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1. Introduction

The study of stochastic systems with multiplicative noise
(i.e., system states and inputs multiplied by noise) has a long his-
tory in control theory (Wonham, 1967), and is re-emerging in the
context of complex networked systems and learning-based con-
trol. In contrast to the additive-noise setting, the multiplicative-
noise modeling framework has the ability to capture coupling
between noise and system states. This situation occurs in modern
control systems as diverse as robotics with distance-dependent
sensor errors (Du Toit & Burdick, 2011), networked systems
with noisy communication channels (Antsaklis & Baillieul, 2007;
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Hespanha et al., 2007), modern power networks with high pen-
etration of intermittent renewables (Guo & Summers, 2019),
turbulent fluid flow (Lumley, 2007), and neuronal brain net-
works (Breakspear, 2017). Linear systems with multiplicative
noise are particularly attractive as a stochastic modeling frame-
work because they remain simple enough to admit closed-form
expressions for stabilization (Boyd et al, 1994) and optimal
control (Gravell et al., 2021; Kleinman, 1969; Wonham, 1967).

It is important to study identification of linear systems with
multiplicative noise, because, when solving problems such as
control design of multiplicative-noise linear quadratic regulator
(LQR), system parameters including the nominal system matrices
and the noise covariance matrix, especially the latter, generally
need be known (Gravell et al., 2021). In contrast, for the design
problem of additive-noise LQR, the covariance matrix of additive
noise needs not be known (Dean et al., 2019). Moreover, the iden-
tification problem requires further investigation; for instance, it
is unclear how to formally quantify identifiability issues resulting
from coupling between system states and multiplicative noise,
and how to design identification algorithms to efficiently tackle
the influence of multiplicative noise.

Another issue that must be addressed is how to perform
system identification based on multiple-trajectory data, rather
than on single-trajectory data. Multiple-trajectory data arises in
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two broad situations: (1) episodic tasks where a system is reset
to an initial state after a finite run time, as encountered in
iterative learning control and reinforcement learning (Matni et al.,
2019); and (2) data collected from multiple identical systems
in parallel, for example, robotic-grasping dataset collected by
Google running several robot arms concurrently (Gu et al., 2017;
Levine et al., 2018). For multiple-trajectory data, the length of
each trajectory may be small, but the number of trajectories
can be large. However, the classic literature of system identi-
fication mainly focuses on studying online estimation over a
single trajectory, so there is a need to study how to identify
systems based on multiple-trajectory data. In addition, system
identification based on multiple trajectories can be a pre-step
of conducting other tasks such as control design of LQR (Dean
et al., 2019). Thus, studying the performance of identification al-
gorithms based on multiple trajectories is necessary for obtaining
performance guarantees of later tasks.

1.1. Related work

For identification of a nominal linear system, recursive algo-
rithms, such as the recursive least-squares algorithm, have been
developed in the control literature (Chen & Guo, 2012; Lai &
Wei, 1982; Ljung, 1986). These algorithms can be applied to
identification of linear systems with multiplicative noise, pro-
vided that certain conditions of system stability and noise hold.
Non-asymptotic performance analysis of identification methods
can be found in Campi and Weyer (2002, 2005) and Weyer and
Campi (2002). It has once again attracted attention from differ-
ent domains and been investigated more extensively, because of
recent development of random matrix theories, self-normalized
martingales, and so on (see Dean et al. (2019), Matni and Tu
(2019) and Zheng and Li (2020) and references therein).

For estimation of noise covariance, both recursive and batch
methods have been proposed over the last few decades (Dunik
et al.,, 2017), but most of these methods focus on the additive-
noise case. In order to estimate multiplicative noise covariance,
Schon et al. (2011) introduces a maximume-likelihood approach,
and Kantas et al. (2015), Kitagawa (1998) utilize Bayesian frame-
works. These methods, however, require prior assumptions on
the noise distributions, whose incorrectness may worsen algo-
rithm performance. Coppens and Patrinos (2020) and Coppens
et al. (2020) study stochastic LQR design for a special case of
linear systems with multiplicative noise. It is assumed that the
multiplicative noise is observed directly such that a concentration
inequality can be obtained for estimates of the noise covariance.
The most relevant work to our paper is Di and Lamperski (2021),
which studies simultaneously estimating the nominal system pa-
rameters and noise covariance matrix based on single-trajectory
data. In that paper, a self-normalizing (ellipsoidal) bound and a
Euclidean (box) bound are provided for least-squares estimates,
but it is not clear whether the bounds converge to zero under the
setting of linear systems with multiplicative noise.

There is a growing interest in system identification based on
multiple-trajectory data, along with their applications in data-
driven control (Dean et al.,, 2019; Matni & Tu, 2019), due to
the powerful and convenient estimator schemes facilitated by
resetting the system. This framework can be applied to both
stable and unstable systems, because of the finite duration of
each trajectory. The authors in Tu and Recht (2018) and Sun et al.
(2020) introduce the procedure of collecting multiple trajectories,
to identify finite impulse response systems. In Dean et al. (2019),
the authors develop a framework called coarse-ID control to solve
the problem of LQR with unknown linear dynamics. The first step
of this framework is to learn a coarse model of the unknown
linear system, by observing multiple independent trajectories
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with finite length. However, only the last input-state pairs of the
trajectories are used in the theoretical analysis of the learning
algorithm. The performance of a least-squares algorithm, using all
samples of every trajectory, is studied in Zheng and Li (2020), for
partially observed, possibly open-loop unstable, linear systems.

1.2. Contributions

This paper considers identification of linear systems with mul-
tiplicative noise from multiple-trajectory data. The contributions
are three-fold:

1. An algorithm (Algorithm 1) based on the least-squares
method and multiple-trajectory data is proposed for joint
identification of the nominal system matrices and the mul-
tiplicative noise covariance from multiple-trajectory data.
The algorithm does not need prior knowledge of the noise
or stability of the system, but requires only independent
inputs with pre-designed first and second moments, rela-
tively small length for each trajectory, and the assumption
of independent and identically distributed (i.i.d.) noise with
finite first and second moments. It is theoretically shown
that, under the preceding conditions, the algorithm solves
the identification problem.

2. Identifiability of the noise covariance matrix is investigated
(Propositions 1 and 2). It is shown that there exists an
equivalent class of covariance matrices that generate the
same second-moment dynamic of system states. In addition,
it is studied when such equivalent class has a unique ele-
ment, meaning that the covariance matrix can be uniquely
determined. An explicit expression of the equivalent class is
provided for the recovery of the noise covariance based on
estimates given by the proposed algorithm.

3. Asymptotic consistency of the proposed algorithm is verified
(Theorem 1), under sufficiently exciting inputs and system
controllability conditions. Non-asymptotic estimation per-
formance is also analyzed under the assumption that the
system is bounded. This analysis provides high-probability
error bounds, which vanish as the number of trajectories
grows to infinity (Theorems 2 and 3).

Compared with Di and Lamperski (2021), the current pa-
per provides high-probability error bounds, for the proposed
algorithm, that converge to zero as the number of trajectories in-
creases. In addition, identifiability of the noise covariance matrix
is thoroughly studied, and conditions, under which the covariance
matrix is uniquely determined, are provided. In our problem,
because of the complicated structure of the second-moment dy-
namic of system states, both analysis of the error bounds and
study of the identifiability require more elaborate use of tools
from linear algebra and high-dimensional probability theory. The
differences between this paper and its conference version (Xing
et al.,, 2020) are as follows. This paper studies identifiability of
the noise covariance matrix in detail, demonstrating a framework
to recover the equivalent class of covariance matrices. Moreover,
sharper bounds for the required length of each trajectory are
obtained. Finally, finite sample analysis of the proposed algorithm
is provided.

1.3. Outline

The remainder of the paper is organized as follows. The prob-
lem is formulated in Section 2. In Section 3 the algorithm is
introduced and theoretical results are given. Numerical simu-
lation results are presented in Section 4. Section 5 concludes
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the paper. Due to page limit, proofs are put into the extended
version (Xing et al., 2021).

Notation. Denote the n-dimensional Euclidean space by R", and
the set of n x m real matrices by R™*™. Let IN stand for the set of
nonnegative integers, and N* := IN \ {0}. Let [k] := {1,2,...,k},
k € INT. Denote the Euclidean norm of vectors by | - ||, and
the spectral norm of matrices by || - ||2. The probability of an
event E is denoted by P{E}, and the expectation of a random
vector x is represented by E{x}. An event happening almost surely
(a.s.) means that it happens with probability one. Let A x B
be the Cartesian product of sets A and B, namely, A x B =
{(a,b) : a € A,b € B}. For two sequences of real numbers
ap and by # 0, k € INT, denote a, = O(by), if there exists a
positive constant C such that |a,/by| < C for all k € N*. Let
a; or [A]; represent the (i, j)th entry of A € R™™. Denote the
n-dimensional all-one vector and all-zero vector by 1, and 0,
respectively. The n-dimensional unit vector with ith component
being one is represented by e[ I, is the n-dimensional identity
matrix. For two symmetric matrices A,B € R™", A > 0 (A >
0) means that A is positive semidefinite (positive definite), and
A > B(A > B) means that A— B > 0 (A — B > 0). A block
diagonal matrix A with Ay, ..., A¢ on its diagonal is denoted by
blockdiag(A1, ..., Ax). The Kronecker product of two matrices A €
R™™and B € RRP*Y isrepresented by A®B. The full vectorization
of A = [a;] € R™" is found by stacking the columns of A
(i.e., vec(A) = [ayq az1 -+ Gmp 12 Q22 -+ Amp]T). The symmetric
vectorization (also called half-vectorization) of a symmetric ma-
trix A € R"™" is found by stacking the upper triangular part of the
columns of A (i.e., svec(A) = [aj1 A1z Az -+ A1 Ao -+ Agnl7).
The inverse operations of vec(-) and svec(-), given p,q € N, are
the full matricization mat,.q(x) = (vec(l)” ® I,)(I; ® x) for a
vector x € RP? and symmetric matricization smat,(y) for a vector
y € RPPTV/2 respectively. To generalize the vectorization and
matricization operations to a block matrix

Bi1 Bz -+ Bm
B=| : : D e R™XM,
Bml Bm2 an

where B;; € RP*Y, define the following matrix reshaping operator
F : RMpxng _ ]Rmnqu'

vec(Bn1)
vec(Bmn)]'.

[vec(By1) vec(By1) ---
vec(B1z) vec(B) - --

Then it holds that F(A ® A,m,n,m,n) = vec(A) vec(A)" for
A € R™" which demonstrates the correspondence between the
entries of A ® A and those of vec(A)vec(A)". Note that, when
p = q = 1, F(-) degenerates to vec(-). Define the inverse reshaping
operator G : R™*P4 — R™MP*M 3s

F(B,m,n,p,q) :=

G(B,m,n,p, q)
matyyq(B1) matyyq(Bin—1ym+1)
matpxq(BZ) matpxq(B(n—l)m+2)
matpxq(Bm) matpxq(an)

where B € R™>*P4, Bl.T is the ith row of B. Thus F and G are inverses
of each other in the sense that

F(G(A,m,n,p,q),m,n,p,q) =A
G(F(B,m,n,p,q),m,n,p,q) =B

for any A € R™*P1 and B € R™*", In this way, G(vec(A)
vec(A),m,n,m,n) = A®A for A € R™". Note that both F and G
are linear: F(A+ B, m,n,p,q) = F(A,m,n,p,q)+ F(B,m,n,p, q)
for A,B € R™*™, and G(A + B, m,n,p,q) = GA, m,n,p,q)+
G(B, m,n, p, q) for A, B € R™*P4,
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2. Problem formulation

Consider the linear system with multiplicative noise
Xer1=(A+A)X + (B+Bu, t €N, (M

where x; € R" is the system state, and u; € R™ is the control
input, m < n. The system is described by the nominal dynamic
matrix A € R™" and the nominal input matrix B € R™™,
and incorporates multiplicative noise terms modeled by i.i.d. and
mutually independent random matrices A; and B;, which have
zero mean and covariance matrices ¥, := E{vec(A;)vec(A;)} €
R™>*" and 5 = E{vec(B;) vec(B;)T} € R"™*"™ respectively. The
multiplicative noise is assumed to be independent of the inputs.
Note that if A, and B; have non-zero means A and B, respectively,
then we can consider a system with nominal matrix [A+A B+ B],
as well as noise terms A, — A and B; — B, which satisfies the
preceding zero-mean assumption. The term multiplicative noise
refers to that noise, A; and B, enters the system as multipliers
of x;_and u, rather than as additions. The independence of A;
and B; is assumed for simplicity, and under this assumption the
covariance matrix of the entire multiplicative noise is a block
diagonal matrix E{vec([A; B;]) vec([A; B;])"} = blockdiag( X4, Xp).
Throughout the paper, we use (X4, X3) € R % RAmXIM g
represent this matrix. If A; and B; are dependent, there is an extra
but amenable term on their correlations, E{vec(A;)vec(B;)"}.

An example of System (1) is the following system studied in
the optimal control literature (Boyd et al., 1994; Gravell et al,,
2021),

r N
Xt+1 = (A + ZAipi,t)X[ + (B + Z Bij,t)“t, (2)
i=1 j=1

where {p;;} and {q;;} are mutually independent scalar random
variables, with E(p;} = E{(g;;} = 0, E{p,} = ¢/, and E{q},} =
sz, Vi € [r],j € [s],t € N. It can be seen that A, = Y |_, A,
and B, = Z;Zlquj.t, where o; and §; are the eigenvalues of
Y4 and X3, and A; and B; are the reshaped eigenvectors of X4
and Xp. These parameters are necessary for optimal controller
design (Gravell et al., 2021). It is also possible to use System (2)
to model cyber-physical systems in which fault signals appear
as multiplicative noise (Wang et al., 2020). For new systems
with unknown parameters, the key problem is to identify the
parameters in the first place. Another example of System (1) is
interconnected systems, where the nominal part captures rela-
tionships between different subsystems, and multiplicative noise
characterizes randomly varying topologies (Haber & Verhaegen,
2014).

In the rest of the paper, a trajectory sample is referred to
as a rollout. Suppose that mult1 le rollouts con51st1ng of system
states and inputs (i.e., {[x0 ,u0 ,...,x&")l,u([k)l,xl 1,k € [n]})
are available, where [xék), ug‘), .. x(zk)P u([k 1 xi,k)] is the kth tra-
jectory, ¢ is the length (index of the final time-step) of every
rollout, and n, is the number of rollouts. The problem considered
in this paper is as follows.

Problem. Given multiple-trajectory data {[x0 ,ug‘), xi,k)l,

u(ek)l,x[ 1, k € [n;]}, estimate the nominal system matrix [A B]

and the noise covariance matrix (X4, Xp).

3. Identification algorithm based on least-squares and
multiple-trajectory data

In this section, we propose and study an identification algo-
rithm solving the considered problem. Section 3.1 studies iden-
tifiability of the noise covariance matrix, paving the way to



Y. Xing, B. Gravell, X. He et al.

algorithm design. Consistency of the algorithm is given by
Theorem 1 in Section 3.2. Finally, sample complexity of the
algorithm is studied in Section 3.3, and the results are provided
in Theorems 2 and 3.

3.1. Moment dynamics and algorithm design

In this subsection, we propose an algorithm based on multiple
trajectories collected independently to estimate system param-
eters. Before algorithm design, the effect of multiplicative noise
on moment dynamics is studied, and identifiability of the noise
covariance matrix is clarified.

Taking the expectation of both sides of System (1) and denot-
ing u; := E{x;} and v; := E{u,} yield the first-moment dynamic
of system states (i.e., the dynamic of E{x;}) as follows,

Her1 = Ape + By, t € N (3)

Denote the vectorization of the second-moment matrices of state,
state-input, and input at time t by X; := vec(E{xx]}), W, :=
vec(E{x;uf}), W/ := vec(E{u.x{}), and U; := vec(E{u.u;}). From
the independence of A; and B;, as well as vectorization, the
second-moment dynamic of system states is

Xep1 = (A®AX; + (B® AW, + (A® B)W,
+ (B® B)U; + E{(A: ® A;) vec(x;x] )}
+ E{(Bt ® Bt) vec(uqu; )}
=AQA+ X)X + (B B+ Zp)U;
+(BRAW, +(AQBW,, t €N, (4)

where X = B{A; ® A} € R™*" and X}, = B{B; ® B} € R *™,
The relation between (X,, X3) and (X}, X}) can be illustrated by
F(¥,,n,n,n,n) = X, and F(X}, n,m,n,m) = X, where the
reshaping operator F(-) is defined in the notation section.

An intrinsic identifiability issue arises in the second-moment
dynamic (4). Since E{x,x/} is symmetric, X; has n(n — 1)/2 pairs
of identical entries corresponding to the off-diagonal entries of

E{xx]} (ie., B{x;ix:j} = Efx,x;;} for all i,j € [n]). To remove
the redundant terms, introduce binary row- and column-selection
matrices, which are also called elimination and duplication ma-
trices (Magnus & Neudecker, 1980).

To begin, notice that the redundant entries of X; are associated
with the index set {j — 1)n +1i : i,j € [n],i < j}. Define
matrix T, € R X by replacing the [(j — 1)n 4+ iJth row of I
by (e(l 1 n+])T for all i, j e [n] with i < j. Note that E{x; ;x; ;} is the
[G— ])n + i]th entry of X;, so X; is invariant under T; (i.e., X; =
T1X¢). Furthermore, define a binary elimination matrix P; that
picks out only the unique entries of X;, and a complementary
binary duplication matrix Q; which in turn reconstructs X; from
the unique representation, by repeating the redundant entries in
the proper order. These matrices are defined explicitly as P; €
RIM+1/21<0* by removing the [(j — 1)n + i]th row of Iz, 1,j € [n]
with i < j, and Q; € R™*[m+1)/2] by removing the [(j— 1)n+ilth
column of Ty, i,j € [n] with i < j. Then one is able to freely
convert between the full vectorization (with redundant entries)
X; and the symmetric vectorization (without redundant entries)
X; = svec(X;), by employing the linear transformations defined
by the matrices P; and Q:

X =PiXe, X =QiX..

Now apply the same arguments to the second moment of input
Us: U; has m(m — 1)/2 pairs of identical entries corresponding
to the off-diagonal entries of E{u,uf}, so define T, € IPJ”ZXT"Z,
P, € RImMm+1/2Ixm? anq @, e R™ *IMm+1)/2] by replacing n by
m in the definitions of Ty, P;, and Q;, respectively.
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Applying the symmetric vectorization transformations X =
P1X; and U; = P,U; yields the second-moment dynamic with
unique entries,

Xes1 = PiXes1
=Pi(AQA+ X,)X; + P1(BQ B+ Xp)U;
+ P1(B® A)W, + P;(A ® B)W,
=Pi(AQA+ X,)QP1X; + P1(B® B + Zp)QuP,U;
+ P1(B® A)W; + P1(A ® B)W,
= A+ )X + (B+ )0, 4 KeaW; + KpgW,, (5)

where the penultimate equation follows from T; = Q;P; and T, =
Q2 P;. In the last equation the following notations are introduced:

A= P(AQA)Q; € RINm+1/2xIn(n+1)/2]
3= P 2,Q; € RID/2xntn+1/21

B := P;(B ® B)Q, € RN+ 1/2IxIm(m+1)/2]
5} = P 3}Q, € RN D/2ximlm1)/2],
Kga := P1(B® A), Kag := P1(A ® B).

Note that )~(t and f]t have no redundant entries but are able to
capture the second-moment dynamic of system states. Let [A;];
(resp. [Blip) denote the (i, j)th entry of A, (resp. (i, p)th entry of
B;). The following proposition demonstrates the correspondences
between the entries of EA and E,; and those of X, and X},
respectively.

Proposition 1. Denote the (i, j)th entry of £ by [Z}];. It holds
fori,j, k,1 € [n]withi<jand k < I that

[EA]U—1)(n—i/2)+i,(k—l)(n—k/2)+k = E{[AJilAcli},
[ AT 1)n—iy2)i (k1) n—k/2)+1 = 2E{[ATielAc T}
[T 1)n—i/2)41, (k-1 n—k/2)+k = E[AcTiclAclje}s
[ AT 1)n—i/2)1. (k-1 )k 2) 1
= E{[AdilAcli} + E{[AcalAclii}-

Denote the (i, j)th entry of 2}; by [Eg],-j. It holds for i,j € [n] with
i <jand p, q € [m] with p < q that

[ 28 1)ni/2)+i. 00— 1m—p/2)+p = EA[Belip[Belip}s
[ 8= 1)n—i/2)4i. 00— 1)m—p/2)+q = 2E{[Belip[Belig}s
[ 3= 1n—i/2)4i.(0— 1m—p/2y+p = E{[Belip[Beljp}s
[Z)im 1172+, DXm—p/2)+4

= E{[BcliplBelig) + E{[Bclig B lip}-

Remark 1. The preceding discussion indicates that X; is de-
termined by [A B] and [E‘A El;], and the proposition shows that
there exists a set of equivalent covariance matrices in the sense
that they generate the same second-moment dynamic of system
states, given the nominal matrix [A B]. This fact results from tNhat
the dynamic of X; = Q:X; only depends on [A B] and [Z" 25,
and is the same under all (¥}, X)) satisfying P; 21Q; = 2 and
P, 3,Q = X} o

From an entry-wise point of view, E{[A/]x[A]y} and
E{[AJulAclx}, i # Jj and k # I, have a coupled effect on
the second-moment dynamic of system states. We may only
estimate the sum of these two entries out of X;, rather than their
exact values, since realizations of A, and B; are not observed
directly but indirectly through their effect on system states.
Fortunately, some entries of X, and X are identifiable, such
as E{[Ac]x[A¢]ix}, the variance of [Alx, and E{[A;]w[A]x}, the
covariance between entries in the same column. Similar issues
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also appear, when estimating covariance matrices, in topics such
as Kalman filtering (Mehra, 1970; Moghe et al., 2019). Critically,
since these identifiable quantities uniquely generate the second-
moment dynamic of system states, it suffices to estimate EA and
f],; for LQR design. This fact can be verified by expanding the
Bellman equation; we omit the details to keep the paper concise.

Given (X4, X3) with X4 > 0 and X > 0 (then 3; = P, Z;Q;
and £} = P,3;Q,), the set of equivalent matrices discussed in
Remark 1 can be written explicitly as follows, where positive
semidefinite conditions are imposed because X, and X3 are
covariance matrices,

S (50 ::{ Sa@) € VX .

Zala) > 0,a € R"Z(”q)z/“ ],
S'(5p) ={ Zo(p) e R
S5(B) > 0, B € R 1m-1/4 ]

Sk 1= S*(Z}) x S*(Zp), (6)

with Za(@) = F(QZ;Q{Dy + Eq,n,n,n,n) and Zp(B) :=
F(Q1X}Q;Dm + Eg, n, m, n, m). Here

2 2
kv = Z:[%MGﬁmﬂ—%qu

ij,k,le[n]
i<j,k<l

n2 "2 T
(e(k—l)n-H - e(l—l)n+k) ]

2 2
Eg = Z [lgij,pq (eaq)mj - e?jq)nﬂ')

ijelnli<j
p.qelm].p<q

m2 m2 T
€p—1ym+q — €g-1m+p ’

where o = [aij,kl] c an(n—l)2/4’ ﬂ — [/gijA,pq] c ]an(n—l)(m—l)/4'
i,j,k,1 € [n], p,gq € [ml],i < j,k < LLp < q, Q and Q,
are given before (5), D, is an n?-dimensional diagonal matrix
with [(i — 1)n + i]th diagonal entry being 1 and the rest being
1/2,i € [n], and D,, is an m?-dimensional diagonal matrix with
[(p—1)m+p]th diagonal entry being 1 and the rest being 1/2,p €
[m]. Note that S}, is given by two inequalities which respectively
depend on « and B. These two inequalities are linear matrix
inequalities (Boyd et al., 1994), since the reshaping operator F
is linear. Obviously S5, is not empty, because (X4, Xg) is one of
its elements. The following example provides an intuitive idea of
previous discussions.

Example 1. Consider System (1) with n = 2 and m = 1, where
Xe = [B{Xe 1%c,1} E{Xe 2% 1} E{x¢, 1% 2} E{Xt,ZXt,Z}]T- So E{X; 2X:,1}
and E{X; 1X; »} are identical and have the same dynamic from (4).
Thus,

T
Xe = [Bfxe1xe1} Efxeaxet} Elixeoxeo}] .
10 0 0 (1) ‘1) 8
Pi={0 10 0|, Q=|g ; ol
0 0 0 1 0 0 1
1 0 0 0
010 0
Li=19 1 0 ol
0 0 01
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According to the previously discussed simplification, we have

that
~ 0a,11,11 200,11.12 0a,12.12
4
= | 0a11,21 Og11,22 + 0g12,21 Oa12,22 | »
04,2121 200,21,22 04,22,22

Xy =[ob11 ob12 Ub,zz]T,

where oqju = E{[AdilAcdu}, obi = E{[Bci, [Be]j}. In this
example, X is unique, but based on (6) the covariance matrix
X4(a), equivalent to Xy, is given by

Oa,11,11 0a,11,21 0a,11,12 Og 11,22 + &

0q,21,11 0q,21,21 0a,21,12 — & 04q,21,22

0a,12,11 0q, 12,21 — & 0q,12,12 0q,12,22
0g22,11 + & 04,2221 04,22,12 04,22,22

where o € R is such that X4(«) > 0.

As shown in Example 1, given (X, Xp) with X4 > 0 and
X > 0, the set S}, is not empty but may have infinitely many
elements, resulting in unidentifiable entries E{[A¢]i[A¢];} and
E{[Blip[Btljg}, i # Jok # L p # ¢q i,j,k,1 € [n], p,q € [m].
The following proposition gives several conditions under which
the covariance matrix of the multiplicative noise can or cannot

be uniquely determined from [Z} Z}].

Proposition 2. Given (X4, Xg) with ¥4 > O and X > 0, 3} =
P1X,Q; and ié = P, X;Q,, the following results hold.

(i) If n = m = 1, then S5 has a unique element. If m = 1, then
S*(f,‘,;) has a unique element. Ifn > 2 and X4 > 0 (resp. m > 2 and
g > 0), then S*(Z}) (resp. S*(2;)) has infinitely many elements.
As a result, under either condition, S} has infinitely many elements.
(i) If S*(Z}) has infinitely many elements, then S*(X;) N T, has a
unique element, where

2 2
Ta={Z € R"™ : ¥y uZk—1nti(—1n+i
+ ikt X i, (k=D = Tijkt> 1 <J, k <1,
i,j, k,1e[nl},

with constants i, ij ki, Tju € R and yjju # S for all i < j,
k <1 1i,j,k,1 € [n]. The same result holds for S*(X}) by modifying
the definition of T4 according to the dimension of Xp.

Remark 2. The first part of the proposition shows that if X4 >
Oor X3 > O0Oand n > m > 2, then it is impossible to
uniquely determine (X4, X'3) only based on the second-moment
dynamic (5). However the second part indicates that more condi-
tions imposed on the covariance matrix can make all entries of X4
and X identifiable. The set T, introduces additional constraints
for E{[Acli[Aclu}, i # j, k # L For example, if entries in A; are
mutually independent, then Xy is diagonal. In this case, it holds
that B{[AJalAJi} — E{[AJulAdJje} = 0,1 # j, k # I, and hence the
covariance matrix of A; is uniquely determined.

Now we are ready to propose our estimation algorithm. Fol-
lowing the previous discussion, we introduce an algorithm based
on the first- and second-moment dynamics (3) and (5). Since the
exact moment dynamics are unavailable, we average over mul-
tiple independent rollouts to obtain their estimates. To get per-
sistently exciting inputs, it is necessary to design their first and
second moments in advance, in either a deterministic or a stochas-
tic way. For example, generate the two moments from standard
Gaussian and Wishart distributions (Gupta & Nagar, 2018), re-
spectively, or set them periodically. The initial states of different
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Algorithm 1
Multiple-trajectory averaging least-squares (MALS)

Input: Rollout leAngtp £ and number of rollouts n,.
Output: [A B], [Z} Z}].
|| Control-input design
1: fort fromOtof{ —1do _ B
2: Generate v, € R™ and U; € R™™ with U; > 0.
3: end for
/| Multiple-trajectory collection
4: for k from 1 to nr do
Generate x 1ndeper1dently from the initial
multlvarlate distribution Xj.
6: for t fromOto ¢ — 1do
7: Generate u(tk) independently from a multi-
variate distribution with first moment v; and
second central moment U;,

8: X = (A 4+ AW + (B + B .
9: end for
10: end for

|| Least-squares estimation
11: for t from O to ¢ do
12 Compute

N k
M“anz;%)
X, = lPl vec (i: x(tk)(x(tk))T) ,

nr —
W, := — vec (Z X v[) = vec(ficv]),
b 1 SIC .
= o vec (Z VeX; ) = vec(vef]),

k=1
[][ = P2 VeC(Ut + VtV;-).

13: end for

14: [A B] = argmm{Zt o lfesr — (Afe + BUt)” ),
4B

15: Compute A = P;(A ® A)Qy, B = Pi(B ® B)Q, Kon = P1(B & A),
and Kup = P1(AQ® B), where P1, P;, Q4, and Q, are given before
(5),

16: [Z) Zp) = argmin{}_Zg X1 —[AX +Kpa W +KasW/+BU, +

(£, £

51X + 230113

rollouts are assumed to be i.i.d. subject to a same distribution
Ap with finite second moment (see Section 3.2.2). The overall
algorithm is shown in Algorithm 1, where the superscript (k)
represents the kth rollout. Note that Algorithm 1 is different
from classic recursive identification algorithms. The recursive
least-squares algorithm (Chen & Guo, 2012; Lai & Wei, 1982),
for example, uses only one trajectory of a system. In contrast,
Algorithm 1 is based on multiple trajectories with finite length.

Based on the estimates X, and 3, it is able to obtain an esti-
mate §j} of the equivalent class (6), via replacing E‘A and Eé in the
definition (6) by their estimates. If the linear matrix inequalities
are infeasible (i.e., S5, = #), then project the estimates onto the
positive semidefinite cone. However this situation is unlikely to
happen when n;, is large, because of the consistency of Algorithm
1 given in the next section.

Automatica 144 (2022) 110486

3.2. Performance of Algorithm 1

This section analyzes performance of Algorithm 1 by investi-
gating the moment dynamics (3) and (5).

3.2.1. Moment dynamics and input design

Provided that u, and X; are known, it is possible to recover
the parameters via least-squares as in lines 14 — 16 in Algorithm
1. Denote

MKe-1 -+ Mo
(e mal, [W] . %],
X % @
=[C_,,C]’D:=[f_l ]
¢ 1 Uy --- O

where C[ = )’Zt — (;\f(t,1 +KBAW[,] +KABW[/_1 +Bflt,1), 1 <t< L.

Then closed-form solutions of the least-squares problems are
[A B] = Yz'(zz")', [2;\ ):1;] = CD"(DD'),

where t represents the pseudoinverse. When the inverse matrices
exist, the solutions are identical to true values; that is, [A B] =
[A Bl and ¥} 5;]1 = [Z} ¥;]. Hence, the first question towards
the consistency of Algorithm 1 is whether the matrices ZZ™ and
DD" are invertible. As to be shown, designing a proper input
sequence ensures this invertibility, if systems (A, B) and (A +
2,,B + %) are controllable, and the rollout length ¢ is large
enough.

Proposition 3. Suppose that ¢ > n+ m and (A, B) is controllable.
For fixed o € R", the matrix Z has full row rank, and consequently
Z77 is invertible, for almost all [vy --- v]_|]" € R™.

Remark 3. The proposition shows that for large enough rollout
length, the full row rankness of Z can be guaranteed for almost
all [vj --- v]_;I" € R™. The controllability of (A, B) plays a key
role in the proof, similar to classic results on identification of
linear systems (Chen & Guo, 2012). The condition £ > n + m is
necessary for the invertibility of ZZ™. This lower bound is much
smaller than that given in Xing et al. (2020). According to the
proposition, ZZ" is invertible with probability one if the first mo-
ments of inputs are generated i.i.d. from a distribution absolutely
continuous with respect to Lebesgue measure (e.g., Gaussian dis-
tribution or uniform distribution). This proposition can be seen as
a generalization of the single-input case studied in Schmidt et al.
(2005).

Proposntlon 4. Suppose that £ > [n(n+1)+m(m+1)]/2 and (A+

", B+X}) is controllable. For fixed 110 € R" and Xo € R"™1/2, the
matnx D has full row rank, and consequently DDT is mvertlble for
almost all [v] --- v]_, svec(Up)" --- svec(Up_)T]T € RIMm+3)/2,
where U, is defined in line 2 of Algorithm 1.

Remark 4. The controllability condition in Proposition 4 reflects
the nature of the multiplicative noise (i.e., coupling between A;
and x, and that between B, and u.). The result indicates that
a controllability condition on (5) may be necessary to ensure
successful identification. The lower bound for ¢ is necessary for
the invertibility of DD7, and is much smaller than that given
in Xing et al. (2020). As in Algorithm 1, U, = svec(U; + vev}),
so random generation of v, and U; ensures that DDT is invertible
with probability one.

We summarize the preceding two results in the following
corollary.
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Corollary 1. Suppose that £ > [n(n + 1)+ m(m + 1)]/2, and that
both (A, B) and (A+ X, B+ X! 5) are controllable. For fixed jp € R"
and Xo € R"™V/2 the matrices ZZT and DD" are invertible, for
almost all [v] - v[_l svec(Up)T - -+ svec(U,_q)T]T € REMm+3)/2,
where U, is defined in line 2 of Algorithm 1.

Remark 5. The corollary implies that the existence of (ZZ7)™!
and (DD7)~! can be guaranteed with probability one, as long as
both v; and U; are independently generated from distributions
that are absolutely continuous with respect to Lebesgue measure.
For example, the entries of v; are generated i.i.d. from a non-
degenerate Gaussian distribution and then U; is generated i.i.d.
from a non-degenerate Wishart distribution, 0 <t < ¢ — 1.

3.2.2. Asymptotic consistency

In this subsection, we assume that the expectations and co-
variance matrices of inputs have been generated as discussed
in the previous section, and that both ZZ™ and DD' have been
designed to be invertible. The closed-form estimates generated
by Algorithm 1 are

[AB] =YZ'(zZ')', (8)
[2;\ 2,;] — CDT(DD), 9)
where
oo T[h oA 5 ,aZ—l ﬁo
Y= i m}z_[mlﬂ.%] (10)
C=[C - G], D=|Xer o Xof (11)

U1 - U
and G, = (AXt 1 4 KeaWi_1 + KagW, 1+ BUt 1) 1<t=<t.

Here A, B, KAE, and K, are estimates of A, B, KAB, and Kg4, obtained
from A and B given by Algorithm 1. The estimates depend on the
number of rollouts n,, which is omitted for convenience. For the
convergence result, we present the following assumptions.

Assumption 1.

conditions hold.

(i) The rollout length is ¢ > [n(n + 1) + m(m + 1)]/2.

(ii) The initial states xg‘ ,k € [n;], are i.i.d. subject to the same

distribution A, with finite second moment, and are independent

of the multiplicative noise and inputs.

(iii) {AY,0 < t < £,k € [n,]} and (B, 0 < t < £,k € [n,]},

are i.i.d. sequences respectively and are mutually 1ndependent

both with zero mean and finite second moments (i.e., ]E{A( )} and
{B(k } are zero matrices, and || X4||2, || X5ll2 < 00).

(iv) The parameters of inputs are given by lines 1— 3 of Algorithm

1, and the inputs are generated, according to line 7 of Algorithm

1. The inputs and noise are independent.

(v) Both ZZ™ and DDT are invertible.

For all rollouts indexed by k € [n,], the below

Remark 6. From Corollary 1, the lower bound of the rollout
length in Assumption 1(i) is necessary for estimating the noise
covariance matrix, whereas, from Proposition 3, trajectories with
length £ > n 4+ m may be enough for estimating the nominal
system matrix. The initial states of different trajectories need not
start with the same value, but it is required that they have the
same first and second moments (Assumption 1(ii)). The mutual
independence of noise at different time steps in one trajectory
is a standard assumption (Assumption 1(iii)). The results in this
paper still hold, if the noise sequence in the same trajectory
is dependent, but the noise sequences in different trajectories
are mutually independent and the noise has zero mean and the
same second moment. The physical meaning of the independence
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between the noise and the inputs in Assumption 1(iv) is that the
former is an intrinsic part of the system and cannot be influenced
by inputs. To keep the analysis concise, we separately discuss
the input design (Section 3.2.1) and performance of Algorithm 1.
Assumption 1(v) indicates that the input design yields invertible
ZZ" and DD7, but note that this assumption implicitly assumes
the controllability of the first- and second-moment dynamics of
system states.

Under Assumption 1 the rollouts [xg‘), . .,xf")], k € [n,), are
i.i.d., so the following consistency result can be obtained from the
strong law of large numbers.

Theorem 1 (Consistency). Suppose that Assumption 1 holds, then
the estimators (8)-(9) are asymptotically consistent, namely,

(%4 23],

with probability one as the number of rollouts n, — oo.

[AB] > ARl and [5; 5] >

Remark 7. This theorem indicates that consistency of Algorithm
1 may hold even when the rollout length is relatively small. In Di
and Lamperski (2021), the estimation of the first and second
moments of multiplicative noise is decoupled, whereas here the
estimate of [2’ ~B] relies on [A B] The coupling exists because
here the noise covariance matrix, which from definition depends
on the mean of the noise, is estimated. Note that ¢ is assumed to
be fixed and we do not consider the case where ¢ — oo, since
an averaging step is used in Algorithm 1. Study of the case with
increasing rollout length is left to future work.

3.3. Finite-sample analysis

This subsection studies finite-sample performance of Algo-
rithm 1, demonstrating its non-asymptotic behavior. The exis-
tence of multiplicative noise complicates the analysis, so the
following assumptions, ensuring that the system is bounded a.s.,
are introduced.

Assumption 2. For all rollouts indexed by k € [n,], the following
conditions hold.
(i) The initial state is bounded a.s. for all k € [n,] as

X511 < ex < o0.

(ii) The inputs are bounded a.s. forall0 <t < ¢ —1and k € [n;]
as

(k)

W) < ey < oo.

(iii) The multiplicative noise, A% and B, is bounded a.s. for all
0<t<f¢—1andke€[n,]as

= (k 5k
1A, < ¢; < o0, 11BX), < ¢ < o0.

Remark 8. The assumption of bounded multiplicative noise
is reasonable for physical systems, which cannot have infinite
variations. For example, in interconnected systems, the noise
represents randomly varying topologies of subsystems, and is
naturally bounded.

The following theorems state finite-sample results for the

estimates of [A B] and [EA 2l

Theorem 2. Suppose that Assumptions 1 and 2 hold. Fix a failure
probability § € (0, 1). It holds with probability at least 1 — § that

4 - i, <o (L),
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Theorem 3. Under the same condition of Theorem 2, with proba-
bility at least 1 — §, it holds that

15 5] - 550, <o ((7E7).

Remark 9. In Theorems 2 and 3, high-probability upper bounds
are given for the estimates of [A B] and [¥} X}]. It can be
observed that these bounds shrink as O (1/Jn7) with the number
of rollouts, and converge to zero as the number of rollouts grows
to infinity, indicating the consistency of the estimators. Note that
the bounds are deterministic, although they depend on the failure
probability §. The theorems also indicate that the probability
of the estimation error exceeding an arbitrary positive constant
decays exponentially fast with the number of rollouts, which is
illustrated in Section 4.1.

The O(-) notation hides the coefficients of the error bounds,
and the polynomial and exponential factors of n and m in the
logarithm term. Their explicit forms are given in the extended
version (Xing et al., 2021). The coefficient of the estimation error
of [A B] increases with [|Y||,, ||Z]|2, and the bound of the system,
but decreases with the minimum eigenvalue of ZZ'. Similarly,
the coefficient of the estimation error of [i;\ :Yé] decreases with
the minimum eigenvalue of DDT, but increases with ||C||2, ||D||2,
and the bound of the system. It also increases with ||A|l2, ||Bll2,
and quantities related to the second-moment dynamic of system

states, because of the dependence of [E‘A E‘g] on [/Z\ f?]. From
definition, Y, Z, C, and D depend on system parameters and
inputs, so proper input design could reduce the estimation error.
It remains for future study how to design the moments of inputs
so that the coefficients of the bounds can achieve their smallest
values, and how to obtain data-dependent bounds, because the
nominal system matrix is unknown.

In Di and Lamperski (2021), the authors study identification
of System (1) from single-trajectory data, by developing error
bounds for a least-squares algorithm, but it is unclear under what
conditions of System (1) these error bounds converge to zero. In
contrast, our analysis provides sufficient conditions under which
the error bounds for estimates given by Algorithm 1 vanish. The
results show that a relatively small rollout length is enough to
guarantee consistency, but the current bounds imply that longer
rollout length £ may lead to worse performance, which seems to
be contrary to the intuition that longer trajectory provides more
information. This could result from the averaging step which
eliminates some excitation. Future work will consider how to use
the data more efficiently.

PROOF SKETCH. The detailed proofs of Theorems 2 and 3 can
be found in Xing et al. (2021). Most parts are elementary, and
omitted due to space limit. Here a proof sketch is provided. Note
that the estimation error [A B] — [A B] can be decomposed as

[AB] - [AB]
=YZ'(ZZ")" — YZ'(zZ")!
= [Yzr —Yz'|zz')" + YZ'[(22') - (z27)7"]

+[YZr —vzr)[(zz")" - (zz")™].
Because Y — Y and Z — Z are sums of zero-mean indepen-
dent random matrices (by definition), a matrix Bernstein inequal-
ity (Tropp, 2015) gives bounds for the spectral norms of Y — Y
and Z —Z. Given these two bounds, we analyze | YZT —YZ"|; and
|ZZT — ZZ7||,.

Next, an e-net argument provides an upper bound for the
maximum eigenvalue of ZZ™ and a lower bound for the minimum
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eigenvalue of ZZ'. The latter is with high probability close to
the minimum eigenvalue of ZZ'. This fact implies that (ZZ7)™!
exists with high probability, since ZZT is invertible from Assump-
tion 1(v). Hence, from the inequality,

|@zry™ - zzr),

< @z, |2y, |2z — 2z

27

it follows that the spectral norm of (ZZ")" —(ZZ7)" can be upper
bounded by ||ZZT — ZZ7 ||, with high probability.

Finally, a union bound combining the preceding results yields
the conclusion. The probability bound for the estimate error of
the noise covariance matrix can be obtained in a similar way. O

4. Numerical simulations

In this section we empirically validate the theoretical results
for Algorithm 1, and compare its performance with the recursive
least-squares algorithm based on single-trajectory data (Chen &
Guo, 2012; Lai & Wei, 1982).

4.1. Consistency and finite-sample result

This subsection considers identification of the 2-dimensional
system discussed in Example 1 with parameters

1 02 0.8
ol 4[]

8 —2 0 0
112 16 2 0 1[5 —2
=510 2 20’%:mL2m]
0O 0 0 8

According to the reshaping operator G defined in the notation
section and the discussion in Example 1, it holds that

. 18 027 4
Si=—1|-2 2 0|, Zp=—1[5 -2 20]. (12)
0116 o 8 40

A simulated experiment is conducted with rollout data of length
£ = 4. For0 <t < 3, is generated independently from
uniform distribution 2/([0, 1]) and then fixed. Three types of in-
puts are considered: Gaussian, uniform, and deterministic inputs.
An identical sequence of input covariances, independently gen-
erated from 1-dimensional Wishart distribution W,(0.1, 1) and
then fixed, is used in the former two cases. For the case of deter-
ministic inputs, the covariances are set to be zero (i.e., Uy = 0). In
this setting DD can be invertible because the second moment of
the input at time ¢ satisfies that U; = U;4v,1/, and the generation
of v, provides randomness. For each case, Algorithm 1 is run for
50 times. The mean of estimation error in each case is shown in
Fig. 1. It can be seen that Algorithm 1 converges with convergence
rate O(1/4/n,), and performs similarly under all three types of
inputs. The algorithm fluctuates when the number of rollouts is
small, which may result from the averaging step.

Fig. 2 provides the relative frequency of the normalized es-
timation errors, [[[A B] — [A Bll2/I[A Blll, and [|[Z}; Z}] —
[EA Eg]llz/ ||[§A Eé]”z, exceeding a given constant, under the
uniform-input case. This result shows an exponential decay of
the frequency and validates the finite-sample results. The relative
frequency of n, rollouts is denoted by py, .

From Remark 1 and (6), it follows that (12) defines an equiva-
lent class of covariance matrices that generates the same second-
moment dynamic of system states. In the current example, Xj is
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Gaussian
= = uniform
deterministic

10° 10° 10* 10°
Number of rollouts (n,)

Fig. 1. Consistency of Algorithm 1.

0 2 4 6 8 10
Number of rollouts (n,) «1¢*

Fig. 2. Finite-sample results of Algorithm 1.

unique, but the following covariance matrix is equivalent to Xy,

8 -2 0 1+«
1] -2 16 1-a 0
=061 0 1-a 2 o |

14+a 0 0 8

with o € R such that X4(«) > 0. Fig. 3 illustrates the dynamic (4),
starting with the same initial condition py = 0, and Xy = 04, and
with the noise covariance matrix given by (X5, X3), (X4(1), X3),
and estimates from Algorithm 1, respectively. The parameters of
inputs (v; and U;) are the same as the uniform-input case. Note
that X4(—1) = X4, and X4(1) > 0. It can be observed that the
dynamics defined by (X4, X'3) and (X4(1), Xg) are identical, and
the dynamic defined by the estimates from Algorithm 1 is close
to the former.

It is assumed that there is no additive noise in System (1),
but Algorithm 1 can also be applied to identifying linear systems
with both multiplicative and additive noise. If additive noise wy,
independent of the inputs and the multiplicative noise, exists,
then write the system as

X1 = (A +A[)x[ + [B + B[ ‘LU[][UZ 1]T.

In other words, w; can be considered as a part of multiplica-
tive noise corresponding to a constant input equal to one. Con-
sider the above 2-dimensional system with Gaussian noise w; ~
N(0,, 0%I,) and previously designed Gaussian inputs. Note that
in this case £ = 6 is needed because the dimension of inputs
increases by one in (13), compared with the original system.
Fig. 4 shows the consistency of Algorithm 1 under the presence
of additive noise.

(13)

8 —_—y 6 Yy A
J ) - |
_ estimated - 4 estimated 4
=< 4 2]
2
20 S0
0 bz 0 b=
0 2 4 0 2 4
Time(t) Time(t)
6 —, P 10 =,
- = m1 | = = 34(1)
- 4 estimated | - estimated
3 3 s
2
0 b 0 b=
0 2 4 0 2 4
Time(t) Time(?)

Fig. 3. The second-moment dynamic of system states defined by three noise
covariance matrices.

10*

—_
(=3
5]

Estimation error
_
(=)
[=]

—_
2
)

104 : :
10° 10 10* 10°
Number of rollouts (n,)

Fig. 4. Consistency of Algorithm 1 under both multiplicative and additive noise.

4.2. Performance comparison

The recursive form of the ordinary least-squares (OLS), namely,
the recursive least-squares (RLS), is widely used in identification
of dynamic systems (Chen & Guo, 2012; Lai & Wei, 1982). It is
possible to apply RLS to identify System (1) if certain conditions
hold. For detailed implementation, see Xing et al. (2021). To
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Fig. 5. Performance comparison of RLS, RLSp, and Algorithm 1.

estimate the covariance matrix of the multiplicative noise, Di and
Lamperski (2021) apply OLS, which is equivalent to RLS. Note
that, when using OLS or RLS, one estimates the second moments
of A+ A; and B+ B;, rather than their covariance matrices, which
are X4 and X in our context. The estimation of noise covariance
is still coupled with the estimation of the nominal system, since
J=E{A+A)Q(A+A)} —A®Aand Xy = E{(B+B;)® (B+
B:)} —B®B.

To compare the performance of RLS and Algorithm 1, we con-
sider four systems. In the first case, the nominal system matrices
are

0.6 0.2 0.8
A:[o 0.6]’ B:|:1:|’
and both ¥4 and X are zero matrices. That is, a linear system
without noise and p(A) = 0.6, where p(A) is the spectral radius

of A. We use this case to show the consistency of RLS. In the other
three cases, the matrix A is set to be

0.6 0.2 0.8 0.2 d 1 02

0 o6 |0 os8"™lo 1|
respectively. B is the same as the first case, while X, and Xp
in Section 4.1 are adopted to be the covariance matrices. The
implementation of Algorithm 1 is the same as in Section 4.1. That
is, v; and U; are randomly generated, and then fixed in all runs
of the entire numerical experiment. The input u; at time 0 <
t <€ —1in each rollout is generated from Gaussian distribution
N(ve, Ur), and £ = 4. Since RLS is based on single-trajectory data,
the length of the trajectory is set to be ¢n,, so that the number of
samples that RLS uses is the same as that of Algorithm 1. RLS with
independent standard Gaussian inputs is considered as a baseline.
In order to rule out the effect of different input design, we also
run RLS with periodic inputs (RLSp) satisfying that, in each period,
the inputs are generated in the same way as those in a rollout of
Algorithm 1.

For each system, the three algorithms, RLS, RLSp, and Algo-
rithm 1, are run for 50 times, respectively. The mean of estimation
error in each case is presented in Fig. 5. It can be observed that
RLS and RLSp perform similarly in all cases. When multiplicative
noise is absent, they converge slightly faster than Algorithm 1.
They are also a little better than Algorithm 1, in the case of
p(A) 0.6 with noise, for the estimation of [A B], indicating
OLS could be applied to Algorithm 1 as a way to estimate [A B].
However, Algorithm 1 surpasses RLS and RLSp when identifying
the noise covariance matrix. Moreover, the performance of RLS
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gets worse as p(A) grows. Interestingly, in the case of p(A) =
0.8, although the nominal system is stable, the second-moment
dynamic of system states is not. This instability leads to de-
graded performance of RLS estimating [A B] and divergence of
RLS estimating the covariance matrix. In the marginally stable
case, namely p(A) = 1, RLS and RLSp explode in finite time. In
contrast, Algorithm 1 behaves almost identically for all cases (the
consistency of Algorithm 1 in the marginally stable case is shown
in Fig. 1). To sum up, Algorithm 1 can deal with the estimation
of noise covariance matrix better and relies less on the stability
of both the nominal system and the second-moment dynamic of
system states.

5. Conclusion and future work

In this paper an identification algorithm based on multiple-
trajectory data was proposed for linear systems with multi-
plicative noise. With appropriately designed exciting inputs, the
proposed algorithm is able to jointly estimate the nominal sys-
tem and the multiplicative noise covariance. The asymptotic
and non-asymptotic performance of the algorithm was analyzed
theoretically, and illustrated by numerical experiments. Future
work include studying more efficient algorithms that can be used
in online settings, optimal and adaptive input design, sparsity-
promoting regularization for identification of networked systems,
end-to-end finite-sample  performance  guarantees for
identification-based optimal control, and applications to identi-
fication of cyber-physical systems with coupling between noise
and inputs.
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