.

Note that for all 7 € V, it follows that for all ¢t > ¢,

V= Ll il Do ai(t) (wiwy + Wiwy — 2|wil?)
JEN;(o(1))
= > by(wirt) (=lwi = wy* = (Iwil® = [w; )
JENi(a(1))
< — Z bij(wi,t)|wi—wj|2+26*(n—1)5.
JENi(o(1))
where we define b;;j(w;,t) = H‘gﬂaij (t) and easily derive
that b, = %a* <by; < VW) o & B for all 1,7 € V. We

have also used the fact that ||w;(¢)[> — |w;(t)]?| = |[Vi(t) —
V;(t)| <2e forall ¢,j € V and ¢t > t;. We next consider two
cases.

Case I: there exists a i1 € V; such that w;(t2) # wy, (t2). It
then follows from the definition of ¢o that for all ¢ € [to,t2 +
751, Vi € —bu|w; — wiy |2 + 20" (n — 1)e. Define a positive
constant ¢* = |w;(t2) —w;, (t2)|> > 0 and a function ¢, (t) =
|w,.(t) — w,(t)|? for any pair (u,v) € V x V. It follows that
Guv(t) =V + Vi, — w,W,, — W,w,. By noting the fact that
|lwi| <2(n—1)a*V/V +¢, for all i € V, we know that |w;| <
(1+V +e)(n—1)a*\VV +¢ for all i € V. In addition,
by noting that |w,(t) — w, (t)[* < 2|w,(t)]> + 2w, (t)]? =
2(V,(t) + V,,(t)) for all t > 0, b;; < b*, for all 4,5 € V and
Vi(t) <V +¢, Vi€V, we know that

—b*(n —1)(4V +2¢) < V; < b*(n — 1)(4V + 6¢),
VieV, Vt>t.

Therefore, it follows that

b1y, > —4(1+V4e)(n—1)a*(V +¢)—2b*(n—1)(4V +2¢).

It thus follows that ¢y, (¢) > %* for all t €
¢" —
[t2,t2+ 8(1+‘~/+€)(n71)a*(‘~/4(;£)+45*(nfl)(4‘~/+2€)]' Define 6, =

. It then fol-

min{r},

8(1+V +e)(n—1)a* (V4e)+4b* (n—1)(4V+2¢) }
lows that

b o .
‘/l(tz + 51) S ‘/l(tg) - # + 2b*(n - 1)516
b.* 0y

vV —
2

IN

+ (2b*(n — 1)8; + 1)e.
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We then derive a contradiction with the fact that V;(to +d1) >
V—e by choosing ¢ sufficiently small. This proves the desired
result.

Case IL: for all i1 € Vi, w;, (t2) = w;(t2). Then, based
on the definitions of 5 and V;, we know that the dynamics
W = <+ “lw? s reduced to w; = 0, Vt € [t1, t2]. Therefore,
we know that w;(t2) = w;(t1) and thus w;, (t2) = w(¢1), for
all i1 € V.

Next, we define the set V; = {[}JV1. Since G([t; +
T*,t1 + 27*)) is strongly connected, we can define a time
ts = infiepr, by 1or){Jiz € V\V1, i1 € Vi(i2, 1) € E;n
and a set Vo = {iz € V\V1l(i2,i1) € E;1,)}. Following the
previous analysis on node [, we can show that V;, (t3 + d2) <
V — ¢ for some i; € V; when wy,(t3) # wi, (t3), for some
ig € Vy. Otherwise, for the case that wy,(t3) = w;, (t3) for
all i2 € Vo, we know that w;, (£) remain unchanged for all
i1 € Vy during ¢ € [t2, t3] based on the definitions of ¢3 and
Vy. It then follows that w;, (t3) = wy, (t2) = wi(t1) for all
11 € V1 and thus w;, (t3) = Wl(tl) for all i9 € Vs.

Then, we define Vo = V; J V- and repeat the above anal-
ysis. At worst case, we finally have V,,_o = V\{k} and the
time ¢, = infte[tn,l,tlJr(nfl)T*){Hin—Q € Vn—2|(k7in—2) S
Ex(ty}- By noting that w;, _,(t,) = wi(t1), for all i, o €
V-2 and the earliest condition of w;(t;) # wg(t1), we
know that it must have wg(t,) # wi, ,(tn), for some
in_a € Vy_o. Therefore, we derive a contradiction with the
fact that Vi, ,(t, + ;) > V — ¢ by choosing ¢ sufficient
small. This proves the desired result. [ |

Remark 3.1. Due to the existence of complex internal non-
linear dynamics and the leaderless couplings of spacecraft,
we introduce in the proof of Proposition 3.2 a contradiction
argument, instead of a direct Lyapunov approach as was used in
the proof of Theorem 3.1. Also, note that the synchronization
of w;, © € V in Proposition 3.2, does not necessarily guarantee
that the symmetry axes of all spacecraft are eventually aligned.
In fact, all symmetry axes of the spacecraft may converge to the
surface of a cone centered around the third axis of the inertial
frame. The emergence of such a collective behavior is caused
by the underactuated attitude dynamics, and cannot be observed
in the classical coupled linear systems.

B. Constant and oscillatory steady-state behaviors

We notice that there is no affirmative assertion on the
pattern of the steady-state behavior when multiple spacecraft
reach partial attitude synchronization according to Proposition
3.1. It turns out that the uncontrollable angular velocity wys
plays an important role in forming the pattern of the steady-
state behavior. We next show that different selections on w
produce different steady-state behaviors using simulations.

1) Constant steady-state behavior: We first consider the
case that angular velocities w5 are nonidentical for all ¢ € V
and show that final attitudes of all the spacecraft present a
constant steady-state behavior. In particular, we still consider
that there are four spacecraft (n = 4) in the group. The weight
a;j is chosen to be 1 when (j,7) € £. The communication
graph G switches between G' (Fig. 1) and G? (Fig. 2) at time
instants t, = o, 0 =0,1,....

Wiy

Wio

Fig. 5. Nonidentical w;

Wiy

Wio

Fig. 6. Identically nonzero w};

Fig. 5 shows the trajectories of w;; and w;o for all ¢ =
1,2,3,4. We see that attitude synchronization is achieved
while the final attitudes of all the spacecraft converge to
zero. This is an interesting observation since intuitively, a
weakly coupled and strongly heterogeneous network may
not display coherent behavior. However, the simulation result
shows that final trajectories of all the agents converges to the
constant origin as if each agent is commanded with an absolute
damping. This also presents the coherent behavior. Note that
the above behavior can be always observed as long as w; are
nonidentical for all i € V.

2) Oscillatory steady-state behavior: We next consider the
case that angular velocities w5 are identically nonzero for
all 7 € V and show that final attitudes of all the spacecraft
present an oscillatory steady-state behavior. Fig. 6 shows the
trajectories of w;; and w;o for all ¢ = 1,2,3,4. We see that
attitude synchronization is achieved while final attitudes of all
the spacecraft converge to time-varying bounded curves. Note
that the above behavior can be always observed as long as
wys are identically nonzero for all ¢ € V. Also note that for
the case of all zero wy;, time-varying bounded curves reduce
to a consensus to a nonzero constant, which is similar to
the coherent behavior presented for the consensus of multiple
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single integrators.

IV. FULL ATTITUDE CONTROL OF MULTIPLE
UNDERACTUATED SPACECRAFT

In this section, we study full attitude control problem. We
focus on the kinematic (2), where wj; is zero, for all 1 € V
and the manifold P is defined as P = {(w1, 21, ..., Wn, 2p) :
z1=- =2, =0,wg =+ =w, =0}

The following attitude control algorithm is proposed for all
the spacecraft

bi(t)zi + 2 e (o)) @i (D) (20 — 25)

Wi

Wi = — MW —]

)

(6)

where a;;(t) > 0 is the weight of arc (j,7) for i,j € V at ¢,
b;(t) > 0 is a continuous function denoting the self damping
weight, and ~; is a positive constant to be determined. In
addition to Assumption 3.2, we also assume that b;(t) satisfies
the following condition:

VieV,

Assumption 4.1. There exists a constant b* > 0 such that for
alli € V,andt > 0, b;(t) < b*.

Theorem 4.1. Suppose that Assumptions 3.1, 3.2 and 4.1 hold
and G, ;) is uniformly jointly strongly connected. Also assume
that z;(0) € (—m, ], w;(0) # 0 and bounded, for all i € V. For
multiple underactuated spacecraft (2), algorithm (6) guarantees
that full attitude control is achieved with respect to P if v, is
chosen sufficiently small. In particular, it follows that

e w;(t) #£0, foralli € V and forall t > 0.

o limy oo wi(t) =0, foralli € V.

o limy .o 2;(t) =0, foralli € V.

e The control input w; remains bounded for all i € V and all

t>0.

Proof. 1t is clear that the closed-loop system (2) with dis-

tributed attitude algorithm (6) can be written as

Wi = ,%(1 + Wi 2)ws

.1 1
f.]g bz(t)Zz -+ Z aij(t)(zi - Zj) <W:L - W9 , (7a)

JENi(a(1))

2

JENi(a(1))
Note that the above equations hold for (C\{0}) x R x --- x
(C\{0}) x R. We first show that w;(t) # 0, for all : € V and
for all £ > 0 given w;(0) # 0, for all i € V.
Consider the Lyapunov function candidate

Z; = 7bi(t)2i — Qij (t)(zl - Zj)’ (7b)

Vi = fwif?

for all © € V. The derivative of V; along (7a) can be calculated
as

Vi = 2Re(w;w;) = —y1 (1 + |wi|*)[w[* = =1 (1 + V;)Vi.
It is not hard to show that V;(¢) =

14w (0)[?
[w;(0)]2

1
et T where ¢; =

is a bounded constant for all « € V. Therefore, it

follows that |w;(t)| = ﬁ based on the definition of
V;. Therefore, w;(t) # 0 for all ¢ > 0 and we know that
lim; oo w;i(t) = 0, for all ¢ € V.

For system (7b), it is not hard to show that max;cy |z;(t)] <
pre ' max;cy |2;(0)| by choosing a function Vi =
max;ey 22 and following the similar analysis on the proof of
Theorem 3.1, where p; and p; are positive constants related
to parameters n, 1%, 75, a*, a., T*, and b,. Therefore,
lim; o 2;(t) = 0, for all ¢ € V. Also, based on the fact
that DTV, < 0, we know that z;(t) € (—m, 7], for all ¢ > 0
and ¢ € V.

We finally show that w; is bounded, for all ¢ € V. It follows
from the fact max;ey |2;(t)] < pre~ @' max;ey |2:(0)| that
foralli eV,

jwi(®)]

b*|z; ()] + 2(n — 1)a* max;ey |z (t

lwi(t)]
< Wi (O)]+p1(5" +2(n — 1)a*) max|s(0)le ™04 y/erennt — 1
1€

<1 |wi(0)[4p1(b" 4 2(n — 1)a™) max |2:(0)|\/cie~(er=0-5m)t,

Therefore, |w;| < 7|wi(0)] + p1(d* + 2(n —
1)a*) max;ey |2;(0)]\/ci, if we choose 71 < 2p1. [ |

A. Discussions on the case without self damping term

In this section, we consider the case without self damping
term b;(t)z; and show that all z;(t), i € V, synchronize to a
possible non-zero final state. The algorithm takes the following
form for all the spacecraft

2 jeN (o)) %id () (i — 25)

— Y2Wi —]

,YieV, (8)

wi = —
W,

where a;;(t) > 0 is the weight of arc (j,7) for ¢,j € V at ¢

and 79 is a positive constant to be determined.

Proposition 4.1. Suppose that Assumption 3.1 holds and G, ;)
is uniformly jointly strongly connected. Also assume that
zi(0) € (—m, 7], w;(0) # 0 and bounded, for all i € V. For
multiple underactuated spacecraft (2), algorithm (8) guarantees
that full attitude synchronization is achieved if 7, is chosen
sufficiently small. In particular, it follows that

e w;(t) #0, foralli € V and for allt > 0.

o limy oo wi(t) =0, foralli € V.

o limy soo(2i(t) — 2j(t)) =0, foralli,j € V.

o The control input w; remains bounded for all© € V and all

t>0.

Proof. 1t is clear that the closed-loop system (2) with dis-
tributed attitude algorithm (8) can be written as

. Y2 .1 1
o= =R (haPiy Y as@-5) (- w).

TENi (o (1)) Wi

aij(t)(2i
JEN(a(t))

Note that the above equations hold for (C\{0}) x R x --- x
(C\{0}) x R.

(9a)
(9b)

Zi=— - ),
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Following the similar analysis of Theorem 4.1, we can show
that w;(t) # 0 for all ¢ > 0 and lim;_, o w;(¢) = 0, for all
1€ V.

We next show that limy o (2;(t) — 2;(¢)) =0, forall ¢, j €
V. Consider the following function U = maxy; j1yevxy Vij,
where Vi;(z) = (2i(t) — 2;(t))? for all {i,5} € V x V and
z = [21,%2,...,2,) . We first establish the following claim
(proof can be found in Appendix).

Claim I: U(z(t)) < pae92'U(z(0)), where U(z2(0)) =
maxg; 3evxy Vij(z(o))» P2 = ﬁ and g2 = ﬁ hlﬁ

with N = 200D — 7% 4 27% and B, = (1 —
—((2n—3)a*+as)T; a. —2(n—1)a*NT
e (@noBattan)i) e 2 NTy

It follows from Claim I that lim;_, ., U(t) = 0 and thus
limy 00 (2i(t) — 2;(¢)) =0, for all 4, j € V.

We finally show that w; is bounded, for all ¢ € V using
Claim I. It follows from the fact maxy; j1evxy|zi(t) —

2i(t)] < /pre” 7 4\/U(2(0)) that for all i € V

(n — Da” maxy; jyeyxp |2i(t) — 2 (1))

wi(t)] < yalwi(t)] +

< 72|wi (0)[+/p2(n — 1)a” /U (2(0 ))6_0'592t\/0‘6”t -1
< Wi O] + VPR ~ Da*ayTED)e o2,
Therefore, |w;| < ~2|wi(0)] + /p2(n — 1)a \/_\/

if we choose that s < po.

Proposition 4.1 is verified by the simulation in Figs. 7 and
8. In particular, the communication topologies are chosen the
same as in Section III-B. The control gain 75 is chosen as
~v2 = 0.1. Figs. 7 and 8 show, respectively, the trajectories of
attitudes w;1, w;2, 2; and the control inputs w;; and w9, for
1 =1,2,3,4. We see that attitude synchronization is achieved
while the control inputs remain bounded.

lwi(t)]

V. CONCLUDING REMARKS

We studied attitude coordinated control problem of multiple
underactuated spacecraft in this paper. A special parametriza-
tion was used to describe the attitude kinematics. We proposed
partial attitude coordination protocols and full attitude coordi-
nation protocols. The symmetry axes of all the spacecraft were
shown to be aligned under a general connectivity assumption.
The discussions on the cases without self damping term
provided some insight into the collective behaviors of multiple
underactuated systems. Future work includes the extension of
the kinematic study in this paper to the dynamic case and
using rotation matrix as attitude parameterization to avoid
singularity.
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APPENDIX: THE PROOF OF CLAIM I

Proof. Let V! x V? be the set containing all the agent
pairs that reach the maximum of V;;, {i,j} € V x V at time
t, ie., VI(t) x V2(t) = {{i,j} € V x V|V;;(t) = U(t)}.
The derivative of U can be calculated as DYU < 0. Using
comparison lemma (using 0 and U(z(0)) as the roles of
f(t,u) and up for Lemma 3.4 of [29]) , we know that
U(z(t)) < U(2(0)), for all t > 0.

Define 17 = T*+27;. We analyze the trajectory of U (z(t))
during the time interval [0, NT}], where N = @ Based
on the definition of U, we know that for all ¢ € [0, NT3],
Vij(z(t)) <U*, Y{i,j} € V x V, where U* := U(2(0)). Let
us first consider agent 7; € V and focus on the time interval
[0,T1]. Since agent 4 is the root, it follows from uniformly
jointly strongly connected assumption that there exists a time
t; and an agent io € V \ {i1} such that (i1,i2) € & during
t e [tl,tl + T;) C [O,Tl]. Then for all t € [tl,tl + T;),
we know that V; 5, < —a (Vi — WU*), where o =
(2n — 3)a* + a.. It thus follows that V;,;, < &;U*, where
ar=(1- e’O‘T;)W 477 < 1. Then, we know that
forall t € [t; + 75, NT1],

mliZ < - Z ailk(t)(‘/iwé - ‘/;2k)
keN, (o(t))

- Z a’hk(t)(‘/;'ﬂQ - ‘/ilk)
kENi, (o (t))

< —=2(n—1)a*(Viyi, —U™).

This implies that for all ¢ € [t1 + 7, NT1], V4, (t) <
(1= e @NTh) 4 e=@NTG ) U, where @ = 2(n — 1)a*.
Note that 1 — (1 — é&1)e~ N1t < 1. Therefore, we know that
forall t € [t1 + 75, NT4],

Vivin (2(t)) < 0qU”,

where af = (1—(1—e~97d)%¢~aNT1) We next focus on the
time interval [T7, 277] and consider V; = {1,142} together. We
know from uniformly jointly strongly connected assumption
that there exists a time instant ¢, and an arc from h € V; to
i € V\ {i1,i2} during [t2,t2 + 7)) C [T1,2731]. We next
bound V},;,. This involves two different cases.

Case I: h = 1;. Following the similar analysis on V; ;,, we
know that for all ¢t € [to + 75, NT1],

Vivis (2(t)) < aqU™.
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Case II: h € V;\{i1}. It then follows that for all ¢ € [ta, t2+
), Vmg < —aizn(Viyigs — Viyn). To this end, we have two
subcases.

Case ILa: Vi, (2(t)) > Viyn(2(t)) for all ¢ € [to, ta + 7).
It then follows that

‘/ilis <- (277’ - 3)0’*(‘/1'11'3 - U*) - a*(‘/iliz - O‘TU*)

(2n — 3)a* + a.
«

This shows that V;,;, (2(t2 + 7)) < &oU™, where &y =1 —

1Tt follows that for all ¢ € [to+7%, NTy),

Oé’{ U*)

<—aV;

113

—arjyax(1=aj)
(1—e-omi)t=0o1)

‘/iliii (Z(t)) < (1 - (1 - dQ)e_aNTl) U* = (1 - BE)U*a

where B, = (1 — e=07d )%=~ aNTL,

Case ILb: there exists a time t* € [ta,t2 + 7] such that
Viyis (2(t*)) < Viyn(2(t*)) < ojU*. It then follows that for
all t € [t*, NT1], Viyiy (t) < (1 — e N1 (1 — af)) U™,

Combining the above analysis, it is not hard to show that
forall t € [ta+75, NT1], Viyis (2(2)) < (1—B2)U*. Then, we
consider Vo = {i1, 42,13} together. We have actually shown
that for all t € [2Ty, NTy], Vi,k(2(t)) < (1 — B2)U*, for all
k € Wo\{i1}, since (1 — B2) > aj =1 — B..

Continuing the above analysis, we can show that for all
t € [(n—1)T1, NTy] and for all & € V\{i1},

Vir(2(t)) < (1= 7~ HU™.

Next, we consider agent io as the root. Note that we have
shown that V;,;, satisfies (10). Therefore, we can similarly
show that that for all ¢ € [(2n—3)T, NT1], Vi,k(2(t)) < (1—
BE=3)U*, for all k € V\{ia}.

Finally, it follows that for all 7,5 € V,

Vij(2(NTy)) < (1 - BY)U™.

Then, let v be the smallest positive integer satisfying ¢ <
1 NT;. It then follows that

U(z(t)) < (1= g0)*-'ur
1
1-py
- pQG_QQtU*a

(10)

< (1—- M)~ U*

where 0o = ﬁ In ﬁ and py = ﬁ This proves the
desired claim. ]
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