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Abstract—Utility maximization in networked control systems
(NCSs) is difficult in the presence of limited sensing and com-
munication resources. In this paper, a new communication rate
optimization method for state feedback control over a noisy
channel is proposed. Linear dynamic systems with quantization
errors, limited transmission rate, and noisy communication chan-
nels are considered. The most challenging part of the optimization
is that no closed-form expressions are available for assessing
the performance and the optimization problem is nonconvex.
The proposed method consists of two steps: (i) the overall NCS
performance measure is expressed as a function of rates at all time
instants by means of high-rate quantization theory, and (ii) a con-
strained optimization problem to minimize a weighted quadratic
objective function is solved. The proposed method is applied to
the problem of state feedback control and the problem of state
estimation. Monte Carlo simulations illustrate the performance
of the proposed rate allocation. It is shown numerically that the
proposed method has better performance when compared to ar-
bitrarily selected rate allocations. Also, it is shown that in certain
cases nonuniform rate allocation can outperform the uniform rate
allocation, which is commonly considered in quantized control
systems, for feedback control over noisy channels.

Index Terms—Constrained nonconvex optimization, linear
quadratic cost, quantized feedback control, rate allocation, utility
maximization.

I. INTRODUCTION

ETWORKED control systems based on limited sensor
N and actuator information have attracted increasing atten-
tion during the past decades [1], [2]. In future NCSs, monitoring
and control tasks could be performed by simple, inexpensive,
and small sensor nodes, which means that the transmitting and
the computing resources are highly limited. After the deploy-
ment, it may not be possible to maintain or recharge the network
and its nodes manually for reasons such as the physical location
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of the network, or harsh environment conditions. A major chal-
lenge is to design a sustainable network that is highly energy
efficient, since the life time of such a network is determined by
battery-powered devices.

The natural resources that govern digital radio communica-
tions are energy/power and bandwidth, and it is well known that
power and bandwidth can be traded against each-other. In en-
ergy-critical applications, as in wireless sensor and actuator net-
works, it is fair to assume that radio nodes are operating in the
power-efficient, wideband, regime, resulting in a direct (linear)
connection between the transmission rate and the required en-
ergy per bit [3]. Hence, in such systems, being in the focus of
this paper, using the available rate efficiently will have direct
impact on the energy consumption. In general, increasing the
transmission rate will always lead to higher cost of transmis-
sion, in terms of energy/power or bandwidth, or both. At this
background, we focus on efficient use of a limited bit-budget
in quantized feedback control. To reduce the rate, we study the
case where the sensed data is quantized by using only a few
bits per sample. In addition to lowering the cost of communica-
tion, there is also another important advantage in constraining
the bit resolution per transmission, that of reducing the latency
in the decoding. At low rates, and with a latency constraint in the
decoding processing, channel errors cannot be prevented (since
perfect error correction in general requires very long codewords,
increasing the decoding delay). Furthermore, spending fewer
bits on quantization will increase the quantization distortion.
Designing schemes that efficiently carry out the joint action of
quantization, channel protection and control is therefore of great
importance.

Optimizing encoder-controller design is a challenging task,
cf., [5], [6]. On the other hand, from the practical point of view it
is often of interest to use simple coding-control policies subject
to satisfactory performance. Rate allocation can then be used to
improve upon the system performance by exploiting the addi-
tional degree of freedom offered by communication resources.
In general, one main obstacle to optimize the rates is the lack
of tractable distortion functions, which model the performance
index of the feedback control system. The optimization problem
often becomes nonconvex, which implies that it is difficult to
compute the optimal solution.

A. Related Work

Rate optimization for NCSs is a resource allocation problem
where the utility function is expressed in terms of control
performance. There is a vast literature on utility maximization
with communication resource constraints [7]-[11]. However,
expressing a utility function for NCSs introduces major chal-
lenges with respect to existing methods from the literature,
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because of the presence of quantization errors, channel losses,
and their impact on the control decisions, as we discuss next.

Allocating communication resources over space and time is
important. For feedback control systems this is largely an open
problem. Approaches to assigning bits among the elements of
the state of the plant, while imposing a constraint on the number
of transmitted bits over time, can be found in, e.g., [12] and [13].
In these works, it has been often assumed that bits (rates) are dis-
tributed to sensor measurements evenly over time. Owing to the
nonstationarity of the state observations, an even distribution of
bits over time to sensor measurements may not be efficient for
networked control. It is natural to expect considerable gains by
employing a nonuniform allocation of rates. Hence, optimizing
the rate allocation is vital to overcome the limited communica-
tion resources and to achieve a better overall control and com-
munication performance.

The rate allocation problem studied in this paper is related to
classical rate allocation problems in communications, e.g., [14]
and [15]. In these works, high-rate quantization theory is used to
quantify the relation between rate and performance for a general
class of quantizers. There exists a rich body of literature on the
high-rate analysis of quantized system, for both noiseless and
noisy communication channels [16]-[18]. It is worth remarking
that although high-rate theory requires high rates to be perfectly
valid, this theory can often be used at a lower rate [19]. Experi-
ence has shown that high-rate theory can also make useful pre-
dictions at low rate which is the case in this paper. Further, pre-
vious work on rate allocation has often focused on the special
case of optimized quantizers, for example in [20] the optimal
quantizer is studied in the context of transform codes, where the
distortion introduced by the quantizer is a convex function, and
a closed-form optimal solution can be derived. However, in our
setting we will show that the overall distortion is a nonconvex
function of the instantaneous rates, which makes more difficult
the computation of the optimal solution.

Quantization and transmission errors are crucial obstacles to
maximize the control system performance. The quantization de-
teriorates the signals transmitted between the plant and the con-
troller, which can potentially degrade the overall control system
performance substantially. In the literature, quantization errors
have mainly been modeled as additive white Gaussian noise
[14], [21], uncorrelated with the signal being quantized. The ad-
vantage of this model is that many tools and methods can be
readily applied. In the beginning of the 1990’s, research interest
in the stability analysis of quantized control systems was trig-
gered by [22]. In that paper the author showed that, even for
the simplest dynamic system (linear, scalar and noiseless), it is
not possible to stabilize an unstable plant asymptotically with
a static controller of a finite data rate. Since then, a wide range
of interesting problems have been formulated and studied. The
properties of static quantizers are thoroughly studied in, e.g.,
[22] and [23]. For this type of quantizers, the classical notion
of stability is no longer relevant. Instead, attractivity and prac-
tical stability are introduced. Unlike the case of static quantizers,
asymptotic stability is possible when time-varying quantizers
are used, e.g., [12], [24]. Asymptotic stability is achieved by
employing a “zooming”-strategy in [25]. The basic idea is that
the quantizer resolution is increased when the state is close to the
equilibrium, while the resolution is reduced when the state is far
away. The fundamental problem of the minimum data rate re-
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quired to asymptotically stabilize an unstable plant was studied
in, e.g., [24], [26]-[28]. In the aforementioned works, the com-
munication channel was essentially assumed to be noise-free,
and the only limitation imposed by the channel is the limited
data rate. Some recent works on control over a noisy channel
include [27], [29]-[32]. Most work on control with limited in-
formation has been devoted to stability issues, while optimal
designs are much less explored in the literature. Exceptions in-
clude the study of optimal stochastic control over communica-
tion channels, e.g., [5],[6], [28], [33]. Including the topic of con-
trol over rate-limited communication channel, the special issue
on technology of networked control system [34] and the survey
[35] provide excellent overview of a number of important com-
munication and control challenges and recent results in the field
of control over communication networks.

B. Contributions and Organization

The main contribution of this paper is a novel method for rate
allocation for state feedback control of a linear system over a
noisy channel. Specifically, we are interested in the optimization
of two important cases of closed-loop control under commu-
nication constraints: linear feedback control and state estima-
tion. By resorting to an approximation based on high-rate quan-
tization theory, we are able to derive a computationally feasible
scheme that seeks to minimize the overall distortion over a fi-
nite time horizon. The resulting rate allocation is not necessarily
evenly distributed, as opposed to what is commonly assumed
in the literature aforementioned. Overall good performance of
our method is shown by numerical simulations. The goal of the
paper is to demonstrate how rate allocation can be used to im-
prove the overall performance of a control system, subject to
given types of encoders and controllers. The proposed scheme
is applicable for a general class of quantizers to meet require-
ments of different applications.

The remaining part of this paper is organized as follows. In
Section II, the control system is described and the rate allocation
problem is formulated. A brief review on some useful results of
high-rate quantization theory is included in Section III. There-
after, the rate allocation problems for linear feedback control,
as well as state estimation, are solved in Section IV. Numerical
simulations are carried out in Section V to demonstrate the per-
formance of the proposed rate allocation method.

Notation

Let R, IN and Z* denote the sets of real numbers, natural
numbers and nonnegative integers, respectively. We use E {-}
to denote the expectation operator, and ()’ the matrix transpose.
An optimal solution is denoted by (-)*. Moreover, p(-} denotes
a probability density function (pdf) and Pr(-) denotes a proba-
bility.

II. SYSTEM DESCRIPTION AND PROBLEM STATEMENT

The goal of this paper is to arrive at a new rate allocation
method for state feedback control over a noisy channel. Fig. 1
shows a block-diagram of the control system we investigate.
First, we briefly introduce each building block of the system,
and then describe the rate constrained optimization problem.
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Fig. 1. Block-diagram for the closed-loop system studied in this paper. The
system has a separate decoder unit and a controller. This paper aims at demon-
strating that rate allocation can improve significantly the performance of the
control.

Finally, the coding unit and the channel will be explained in
more detail.

A. System Description

Throughout this paper we consider a scalar system where the
plant is governed by the linear equation

Tir1 = Ty + Up + 04 (D

where z¢, u;, v, € IR, are the state, the control and the process
noise, respectively. Process noise v; is modeled as a white
Gaussian noise sequence of variance o2, i.e., v; ~ N(0,02).
It is mutually independent of the initial state =y, which is also
assumed to be zero-mean Gaussian, g ~ N(O,Uzo). Since
the focus of the paper is on the optimization of the overall
system performance, we assume that the open-loop system is
stable, i.e., |a| < 1. Nevertheless, communication errors might
degrade the system performance significantly, even destabilize
an open-loop stable system. For analytical simplicity, we also
assume that the state is available at the encoder, although a
state measurement with measurement error can be included
easily at the cost of more complex notation and derivations.
More details for such an extension and the multidimensional
case can be found in [36].

At the encoder, the full state measurement is coded by a mem-
oryless time-varying encoder, which takes the current state x; as
the input, and produces an index i,

1 = ft(Ilftth) ()

where the time-varying instantaneous rate B, € Z is to be
determined later. Note that the encoder can be adapted to the
statistical time variation of the state «; and depends on ;. We
introduce the index set £;(R;) = {0,...,2% —1} C Z*, and
for a given I?;, iy € L.

The index i; will be mapped into a binary codeword before
being fed to a binary channel. As commented in Section I, since
closed-loop control is a time-critical application, we cannot use
long codewords to prevent channel transmission errors. Hence,
the binary channel codewords assumed here do not introduce
additional redundancy, i.e., each member of £,(R;) is mapped
to a codeword of length ;. Such a mapping from an index to
a codeword is commonly referred to as the index assignment
(IA). Unlike in the error-free scenarios where all IA’s perform
equally well, in the presence of channel errors different 1A’s
have different impact on the system performance. Finding the
optimal IA is a combinatorial problem which is known to be
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NP-hard [37]. Therefore, in this paper we average out the depen-
dence on a specific IA by randomization. At each transmission,
a random assignment is generated and revealed to the encoder
and decoder. Previous work that assumed a random IA to fa-
cilitate further analysis includes, e.g., [18] and [38]. Assigning
a new IA randomly for each transmission is impractical in real
communication systems. However, using the random IA in the
analysis can characterize the average performance for a given
rate allocation, and one can always find at least one IA which
performs at least as well as the average over the random as-
signments (cf., random coding arguments in information theory
[39]). It is possible to find a variety of IA’s which outperform
the random assignment. In practice, we can first use random A
in the analysis to optimize the rate allocation. For the optimized
rate allocation we can adopt an [A which performs better than
the random assignment.

The overall channel, composed by the combination of the
random index assignment and a binary symmetric channel
(BSC), is completely specified by the symbol transition prob-
abilities Pr(j:|i+), with j; € L; denoting the received index.
At the bit level, the channel is characterized by the crossover
probability of the BSC, ¢ = Pr(0]1) = Pr(1]0). Because of
the symmetry, it is reasonable to consider 0 < ¢ < 0.5. The
overall symbol error probability Pr(j;|i;) is determined by
both ¢ and the randomized IA, according to

a(Ry),

Pr(jilic) = { 1o (2R Ji # iy 3)

—Da(Re), jr =i,
where a(RR;) £ A-0-9%) is obtained b i 11
¢ SR y averaging over a
possible IA’s [38]. For this channel, all symbol errors are equally
probable.
At the receiver side, there is a separate decoder unit and a
controller. The decoder takes the instantaneous channel output
7+ as the input, and produces an estimate of ;, denoted by d;,

dr = Di(5i) € R “4)

where D(-) is an arbitrary deterministic function. The estimate
d, can take on one of 27 values, referred to as the reconstruc-
tions. Finally, the control w; is computed based on the decoded
symbol, u; = g:(d:) € R. We will be more specific about the
control function g;(-) after the rate allocation problem is pre-
sented.

We remark here that memoryless encoder-controller map-
pings are considered in the paper mainly because they are prac-
tical, and also, the aim of the paper is to demonstrate the basic
concept that rate allocation can be used to improve the overall
performance of a control system. The optimization in this paper
is performed with respect to the transmission rate, subject to
given types of encoders and controllers, as described in the next
subsection. The rate allocation technique we investigate is appli-
cable to a wide range of encoder-controller mappings, including
the optimal mappings. Regarding real applications, it is often of
practical interest to implement simple encoders and controllers
with satisfactory performance. Optimizing rate allocation for
simple coding-control policies may be more realistic than op-
timizing fixed-rate encoder-controller mappings.

Moreover, our proposed rate allocation techniques can be ap-
plied to encoders and controllers with memory. In general, the
overall system performance can be improved by having access
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to past information. However, in the presence of process noise,
the significance of memory is often limited. Due to the unre-
liable communications between the encoder and controller, the
uncertainty in the memory should be addressed. A common so-
lution is to introduce side-information to the system to inform
the encoder about the channel outputs. For the purpose of rate
allocation, there is no essential difference, besides the increased
complexity of the system and computational burden.

Our problem could be viewed as one of the two subprob-
lems of the general problem that the transmission rate and en-
coder-controller mappings are optimized jointly. By specifying
the type of encoder-controller, we have imposed a certain struc-
ture on the coding-control mappings. Compared with the gen-
eral problem, our problem is still a challenge in its own right.
The other subproblem is the optimization of fixed-rate coding-
control mappings, cf., [5] and [6].

B. Problem Statement

The control objective is to minimize the expected overall cost
E{Jit(R)},R ={Rq,..., Rr_1}, over afinite horizon, sub-
ject to a rate constraint ZtT:—OI R; < Riot, Ry € Z+, with Riot
denoting the total rate. We motivated this constraint in Section I,
noting that increasing the rate will always lead to higher cost of
communication in general, and increased energy consumption
in particular. Also, since we assume that the individual rates,
R, are typically very low, it is important to allocate each avail-
able bit wisely. The constraint is typical of water-filling resource
allocation [40], [41]. We refer to the whole sequence R as the
bit-rate allocation. Throughout this paper, we say “for all
when we mean “for{ =0,...,7 — 1”.

Next, we introduce an objective function which we will use
to describe both the state feedback control problem and the state
estimation problem. More specifically, J;o(R) is the quadratic
function

T-1

Jiot(R) = Z Jt(Rt) = Z ’l/ft(fﬂt

t=0 t=0

—d) >0 (3)

where J:(R.:) denotes the instantaneous objective function,
R: = {Ry,..., R}, and ¢, = 1 ... T — 1, are positive
constants. In the remaining part of this subsection we use (5)
to formulate rate allocation problems for state feedback control
and state estimation.

First, we formulate the problem of rate allocation for state
feedback control, where we consider to minimize the expected
value of the quadratic function

T-1 T
Jiot(R) =Y Ji(Re) =D a} + pui 4 (6)
=1

t=0

where p > 0 is the weighting factor. The function (6) is the
linear quadratic (LQ) cost from classical stochastic control [42].
The aim of using (6) is to minimize the state variance at all time
instances, with a power constraint on the control signal. The
relation between the rate allocation R and the cost E {.J;.t (R)}
depends on the channel and the coding-control scheme, which
will be specified next.
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From classical linear quadratic control theory we know that
because the process noise v; is white, uncorrelated with x; and
1, we can write E {Ji1 (R)}, with Ji.. (R) given by (6), as

T-1

E{/i:(R)} =E {((/)0 —Dag+ Y priav]
=0
T-1

+ D (Geer + p)(—mehe + “t)z} s (D

t=0

where ¢; and ¢; are defined as

2
a”Pri1p
p21y Lonp
Pri1+p’
(L¢t+1

Y

¢r =1, ®

A

(€))

Clearly, only the terms in the last sum of (7) are affected
by control. According to classical linear quadratic Gaussian
(LQQG) theory [42], when the channel imperfections are absent
(no quantization distortion and transmission error), the optimal
control is given by u; = f;x. If the estimate d; is close to the
true state x; then the classical LQG controller, which is a sub-
optimal solution in the presence of communication channels, is
expected to give good results, even though it does not account
for channel errors and quantization distortion. Motivated by the
importance of classical LQG theory, in this paper we focus on
the linear control policy

Uy = tht (10)
where /; is calculated according to (8). By using(10), mini-
mizing E {J;o+(R)} of (6) is equivalent to minimizing the ex-
pected value of

T-1
Jtor(R) = TI't(Zlft — dt)Q (11)
t=0
where 7; is defined as
T 2 (e +0) (12)

Hence, the objective function (11) is equal to (5) with ¢, =
7. Therefore, for state feedback control we replace the objec-
tive function (6) with (11), and the new instantaneous objective
function is

E{JL(Ry)} =mE {(z. — d)*}. (13)
Summarizing the above discussions, Problem 1 below specifies
the rate allocation problem for state feedback control studied in
this paper.

Problem 1: Given a linear plant of (1), a discrete memory-
less channel of (3), a memoryless encoder-decoder pair of (2)
and (4), subject to the linear control law (10), find the optimal
bit-rate allocation R which minimizes the expected objective
function (6), subject to the total bit constraint, i.e.,

Tr-1 T-1
Ir%i{n Z o E {(.’L‘t—dt)2} , 8.4, Z R < Riot, Ry €Z+,Vt.

t=0 t=0
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A special case of the linear feedback control problem is the
state estimation problem. Consider the case of the system (1)
when u; = 0, and the dynamic system is governed by

Tpp1 = Ty +v¢, @ > 0. (14)
Then, the expected state estimation error is
T-1
Jtot(R) = Z(Zlff — dt)2 (15)
t=0

where ¢, = 1. We summarize the state estimation problem as
follows.

Problem 2: Given a linear plant of (14), a discrete memory-
less channel of (3), a memoryless encoder-decoder pair of (2)
and (4), find the rate allocation R that solves the problem,

T-1 T-1
mfin tz_; E {(:Lf — dt)z} , s.t. tz_; R; < Riot, R; € Z+, Vi,

In striving to solve Problem 1 and Problem 2, there are two
major difficulties. First, they are integer programming prob-
lems which are hard to solve because of the computational com-
plexity. In this paper, we apply the classical approach [14] that
first the rate allocation is optimized by relaxing the nonnega-
tivity and integer constraints. Thereafter these constraints are
dealt with by rounding. Second, the problems require the char-
acterization of the mean squared error (MSE) E {(x; — d;)?}
as a function of the instantaneous rates, which does not have
an analytical explicit expression in general. We simplify this
problem by introducing two approximations: the high rate ap-
proximation of the reconstructions and the Gaussian approxima-
tion of the state ;. As a result, we are able to write the overall
cost in terms of all previous rate, and moreover, strong duality
applies to the constrained optimization problem, as shown in
Section IV. Next, we address the high-rate approximation of
MSE in Section III. Then later in Section IV, we describe the
Gaussian approximation of the state in the control system.

III. HIGH-RATE APPROXIMATION OF MSE

We have seen in the previous section that the MSE
E {(x; — d:)?} appears to be a central figure-of-merit both
in the state feedback control problem and the state estima-
tion problem. In general, it is hard to formulate closed-form
expressions for the MSE, even in the case of simple uniform
quantizers. We have to resort to approximations. Inspired by
the classical works on rate allocation in communications, e.g.,
[14], we resort to high-rate quantization to compute MSE. For
general aspects about high-rate quantization theory, we refer
the reader to, e.g., [18] and [38].

Given that it is impossible to formulate a closed-form ex-
pression for the MSE, we show a useful approximation derived
under the high-rate assumption. Roughly speaking, the high-rate
assumption requires that the pdf of the source is approximately
constant within the same quantization cell. Following [18], in
case of the symmetric channel (3), a high-rate approximation of
the MSE is

dt)Q} ~ 2Rt(¥(Rt)0'it + QOtOé(Rt)

' G2 5 _
X / Y\ (y)dy + 3 2 / A2 (2)p(xy = 2)da,
JycR JreR

E {(z —
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where the source x; is zero-mean with variance ofnf ,and p(z; =
z) denotes the probability density function of z;. Further, in
(16), the constant (G represents the volume of a unit sphere,
and for a scalar quantizer ¢ = 2. The function A;(z) is re-
ferred to as the point density function [18], specifying the den-
sity of the (arbitrary) reconstruction d;. Resembling a proba-
bility density function, it follows that A;(z) > 0, for all x:,
and f]R A¢(x)de = 1. Finally, the parameter ¢, 1 < @ < 28

specifies the number of codewords the encoder will chose. If the
crossover probability e is large, then in order to protect against
the channel error, a good encoder may only use a part of the
available codewords. For simplicity, we assume ¢, = 27,
throughout this paper.

Essentially, we are interested in an efficient approximation to
describe the relation between the MSE and the rate R;. By a
further approximation, 2%t a(R;) ~ 1 — (1 — €)%, we rewrite
(16) and introduce the high-rate approximation Je

E {(«Lf - dt)Z} %jt(/@n Nt:Rt) = ﬂt(l - (1 - €)Rt)
+ K¢ 2‘2Rf
fh2o? + / v M)y,
Ky éG/ Ay = z)dz, (16)
where G 2 € For practical sources and encoder-decoder

pairs, it follows that 0 < 3; < oc, and 0 < k¢ < o, which is
considered throughout this paper. The expression of the distor-
tion J; in (16) is rather general for a large variety of quantizers,
described by means of the point density function, and derived
under the high-rate assumption. It could be observed that the
crossover probability € influences the convexity of the function.
When e = 0, J; is monotonically decreasing in E;. In fact, T
is a convex function in R;. On the other hand, for noisy chan-
nels, convexity only applies for certain {3;, ;} pairs. For the
general case of an arbitrary {3y, ., } pair, (16) is a quasi-convex
function in I?;, as stated in Lemma 1.

Definition 1: Quasi-convex function [40] Let dom f be the
domain of f : R”™ — IR. The function f is quasi-convex if its
domain and all its sublevel sets S, = {x € dom f : f(z) < a},
for @ € IR, are convex. X

Lemma ] . The distortion function J;(f;, ¢, By) = Be(1 —
(1—e)f) + 52728 0 < B < 00,0 < 5y < oc,isa
quasi-convex function in the variable E; and there is a unique
global minimizer with respect to E;.

Proof: The proof follows by taking the first- and second-
orgier derivative of J;(5:, k¢, R¢). The first-order derivative is
e = —fiIn(1—e)(1 — )T — 21n(2)5,272, and it has
at most one critical point R}, which solves —; In (1 — €)(1 —
) —21n (2)k,2 21 = 0. This is observed since the first term
of the derivative, — 3 In (1 — €)(1 — €)F¢, is strictly decreasing
towards 0 as R; grows, and the second term —2 In (2)r,;2~ 2%
is strictly increasing towards 0 as R; grows. Note also, for 0 <

€ < 0.5, (1 — ¢)f* decreases more slowly than 2-2%¢_ Thus,
for all Ry < R}, 3}; is negative, and J; is monotonically de-

creasing; for all Ry > R}, g}; is positive, and jf 1S mono-
tonically increasing. In case that € = = 0, the critical point is at

Rt* = oc, s1nce limp, o 5‘1]; = (). The second-order deriva-
—f3:1n? (1—e)(1 — &) + 41n® (2)k2 28

()



BAO et al.: RATE ALLOCATION FOR QUANTIZED CONTROL

Binary .
Quantizer I'ndex symmetric BmaryReconstruction
assignment  p. oo decoding
‘: i—oi T b=y ()
=0} [0—01 10 0! io1—o0 ij=0
input{ i=i 1§1H10:b(f): b(j 1041§J;j:1 output
—r e s s [
Hliz2i 211§ /\ 1 13 =9
=3l 130000 Ty 10030 =3

Fig. 2. A diagram of data transmission over a binary symmetric channel. As
an example, the index ¢ = 0 is mapped to the binary codeword 01, and the
codeword 11 is received due to the error imposed by the channel. The decoded
index is j = 2.
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Fig. 3. The impact of R,, x,, 3,, and € on the objective function J..

The critical point is a global minimum, since the second-order
derivative of the critical point is larger than 0. [ |

In Fig. 3, some examples of J; are depicted to show the
impact of the variables [;, #; and R;. Generally speaking, as
the rate increases, the quantization distortion decreases, while
the distortion caused by transmission errors grows. Beyond the
critical point, the latter distortion dominates, and therefore the
overall distortion will increase with the rate. Moreover, for the
same quantizer, the higher the crossover probability ¢, the closer
to 0 the critical point is. As will be shown later, Lemma 1 is in-
strumental to solve the rate allocation problems studied in this
paper. Here we introduce a class of J;, which can be written as

Uz t( t:’%th)
o2 (Be(1 — (1 — e)f) + &,2728), (17)

ie.,f = 020, and k; = 02, where 3, > 0 and 7, > 0 are
independent of R, and o2 . As shown later, this class of .J; is
central to our solutions to the state feedback control problems.
Owing to the fact that J; is a special case of J;, Lemma 1 applies
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directly to i Finally, we use a uniform quantizer to illustrate
the computation of .J; according to (16) and (17).

Example 1: Uniform quantizer and Gaussian source
Recall that throughout the paper, encoder-controller pairs
are memoryless mappings and functionally equivalent to a
quantizer. Owing to its simplicity, the uniform quantizer is
thoroughly studied in the literature and widely used in practice.
In the example, we describe the step length A; = g% of a
uniform quantizer as a function of the quantizer range [—¥;, ¥
and the rate ;. The quantizer works as follows,

0, Ty <~V + Ay,
‘I:t:{k7 —’l()t—f—kAt S.’ﬂtS—'(9t+(k+ 1)At7k7€]N7
2Rf — 1: Ty > ﬁt — At-

The parameter ¥; can be selected with respect to the source
signal. Consider a source 7, and let py, = Pr(z, € [—1,,9,])
denote the probability that =z, is within the range of the quan-
tizer. If xz; is zero-mean Gaussian with variance 03/, then
J; is related to py, and 02 as ¥ = o0,,Q7! ((1‘5«9/,)>’
where Q ~'(-) is the inverse of the Q-function, Q(z) =
2
o] 1 i anig
N e dy.

For a uniform quantizer with a quantization range [—;, 9],
the point density function is then A;{x+) = ﬁ If the source
signal and the uniform quantizer share the same range [—19,51 AR
then the high-rate approximation J;, according to (16), is J; =

92 _
(agt + %3 (1— (1 —e)f) +492G2 2% which means 8; =
22 — ~
rff,t + 7}?* and xk; = 492G The first-order derivative of J;, with
AT o2
respect to Ry, is 31‘];, = - (03/ -+ ')Tf) (1—-e)ffIn(l—¢) -
892G2 21 If the distortion caused by signals out of the quan-

tizer support [—v;, ;] is negligible, then a high-rate approx-
imation of the MSE can be written as (17) with 3, = 1 +

(@ CED) o a6 (0 (22))

3

IV. RATE ALLOCATION

Now we are in the position to investigate the rate allocation
problem for state feedback control. The essential challenge is
that the communication between the sensor and the controller
affects all future states. Estimating the key terms, such as
E {27} and E {(z; — d;)?}, is a formidable task because the
estimation error propagates with time in a highly non linear
fashion. Therefore, we approximate the pdf of the state x
by a zero-mean Gaussian function, since the initial state and
the process noise are zero-mean Gaussian. By imposing the
Gaussian approximation, we need only estimate the variance,
with the estimated variance denoted by &f‘/’ . The next challenge
lies in the derivation of &31- We consider an upper bound for
6:‘; by simplifying the correlation between x; and d;, such that

(}.?c, = (A; + Btjtfl(gtfl-, Kt—1, Rtfl))&f:;f,_1 +02  (18)
where A; > 0 and B; > 0 are independent of R; 1, 621_1 and

o2. The above assumption is reasonable, as illustrated by the
following two cases.

Case 1: Consider the decoder d; = E {z:|j:}. In this case,
the estimation error z; — d; is uncorrelated with the estimate
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dy, so we can write E {(z,

—d)?} = E{z}} — E{d?}, and
approximate E {z7} as

E{z;} =a®E{2] } + 4 E{d} |}
+ 2(I,Et,1E {.’ﬂt,]_dt,]_} + 0'3

~ <a2 + 02 2l 1 — (24 2ab )

X jtfl(/étfln Ki—1, Rtl)) E {wf?fl}
+oo, (19)
by using the high-rate approximation E {(mt,l — dt,l)z} ~
E{z? } i 1(Bo1,feo1, Bir). Hence based on (19), we
2 and 62 as

can relate the approximations &, Ny
&f/ = ((1,2 + ﬁ?—l +2al,_1 — (Z?—l + 2(],Zt_1)jt_1
(/Ht 1y For—1, I 1)) 31 . T 03,

which corresponds to (18), with

At = CL2 + £371 + 2@61571, Bt = —(g%71 + 2CL€1;71). (20)
In general, we can write E {:1:? } as,
E {L?} =2 |E {(«'L't,—l - dtfl)Q}
+(a+24; 1)’E {.’L‘?_l} —2(a+ £ ),
X E{z 1(ri1 —di1)} + O'E. (21)

The term E {24 _1(x+_1 — d;_1)} depends on the source, quan-
tizer and channel, and therefore it is often hard to formulate a
closed-form expression. Below we show another case when (18)
applies.

Case 2: Consider the case that E {wt,l(:ﬂt,l —d 1)} in
(21) can be written as a linear function of E { Ti 1}, such as
E{z: 1(z+ 1 —ds 1)} = D(e)E{a? |}, where I depends
only on e. Utilizing this linear relatlon together with the high-
rate approximation, (}f}t can be expressed in (18), with

Ar=(a+2t 1) —2(a+ b 1)l 1T(e), B, =142 1. (22)

Based on (16) and (18), an approximation of the instanta-

neous objective function (13) is given by

E{J:(Ro)} = Jy(Re) 2 (Pegr + p)0362, Te(Be, v, Re)

:Wta-zt']t(ﬂtv :‘%u Rt) (23)
where 02 follows (18). In practice, the approximation (23) can
be apphed generally to all systems from Section II-B by finding
suitable A; and B; to approximate the true objective functions.

As explained earlier that the rate F; is a nonnegative integer
number, therefore, we will first solve a relaxed problem by opti-
mizing rate allocation for R, € IR”, and, thereafter the nonneg-
ativity and integer constraints are treated separately.

The unconstrained and constrained rate allocation problems
based on (23) are formulated as follows.
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Problem 3: Find the rate allocation R that solves the
problem,

T-1
n’gn ; j{;(Rt), R; € R, Vi,

where jf,(Rt) is given by (23).
Problem 4: Find the rate allocation R that solves the
problem,

T-1
HEH Z jt(Rt),

=0

T-1
5.3 Ry < Rigr, R € R, WA,

t=0

where J;(R.) is given by (23).
Next, we present one of the main results of this paper.
Theorem 1:
— For error-free channels (¢ = 0), it holds that a solution

R € R to

T-1 1 1 !

3 ED D SRS SR AT) EAY
s=t by=0 b,=1 bs_1=0

= Rior (24)

S
t=0

solves Problem 4, with ¢ being the associated Lagrange
multiplier, and

t—1
U, (bl £ 1B ( 11 BS)
s=35+1
¢ L—1
" (H hl’> 2 (R )
m=0
Here:
1) m; and &, are specified in (12) and (17).
2) s is the smallest integer s such that b, = 1.
3) The term B is defined as
= A | Ts-1, 5> 0,
b= {Boaio, §=0, (26)

where I3, is referred to (18), and 7 is calculated recur-
sively as
Te & AgTo 1+ o2, 7 = Agoio + o2

4) Theterm B, is chosen between A, and B,, determined

by bs,
Y 1457 bs = ()/
Bs = {BS, b = 1. 27)
— For noisy channels (e # 0), it follows that:
1) If Rt > 37—, R}, where R* solves
aJ
C)th (Be. o, BY) = 0, Wt (28)

with jt(/ét, Ry, Ri) given by (17), then the same R*
solves Problem 4.
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2) If Rt < 3.,_y R:, where R* is a solution to (28),
then the solution to the system of equations

T—1
- Z U, =6, Vi
s=t

T-1
Z Rt = Rtot (29)
t=0

solves Problem 4. Here, the term ¥, , is

1 1 1
£ LYY (30)

bo=0

where by, € {0,1}, k € Z*, and

b(] ( H Bm) < ll[ Cfb") .
m=5+1 n=s5+1

The terms B and B,, are as given by (26)—(27), and
C,, is defined as (31)

bi=1 bo_1=0

a3 = _
¢, & { o (Pnsfin, Bu), m =1, (31)
J"(ﬁnt &na Rn)q 1z # t.

To prove Theorem 1, we use Lemma 2— Lemma 8, as shown
subsequently. We start by dealing with the error-free scenario.

A. Error-Free Channels

Lemma 2 presents (23) in a more tractable form.
Lemma 2: Let € = 0. The instantaneous objective function
(23) is given by

1 1
thz Z 7, (b5

(32)

where ¥, (b§, 1) is defined in (25).
Proof: Fore = 0, the instantaneous objective function (23)
is
j ¢ (Rt ) -

(besr + p)E62 272 = 1,52 7272 (33)

where 62 = (Ay + B2 28-1)52 L+ UU, with Af and B;
as given by (18). By recursively replacmg 52 . with 6 52 oy and
Ry, q,fors=1%,...,1,upto fff Yo’ then we can write 2
as a function of R;_;. In particular Jt(Rt) is given by a sum
of 2¢ products, ¥,(b/ ") from (25), i.e.

-1 / 1
Dt(bél):mB( 11 Bb.> (H ) St
s=5+1 m=0

with all terms described in Theorem 1. [ ]
Lemma 3: Consider {R; : 0 < R; < R}}. Then, the overall
objective function from Problem 4, i.c.,

—O'

R, +R,)

(34)

is convex in this region.

Proof: (Sketch) The nontrivial and lengthy proof follows
by applying Sylvester’s criterion, which requires that all of
the principal submatrices of the Hessian have a positive de-
terminant. The determinants can be verified by performing
Gaussian elimination and examining the diagonal elements of
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the resulting triangle matrix. The detailed proof, which we have
to remove for lack of space, is given in [43]. ]
Given a finite Ry, the constrained optimization problem can
be solved according to Lemma 4.
Lemma 4: Let e = 0. A solution to (24) solves Problem 4.
Proof: We can show that a']a’(TI:’) < 0

limp, _,OC% = 0, when ¢ = 0. That is to say

Problem 3 has a unique global minimum, which is achieved
at R} = oo, Vt. Moreover, the overall objective function
is convex, as shown in Lemma 3. Therefore, strong duality

and

holds. When ¢ = 0, the 1nstantaneous Ob]eC'[IVG function
(23) becomes J;(R¢) = Zbo - th o Vu(bgy” 1y, with
W, (bi™") given by (25). Then, we mlmmlze the Lagrangian
WR0) = T iR + 8 (T R - R ), with
respect to {R,0}, with # being the associated Lagrange
multiplier. Setting BUE)F;’H) 0 and m = 0, Vt, yields
immediately (24). ]

B. Noisy Channels

Moving on to deal with the noisy channel scenario, it should
be clear that the approximation &gt is essential to the deriva-
tion of the overall objective function. Similarly to the error-free
scenario, starting at s = £, by successively replacing 03 with
r}i_l , right up to 630 = o2, we can formulate frﬁi as a func-
tion of R;_1, 02, and 2. In particular, J;(R;) is a sum of 2¢
products, as shown in Lemma 5.

Lemma 5: Let ¢ > 0. The instantaneous objective function
(23) can be rewritten as

Z Zm

bo=0 by _1=0

xg 2

]t(ﬂt /ﬂ,t7Rt) (35)

A

where L([S’t Kt Ry) is as defined in (17), and \Ilt(bé‘l) =
_ ~ o~ b
B(Hq b B (3o 5o, 1)) )

(12) and(26)—(27), and s is the smallest integer s for which
by = 1.

Lemma 5 is proved by straightforward calculation. According
to Lemma 5, each jt(Rt) consists of 2¢ terms.

Fig. 4 demonstrates an efficient method to compute the
middle term W, (b{ '), where the binary sequence b§, ' plays
an important role. Note that there are in total 2t different binary
sequences of length £. Each sequence b ! has a corresponding
T (bf] 1) which can be computed by followmg the binary tree
in Fig. 4 from the root to the branch nodes. As a matter of fact,
the 2¢ branch nodes at the tzh level represent all the 2 \I/t(bffl)
terms. We illustrate the computation of one ¥;(b§ ') term in
Example 2.

Example 2: Computing ¥,(0,0,1,1) In this example, we
demonstrate how to compute ¥;(0,0, 1, 1) by following the bi-
nary tree from Fig. 4. Start by setting s = o2 »» and then succes-
sively obtain

with 7, B, B, given by

bp=0:5:= Aoag + ch

by =0:5:=A4 (Agoo—l—a )+0

by =1:5:=By(A (Aol + 02) + 02)J3(Ba, k2, Ro)

by =1:s:=By(By(A1(Ago2 + 02) + 62)Ja(Ba, Rz, R2))

x J3(Bs, fea, R3).-
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§:=0y

s:=Ags+072
0 1

s:=A15+02

s —Azs+()' s=ByJas s=Azs s=BJas

Kk A3s'+/0'2\ _ §=A3s s,A/y\ A'A/p\

K —B;J;s s=B3Jzs s=B3J3s

s=Bi]s

s=B3J3s
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s=BoyJos

s=Ars s=BJs

s:=Azs s=ByJs s:=Azs s=Bslps

s —B;J3s s —B;J3s s=B3J3s s=B3J3s

Fig. 4. The breakdown terms of T, (b§™"), where 71, J5 and T3 are short notations for J, (31, 71, B1), lt(ég R2, R2), and 1.(3s, ks, Rs)

Finally, ¥;(0,0,1,1) =
k2, R2))J3(0s, ks, R3).

In Lemma 6, we show the solution to the rate unconstrained
problem.

Lemma 6: Let € > 0. Problem 3 has a unique global min-
imum R*, which solves (28).

The proof of Lemma 6 can be found in Appendix I-A.

Lemma 7: Consider {R; : 0 < R; < Ry}, and the overall
objective function (34) from Problem 4 is convex in this region.

Proof: Similar to the proof of Lemma 3, the convexity is
also proved by applying Sylvester’s criterion, where all of the
principal submatrices of the Hessian have a positive determi-
nant. The detailed proof is given in [43]. [ |

Finally, we show how to solve the rate constrained optimiza-
tion problem, in Lemma 8.

Lemma 8: Let € > 0. A solution to (29) solves Problem
4, where W,  is given by (30) and § is the corresponding La-
grangian multiplier.

Proof: The proof is based on Lagrange duality. Strong
duality still applies, since the overall objective function has a
unique global minimum (Lemma 6), and since the overall ob-
jective function is convex in this region (Lemma 7).

Second we minlmize the Lagrangian, n(R.8) =

t 0 Jf(Rf)—I—Q( t 0 RT Rtot) where Jf(Rf) is givenby
(42); and @ is the associated Lagrange multiplier Calculating
the derivative d"d(g 6), implies d'ld(% ) — Zq : \I/tb + 0,
where W, , is given by (30). Note that all binary variables
b, m =0,...,s, and m # t, take both the values of {0,1},
except by, which can only take the value 1. Straightforward
calculation shows that the term U(bg) in (30) is

H B’,n ) ( H Czn >
m=5+1 n—=s5+1
where the parameters B and B,, can be found in (26)—(27), and

Bs(Ba(A1(Agol + 02) + 02)J2(5s,

U(by) =

C,, is given by (31). Then, w = 0 and %I;’e) = 0 lead
to (29), which concludes the proof. ]

We can now give a proof of Theorem 1 by using the previous
lemmata:

Proof (Theorem 1): We prove the special case for noise-
less channels in three steps. First, we use Lemma 2 to write
the overall objective as a function of R;, Vi, explicitly. Then,
we could show that when ¢ = 0, the unconstrained rate allo-
cation problem has a unique global minimum, 2} = oo, Vi.

Finally, we use Lemma 3 and Lemma 4 to show that given any
Ryt < oc, asolution to (24) solves the constrained rate alloca-
tion problem, i.e., Problem 4.

Likewise, we prove the general case for noisy channels also
in three steps. First, we use Lemma 5 to write the overall objec-
tive as a function of R;, V#, explicitly. Then, we use Lemma
6 to show that when ¢ > (), the unconstrained rate alloca-
tion problem has a global minimum which solves (37). This
global minimum is the solution to the constrained rate allocation
problem if the rate constraint fulfills. Finally, we use Lemma 7
and Lemma 8 to show that the solution to (38) solves the con-
strained rate allocation problem, if the rate constraint is violated
by the global minimum.

This concludes the proof of the theorem. [ |

In the rest of this section, we briefly present the result to
the state estimation problem (Problem 2), which is easier
to solve compared with Problem 1, i.e., the control coun-
terpart. According to (14), the state x; is a function of
the initial state zg and the process noises V0 -1 namely,
atrg + ! Oat 1=sy,. Since mg and v{ ' are
i.i.d. zero-mean Gaussian, consequently, Iy 18 also zero-mean
Gaussian with the variance 02 = 2 4@t )20,
Note that the state x4 does not depend on the communication
over the noisy link, and therefore, x; is not affected by the
rate allocation. Hence, the major challenge lies in deriving a
useful expression for the MSE, cf., the instantaneous distortion
(15). In order to proceed, we resort to approximations based
on high rate theory and approximate the distortion (15) by
J:(Bt, ke, Ry) from (16). We thus solve the rate allocation
problem with respect to the following average instantaneous
distortion:

E {JT(Rt)} = jt(/@ta Kty Rf)
=6,(1 — (1 —e)B) + k5,2 28,

Tt =

(36)

The rate unconstrained and constrained optimization problems
for state estimation, as an approximate version of Problem 2,
are formulated as

Problem 5: Find the rate allocation R that solves

mll’l Z ]t Bt /‘ut,

where jt(ﬁt., ki, ) is given by (16).

), Re e R, Vit
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Problem 6: Find the rate allocation R that solves

T-1 T-1
nlrnz Je(Bey Ky Re), st ZRt<Rtot R, e R, Vt
t=0 t=0

where jt(ﬁt, t1, Ry) is given by (16).
The solution to Problem 6 is summarized in Theorem 2.
Theorem 2:
+ For noisy channels (6 > 0)
1) If Riot > Zt o RT, where R* is a solution to

8]t

og P B2 = 0, 91 37)

then R* solves Problem 6.

2) If Ryt < ZtT:Bl R}, where R* solves (37), then a
solution {R, 8} to

T-1

([)’t,rt Ry)=0,Vt, Y Ry =

t=0

th

Riot (38)

solves Problem 6, with 8 being the associated Lagrange
multiplier.
* For error-free channels (e = 0)

Rtot 1 Rt

tolog, | —
T T2 \F
t=0 ”t)

R, = L VE (39

solves Problem 6.

To prove Theorem 2, we need Lemma 9—Lemma 11, as shown
subsequently.

First, consider the noisy channel scenario, we note that the
unconstrained problem for the noisy channel has a unique min-
imum that is not necessarily achieved at 12} = oo, as stated in
Lemma 9.

Lemma 9: Let e > 0. The solution to Problem 5 is a unique
global minimum, R*, which also solves (37).

Proof Compute the critical point, at which the gradient
of Zt 0 ]f(df ki, R}) is a zero vector. Straightforward cal-
culation yields (37). It should be remarked that the system of
equations is decoupled and the variables R are separable. We
can argue that, since each decoupled function J;(5;, #¢, Ry) is
quasi-convex and has a unique minimum, as shown in Lemma 1,
the overall distortion ZtT;Ol Ji (B¢, K¢, Ry) has a unique global
minimum. ]

From Lemma 9, we know that if f2;,; > Z? 01 12}, where
R* is a solution to (37), then the same R* also solves Problem
6. On the other hand if Ri,: < Zt 0 Rf, where R* solves
(37), then the solution to (38) solves Problem 6, as stated in the
following lemma.

Lemma 10: Let € > 0. The solution to Problem 6 is also a
solution to (38).

Proof: The proof is based on Lagrange duality. We note
that strong duality holds, because the objective function is a
sum of separable quasi-convex functions from Lemma 1, and
the constraint is linear. Consider the Lagrangian n(R,6) =

E {J:(Rs)}+6( Rt Ryt ), with 8 being the asso-
crated Lagrange multrplrer Compute the first-order derivatives
of (R, ) with respect to the variables I?; and #. The minimum
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is achieved when the derivatives are equal to 0. Observe that,
these 7'+ 1 equations in 7'+ 1 unknowns, R and 8, correspond
to (38). ]
For an error-free channel (¢ = 0), the rate allocation problem
has a closed-form solution, as shown in Lemma 11.
Lemma 11: Consider Problem 5 where ¢ = 0. A solution R
to (38) is (39).

Proof: Problem 5 is convex and the global minimum is
achieved at [t} = oo, Vi. The convexity of the overall objective
function 23:01 E {J:(R;)} is readily shown by observing that
the Hessian is positive definite. Then, it is straightforward to
write I?; as a function of 8, according to (38)

1 g

Ri=—-logg ——
! g 082 21u(2)ks

1 1
=5 log, (21n (2)ky) — 5 log, 6. (40)
We can solve € by means of the total bit constraint
9 _ 2% (ZTZBI logz (2 111(2)1»;,,)—2[{1,0(,) ) (41)
Substituting (41) into (40), (39) follows immediately. ]

The similar results concerning rate allocation in the absence
of transmission errors can be found in for example [14]. Finally,
we give a brief proof of Theorem 2 by using the previous lem-
mata.

Proof (Theorem 2): In short, we prove the general case
for noisy channels in two steps. We use Lemma 9 to show that
when ¢ > 0 the unconstrained rate allocation problem, i.e.,
Problem 5, has a unique global minimum, which solves (37).
This global minimum is the solution to the constrained rate al-
location problem, i.e., Problem 6, if the rate constraint fulfills.
Then, we use Lemma 10 to show that the solution to (38) solves
the constrained rate allocation problem, if the rate constraint is
fulfilled.

The special case of noiseless channels is proved in a similar
way. This concludes the proof. [ |

We remark here that the complexity of the proposed rate al-
location method is increasing with time. However, the rate allo-
cation is more relevant for applications with short time horizon.
In addition, the computation can be done off-line in advance.

V. NUMERICAL EXPERIMENTS

In this section, we present numerical experiments to verify
the performance of the proposed rate allocation algorithms. Let
us first address some issues common for all experiments in this
paper. In general, we refer to the rate allocation obtained by
applying Theorem 1 as the optimized allocation. In particular,
we optimize the rate allocation by means of the objective func-
tion (23) of Problem 4, while the overall performance is on
the other hand evaluated in term of the objective function (6)
of Problem 1. Throughout this section, the initial state and the
process noise are zero-mean Gaussian with variances o2 and

a2, respectively. For the exposition of the basic de51gn con-
cept and procedure, we choose to use a time-varying uniform
quantizer for which the quantizer range is related to the esti-
mated signal variance as ¥; = 46, . At the same time, we also
use this quantizer to expose the importance of a carefully de-
signed coding-controller. As revealed later, this simple quan-
tizer is far from optimal in view of the efficiency of commu-
nications. Moreover, recall that we derived the instantaneous
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objective function (23) based on two approximations: First, x;
was assumed to be Gaussian, and, second, we assume that the
high-rate form (16) is adopted and the distortion caused by the
signals outside the support of the quantizer is negligible. Hence,
we use (18) and (22). In this paper, the system of nonlinear (29)
is solved numerically using Newton’s method. We discuss the
validity of these two approximations later in Fig. 8. We deal
with the nonnegativity and integer constraints of the rates by
using standard rounding approaches, cf., [14] and [44]. In the
experiments, we formulate the rounding as a binary optimiza-
tion problem in which the binary variables represent rounding
the rate upwards or downwards to the nearest integer. A solution
to such a problem can always be obtained by exhaustive search
or combinatorial algorithms [45].

A. Performance of the Rate Allocation Algorithms

First, in Fig. 5(a) we demonstrate the performance of the pro-
posed scheme to the state feedback control problem by com-
paring it with several other allocations. In many previous works,
the transmission rate is constant over time, e.g., [24] and [46].
We show that this is not the most efficient way to utilize the
communication resources. The system parameters are chosen
in the interest of demonstrating nonuniform rate allocations, in
particular, the system setup is: @ = 0.5, p = 0.1, T = 10,
Ry = 30, ¢ = 0.001, 020 = 10, and 03 = 0.1. The simu-
lated costs are obtained by averaging over 100 IA’s and for each
IA over 150 000 samples. In Fig. 5(a), we compare the opti-
mized allocation, denoted by RA;5, which is obtained by the
method proposed in this paper, to 13 other allocations, denoted
by RA; — RAy1, RAy3,and RA14. All 14 allocations are listed
in the same figure. Especially, the allocation RA4 is achieved
with our method by solving the unconstrained rate allocation
problem. Regarding the optimized allocation, B, is fairly evenly
distributed over ¢, and compared with the uniform allocation
IR Ag, there is certain performance improvement. The uniform
allocations IZA; — R Ag have a time-invariant rate from 8 bits to
1 bit. Among these allocations, I Ag, for which I?; = 1, V1, has
the worst performance, while RA4, for which R, = 5, V¢, has
the best performance. In fact, based on our analysis, 5; = 0,
K+ = K, and the solution to Problem 3 is R} = 5, Vi. In the
presence of channel errors, more bits can sometimes degrade
the performance. This is consistent with the simulation result
that KA, is superior to allocations that are assigned more than
5 bits forevery ¢, ¢f., RA; — RA3. The allocations RAg — RA13
are used to represent the strategies that more bits are assigned
to the initial states. Obviously, this strategy is not efficient in
the current example partly because of the following facts. First,
as discussed, the additional bits exceeding the critical point do
more harm than good. Second, the degradation caused by re-
ducing one bit at a lower rate is much significant than the im-
provement along with adding one bit at a higher rate. In addi-
tion, we in the same figure include the results obtained by using
a fixed index assignment, namely the nature binary IA. In this
experiment the nature binary IA, in most of cases, yields a lower
cost than the random IA. Similar to the random IA, the lowest
cost is given by RA;,.

In Fig. 5(b), we demonstrate the corresponding simulation re-
sults for the state estimation problem. Here, the optimized rate
allocation is obtained by applying Theorem 2 and the binary
rounding algorithm. The involved system parameters are the
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Fig. 5. (a) Performance comparison among various rate allocations for state
feedback control. The  axis is associated to the allocation, whereas the ¥ axis
is the overall distortion. An allocation is described by an integer vector, for ex-
ample, RA14 has R = [5443332222]. Allocations marked with a diamond do
not satisfy the total rate constraint, that is to say > i 01 Ry > 30. Allocatlons
marked with a triangle or a circle fulfill the total rate constraint, Z _1 R, <
30. Allocations marked with a diamond or a triangle use the random IA. Alloca-
tions marked with a circle use the nature binary IA. (b) Performance comparison
among various rate allocations for state estimation. (a) State feedback control,
Jioy given by (11). (b) State estimation, J., given by (15).

same as in Fig. 5(a). Also, the performance for the same 14 allo-
cations, RA; — RA4,4 as in Fig. 5(a), are depicted. In particular,
R A, is still the global optimum which solves the unconstrained
optimization problem; while FA14 is the optimized rate alloca-
tion for state estimation. Performance in Fig. 5(b) is measured
by the objective function of Problem 2, and it is obtained by
averaging over 100 IA’s and each IA 150 000 samples. Com-
pared with the uniform allocation RAg, we see that our method
gives an evident gain. Note that, here 2 A14 outperforms A1,
which is the optimized allocation for state feedback control. An
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Fig. 6. Performance comparison between p = 0.1 [(a) and (¢)] and p = 10
[(b) and (d)].

explanation for the gain of RAq, is that without control action
the trajectory approaches zero slowly which requires more bits
in the initial states.

B. Impact of the Weighing Factor p

The purpose of this example is to demonstrate the impact
of the weighting factor p. Recall that p plays a role of regu-
lating the power of the control signal. More precisely, the mag-
nitude of the control signal decreases as p increases. That is to
say, a large p yields small-valued controls, consequently, a slow
state response and a high steady-state level. In this experiment,
we fix the following system parameters, ¢ = 0.5, T = 10,
Rior = 30, € =0.001, 02, = 10,0} = 0.1, and the aforemen-
tioned time-varying uniform quantizer. The optimized rate allo-
cations are RAy» = {5333333322}, RA13 = {5433333222},
RAqy4, = {5443322222}, for p = 0.1, 1, 10, respectively. By
applying Lemma 6, we see that the global minimum to the rate
unconstrained problem is Rf = R* = 5. This is consistent with
the above derived rate allocations that there is no R larger than
5. When p is small, for example p = 0.1, large-valued con-
trols are allowed and the steady state is quickly reached. As p
increases, only small-valued controls are allowed and it takes
longer time to reach the steady state. This explains 2414 that
more bits are needed in the initial states when p is large. As men-
tioned previously, the rate allocation RA14 is also the solution
to the state estimation problem. Interestingly, the optimized rate
allocation in this case is the same as when p = 10. It is a rea-
sonable observation, since, when p = 10, first, the controls are
extremely small and have hardly impact on the state evolution;
second, 7; is nearly constant. As a result, Problem 4 becomes
similar to the estimation problem, cf., Theorem 2. The simu-
lated instantaneous costs for p = 0.1 and p = 10 are depicted
in Fig. 6. Indeed, the instantaneous cost for p = 10 is remark-
ably higher than the one for p = 0.1, because the former system
performs similarly to the one without any control.
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Fig. 7. Performance comparison with respect to epsilon: (a) e = 0.001, RA;
(b) € = 0001 R/‘ll;g; (C) e=20.1, R447; (d) € = 01. RAlg.

C. Impact of the Cross-Over Probability €

The impact of the cross-over probability ¢ is studied in Fig. 7,
where we fix the other parameters and only vary €. As before,
the system setup is: 7' = 10, Ryt = 30, p = 1,02 = 10 and
o2 = 0.1. Applying Theorem 1, we obtain R A3 fore = 0.001,
and RA7; for e = 0.1, respectively. At e = 0.001, the global
minimum to the unconstrained problem, according to Lemma
6, is R = 5, which means the rate constraint is violated at
the global minimum. On the other hand, at ¢ = 0.1, the global
minimum is Ry = 2, so the rate constraint applies. Since the
quantizer range is fixed, a reduction in the rate causes a higher
quantization error, but more robust codewords against transmis-
sion errors. Beyond a certain number, the “additional bits” will
do more harm than good, as demonstrated in Fig. 7. In the figure,
the simulated instantaneous costs obtained by using IZA13 and
RA; at e = 0.001 and ¢ = 0.1, are depicted. At e = 0.001,
if Ry > 5, we can improve the performance by increasing the
rate. Therefore, RA13 outperforms RA7. Ate = 0.1, the situa-
tion is different. When R; > 2, the performance is degraded by
increasing the rate, which is consistent to the simulation result
in Fig. 7.

D. Additional Remarks

We conclude this section by some additional remarks. In
Section II, we have formulated Problem 1 to assign totally
Ryt bits optimally to 7' time units. In fact, the solutions to
the optimal rate allocation problem have partly answered the
question the other way round. That is to say how much data
it is truly needed to achieve a certain system behavior. In the
absence of channel errors, increasing the data rate typically
means more accurate information, consequently, a better con-
trol performance. Unfortunately, in the presence of channel
errors, the situation is complicated. The channel error has
different kinds of impact on the system performance. First, if
the encoder-controller is not optimal, increasing the data rate
does not necessarily improve the performance. Moreover, the
improvement given by the rate is significantly reduced if € is
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Fig. 8. The pdf’s of the estimated '+ and the true z;,t = 1, 2, for two p values.

high. It is worth noticing that the solution to the unconstrained
problem can be used to evaluate the optimality of the quantizer.
In particular, optimal quantizers will solve Problem 3 with
R* = . In other words, by optimizing the encoder-decoder
pair, we can move R* towards oc to enhance the efficiency of
the available communication resources.

Finally, we would like to make a few comments on the accu-
racy of the approximations (the high-rate approximation and the
Gaussian state approximation). Regarding the high-rate approx-
imation of the MSE, although the high-rate assumption requires
the source pdf to be approximately constant over one quantiza-
tion cell, the high-rate approximation works fairly well in prac-
tice for as low rates such as 3, 4 bits. On the other hand, we
may say generally that the accuracy decreases when the rate ap-
proaches 0. The worst case occurs at 12, = 0, where the esti-
mation error E {(z; — d;)?} given by (16) is even worse than
o2, obtained by setting d; = 0. Finally, the Gaussian approxi-
mation becomes less accurate as the significance of control in-
creases, which is assessed below by a numerical example. In
Fig. 8, a comparison of the pdf’s of the estimated z; and the
true z; is depicted, for two p values: p = 0.1 and p = 1.
The other parameters retain the same values, i.e., a = 0.5,
T = 10, Rior = 30, ¢ = 0.001, (rf,o = 10,02 = 0.1. We
could observe that for large-valued p, the influence of control
is moderate. Consequently, the system behaved more like the
open-loop system. Therefore the Gaussian assumption is more
accurate. On the other hand, for small-valued p, the influence
of control is significant, which reduces slightly the accuracy of
the Gaussian assumption of the state «;. We conclude that the
assumption works well in practice.

VI. CONCLUSION

We proposed a new method to optimize the allocation of com-
munication resources in state feedback control and state esti-
mation over noisy channels. More specifically, we studied the
problem of optimal rate allocation with control and/or estima-
tion performance as the utility function. In order to arrive at a
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tractable objective function, we first approximated the objec-
tive functions by means of the high-rate approximation theory.
Second, for each rate allocation problem, we showed that the
unconstrained version has a global minimum, which solves the
problem if such a global minimum does not violate the rate con-
straint. On the other hand, if the global minimum violates the
rate constraint, then we solved the rate constrained optimiza-
tion problems by means of Lagrangian duality. Numerical sim-
ulations showed good performance of the proposed method and
that, contrarily to previous studies, it is better to give an unequal
rate allocation.

Future work include the extension of our rate allocation
scheme to handle networked control systems of multiple
plants. For example in the presence of a shared communication
medium, a total transmission rate constraint could be imposed
to formulate optimization problems of multi-objective utility
functions. Meanwhile, it is also interesting to investigate how
the interference between the plants can affect the rate allocation.

APPENDIX
Proof of Lemma 6: According to Lemma 5, J;(R;) can be
written as
1 1
SR =D ... Y W(bih
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dent of R; _1, and the parameters 7, I3, B, andu § are given in
Theorem 1. Taking the first-order derivative of .J;(R.) gives
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Note that if & orl > 1, the second-order derivative is 0. At the
critical point, dR = 0 and g }gf > 0, hence, all elements at the
diagonal of the Hessian matrix are positive. We can conclude
that the Hessian matrix is positive definite and the critical point

is a global minimum.
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