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Critical Sampling Rate for Sampled-Data Consensus over Random Networks
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Abstract—In this paper, we consider the consensus prob-
lem for a network of nodes with random interactions and
sampled-data control actions. Each node independently samples
its neighbors in a random manner over a directed graph
underlying the information exchange of different nodes. The
relationship between the sampling rate and the achievement of
consensus is studied. We first establish a sufficient condition,
in terms of the inter-sampling interval, such that consensus
in expectation, in mean square, and in almost sure sense
are simultaneously achieved provided a mild connectivity as-
sumption for the underlying graph. Necessary and sufficient
conditions for mean-square consensus are derived in terms of
the spectral radius of the corresponding state transition matrix.
These conditions are then interpreted as the existence of a
critical value on the inter-sampling interval, below which global
mean-square consensus is achieved and above which the system
diverges in mean-square sense for some initial states. Finally, we
establish an upper bound of the inter-sampling interval, below
which almost sure consensus is reached, and a lower bound,
above which almost sure divergence is reached. An numerical
example is given to validate the theoretical results.

I. INTRODUCTION

In the traditional consensus algorithm, each node ex-
changes information with a few neighbors, typically given by
their relative states, and then updates its own state accord-
ing to a weighted average. In the sampled-data consensus
algorithms [1]-[4], the agent dynamics are continuous and
the control input is piecewise continuous. The closed-loop
system is transformed into discrete-time dynamics. In this
paper, we study the sampled-data consensus over random
networks. We consider a network of N nodes indexed in the
set V.={1,2,...,N}. Each node i holds a value z;(t) € R
for t € [0, 00). The evolution of z;(t) is described by

i(t) = wi(t), (D

where u; € R is the control input. Each node samples
data from a few neighbors at each sample instant, and then
construct the control input according to a weighted average
of its own state and those of its neighbors. We analyze the
convergence of the consensus algorithm with a sampled-data
controller over independent random networks.

Consensus over random networks has drawn much atten-
tion since communication networks are naturally random.
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The mean-square convergence of consensus algorithm with
independent, identically distributed (i.i.d.) random graphs
was studied in [5], [6]. Probabilistic consensus has also been
investigated in the literature. Almost sure convergence of
consensus algorithms was considered in [7]-[10]. Divergence
in random consensus networks has also been considered.
Almost sure divergence of consensus algorithms was studied
in [11], [12]. Compared to the literature, the main contribu-
tions of this paper are summarized as follows. Necessary and
sufficient conditions for mean-square consensus are derived
in terms of the spectral radius of the corresponding state
transition matrix. These conditions are then interpreted as
critical thresholds on the inter-sampling interval and we
show that they can be computed by a generalized eigenvalue
problem, which can be stated as a quasi-convex optimization
problem. We obtain an upper bound on the inter-sampling
interval below which almost sure convergence is reached, and
a lower bound on the inter-sampling interval above which
almost sure divergence is reached. An extended version of
the results of this paper is available as [13].

The remainder of the paper is organized as follows.
Section II provides the system model and introduces various
consensus notions. Their relations are also discussed. In Sec-
tion III, we present necessary and/or sufficient conditions for
expectation consensus, mean-square consensus, almost sure
consensus/divergence. In Section IV, we give a numerical
example. Some conclusions are drawn in Section V.

Notations: N, C, R and R, are the sets of nonnegative
integers, complex numbers, real numbers and positive real
numbers, respectively. For x,y € R, zVy and x Ay stand for
the maximum and minimum of x and y respectively. The set
of n by n positive semi-definite (positive definite) matrices
over the field C is denoted as S} (S}, ). For a matrix X =
[x1 2 -+ x,] € R™*™, || X|| represents the spectral norm
of X. vec(X) is the vectorization of X, i.e., vec(X) :=
(27,2, ...,2] € R™". @ denotes a Kronecker product of
two matrices. If m = n, p(X) denotes the spectral radius of
X. For vectorization and Kronecker product, the following
properties are frequently used in this work: i) vec(ABC) =
(C'"®@A)vec(B); ii) (A®B)(C®D) = (AC)®(BD), where
A, B, C and D are matrices of compatible dimensions. The
notation o(-) represents the o-algebra generated by random
variables.

II. SYSTEM MODEL AND PRELIMINARIES

A. Random Networks and Sampling

The directed interaction graph G = (V,E) describes
underlying information exchange. Here E C V X V is an
arc set and (j,47) € E means there is a (possibly unreliable)



communication link from node j to node i. The set of
neighbors of node ¢ in the underlying graph G is denoted
as A; = {j : (j,4) € E}. The Laplacian matrix L := [[;;] €
RN*N associated with G is defined as

l--—{l’ ifi#j and (§,7) € E
E Zm;ﬁi Lmaery, ifi=7.

A directed path from node i; to node ¢; is a sequence of
nodes {i1,...,%;} such that (i;,i;41) € Efor j =1,...,1—
1. A directed tree is a directed subgraph of G = (V, E) such
that every node has exactly one parent, except a single root
node with no parents. Therefore, there must exist a directed
path from the root to every other node. A directed spanning
tree is a directed tree that contains all the nodes of G.

Let ¢ be the set containing all subgraphs of G and {Gj, =
(V,Ep) bren be a sequence of random graphs, in which by
definition each Gy, is a random variable taking values in ¥.
The Laplacian matrix L(k) := [I;;(k)] € RN*N associated
with Gy, is defined as

-1, if i # 7 and (j,7) € Eg
lw‘(k){z (i ifi=;
me#i ~{(m,1)€EL}> J-

The set of neighbors of node ¢ in Gy is denoted as
Ni(k) :=={j: (j,i) € Ex}. Let the triple (4", F,P) denote
the probability space capturing the randomness contained in
the random graph sequence, where F is the set of all subsets
of 4N, Define a filtration Fj, = o(Gy, ..., Gy) for k € N.

We define a sequence of node sampling instants as 0 =
to < -0 < <tpg1 < ... with 7, = tr4+1 — ty represent-
ing the inter-sampling interval. The sampled-data consensus
scheme associated with the random graph sequence {Gy, }ren
is given by

u;(t)

Z [xj(tk-) - l’z‘(tk)], t € [tk tht1)-

JEANi (k)

2

The closed-loop system can then be written in the compact
form

x(tk+1) = [I - TkL(k)]x(tk) = W(k)x(tk)

with W (k) := [w;; (k)]

B. Consensus Metrics

Define Tpmax(tx) = max;ev zi(tx) and Zpyin(tr)

min;ey x;(t;) and the agreement measure X(k)

ZTmax(tk) — Tmin(tx). We have the following consensus

metrics.

Definition 1: (i) Algorithm (3) achieves (global) con-
sensus in expectation if for any initial state z(ty) € RN
there holds limy_,.. E[X(k)] = 0.

(i1) Algorithm (3) achieves (global) consensus in mean
square if for any initial state z(ty) € RN there holds
limg_s o0 E[X2(K)] = 0.

(iii) Algorithm (3) achieves (global) consensus almost surely
if for any initial state x(t;) € RN there holds
P (limg 00 X(k) = 0) = 1.

(iv) Algorithm (3) diverges almost surely if there holds

3)

P( limsup;,_, . X(k) = oo
x(tg) € RN except for z(tg) L 1.

= 1 for any initial state
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Define the difference between the state x(t;) and its average
as d(k) := x(ty) — §11'z(tx). Since

1
— =1z

11'
- =1z
N

N

1
xmax(tk) — Nl/x(tk)

X(k) = o) (1) - [xmmuk) <tk>]

IN

1
+ xmin(tk) - Nl/x(tk)

23 [ailt) - va(e)| = VEN] @

i=1

IN

and

X(k) = Nil/2 \/N(xmax(tk) - xmin(tk))Q

N 2
1
> N2 a(te) — <1
> - [l‘z(tk) N l‘(tk)]
= N2 |ld(k)|l, (5)

limg_, o0 E[X%(K)] = 0 is equivalent to limy_,o. E||d(k)|? =
0.

The following lemma suggests that if the inter-sampling
interval is small enough, the consensus notations in Defini-
tion 1 are equivalent. The proof can be found in [13].

Lemma 1: Suppose 7, € (0,(N—1)71] for all k € N.
Then expectation consensus, mean-square consensus, and
almost sure consensus are all equivalent under Algorithm
3).

Remark 1: In [14], the equivalence of LP consensus,
consensus in probability, and almost sure consensus was
obtained over a random network generated by i.i.d. stochastic
matrices. In Lemma 1, we show that this equivalence holds
regardless of the type of random process, by which the row
stochastic matrices are generated.

III. SAMPLING RATE AND CONSENSUS METRICS OVER
INDEPENDENT RANDOM NETWORKS

In this section, we investigate sampled-data consensus
when the random graph Gy is obtained by each node
independently sampling its neighbors in a random manner
over G. Regarding the connectivity of the underlying graph
G, we adopt the following assumption:

(A1) The underlying graph G has a directed spanning tree.
We also impose the following assumption.

(A2) The random variables 1({(; e, (J,1) € E, k € N,
are i.i.d. Bernoulli with mean q > 0.

In order to simplify the analysis, we also make the following

assumption.

(A3) Let 7, = 7, for all £ € N with 7, > 0.

When each node samples its neighbors as Assump-
tion (A2) describes, {L(k)}xen are ii.d. random variables,
whose randomness originates from the primitive random
variables 1¢(; iyeg,}’s- We denote the sample space of L(k)
by & = {LW, L? . LM} where M || and
LO = [lg)] € RN*N ig the Laplacian matrix associated
with a subgraph G() € . By counting how many edges are



present in Gy and how many are absent from Gy, respectively,
the distribution of L(k) is computed by

P(L(k’) — L(i)) _ qTr(L(i))(l _ q)Tl'(L—L(i)) = (6)

fori = 1,...,M. When 7, = 7, W(k) inherits the same
distribution as L(k) from Gy. Then, we denote W =:
I—7.L0,

A. Conjunction of Various Consensus Metrics

When the inter-sampling interval is small enough (to be
precise 7. < (N — 1)71!), each node recursively updates
its state as a convex combination of the previous states of
its own and its neighbors. Under Assumptions (Al), (A2),
and (A3), we show in the following theorem that, as long
as G has a directed spanning tree, Algorithm (3) achieves
consensus, simultaneously in expectation, in mean square,
and in almost sure sense.

Theorem 1: Let Assumptions (Al), (A2), and (A3) hold.
Then expectation consensus, mean-square consensus, and
almost sure consensus are achieved under Algorithm (3) if
7. € (0,(N=1)71).

Proof: By Lemma 1, it suffices to show that Algo-
rithm (3) achieves consensus in expectation.

Fix a directed spanning tree G of graph G and a sampling
time t;. Let the root of G be i1 € V, and define a set of
nodes ./ := {i1 }. Denote 1 := (7, ) A(1—(N—1)7.). Then,
there holds 7 > 0 when 7, € (0,(N — 1)7'). We assume
iy (tr) < 1/2(Tmax (i) + Tmin(tx)) while the other case for
iy (tr) > 1/2(Tmax (tr) + Tmin(tr)) will be discussed later.

Choose a node i5 € V such that is & .#1 and (i1,i2) €
Gr. Define A5 := 41 U {iz}. Consider the event & :=
{(i1,42) € Eg41}. When & happens, x;,(t;+1) evolves as
follows:

iy (1) = Wiy, (k)zi, (t) + D wiy (k) (tr)
J#i
< S0t ()i (1) + (1)
+ (1= i, (0)ma(12)
< 5min(2) + (1= 31)ma(t),

where the last inequality holds because 1 < w;,;, (k). Since
n < wj, i, (k), we show that x;, (tx+1) is bounded by

1 1
Tiy (tk+1) < inwmin(tk) + (1 — §n)xmax(tk)~

At time g0,

iy (tet2) = Wiy, (k + D)2,y (bog1) + D wiyj (k + 1)a;(tesa)

J#i1
1 1
< Wiyiy (K +1) 577xmin(tk) +(1— gn)xmax(tk)
+ (1 = wiyi, (k + 1)) Tmax (trr1)
1 1
< §n2xmin(tk) + (1 - §n2)xmax(tk)7

where the last inequality is due t0 Tmax(trx+1) < Tmax(tk)
and 1 < w;y,(k + 1). The same is true of node 4, ie.,
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iy (tig2) < 377 Tmin(tr) + (1 — 0?)@max(t). Recursively,
we see that @, (tgn) < 517" Tmin(te) + (1 — $7™)Zmax (k)
and zj, (th4n) < %nnmmin(tk) +(1- %nn)xmaX(tk)'

We choose nodes i1,...,4y in sequel and accordingly
define .#,...,.#n and &, ...,68N. Consider &,..., 8N
sequentially happen, then z;, (txtn) < %n”xmin (tg) + (1 —
IN™)Zmax(ti) holds for all 1 < m < Nandn > N—1,
which entails

xmax(tk-&-N—l) = mfuxxi(tk+,\|_1)
1 1 N
S inN 1.’Emin(tk) + (1 - 577N 1)xmax(tk)~

In this case, the relationship between X(txyn—1) and X(k)
is given by

X(k+N—1)
= xmax(tk—f—N—l) - ijin(tk-&-N—l)

1 1 Nz
< f’l]N 1-’17min(tk) + (1 - 577'\' 1)xmax(tk) - xmin(tk)

-2
= (1 - ;nN_1> X(k). (7
If 2, (ts) > 1/2(Tmax(tk) + Tmin(ty)) is assumed, a

symmetric analysis leads to that, when &, ..., &\ sequen-
tially occur, @min(trin—1) = 37V 'Tmax(te) + (1 —
2N ") Zmin (tk). Then we obtain exactly the same result
as (7). Therefore, the inequality (7) holds irrespective of the
state of x;, (t).

In addition, we know that probability that the events

&y, ..., 6N sequentially occur is

N

_ _ _ N—1

P (wﬂgi - 1) = [[Bs = 1) = "
=2

Combining all the above analysis,
E[X(k+N—1)]

<M (1 _ ;77”1> E[X()] + (1 — N HE[X (k)]

= (1= Gl Blxo)L ®

Since 0 < ¢n < 1, then limy_, E[X(k)] = 0, which
completes the proof. [ ]

B. The Mean-square Consensus Threshold

In this part, we focus on the relationship between sampling
rate and mean-square consensus. The key step to our main
result is the following proposition. Due to limited space,
readers can refer to [13] for the proof.

Proposition 1: Let Assumptions (Al), (A2), and (A3)
hold. Then the following statements are equivalent:

(i) Algorithm (3) achieves mean-square consensus;

(ii) There holds p(]E[W(O) @ W(0)](J® J)) < 1, where
1.,



(iii) There exists a matrix .S > 0 such that
M
¢(8) =Y mJWDISIWD) ] <5, (10)
i=1
where 7; is defined in (6).

Theorem 2: Let Assumptions (Al), (A2), and (A3) hold.
Then Algorithm (3) achieves mean-square consensus if and
only if 7, < 71, where 7y is given by the following quasi-
convex optimization problem:

argmin_ — 7
subject to Y, Z, ¥ >0

Y -17Z>0,

(11a)
(11b)

where W is defined in (12).

Proof: Necessity: Without loss of generality, choose
for (v1,...,vn) an orthonormal basis of RN with v; =
ﬁl. Then, any vector 0 # x € R™ can be expressed
as r = Z'i\':l a;v; with coefficients aq,...,an not all 0.

We have z'¢(S)x = (Z::\Izz aiw)lgb(S)(Z'i\':Q aivi) and

li

' (JSJ + 11)x = (Z;\I:Q aivi) S(Z?‘ZQ aivi) + a3
Since ay,...,ay are not all 0 and ¢(S) < S, there holds
SM WO ISI(W®Y T < JSJ + 11'. Finally, let
Z =S and Y = 7.5. By Schur complement lemma, we
see that (12) and (11b) hold. In addition, the optimization is
a generalized eigenvalue problem, which is quasiconvex [15].

Sufficiency: For any given 7, < 7y, there always exist ¥

and Z such that (12) and (11b) hold. According to Schur
complement lemma, (12) is equivalent to

M
JZJH1 =Y mi(JZ—JLWIY)Z~

i=1
which gives
JZJ+11
M
>N mi(JZ - JLWIY)Z-

i=1

Yz — gL gy)*

M
>3 m [T*JL@)JYJ(L“))’J— JY J(LDY ]~ JL“')JYJ}
=1

+JZJ

>JZJ -1, YT+ 1.7, (13)

where the second inequality holds by substituting Z~! with
.Y ™! in accordance with (11b). Therefore, it leads to
JYJ 4+ 1.11" > ¢(Y). Letting S = JY J + 7,11, we have

M
=y mJw
=1

and S > ¢(.9). In addition, the positive definiteness of .S can
be seen from the following lemma.

Lemma 2: There holds JMJ + €11’ > 0 for all M > 0
and € > 0, where J is defined in (9).

JJY J +71,11)J(W®)'J = ¢(S)
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YJZ—JLWDJy) >0

Proof: Choose for (vy,...,vN) an orthonormal basis
. 1 N
with v; = §1. For any nonzero vector x = Zi:l a;v;,
/
' (JMJ + €11 )z = (Z'i\':z aivi) M Z¢N=2 aivi> + €a?.
Since ai,...,ay are not all 0 and > 0, we have
2 (JMJ +€ell’)z > 0. [

By Proposition 1, Algorithm (3) achieves mean-square con-
sensus, which completes the proof. [ ]

C. Almost Sure Consensus/Divergence

In this part, we focus on the impact of sampling intervals
on almost sure consensus and almost sure divergence of
Algorithm (3).

Theorem 3: Let Assumptions (Al), (A2), and (A3) hold.

(1) If 7, < 74 with 71 given in Theorem 2, Algorithm (3)
achieves almost sure consensus.
(ii) If 7, > 7, where 7y € R is given by

T =
. 2N(r = 1) _ (1 —q)log(2N) }
inf < 7 : log ,s(1) >0

{ N-1 qxq )
with g, := min{(1 — ¢)" %1 . (5i) € E} and

s(7) := min { A (7(LO) JLO — JLE — (L

D))
LW ¢ }, Algorithm (3) diverges almost surely for
any initial state z(to) € RN except z(to) L 1.

Proof: We start by presenting a supporting lemma.

Lemma 3 ( [16, Lemma (5.6.10)]): Let A € C"*"™ and

e > 0 be given. There is a matrix norm | - ||y such that
p(A) < |l Afly < p(4) + e

» Proof of (i): Note that

E(ld(%)]%]

The inequality results from the fact that, for any X :

=Tr (E[d(k)d(k)*]) <N/ vec (E[d(k)d(k)"]) ||-

(i) € ST [[vec(X)[2 = z”al%_zuxg
Ly 2i)? = 1(Tr(X))?. Moreover,

vee(E[d(k)d(k)"]) (14)
= (J® JHE[W(0) @ W(0)] vec (E[d(k — 1)d(k — 1)*])

(J® JE

(7@ 7B (©0) & W(0)]) vee (d(0)d(0)")
= (7 & DEIV0) 2 W(0)]) (7 @ J) vee (alto)a(to)”)

u®J([ W) & WO @) vee (x(to)a(to)").

(Jo JE

If 7. < 7 or equivalently p(]E[W(O) QWO)(J®J)

by Theorem 2, there exists a matrix norm || - ||+ such that
|EW 0)®W(O)](J®J)HT< A < 1 by Lemma 3. Moreover,
by the equivalence of norms on a finite-dimensional vector
space, for the two norms || - || and || - ||+, there exists a
real number ¢ € Ry implying || X| < ¢||X|s for all
X € R™ ", From the forgoing observations, (14) and the



JZI+11 ywi (J7 - JLWIY)

* A

* *

V(I Z — JLM™ JY)
! (12

z

with *’s standing for entries that are the Hermitian conjugates of entries in the upper triangular part.

submultiplicativity of a matrix norm,
E[ld(k)[%]
<NU/2 (J®J)(E[W(O)@W(O)](J@J))kvec(m(to)m(to)*)‘

§N1/2C

(Ew©ewol(e J>)kHT [Ivee (@ (to)(t0)") |

<c)\kN1/2uvec (x(to)x(to)™)

Therefore, S e o Ellld(k) 1] < c(1 -
A)~ 0)*) ]| < oo, together with
Markov’s inequality resulting in that Y~  P(||d(k)]

§) < (1/6%) > 72 o E[lld(k)||?] < oo holds for any & > 0.
According to the Borel-Cantelli lemma, limy_, o ||d(k)|| = 0
almost surely for any initial state z(ty) € RN. Then, the
result follows from (4) and (5).

Proof of (ii): The rest of the proof consists of three steps.
Step 1. First of all, observe that for all k € N and w € @N

ld(k + 1,w)||* =d(k,w)* W (k,w) JIW (k,w)d(k,w)
OW Gk, w) TW (k)| (ks ) 2

> min

lfvli=1,

vl1l

where the inequality holds because d(k,w) L 1. If

)\min(W(k,w)’JW(k,w) + ﬁu’) > 1 for any k € N and

w € ¥N, then min joj=1, Uv*W(k,w)’JW(k,w)vH > 1,

v l1
which together with (4) and (5) implies that
2

P (X2(k) > 47 ) = 1 holds for all k € N. Therefore,

X(k) > 0 for all k € N provided that X(0) > 0. The random
variables £(k) := xx(zk(z)l), k € N. are well defined.

One condition guaranteeing Amin (W(k,w)’JW(k,w) +

ﬁll’) > 1 is established as follows. For any LW e &,

l11’)
N
=T Amin (T(L(“)’JL(“ — JLO - (L<Z‘>)’J) +1.

Amin (W(k,w)’JW(k, w) +

Introduce
7 = inf {T  Amin (T(L@))’JL(Z') L - (L“))’J) >0,
VLO) ¢ .,sf}. (15)

A basic but vital observation is that 74 < oo, which makes
7y well defined. According to Weyl Theorem (Theorem 4.3.1

in [161), Amin (T(LU))’JL@) gL - (L<i>)'J) > 0 when-
ever 7 > 7 for each L(Y € Z. Recalling that L(k,w) € &,

we see that 7 > 74 guarantees Amin (W(k,

§11') >1forall k € Nand w € 9" .
Step 2. First, we propose the following claim, which can be
proved by contradiction.

Claim. There always exist two (random) nodes 7,7 € V
at each time k such that (j,7) € E and |z;(tx) — x;(tx)] >
T X (k).

In view of this claim, for each w € ¥~, we choose two
nodes i (w), jix(w) € V at time k such that (ji(w),ix(w)) €
E and |z, () (tk) — ), ) (k)] = 5% (k,w). The de-
pendence of the node selections on a specific sample path
gives rise to a challenge in the subsequent analysis. To get
rid of this, we introduce auxiliary random variables. Let
{zr}ren be a sequence of i.i.d. random variables defined

n ((0,1)N,(B(0,1))N,r), where B(0,1) denotes the Borel
algebra on (0,1), with z,(¢) = ¢ for all ¢ € (0,1)N
and each z; uniformly distributed in (0,1). Let zg, 21, ...
and Gg, Gq,... be independent. Formally, we are allowed
to define a product probability space (., S, i) where .¥/ =
@M x (0,1)N, S is the o-algebra generated by {& x % :
o € F,% € (B(0,1))N}, and p is the probability mea-
sure satisfying p(of x B) = P()((AB). Define S, =
o ((Go,20),---,(Gg, 2x)). Introduce a sequence of events
associated with i (w), jr(w) and z:

F(k) = { Usear (@ x By(w)) :
Ny (kb,w) = {jr(w)},

w) JW (k,w) +

’/%k(w)(kaw) = (b}
with
Z(w)={C € (0, 1)": 2(0) < g/ (1-g) o H ol L

Since ik (w), ji(w) € Fr_1, one can verify Z(k) € Si. If
7. > 1, for all (w,() € (k) and k € N,

X(k+1,0) >|%i, ) (ter1) — Ty () (tr1)|
=(Te = D)4, ) (tk) — 25, () (tr)]
Te — 1
>
>N "1 X(k,w). (16)
Direct calculation yields p((w, () € 2(k)) = %'
_ Tx—1

Step 3. Now we define random variable 9i(k) ]
f (w,¢) € 2(k) and iN otherwise, which together

with (16) leads to (5k = X (4D > smz(k)) — 1. There-

EEI(y
fore, 1 (Hk ok = S > T, OzmQ(k;)) — 1, which
gives

t

=3

u (log X(t+1) —log X(0
k=0

log M (k )zl. a7

416



Since each node samples the neighbors independently, where
the “independence” is in both spatial and temporal sense
(Assumption (A2)), therefore, for any k € N,

p((@:0) € () | Ser) = 175 = () € 2(k)),

indicating that 9t(k)’s are independent random variables for
2(0),...,2(k — 1) € Sk—1. By induction, we eventually
have {M(k)}ren are ii.d. with the mean computed as

q*q Ty — 1+(17 Q*q L =
1—gq N—-1 1—gq 2N
Additionally, as 9t(k)’s have uniformly bounded covari-
ances, Kolmogorov’s strong law of large numbers [17] shows
that p <limt_,oo 1 Z;ZO logM(k) = m(n)) 1,which
together with (17) implies that, when m(7.) > O,
P (liminfy_, o X(k) = 00) 1. Notice that m(7,) is in-
creasing in 7,. Defining 7, inf {7 : m(r,) > 0} and

E[logM(k)] = log ) log

choosing 7, > 74 V 7, := 7y, the conclusion follows. |
171 1}2
o
Vs O173

Fig. 1: The underlying graph G consisting of four nodes.

IV. SIMULATION RESULTS

In this section, we use a numerical example to illus-
trate the existence of the threshold on 7., which de-
cides the mean-square convergence or divergence (see The-
orem 2). We consider a network consisting of N
4 nodes indexed by V {v1,v9,v3,v4}. Let E
{(v1,v2), (v2,v3), (v3,v2), (v3,v4) }. The underlying graph
G = (V,E) is illustrated in Figure 1. It has a directed
spanning tree. The random variables 1¢(; ek, }, (J,7) € E
and k € N, are i.i.d. Bernoulli ones with P((j, i) € Ey)
0.5. We choose a uniform inter-sampling interval, i.e., Ty
7, for all £k € N. According to Theorem 2, we compute
that Algorithm (3) achieves consensus in mean square if and
only if 7, < 1.07. We next illustrate this conclusion using
simulations. Choose x(tp) = [5 2 1 1]’, run 10° Monte Carlo
simulations, and then use the average as an approximation
of E[X?(k)]. Figure 2 illustrates the convergence/divergence
behaviors of E[X2(k)] for different 7,’s, validating the result
of Theorem 2.

V. CONCLUSIONS

In this paper, we have investigated the relationship be-
tween sampling rate and sampled-data consensus over in-
dependent random networks. Three types of consensus were
shown to be simultaneously achieved if the underlying graph
contains a directed spanning tree and the inter-sampling in-
terval is small enough. Then, necessary and sufficient condi-
tions for mean-square consensus were derived in terms of the
inter-sampling interval. Sufficient conditions for almost sure
convergence/divergence were also provided, respectively.

m(Tx).
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Fig. 2: The evolutions of E[X?(k)] under different sampling rates
over an independent random network with ¢ = 0.5. In the upper
figure, limy_, o E[X?(k)] = 0 when 7. = 1. In the bottom figure,
limg 00 E[X?(k)] = oo when 7, = 1.14.
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