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Abstract

Autonomous robots like household service robots, self-driving cars and drones
are emerging as important parts of our daily lives in the near future. They need to
comprehend and fulfill complex tasks specified by the users with minimal human
intervention. Also they should be able to handle un-modeled changes and contingent
events in the workspace. More importantly, they shall communicate and collaborate
with each other in an efficient and correct manner. In this thesis, we address these
issues by focusing on the distributed and hybrid control of multi-robot systems
under complex individual tasks.

We start from the nominal case where a single dynamical robot is deployed in a
static and fully-known workspace. Its local tasks are specified as Linear Temporal
Logic (LTL) formulas containing the desired motion. We provide an automated
framework as the nominal solution to construct the hybrid controller that drives the
robot such that its resulting trajectory satisfies the given task. Then we expand the
problem by considering a team of networked dynamical robots, where each robot has
a locally-specified individual task also as LTL formulas. In particular, we analyze
four different aspects as described below.

When the workspace is only partially known to each robot, the nominal solution
might be inadequate. Thus we first propose an algorithm for initial plan synthesis to
handle partially infeasible tasks that contain hard and soft constraints. We design
an on-line scheme for each robot to verify and improve its local plan during run
time, utilizing its sensory measurements and communications with other robots. It
is ensured that the hard constraints for safety are always fulfilled while the soft
constraints for performance are improved gradually.

Secondly, we introduce a new approach to construct a full model of both robot
motion and actions. Based on this model, we can specify much broader robotic tasks
and it is used to model inter-robot collaborative actions, which are essential for many
multi-robot applications to improve system capability, efficiency and robustness.
Accordingly, we devise a distributed strategy where the robots coordinate their
motion and action plans to fulfill the desired collaboration by their local tasks.

Thirdly, continuous relative-motion constraints among the robots, such as colli-
sion avoidance and connectivity maintenance, are closely related to the stability,
safety and integrity of multi-robot systems. We propose two different hybrid control
approaches to guarantee the satisfaction of all local tasks and the relative-motion
constraints at all time: the first one is based on potential fields and nonlinear control
technique; the second uses Embedded Graph Grammars (EGGs) as the main tool.

At last, we take into account two common cooperative robotic tasks, namely
service and formation tasks. These tasks are requested and exchanged among the
robots during run time. The proposed hybrid control scheme ensures that the real-
time plan execution incorporates not only local tasks of each robot but also the
contingent service and formation tasks it receives.

Some of the theoretical results of the thesis have been implemented and demon-
strated on various robotic platforms.






Sammanfattning

Denna avhandling fokuserar pa distribuerad och hybridstyrning av multi-robot-
system for komplexa, lokala och tidsberoende uppgifter. Dessa uppgifter specificeras
av logiska formler rérande robotens rorelser och andra ageranden. Avhandlingen
behandlar ett tvéarvetenskapligt omrade som integrerar reglering av nétverkade
robotsystem och planering baserad pa formella metoder. Ett ramverk fér hybrid-
styrning av flera dynamiska robotar med lokalt specificerade uppgifter presenteras.
Fyra huvudscenarier betraktas: (1) robot-planering med motstridiga arbetsuppgifter
inom ett delvis okédnt arbetsomrade; (2) beroende uppgifter for en grupp heterogena
och samverkande robotar; (3) relativa rorelsebegréansningar hos varje robot; samt
(4) robotar med uppgifter som begérs och bekréftas under korning. Numeriska
simuleringar och experiment visas for att validera de teoretiska resultaten.
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Chapter 1

Introduction

AUTONOMOUS ROBOTS such as cars, drones and domestic service robots appear
in the popular media more and more frequent. In recent years, the technical
development, manufacturing and installation of industrial and domestic robots have
been boosted by the unprecedented evolution of digital processing. Robots and
embedded computers have become more powerful in terms of speed and capacity,
and at the same time more affordable [148]. An essential feature of autonomous
robots is that they are expected to comprehend daily tasks specified by non-expert
end-users, reason about them, figure out a plan and more importantly execute the
plan to accomplish the tasks without or with minimal human intervention.

Wireless communication technology enables autonomous robots to be connected
with each other and with internal or external sensors. The emerging Internet of
Things [150] will allow robots to have more accurate and up-to-date information
about their operation space. Even better, cloud-computing platforms provide them
on-demand access to computing and storage resources for an enormous amount of
real-time data. These robot-to-infrastructure and robot-to-robot communications
should be tailored specifically for task planning and execution, in order to save
bandwidth and improve efficiency.

Lastly, a group of coordinated autonomous robots can be more efficient and can
achieve more complex tasks than a collection of independent single robots [9]. For
instance, three coordinated robots can carry a heavy object together which can not
be carried by three independent robots; passengers with close-by destinations can
share the same autonomous car through carpooling. The effectiveness of a multi-
robot system is closely related to the complexity and flexibility of the underlying
coordination scheme. Thus the core problem for any multi-robot application is to
design a suitable coordination scheme that can improve the overall performance
while keeping the cost and complexity of coordination low.

All issues mentioned above bring the need for a new framework for the modeling,
design and analysis of interconnected multi-robot systems under complex individual
tasks. In the remainder of this chapter, we provide some motivating applications of
this thesis, which is followed by the main contributions and the thesis outline.
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Figure 1.1: Some examples of service robots (left to right, top to bottom): Gostai, TUG,

Pepper, Baxter and Robot Bear (photo courtesy of Gostai robotics, Aethon, Aldebaran,
Rethink robotics and Riken).

1.1 Motivating applications

In this section we provide some real-life applications that motivate the topics
addressed in this thesis.

1.1.1 Service robots

Different from industrial robots that are mostly built for fast, reliable and accurate
repetitions, domestic service robots on the contrary are designed to be safe, easy-to-
use and good at interactions with humans. Since we are living in an aging society,
more and more personal caring services are demanded in hospitals and households.
Furthermore, surveillance tasks are tedious and potentially dangerous for humans.
Compared with human nurses, housekeepers or security guards, autonomous robots
are constantly available, reliable and capable of more than one type of tasks. Some
well-known commercial products on the market are shown in Figure 1.1, including
the Gostai robot [47] designed for telepresence and surveillance tasks for office-
like environments; the service robot from TUG [3] which delivers goods such as
medication, lab specimens, food and linens in the hospital around the clock; the
service robot Pepper [6] which can accompany people, talk to them, and understand
their emotions; the user-friendly ReThink Baxter robot [123] which collaborate with
small-scale family-business owners in their assembly lines; and the robot Bear [125]
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Figure 1.2: Left: a customized guide robot for online users to explore the museum at
night; right: a service robot that can perform daily errands (photo courtesy of Wired
Magazine and TU/e).

which serves as a nurse assistant and provides personal caring for the elderly. In
addition, some customized service robots are designed for more specific purposes.
As shown in Figure 1.2, the custom-made guide robot at Tate Britain museum
allows any ordinary Internet surfer to explore the masterpieces inside the museum
after dark by live-streaming the robot’s vision with commentary [149]; the service
robot Amigo [138] developed at TU/e can be configured to perform various domestic
errands at home and hospital environments. It is estimated in [127] that more than
500,000 units of domestic service robots will be sold worldwide before the year 2020.
Thus it is reasonable to foresee that autonomous service robots will play more and
more important roles in our daily lives.

Now imagine that you have several service robots like those shown in Figure 1.1
in your house and that you want to give them the following commands:

o “Gostat, take photos of the kids in both bedrooms and send them to me”;

e “Baxzter, go to the kitchen, make a cup of coffee and bring it back to me”;

o “Pepper, vacuum the living room and turn on the dish washer in the kitchen”;
e “Robot bear, move the table from the balcony to the study”.

The above task specifications are typical as daily household errands, from which
we can easily draw the following characteristics: firstly, they are addressed to each
individual robot separately as the human user normally has a clear idea about
the distinctive motion and actuation capabilities of these robots; secondly, they
are specified as the desired robot actions at certain locations, e.g., “take photos”
at “bedrooms”, “make coffee” at “kitchen”, and “vacuum” the “living room”, and
these actions should happen in a desired temporal sequence, e.g., first “vacuum
the living room” and then “turn on the dish washer”; thirdly, some of the desired
actions can be done by the robot itself like “take photos” and “vacuum the room”,
while some may require collaborations with other robots like “move the table”. Most
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Figure 1.3: Left: the self-driving car by Google; right: the Amazon's “prime"” air delivery
service by autonomous drones (photo courtesy of Google and Amazon).

of the existing solutions are designed for rigid and simple task executions, thus
incapable of handling complex tasks as listed above but much human intervention is
needed. Thus we intend to design a systemic and automated framework that allows
the human users to describe these aforementioned tasks in a concise and formal
way; enables the robot to synthesize its local motion and action plan, and execute
this plan autonomously to fulfill its task; and lastly allows the team of robots to
coordinate and collaborate with each other to fulfill all local tasks.

1.1.2 Autonomous cars and drones

Autonomous cars, also known as self-driving cars, are capable of sensing the traffic
environment and navigating to the desired destination without human guidance. The
last decade has witnessed an increasing interest in autonomous-driving technologies
from both academia and industry. Almost every major car manufacturer around
the world is developing autonomous or driver assistance technology to upgrade its
existing models, e.g., adaptive cruise control, automatic parking, collision avoidance
and high-way platooning. The prototype of Google self-driving car as shown in
Figure 1.3 has been tested on road for over 1 million miles [46]. Self-driving taxis
will begin trails in Japan from next year [32]. It is estimated by IEEE [75] that up to
75% of all vehicles will be autonomous by 2040, which may lead to an extraordinarily
efficient and intelligent transportation system. Particularly, this will allow everyone
to get around easily and safely with just a push of a button, regardless of the ability
to drive. Sometimes we may have complex driving tasks in mind, like:

o “Eventually arrive home, but on the way pass by any supermarket of this store
and the kid’s school, always avoid highways”;

e “Go to any branch of this bank and then that restaurant, park at a close-by
parking area where there is free parking”.

These tasks are clearly much more complex than just “going from A to B”, but still
quite common as our daily driving routine. They all have a temporal characteristic
for different locations to visit and there are properties of interest attached to these
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Figure 1.4: A scenario of several autonomous ground and aerial vehicles coexisting
within the same workspace. Each of them is assigned a local motion and action task to
accomplish. The links represent the constraints and collaborative relations between the
robots, which are also the main issues to be addressed in the thesis.

locations, e.g., “any supermarket of this store”, “any branch of this bank” and
“parking area with free parking”. This means that an extra level of logic reasoning
and planning is required to find a higher-level plan as the sequence of locations to
visit and then merge this plan with the point-to-point navigation technique.

Unmanned aerial vehicles (UAVs), also known as drones, have been used by
Amazon as shown in Figure 1.3 to deliver small packages into customers’ hands in 30
minutes or less [8], by German railway officials to find and track graffiti drawers [137],
and by winemakers in California to monitor grape growth [33]. Even though most
drones nowadays can fly stably without the need for human operators to control
each motor, they still rely on manual inputs for the destinations and the associated
routes. This might be trivial for simple tasks like flying from point A to point B.
However, for many of the practical applications mentioned above, the desired task
may be much more complex, such as:

o “Always if requested, pick up the package from the dispatch station and deliver
it to the specified destination; otherwise stay at the docking station”;

o “Surveil locations A, B and C in any order and take videos there. In case of
detecting a target, sound alarm and notify the control station”.

The temporal tasks above require the robots to be aware of various real-time events
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in the workspace and react to them accordingly, e.g., “pick up the package when
requested” and “sound the alarm when detecting a target”. In other words, a static
plan as a sequence of locations to visit is not adequate anymore, yielding that
another challenge here is to monitor events of interest in the workspace and act
upon them according to the task specification.

Last but not least, imagine that there are more than one autonomous car and
drone being deployed within the same workspace. They potentially become an
air-ground collaboration team, e.g., a car may request the drone to visit a certain
location that is not reachable by itself but critical for its plan execution; or vice
versa, a drone may request a car to inspect the detailed properties of a certain
location, due to its limited resolution; and several drones can form a formation and
patrol around a car for better security. How to achieve these complex inter-robot
interaction and coordination in a systematic, formal and efficient way is another
major issue we address in this thesis.

1.2 General problem formulation

Consider a team of dynamical and heterogeneous robots that are capable of moving
and performing various actions within a common workspace, as shown in Figure 1.4.
Each robot is locally or individually assigned a complex temporal task, which can be
dependent or independent on other robots’ individual tasks. The general problems
we tackle in this thesis include the following aspects:

P1: alocal motion and task planning scheme for each robot to fulfill its given task;

P2: an efficient information exchange protocol among the robots regarding real-
time features of the workspace;

P3: a coordination strategy for a team with dependent local tasks where some
sub-tasks require collaborations among the robots;

P4: a hybrid motion control scheme to incorporate additional relative-motion
constraints between the robots;

P5: an on-line plan adaptation algorithm that integrates real-time updates of the
workspace model and contingent task requests from other robots.

The overall goal of addressing the above aspects is to always guarantee the satis-
faction of all local tasks, while at the same time respecting the various constraints.
Particularly, Chapter 3 addresses P1 under the assumption of static workspace.
Chapter 4 solves P1, P2 and P5 for the multi-robot system under partially-known
workspace. Dependent tasks are tackled in Chapter 5 which answers parts of P1
and P3. Then Chapter 6 proposes two different hybrid control strategies that ad-
dresses P1 and P4. At last, Chapter 7 solves P5 partially by considering contingent
service and formation tasks that are exchanged among the robots during run time.
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Figure 1.5: lllustrations of the contributions and outline of this thesis.

1.3 Contributions and outline

In this section, we summarize the main contributions and outline of this thesis
including the publications each chapter is based upon, as shown in Figure 1.5.

Chapter 2 — Background

Theoretical backgrounds are presented for robot motion and task planning, formal-
methods-based verification and synthesis, and multi-robot systems. After that, we
review some related work to this thesis.

Chapter 3 — Robot motion and task planning

The nominal problem of robot motion and task planning under a complex local
task given as Linear Temporal Logic (LTL) formulas is formulated. Given the robot
dynamics and workspace structure, we propose an automated framework that firstly
synthesizes the discrete motion plan and then constructs the hybrid controller that
drives the robot to execute this plan. It is shown that the robot’s resulting trajectory
satisfies the given task.

Chapter 4 — Knowledge transfer in partially-known workspace

A team of dynamical robots that coexist within the same workspace is considered in
this chapter, where each robot is assigned a local task as LTL formulas for its desired
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motion. Moreover, the robots can exchange information through communication
links. The workspace is however only partially known to each robot, yielding the
nominal solution from the previous chapter inadequate. Thus we first propose a novel
approach to handle partially infeasible tasks that contain hard and soft constraints.
Then we design a distributed and on-line scheme for each robot to update its system
model based on both its real-time measurements and inter-robot communications,
verify and adapt its local plan, and modify its hybrid controller accordingly. It is
ensured that the hard constraints concerning safety are always fulfilled while the
satisfaction for the soft constraints is improved gradually for performance. The
control scheme is distributed as only local interactions are assumed. The above
results have been published in:

¢ M. Guo and D. V. Dimarogonas. Multi-agent Plan Reconfiguration under
Local LTL Specifications. International Journal of Robotics Research (IJRR),
34(2): 218-235, 2015.

e M. Guo and D. V. Dimarogonas. Distributed Plan Reconfiguration via Knowl-
edge Transfer in Multi-agent Systems under Local LTL Specifications. IEEE
International Conference on Robotics and Automation (ICRA), Hongkong,
China, 2014.

e M. Guo and D. V. Dimarogonas. Reconfiguration in Motion Planning of
Single- and Multi-agent Systems under Infeasible Local LTL Specifications.
IEEFE Conference on Decision and Control (CDC), Firenze, Italy, 2013.

¢ M. Guo, K. H. Johansson and D. V. Dimarogonas. Revising Motion Planning
under Linear Temporal Logic Specifications in Partially Known Workspaces.
IEEE International Conference on Robotics and Automation (ICRA), Karl-
sruhe, Germany, 2013.

Chapter 5 — Dependent local tasks with collaborative actions

In order to specify much broader and more practical robotic tasks, a new algorithm
to construct the complete model of both robot motion and actions (instead of
only motion) is introduced. Based on this model, we specify a local temporal task
as the desired robot motion and actions. Furthermore, inter-robot collaborations
are essential for many multi-robot applications to improve system-wide capability,
efficiency and robustness. Thus we start by constructing a dependency relation
among the robots using collaborative and assisting actions. Then we propose a
distributed and on-line coordination scheme where each robot sends requests to its
neighbors regarding the collaboration it needs, confirms requests from others, and
adapts its motion and action plan to fulfill the confirmed collaboration. All decisions
are made locally by each robot based on local computation and communication
among neighboring robots. This framework is scalable and resilient to robot failures
as the dependency relation is formed and removed dynamically according to the
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plan execution status and robot capabilities, instead of pre-assigned robot identities.
The above results have been published in:

e M. Guo and D. V. Dimarogonas. Bottom-up Motion and Task Coordination
for Loosely-coupled Multi-agent Systems with Dependent Local Tasks. IEEFE
International Conference on Automation Science and Engineering (CASE).
Gothenburg, Sweden, 2015.

e M. Guo, K. H. Johansson and D. V. Dimarogonas. Motion and Action
Planning under LTL Specification using Navigation Functions and Action
Description Language. IEFE/RSJ International Conference on Intelligent
Robots and Systems (IROS), Tokyo, Japan, 2013.

Chapter 6 — Inter-robot relative motion constraints

The same multi-robot system is treated in this chapter where each robot is assigned
a local LTL task as its desired motion and actions, but under additional continuous
relative-motion constrains, such as relative-distance constrains and connectivity
maintenance of the underlying communication network. These constraints are closely
related to the stability, safety and integrity of the overall multi-robot system, which
are otherwise often only assumed, not guaranteed, in related literature. We propose
here two different hybrid control approaches to tackle this problem: the first one is
based on potential fields and nonlinear control technique to handle scenarios where
explicit inter-robot communication is limited and costly; the second approach uses
Embedded Graph Grammars (EGGs) as the main tool to specify local interaction
rules and switching control modes for each robot. Both approaches are distributed
and guarantee the satisfaction of all local tasks, while the relative-motion constraints
are respected at all time. The above results have been reported in:

e M. Guo, J. Tumova and D. V. Dimarogonas. Communication-Free Multi-
Agent Control under Local Temporal Tasks and Relative-Distance Constraints.
IEEE Transactions on Automatic Control (TAC), 2015. Conditionally accepted.

e M. Guo, M. Egerstedt and D. V. Dimarogonas. Hybrid Control of Multi-robot
Systems Using Embedded Graph Grammars. IEEFE International Conference
on Robotics and Automation(ICRA ). Stockholm, Sweden, 2016. Submitted.

e M. Guo, J. Tumova and D. V. Dimarogonas. Hybrid Control of Multi-Agent
Systems under Local Temporal Tasks and Relative-Distance Constraints. IEEE
Conference on Decision and Control (CDC). Osaka, Japan, 2015.

e M. Guo, J. Tumova and D. V. Dimarogonas. Cooperative Decentralized
Multi-agent Control under Local LTL Tasks and Connectivity Constraints.
IEEE Conference on Decision and Control (CDC). Los Angeles, USA, 2014.



10 Introduction

Chapter 7 — Contingent service and formation tasks

Two common cooperative robotic tasks are taken into account in this chapter, namely
service and formation tasks. The service request is a short-term task provided by
one robot to another, while the formation task is a relative deployment requirement
among the robots with predefined transient responses imposed by an associated
performance function. These tasks are requested and exchanged among the robots
during run time, which are unknown a priori. An on-line communication protocol
is designed first for each robot to handle these contingent requests and replies.
Furthermore, we propose a novel plan adaptation scheme such that the updated
plan incorporates not only the robot’s original local task but also its newly received
contingent tasks. Based on the updated plan, the underlying hybrid controller is
then reconstructed such that both local and contingent tasks are satisfied. The
above results have been reported in:

e M. Guo, C. P. Bechlioulis, K. Kyriakopoulos and D. V. Dimarogonas. Hy-
brid Control of Multi-agent Systems with Contingent Temporal Tasks and
Prescribed Formation Constraints. IEEE Transactions on Control of Network
Systems (TCNS), 2015. Submitted.

Chapter 8 — Software implementation and experiments

The software design and implementation for the main algorithms proposed in thesis
are described in this chapter. Then we demonstrate some experimental results over
different robotic platforms to validate the theoretical contributions.

Chapter 9 — Conclusions and future work

The thesis is concluded with a summary and discussion of the results, where some
future research directions are also presented.

Other publications

The following publications are not covered in this thesis, but contain material that
motivates the work presented here:

e M. Guo, M. M. Zavlanos and D. V. Dimarogonas. Controlling the Relative
Agent Motion in Multi-Agent Formation Stabilization. IEEE Transactions on
Automatic Control (TAC), 2013.

e M. Guo and D. V. Dimarogonas. Consensus with Quantized Relative State
Measurements. Automatica, 49(8): 2531-2537, 2013.

e M. Guo and D. V. Dimarogonas. Nonlinear Consensus via Continuous, Sam-
pled, and Aperiodic Updates. International Journal of Control (I1JC), 86(4):
567-578, 2013.
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e M. Guo, D. V. Dimarogonas and K. H. Johansson. Distributed Real-time
Fault Detection and Isolation For Cooperative Multi-agent Systems. American
Control Conference (ACC), Montreal, Canada, 2012.

e M. Guo and D. V. Dimarogonas. Quantized Cooperative Control Using
Relative State Measurements. IEEE Conference on Decision and Control and
European Control Conference (CDC-ECC), Orlando, USA, 2011.

Contributions by the author

The contributions of the thesis are mainly the results of the author’s own work, in
collaboration with the respective coauthors. Experiments presented in Chapter 8
are conducted with partners in EU Reconfig project, Smart Mobility Lab at KTH
and GRITS lab at Georgia Tech.

1.4 Notation and acronyms

Notations

Boolean constant True

1 Boolean constant False

R Set of real numbers

RV N-dimensional vector space over R
R* Set of non-negative real numbers
1y Vector of ones with length N

Z Set of integer numbers

det(A) Determinant of matrix A

rank(A) Rank of matrix A

trace(A) Trace of matrix A

v[i] The i-th element of vector v e RY
|z ¢1-norm of vector z: YN, |z[4]]

[z Euclidean norm of vector z: vVazTz
Amin (4) Smallest eigenvalue of matrix A
Amax(A) Maximum eigenvalue of matrix A
B(e,r) Circular area {x e R?||z -c| <7}
® Kronecker product

[x] Round function of z € R and [0.5] = 1.
el Natural exponential function

In(x) Natural logarithmic function
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Acronyms

ADL
BA
CTL
EGG
FTS
LTL
MDP
MTL
RTL
NBA
ROS
sc-LTL
sc-RTL
wEFTS

Action Description Language
Biichi Automaton

Computation Tree Logic
Embedded Graph Grammar

Finite Transition System

Linear Temporal Logic

Markov Decision Process

Metric Temporal Logic

Real-time Temporal Logic
Non-deterministic Biichi Automaton
Robot Operating System
Syntactically co-safe LTL
Syntactically co-safe RTL
Weighted Finite Transition System



Chapter 2

Background

HIS CHAPTER includes a short introduction to the research background of the

thesis, including the motion and task planning problem of mobile robots,

the model-checking algorithm for verification and synthesis, and the control and

coordination problem of multi-robot systems. Then we provide a review of some
recent work related to the remaining chapters of the thesis.

2.1 Motion and task planning

To begin with, the term “robot” used in this thesis generally refers to the physical
machine that can move around in its workspace, sense the workspace and perform
various actions. Robot motion planning is the problem of finding the appropriate
actuation signals as the control inputs that can drive the robot from an initial state
to a goal state, e.g., move from one location to another, grasp an object of interest
or operate a machine. It is also called planning in the continuous statespace [97] or
a control problem [28]. Despite the fact that the objective of motion planning is easy
to specify, it is not trivial to solve due to the existence of dynamic and kinematic
constraints, external disturbances, and execution or measurement noises [95]. Model-
based methods have attracted lots of attention where the robot’s motion is abstracted
and modeled by ordinary differential or difference equations. Given these models,
analytic solutions with provable correctness can be found such as the navigation
function for sphere workspace and obstacles [87], the potential-field-based control
algorithm for workspace with triangular partitions [103], the sampling-based motion
planning techniques like probabilistic roadmap (PRM) method [81] and rapidly-
exploring random trees (RRT) [79, 96, 99].

On the other hand, robot task planning is the problem of finding a sequence of
robot actions that the robot can follow to accomplish a complex task. For instance,
suppose the robot is asked to make a cup of coffee: first it needs to figure out a plan
as to find a cup, operate the coffee machine, and pour the coffee; then it needs to
execute the plan by successfully accomplish each part of the plan in the desired
sequence. As proposed in [43], each action can be described by (1) the precondition

13
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that has to be fulfilled before this action can be performed; (2) the effect on the
system state after performing this action. The system under consideration such
as a robot is traditionally modeled as discrete state-transition systems [22]. By
activating one action, the system state can be changed to one or several states.
Consequently, the planning problem is transformed to finding the desired sequence
of actions or essentially a path that leads the system from the initial state to the
goal state. Different representations of the system states may result in various
complexities when solving the planning problem [43]. Logic-based representation
is currently one of the most popular formalisms used by many planning tools, like
STRIPS [37] and PDDL [111]. The solving process is similar to human deliberation
that chooses actions by anticipating their outcomes. Besides, learning has also
emerged as a power tool [92] nowadays due to the abundance of measurement data
and computing resources. The robot can figure out the solution through trial and
error, collecting data from previous examples or watching human demonstrations.
Another interesting solution is proposed in the form of behavior trees [109, 116].
Unlike finite-state machines, a behavior tree controls the flow of the robot’s decision
making by considering real-time measurements and the accumulated information
about the current status of the robot.

The greatest distinction between robot motion and task planning is that the
state space for motion planning is typically continuous and possibly unbounded,
thus yielding it impossible to enumerate all the states explicitly as in the task
planning. Furthermore, the set of allowed actions is also normally infinite due to
the continuous input space, of which the notions of condition and effect are not well
defined since a dynamical system may evolve differently under the same input.

2.2 Verification and synthesis based on formal methods

Formal methods are a particular kind of mathematical techniques that are used in
software and hardware engineering for specifying and verifying system properties,
as part of a more reliable, secure and robust system design [20]. One of the well-
known verification techniques is model checking, also called property checking, which
exhaustively and automatically checks whether a system model satisfies a given
specification that contains the desired system properties [11, 21, 112]. The model
can be an actual hardware or software system or its mathematical abstraction
as a finite transition system. The specification normally involves desired system
properties or security requirements such as absence of bad states, deadlocks or
livelocks. The model-checking algorithm returns either success indicating that all
possible system behaviors satisfy the property, or a counterexample as one possible
behavior that fails the property. Temporal logic languages such as Linear Temporal
Logic (LTL) and Computation Tree Logic (CTL) provide a concise and formal way
to specify both propositional and temporal requirements on the system behavior. A
method for approximate model checking of stochastic hybrid systems with provable
approximation guarantees is proposed in [1]. The stochastic hybrid system is first
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approximated by a finite state Markov chain, which is then model checked for
probabilistic invariance.

Model-checking algorithms have also attracted much interest for the purpose of
synthesis rather than verification. In particular, many recent work integrates classic
motion planning algorithms with model-checking techniques to treat complex motion
tasks specified by temporal logics [14, 15, 36, 135] such as LTL and CTL mentioned
above. Compared with the traditional objective of point-to-point navigation, other
control tasks such as reachability, safety and liveness can be described directly by
the above logic formulas. Stochastic dynamical systems are considered in [156] by
first constructing a finite-state abstraction with a given precision, based on which a
control strategy is then synthesized to satisfy LTL specifications. When applying
model-checking algorithms for synthesis rather than verification, the desired outcome
is distinctively different: the purpose of verification is to find any system behavior
that violates the property, which can be then used as counter-example to guide the
system modification to achieve the desired property; for synthesis purpose we are
only interested in the system behavior that satisfies the property and mostly is
optimized regarding certain cost functions.

2.3 Multi-robot systems

It is seldom that one autonomous robot is a stand-alone system, but it often coexists
and interacts with other robots within the same workspace. A multi-robot team
under proper coordination can achieve much more complex tasks than a collection
of independent single robots, e.g., several robots can collaborate on one task that
cannot be done by one robot alone; two robots can switch parts of their tasks
to improve mutual efficiency. However, this also introduces some limitations: one
robot’s behavior is constrained by other robots, e.g., it needs to avoid collision with
others while moving around; the common resources in the workspace are shared
among all robots. Thus both motion coordination and task coordination are crucial
for the performance and functionality of multi-robot systems. Any solution for
the above aspects can lie along the spectrum between being centralized and fully
decoupled. Centralized solutions typically treat the multi-robot system as a large
single system by composing the configuration spaces of all individual robots, while
in the fully-decoupled case plans or motion decisions are generated locally based on
local communication and coordination with nearby robots during run time.
Regarding the motion coordination of multi-robot systems, many related work
can be found on designing motion control strategies to avoid inter-robot collisions
when each robot is moving and executing its own plan within the same workspace.
Three different motion coordination schemes are proposed in [98] given different
assumptions on the robots’ initial paths, while at the same optimizing each robot’s
local performance function. The concept of “reciprocal velocity obstacle” is proposed
in [145] to avoid inter-robot collisions while navigating a large number of robots
within clustered environments, without the need for explicit communication. [24]
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derives a closed-form feedback control law that ensures collision-free paths while nav-
igating each robot to its goal point. In addition, there has been an increasing interest
on designing distributed control strategies for system-level goals, like alignment with
a team leader [31], relative formation [30] and target containment [77].

On the other hand, regarding the task coordination problem, multi-robot systems
are often deployed for the purpose of distributed problem solving [29], where a
global task is decomposed into smaller subtasks and then assigned to each robot.
This formulation favors a tightly-coupled and top-down approach, where each robot
receives commands from the central planner and executes them in a synchronized
manner [88]. There is another type of problem formulation assuming that each robot
is assigned a local task independently and there is no global task. As a result, each
robot acts according to its plan in order to accomplish its own task, and meanwhile
it interacts with other robots when necessary, in terms of information exchange and
collaborations. This formalism favors loosely-coupled and bottom-up approaches,
which resembles many practical systems where each robot has a clear job assignment.

2.4 Related work

In this section, we provide a review of some recent work related to the following
chapters and compare the proposed solutions.

Model-checking-based control synthesis

The model-checking algorithms have been used for both control and plan synthesis
of dynamic systems. As the first step, various strategies can be found in [7, 44]
to construct finite symbolic abstraction of the dynamic system. An automated
framework for controller synthesis is proposed in [136] for discrete-time linear systems
where the control objective is specified by LTL formulas over the output trajectory,
which is more complex than the traditional goal of system stabilization and output
regulation. Under a similar setup, [10] adds a quadratic function associated with
the cost of satisfying the LTL control objective, which is ought to be minimized.
Discrete-time piecewise affine systems are considered in [84, 154, 155], where the
control task is specified as LTL formulas over linear predicates of the statespace.
Moreover, dynamical systems modeled as Markov Decision Processes (MDP) are
considered in [27] where a dynamic control policy is generated automatically to
satisfy the LTL task specification with maximal probability. A robustness index is
defined and measured for the satisfiability of continuous-time signals under metric
temporal logic (MTL) specifications in [35]. Then control objectives specified as
MTL formulas are considered in [2] where a generic control strategy is proposed.
On the other hand, [36] firstly proposed the complete framework of automated
controller synthesis for autonomous robots under LTL tasks. The robot’s motion is
abstracted by its dynamical transitions within a partition of the workspace, as a
finite transition system. Then a high-level discrete plan as a sequence of regions to
visit is synthesized by the model-checking algorithm, which is then implemented by
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the low-level continuous controller. Graphical tools are developed in [134] for non-
expert end-users to formulate the intended tasks freely, which are then translated
to LTL formulas. Robot manipulation tasks given as LTL formulas are addressed
in [71] with a multi-layered structure of real-time planning and actuation.

Partially-known workspace

A critical assumption of the model-checking-based formalism for control synthesis
mentioned above is that the workspace needs to be perfectly known and correctly
modeled by the finite transition system. Then the discrete plan is normally generated
off-line and is executed by the robot no matter what has changed in the workspace.
As also mentioned in [27], the robot does not react to its actual observations, yielding
that this formalism lacks of reconfigurability and real-time adaptation.

Some existing work takes into account the case when a complete representation of
the workspace is not available. In [27, 151], the robot’s motion within the uncertain
workspace is modeled as nondeterministic Markov decision processes (MDP), where
the LTL task specification is satisfied by the proposed control strategy with maximal
probability. Instead, a two-player General Reactivity GR(1) game between the robot
and the environment is constructed in [91, 153] and a receding-horizon control and
planning scheme is introduced. Then a winning strategy can be synthesized by
exhaustively searching through all allowed combinations of the robot movements
and the admissible workspaces.

Instead of aiming for an off-line plan that covers every situation, we propose in our
work [59], which can be found in Chapter 4, to create firstly a preliminary plan based
on the initially-available knowledge about the robot dynamics and the workspace
model. Then while executing this plan, the robot gathers real-time observations
about the workspace and feedback for the plan execution status, based on which
the plan can be verified and revised to ensure its correctness and feasibility. Similar
ideas appear in [104] by locally patching the invalid transitions, which however can
not handle changes of the regions’ properties. A hybrid motion planning algorithm
is proposed in [108] that refines the workspace model iteratively during run time
based on sensory updates, under task specifications given as co-safe LTL formulas.

Infeasible task

The initial knowledge of the workspace might be partially incorrect, which may
render the intended task infeasible. As also mentioned in [34, 83, 121], the nominal
framework presented above simply reports a failure when the given task specifica-
tion is not realizable. It is desired that users could get feedbacks about why the
planning has failed and how to resolve this failure. [34] and [83] address this problem
systematically by finding the relaxed specification automaton that is closest to the
original one and can be fulfilled by the system. [121] introduces a way to analyze
the environment and system components contained in the infeasible specification,
and identify the possible cause. The main difference between our work [51] and the
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above references is that we put emphasis on how to synthesize the motion plan that
fulfills the infeasible task the most, instead of analyzing its infeasible parts.

The problem of synthesizing a least-violating control strategy under a set of
safety rules are addressed in [140, 141]. However the level of satisfiability is measured
differently from our approach in [51, 56], as discussed in Chapter 4. In particular, we
not only measure how many states along the plan violate the safety specifications,
but also how much each of those states violates these specifications. [94] proposes a
similar solution to [51] but an additional weighting is enforced to the set of atomic
propositions. Moreover, we introduce in [51, 56] the notion of soft and hard con-
straints as two distinctive parts of the task specification, where the hard constraints
concern safety requirements and soft constraints are for system performances.

Motion and action planning

To specify robotic tasks of practical interest, it is often necessary to include various
actions at different regions. Thus we propose in our work [58] a generic framework
that combines the model-checking-based robot motion planning with action planning
using action description languages (ADL), as described later in Chapter 5. Some
relevant work can be found that integrates the model-checking-based motion planning
with action planning. In [132], since the underlying actions can only be performed
at fixed regions, the specification can be easily restated as regions to visit. Or
independent propositions are created for each action in [91] since the actions can be
activated and de-activated at any time. The above approaches are not be applicable
if some actions can only be performed when the workspace, or the robot itself has
to satisfy certain conditions, or choices have to be made among the allowed actions.

Multi-robot system with temporal tasks

The above motion and task planning framework has also been extended to multi-
robot systems that consist of multiple dynamical robots. Many existing work can
be found on decomposing a global task specification to bisimilar local ones in a
top-down manner, which can then be executed by the robots in a synchronized [85]
and partially-synchronized [26] manner. Uncertainties in traveling time are tackled
in [142] where an optimal path planning algorithm is proposed for multi-robot
systems under a global task specification. [79] formulates the multi-vehicle routing
problem under a global LTL task as a mixed integer linear programming (MILP)
problem and the derived local plans need to be executed in a synchronized fashion
by each robot. There are several drawbacks of this top-down approach: the plans
for the whole team are synthesized by the central unit, with a high computational
complexity subjected to the combinatorial blowup; it is vulnerable to robot failures
and contingencies during run time.

From an opposite viewpoint, we assume that the local task specifications are
assigned locally to each robot and there is no specified global task. Namely we
consider a team of cooperative robots with different, independently-assigned, even
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conflicting individual tasks as considered in our work [51, 52, 56, 57], which can be
found in Chapters 4-6. This loosely coupled bottom-up formulation is particularly
useful for multi-robot systems where the robots have heterogeneous capabilities
and distinctive task assignment. As explained in the remaining chapters, it allows
more flexibility of the system since plans and decisions are made locally by each
robot [52]; conflicts are resolved and collaborations are coordinated during run
time [56, 57]. A similar formalism is adopted in [38] where a decentralized framework
for collaborative feasibility verification is proposed, which however does not include
the way to resolve potentially-conflicting tasks. A receding-horizon algorithm for
distributed coordination is proposed in [139] for multi-robot systems under dependent
LTL task specifications.

Relative-motion constraints

Relative-motion constraints often arise in multi-robot systems as the robots coexist
within the same workspace, such as collision avoidance [25], network connectivity [76,
158], or relative-velocity constraints [62]. As also pointed out in [62, 157, 158], obeying
these constraints is of great importance for the stability, safety and integrity of the
overall multi-robot team, which however are often imposed by assumption rather
than treated as extra control objectives. We address a version of this problem in our
early work [61], where we propose a dynamic leader-follower coordination and control
strategy such that the relative-distance constraints among neighboring robots are
respected. Later in our work [67, 68] as included in Chapter 6, we improve this
scheme by a fully decentralized and communication-free solution that is applicable
to low-cost robotic systems equipped with only range and angle sensors, but without
communication capabilities. Different from [38, 61] where a satisfying discrete plan
is enough, the initial plan synthesis algorithm proposed in [67, 68] minimizes the
bottle-neck cost of a satisfying plan. The proposed motion control scheme guarantees
almost global convergence and the satisfaction of relative-distance constraints at
all time, for an arbitrary number of leaders that are active under different local
goals. Most related literature only allows for a single leader [61, 122] or multiple
leaders with the same global goal [117, 157]. Additionally, three different local
coordination policies are proposed in [67] to incorporate different types of local tasks.
Different from [86], these policies are locally applicable to robots without explicit
communication modules.

Control with Embedded Graph Grammars

As mentioned above, relative-motion constrains are crucial for the safety and stability
of multi-robot systems in general. However, most of related work neglects this aspect,
e.g, inter-robot collision is not handled formally in [56, 139] and connectivity of
the communication network is taken for granted in most cases [57, 143]. We take
advantage of Embedded Graph Grammars (EGGs) in our work [69] as described later
in Chapter 6, to specify local interaction and communication rules among the robots,
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in order to address simultaneously local LTL tasks and relative-motion constraints.
EGGs have been introduced in [113, 114]. They provide a natural framework to
encode the robot dynamics, local information exchange and switching control modes
in a unified manner. Their successful applications to multi-robot systems can be
found in, e.g., coverage control [114], self-reconfiguration of modular robots [120],
and autonomous multi-robot deployment [131]. Note that only local interactions
or communication are needed for the execution of EGGs, yielding it suitable for
large-scale multi-robot systems.

Contingent service and formation tasks

Two common cooperative robotic tasks, namely service and formation tasks, are
taken into account in our work [63], of which the details are given in Chapter 7.
Service requests are of particular interest as they encapsulate the scenario where one
robot needs another robot’s assistance on a short-term task. The service requests
can only be exchanged among the robots in real-time, which means that each robot
has to react to the received service requests in a contingent way. Similar work on
real-time reactivity for dynamical systems under temporal tasks can be found in [90],
where sensory inputs are included in the General Reactivity GR(1) formulas to
take into account possibly dynamical environments, as well as in [91], where similar
techniques are applied for various single-robot and multi-robot applications. The
local plans of each robot are synthesized off-line to handle all modeled changes in
the environment, which is however not feasible in our formulation as the service and
formation requests are exchanged in real-time under a non-predefined manner.

Another common cooperative robotic task arises when an robot requests from
another one to form a relative configuration to accomplish a collaborative task. We
denote such a requirement in [63] as a formation request. Similar ideas of imposing
formation constraints for multi-robot systems appeared in [107], where however a
global formation task for the whole team is embodied. In the same vein, although
the formation control has been extensively studied for multi-robot systems, e.g.,
in [76, 117, 118], we enforce prescribed performance constraints on the transient
response of the formation process in [63]. The prescribed performance control problem
was originally studied for high-order MIMO nonlinear single-robot systems [13] and
was recently extended to multi-robot systems with single integrator dynamics [80]
and nonlinear dynamics [12]. However, the existing prescribed performance control
technique is enhanced in our work [63] by: (i) considering transient performance
specifications on the overall formation error, in contrast to the relative coordinates
approach in [12], thus simplifying the control design; (ii) combining it with the
high-level discrete planning such that various control modes are activated according
to the real-time execution of the discrete plan.



Chapter 3

Robot motion and task planning

AN AUTOMATED motion and task planning framework for a mobile robot is
introduced in this chapter as the nominal solution. In particular, a finite-state
transition system is constructed to serve as the discrete abstraction of the robot
motion within the workspace. The robot is assigned a complex task which is specified
as temporal logic formulas over this transition system. Through the model-checking
algorithm, we synthesize firstly a discrete motion plan that satisfies the given task
and more importantly minimizes a total cost. Then based on this discrete plan, we
construct a hybrid control strategy that drives the robot such that its final trajectory
satisfies the task specification.

3.1 Abstraction of robot motion

The robot’s motion within a certain workspace is abstracted as a finite-state transi-
tion system (FTS) [11]. This FTS is constructed by integrating two aspects: (i) the
workspace model; (ii) the robot dynamics and its navigation controller.

3.1.1 The workspace model

The workspace we consider is a bounded n-dimensional space, denoted by Wy c R",
within which there exists W smaller regions of interest m; ¢ Wy, Vi = 1,2, W.
Denote by IT = {7y, -, m } the set of all smaller regions. We require that IT is a full
partition of the workspace and any two regions m;,7; € Il do not overlap. Namely,
UM mi=Woand mnmj=@, ¥i,j=1,2,...,W and i # j.

Atomic propositions are boolean variables that can be either True or False,
which are denoted by T and 1 for brevity. They are used to express known properties
about the state of the robot. Specifically, in order to indicate the robot’s position,
we define the set of atomic propositions AP, = {a,;}, i = 1,---, W, where

Qi = (31)

5

{ T if the robot is in region 7;,

1 otherwise,

21
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Room 1 Room 2 Room 3 Room 1 . Room 2 Room 3

Corridor - Corridor

Room 4 Room 5 Room 6 Room 4 Room 5 @ Room 6

Figure 3.1: Left: the office-like partition of six rooms and one corridor. Right: after
adding in AP,, with two balls (in red) and one basket (in blue).

where a,; can be evaluated by monitoring the measurements from a localization or
positioning system. The requirement that U}, m; = W) is important to ensure that
the robot’s position is tracked at all time. Beside the geometric structure of the
workspace, we also would like to express some generic properties within the workspace
that are of interest to potential tasks. Denote by AP, = {ap.1,ap.2, -, ap s} the set
of atomic propositions for these properties. For simplicity, we set AP = AP, U AP,
as the set of all atomic propositions.

Definition 3.1. The labeling function L : IT - 24* maps a region 7; € II to the set
of atomic propositions satisfied by m;, and a,; € L(m;) by default, Vi=1,---, W. A

Note that partial satisfaction of a proposition is not allowed. Namely, if only a
part of region ; satisfies a € AP and the other part does not, then 7; should be
split into two regions: one satisfies @ and the other does not. AP, greatly improves
the flexibility when expressing the intended tasks because one generic property can
represent one type of regions without explicitly specify the location of these regions.

Example 3.1. An office-like workspace has six rooms and one corridor, which gives
the partition in Figure 3.1. Two properties are “there is a basket in the region” and
“there is a ball in the region”. A

Additionally, since every region is a dense subset of the n-dimensional space, it
is impossible to represent each region by the set of points contained in it. Thus it
is crucial to represent and encode these regions efficiently. For instance, rectangles
can be encoded by its center coordinate, height and width; sphere by its center
and radius; triangular by the coordinates of its corners. There are also automated
partition tools like Delaunay triangulation [100] and Voronoi diagram [97]. Note
that this level of partition is preliminary and not robot-specific.

3.1.2 Robot dynamics and navigation controller

We assume the robot satisfies the following continuous dynamics:

@(t) = f(x(t), u(t)), (3.2)
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where z € R", u € R™ are the position and control signal; f(-) is Lipschitz con-
tinuous [82]. Thus the system is deterministic, i.e., given an initial state z(0), a
control input u(t) : R - R™ produces an unique state trajectory. We mainly take
into account the single-integrator dynamics or the unicycle model. However the
proposed framework can be potentially applied to other dynamics.

Given the preliminary partition from Section 3.1.1 and the agent dynamics
by (3.2), we need to abstract the robot’s ability to transit from one region to
another, which is not necessarily the adjacency relation in the geometrical sense.
Instead it is defined in the control-driven fashion.

Definition 3.2. There is a transition from 7; to 7; if an admissible navigation
controller U : R™ x IT x IT - R™:

u(t) =U(x(t),mi, m;), e[t t"] (3:3)

exists that could drive the system (3.2) from any point in region 7; to a point in
region 7; in finite time. At the same time the robot should stay within m; or ;.
Namely, z(t') € m;, (t") em; and x(t) e m; um;, Vi e [t', ¢"]. A

The above definition is closely related to the implementation of a discrete motion
plan described in Section 3.3.3. Two main navigation techniques are discussed in
the thesis: (i) [103] proposes a potential-field-based feedback control algorithm. It
navigates a differential-driven mobile robot from any point inside a region to an
adjacent region through a desired facet. The partition is based on generalized Voronoi
diagram and a smooth vector filed is constructed over each triangular region; (ii) [87]
provides a provably correct point-to-point navigation algorithm, by constructing an
exact navigation function for sphere workspace and obstacles. It has been successfully
applied in both single [105] and multi-agent [24] navigation control under different
geometric constraints, like single-integrator [106], double-integrator [23] vehicles. By
following the negated gradient of the navigation function, a collision free path is
guaranteed from almost any initial position in the free space to any goal position in
the free space given that the workspace is valid.

It is rarely the case that a navigation technique is applicable to any type of par-
titions. For instance, the potential-filed-based method requires a triangular partition
while the navigation-function-based approach needs all sphere structures. This means
that the preliminary workspace partition might be modified in terms of number,
size and shape of the regions. Example 3.2 shows some cases where the preliminary
partition is modified after incorporating the robot dynamics and navigation tech-
niques. This might lead to an over-approximation or under-approximation [129] of
the actual workspace as some regions are shrunk or expanded during the process. In
some cases, another navigation technique needs to be designed when it is infeasible
to incorporate one navigation technique to a given workspace model.

Example 3.2. As shown in Figure 3.2, the office-like workspace from Figure 3.1 is
further partitioned since the underlying navigation technique relies on triangular
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Figure 3.2: Results of workspace abstraction after incorporating the navigation techniques,
as explained in Example 3.2.

partition. The irregular regions in the right image are approximated by circular
areas due to its navigation-function-based construction. A

3.1.3 Control-driven and weighted FTS

The robot motion is abstracted as transitions among the regions IT = {7y, -, 7n }.
With a slight abuse of notation, we denote by m; = {the robot is at region m;},
i1=1,---, N, the states that reflect which region the robot is currently visiting. The
transitions or state changes represent that the robot has moved from one region to
another. Recall that the transition relation is not necessarily the adjacency relation
in the geometrical sense, but by Definition 3.2. Formally the control-driven and
weighted finite-state transition system (FTS) is defined below:

Definition 3.3. The weighted FTS is a tuple 7. = (II, —, IIy, AP, L., W), where
IT={m,i=1,--, W} is the set of states; —>.C Il x IT is the transition relation by
Definition 3.2. For simplicity, m; — 7; is equivalent to (m;, m;) €—>¢; IIp € IT is
the initial state, to indicate where the robot may start from; AP = AP, u AP, is the
set of atomic propositions; L. : II - 247 is a labeling function by Definition 3.1;
W, : I xII -> R” is the weight function as the cost of a transition in —. A

We assume that 7. does not have a terminal state. The successors of state m;
are defined as Post(m;) = {m; € II|m; —. m;}. An infinite path of 7. is an infinite
state sequence T = m 7o such that 7y € [Ty and m; € Post(m;—1) for all 4 > 0. The
trace of a path is the sequence of sets of atomic propositions that are true in the
states along that path, i.e., trace(r) = L.(m)Lc(72) -+ The trace of 7, is defined
as Trace(7.) = Uyes trace(7), where [ is the set of all infinite paths in 7. An useful
way to represent an infinite path is to use the w-operator, to indicate the segment
that has to be repeated infinitely many times [11].

The weighted FTS 7, is fully-known if it reflects the actual workspace model
and robot dynamics; 7. is called static if 7. does not change with time.



3.2. Task specification as LTL formulas 25

3.2 Task specification as LTL formulas

A language is needed to specify a complex task, which on one hand should be
expressive enough to specify various types of tasks, and on the other hand should
be formal enough to avoid ambiguity and misinterpretation. Linear time Temporal
Logic (LTL) provides a concise and formal way to specify both propositional and
temporal constraints on the system behavior.

3.2.1 Syntax and semantics

Linear-time temporal logic (LTL) is defined using the following syntax:

pu=Tlalpive |- Op |1 Ups, (34)

where a € AP and A (or), -~ (not), O (next), U (until). For brevity, we omit the
derivations of other useful operators like O (always), <& (eventually), = (implication)
and refer to Chapter 5 of [11]. An infinite word over the alphabet 247 is an infinite
sequence o € (247)% that o = Sy S; Sy---, where Sy € 247 for all k=1, 2, ---, where
Si is the set of atomic propositions that are true at time step k.

The semantics of LTL for an infinite word o is given via a doubly-recursive
definition of the relation (o, k) £ ¢, i.e., o satisfies ¢ at time step k.

Definition 3.4. The semantics of LTL is defined as follows:
(o, k)Ea <« aeSy
(0. K)m-p o (0, k) kg
(o, k) EQyp (o, k+1)Ep
(0, k) E @1V o (o, k) E @y or (0, k) Eps
(0, k) = @1 Ugps Ik € [k, +o0], (0, k') E 2 and
VE" € (k, k'), (0, k") E 1. A

rt e

Any LTL formula ¢ is satisfied by o at time step 0 if (o, 0) £ ¢ (for simplicity
we denote by o E ). The words of ¢ is defined as the set of words that satisfy ¢
at time step 0, i.e., Words(p) = {0 € (24F)¥| 0 & ¢}. Given an infinite path 7 of T,
and an LTL formula ¢ over AP, trace(7) is a word over the alphabet 24¥. Thus
we can verify if trace(7) satisfies ¢ according to the semantics (3.4).

Definition 3.5. An infinite path 7 satisfies ¢, i.e., 7 E @ if its trace trace(T) E .
A satisfying path is also called a plan for . A

LTL formulas can be used to specify various robot control tasks, such as safety
(O- 1, globally avoiding 1), ordering (O(p1 A O (02 A O ps)), 1, ¢2, ps hold
in sequence), response (1 = g, if 1 holds, ps will hold in future), repetitive
surveillance (0 O ¢, ¢ holds infinitely often).

Another particular class of LTL we consider in this thesis is the syntactically
co-safe LTL (sc-LTL) [93]. They only contain the O, U and <& operators and are
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written in positive normal form [35]. In contrast, the satisfaction of an sc-LTL
formula can be achieved in a finite time, i.e., each word satisfying an sc-LTL formula
o consists of a satisfying prefiz that can be followed by an arbitrary suffix.

3.2.2 Problem formulation

As discussed in the introduction, a single counter example would be enough for
the purpose of verification, i.e., to verify that not all infinite paths of 7T, satisfy ¢.
However for plan synthesis, since the derived plan needs to be implemented by
autonomous robots, we need to find a plan that fulfills certain structure.

Prefix-suffix structure

As a plan is essentially an infinite sequence of states in 7, it is not convenient to
encode, analyze or manipulate both in theory and software implementation. Thus
we consider the plan with the prefiz-suffix structure:

T= <7—prea Tsuf) = Tpre [Tsuf]w (35)

where the prefix 7. is transversed only once and the suffix 7q¢ is repeated infinitely.
A plan with this prefix-suffix structure has a finite representation as (3.5). This
structure is also called lasso-shapeed in [130] with the stem 7, and the loop Tyt

Definition 3.6. ¢ is called feasible if there exists an infinite path 7 of 7. that
satisfies (. A

With the above preliminaries in hand, the problem formulation for the nominal
scenario could be stated as follows:

Problem 3.1. Given the control-driven wFTS T, and an LTL formula ¢ over AP,
(i) find a plan with the prefiz-suffiz structure in (3.5); (i) construct the hybrid
control strategy based on (3.3) to execute the derived plan. A

3.3 Hybrid controller synthesis

In this section, we describe in detail how to synthesize the discrete plan that solves
the first part of Problem 3.1.
Biichi automaton

Given an LTL formula ¢ over AP, there exists a Nondeterministic Biichi automaton
(NBA) over 247 corresponding to ¢, denoted by A,,.

Definition 3.7. The NBA A, is defined by a five-tuple:

ALP = (Q7 2AP7 57 Q07 f)? (36)
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where Q is a finite set of states; Qo € @ is a set of initial states; 24 is the alphabet;
§:Q %247 5 29 is a transition relation; F € @ is a set of accepting states. A

An infinite run of the NBA is an infinite sequence of states that starts from an
initial state and follows the transition relation. Namely, r = goq1 g2+, where qg € Qg
and gr+1 € 0(qx, S) for some S € 24P | =0,1,--. Moreover, r is called accepting if
Inf(r) N F + @, where Inf(r) is the set of states that appear in r infinitely often.
We denote the successors of ¢, € Q by Post(¢m) = {gn |35 €247, ¢, € 6(¢m, S)}.

Definition 3.8. Given an infinite word o = S4S1 S5+ over 247 its resulting run
in A, is denoted by 7, = qoq1g2--+, which satisfies: (i) go € Qo; (ii) gi+1 € 6(qi, Si),
Vi=1,2,--, 00. Similar statement holds for a finite word ¢ = S951.52:--Sn4+1. A

Note that since A, is nondeterministic, there may exist multiple resulting runs
of the same world. Denote by £,,(A,) the accepted language of A, which is the
set of infinite words that result in an accepting run of Ay, i.e., L,(Ay) = {0 €
(247)% | r, is an accepting run}.

Lemma 3.1. £, (A,) = Words(y)
Proof. See proof of Theorem 5.37 in [11] |

The translation process from an LTL formula to its corresponding NBA can be
done in time and space 2°U¥D [11]. However, there are fast translation algorithms [41],
which generates NBA with few states and transitions. Furthermore it is tedious
to list all input alphabets for each transition, particularly given a large set of AP.
Thus it is important to represent them in an compact and efficient manner. The
translation algorithm from [41] generates a boolean expression for each transition,
which accepts all alphabets that enable this transition (as shown in Figure 3.3).
Binary decision diagrams (BDD) are well-known for their efficiency to represent and
evaluate boolean functions [4] . As a result, an NBA can be encoded symbolically
and efficiently. More details can be found in Section 8.

Example 3.3. The NBA that corresponds to ¢ = (0 G a1) A (0O az) A (OO az) A
(O-ay) is derived from [41] and shown in Figure 3.3. The transition from state ¢;
to g3 is given by g3 € (q1,1) where the boolean expression I = (a2 & -a4) encodes
four input alphabets {a2}, {a2, a1}, {az2, asz}, {az, a1, as}. A

3.3.1 Product Biichi automaton

The automaton-based model-checking algorithm can be found in [147] and Algorithm
11 of [11]. Tt is based on checking the emptiness of the product Biichi automaton.
Since Words(y) = L., (A,) and trace(r) € Trace(7.), the original problem is
equivalent to finding the intersection Trace(7:) n L, (A,), which is actually the
language of the product Biichi automaton A, = 7. ® A, which accepts all runs that
are valid for 7. and at the same time satisfy .
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a2 & a3 & -a4

al&a2 &a a2 & -a4

-ad4

al & a2 & Aq

Figure 3.3: The NBA associated with ¢ = (OO a1) A (OO az) A (OO az) A (O-ayq)
(constructed by program from [41]), as explained in Example 3.3.

It is important to mention that unlike the model-checking algorithm for veri-
fication, we do not negate the task specification before generating the associated
NBA and the product automaton. This is because we are interested in the “good”
behavior of the system that satisfies the specification, not the “bad” behavior that
satisfies the negated specification for the purpose of verification.

Definition 3.9. The weighted product Biichi automaton is defined by A, = 7.9 A, =
(Q', &, Qb, F', W,), where Q' =TIxQ = {{r, q) € Q' | Vr € I, YqeQ};o': Q' 27
<7Tj’ Qn> € (5’((71’2*, qm)) iff (7Ti7 7Tj) €—. and qn € 6((]7717 Lc(’”i)); Q6 = {(777 Q>|7T €
Iy, go € Qo}, the set of initial states; F' = {(m, q)|m € I, g € F}, the set of accepting
states; W), : Q' xQ" - R” is the weight function: W, ((7;, ¢m), (7, qn)) = We(m;, 7;),
where (7, ¢) € 0" ({73, gm))- A

Since A, remains a Biichi automaton [11], its infinite run and its accepting
condition can be defined similarly as A,. An infinite run R is called accepting if it
intersects with the accepting set F' infinitely often. The successors of ¢, are given
by Post(q;) = {q,|q, € 0'(q5)}. Given a state ¢’ = (7, q) € Q', its projection on II is
denoted by ¢'|i = 7 and its projection on @ is denoted by ¢’|g = ¢. Given an infinite
run R = ¢(qiq5-- of A, its projection on II is denoted by Rl = ¢)|m ¢ | ¢5|m--- and
its projection on @ is denoted by R|g = qjlg 91lo d5lo-

Lemma 3.2. If there exists an infinite path T of T, such that T = ¢, then at least
an accepting run of A, exists.

Proof. See the proof of Theorem 4.63 from [11]. |
Lemma 3.3. Given an accepting run R of Ay, then Rl E ¢.

Proof. By definition, there exists an accepting state ¢} € 7" appearing in R infinitely
often. Thus q}|Q € F appears in R|q infinitely often, yielding that R|q is an accepting
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run. It can be easily shown that R|q is one of the resulting runs of the trace of R|r.
Thus trace(R|n) € L, () = Words(p), which implies R E ¢ by Definition 3.5. =

Cost of an accepting run

We intended to find an infinite path 7 of 7. with the prefix-suffix structure in (3.5),
such that 7 E ¢. The following lemma is important for the correctness.

Lemma 3.4. If there exists an infinite path T with the prefiz-suffiz structure and T =
@, then at least one accepting run of A, exists with the prefiz-suffix structure.

Proof. Since T E ¢, then ¢ = trace(r) € Words(y). Furthermore as £, (A,) =
Words(y) by Lemma 3.1, 0 € £,,(A,), meaning that the resulting run r, in A,
by Definition 3.8 is an accepting run of A,,.

Without loss of generality, let 7 = momy---m;--- and r5 = goq1 . . . ¢;---. Now we prove
that R = (7o, go){71, ¢1)---(m;, gj)-- is an accepting run of A,. First of all, (mo, ¢1) €
Qq as mo € Iy and qo € Q. Secondly, (11, ¢j+1) € 0'((ms, ¢;)) as (m;, Tis1) €
and g;4+1 € 8(qi, Lo(m;)). At last, since r, is an accepting run of A, there exists an
accepting state gy € F that appears in 7, infinitely often. Correspondingly, there
exists at least one (7, ¢s) that appears in R infinitely often and (7, ¢f) € F', where
7 may stand for one or several states in II. Since F' is finite, there must be one
accepting state q} € F' that appears in R infinitely often.

Then an accepting run with the prefix-suffix structure can be constructed by
using the segment from (7o, go) to ¢} as prefix and the segment starting from ¢}
and back to q} as the suffix, which completes the proof. [

Thus we could focus on the accepting runs of A, with the prefiz-suffic structure:

R= <Rprc7 Rsuf) = Q(l) 111(]} [q} q:"+1 """ q1/1 ]w
w

3.7)
=(mo,q0) 71, qr-1) [{7r, ar U1, @ren) ATy an) I

where ¢, = (0, qo) € Qf and q} = (s, qr) € F'. Note that there are no correspon-
dences among the subscripts. The prefix part Rpre = (ggqi-¢}) from an initial
state g to one accepting state q} that is executed only once while the suffix part
Rsut = (¢ 4f41qy,) from ¢ back to itself that is repeated infinitely. Given the
finite representation as (3.7), there is a finite set of transitions appearing in R:

Edge(R) = {(qz,'7 qg’+1)ﬂ =01, (TL - 1)} J {(Q;w Q;‘)} (38)

The structure also allows us to define the total cost of R:

f-1 n-1
Cost(R, Ap) = > Wy(dl, diur) +7 Y W, divr)
i=0 i=f

f-1 n-1
= > We(mi, mi1) +7 Y, Welms, min1)
i=0 i=f
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Figure 3.4: For every pair of ¢( € Qf (in blue) and q’f e F' (in red), the shortest path
from gj to ¢} and the shortest cycle containing ¢} are computed.

where the first summation in (3.9) represents the accumulated weights of transitions
along the prefix and the second the suffix; v > 0 is the relative weighting on the cost
of transient response (the prefix) and steady response (the suffix).

Problem 3.2. Given the product automaton Ay, find its accepting run with the
prefiz-suffiz structure that minimizes the cost defined by (3.9). A

We denote by Ropt the solution for the above problem, as the optimal accepting
run. Its corresponding plan is given by 7opt = Ropt]i-

Remark 3.1. 7., might not be the actual optimal plan with the prefix-suffix
structure, whose cost is defined similarly as (3.9). As pointed out in [130], this
optimality loss is due to the simplification during the translation process from LTL
formulas to the corresponding NBA. However there are certain types of tight NBA
such as [19] that preserves this quality. It means that the optimal plan can be found
directly as the projection of the optimal run. But we have not found the software
implementation for this translation algorithm yet. Nevertheless the trade-off between
optimality and computational complexity remains as the tight NBA would certainly
have far more states and edges as shown in the examples of [130]. A

3.3.2 Optimal run search

In this part we present firstly two methods to construct the product automaton and
then the graph search algorithm to find the optimal accepting run.

Full construction

Since only static and fully-known workspace is considered, both 7. and ¢ are
time-invariant. Thus A, can be constructed fully by Definition 3.9. In particular,
given a FTS state 7; € IT and a NBA state ¢, € @, the composed state (m;, ¢, )} is
added to Q" if it is not in Q" already. Then all transitions originated from (m;, ¢, )
can be found by the definition of §’, namely V7; € Post(m;) and Vg, € Post(g,),
(7, an) € Post((mi, qm)) if gn € 6(qm, L(m;)).

After constructing A, fully, Algorithm 3.1 takes as input arguments 4, and a
set of starting states S’ € Q)', which is set to Q[ by default, while it generates the
optimal accepting run. Algorithm 3.1 utilizes Dijkstra’s algorithm [97] for computing
the shortest path from a single source node to a set of target nodes within a weighted
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Algorithm 3.1 Search for optimal run, OptRun().

Input: A,, S’ = Q; by default

Output: Rope

1. If Qf or F' is empty, construct Qg or F' first.

2. For each initial state ¢ € S’, call DijksTargets(G, q;, F').

3. For each accepting state q} € F', call DijksCycle(G, q})

4. Find the pair of (g7 ,,q},) that minimizes the summed cost defined by (3.9).

5. Optimal accepting run Rep, prefix: the shortest path from gq , to q}’*; suffix: the
shortest cycle from q}y* and back to itself.

graph. In particular, function DijksTargets(A,, ¢5, Q) computes shortest paths
in A, from source state gg € Q to every target state belonging to the set Q/ € Q"
Function DijksCycle(A,, ¢5) is used to compute shortest cycle from the source
state ¢ back to itself. As shown in Figure 3.4, for each pair of initial and accepting
states (g(), q}) where ¢} € Q[ and q} € F', the shortest path from g to q} is obtained
from line 1 of Algorithm 3.1 where DijksTargets(:) is called while the shortest
cycle containing q} is obtained from line 2 of Algorithm 3.1 where DijksCycle(-) is
called. At last, the pair (qp ., ¢} ) that minimizes the total cost defined by (3.9) is
chosen. Then the optimal accepting run is determined by setting its prefix as the
shortest path from ¢, to q}-’* and its suffix as shortest cycle containing q}-’*.

The algorithm to compute A, has the complexity proportional to the sum of the
number of states and transitions in A,. The worst-case complexity of Algorithm 3.1
is given by O(]8|-1og|Q0|- (|Qp|+|F']))) as essentially the Dijkstra algorithm [89, 97]
has to be called over A, by the number of times equal to |Qq| + |F|.

On-the-fly construction

Beside constructing A, once for all, we would construct A, on-the-fly along with
the graph search Algorithm 3.1 and even the revision Algorithm 4.4 introduced later.
In other words, the states and transition relations of A, are built “on demand”.
When the search algorithm visits any state ¢. € @', it constructs the adjacency
relation of ¢} by iterating through all successors of ¢, and returns the corresponding
transition g; € 0"(¢;) along with its weight. Note that each state ¢ € Q" is marked
by the label “visited” or “unvisited”, to indicate if the transitions originated from
¢’ have to be constructed. In particular, if ¢, is marked “visited”, it means that
they have been constructed before and can be returned directly; if ¢. is marked
“unvisited” or m; belongs to II, they need to be constructed by Definition 3.9 ; II will
be defined in (4.19), which can be treated as @ for now. Detailed implementation of
the on-the-fly construction can be found in [48].

The markers “visited” and “unvisited” improve the computational efficiency
as the adjacency relation of states that have been visited before can be returned
directly, meaning that the results from previous planning iterations can be reused
later; I provides a highly efficient way to maintain and update A, in case of updates
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| Size n2 [ tran (5) | toyn (5) | tay (s) || Size n® | trai (s) | toyn (5) | tay (5) |
25 1.11 0.03 0.82 3025 64.77 2.98 74.53
225 885 | 023 | 688 | 4225 | 9165 | 3.96 | 101.34
625 14.04 0.56 11.09 5625 118.24 5.44 144.78
1225 24.96 1.12 23.24 7225 150.77 7.00 178.99
2025 42.40 1.87 38.13 9025 187.01 8.95 218.17

Table 3.1: Numerical results for Example 3.4.

in 7, as later described in Algorithm 4.4 in Section 4.3. Then Algorithm 3.1 can
be easily modified such that it takes the adjacency relation of A, as an input,
instead of the fully-constructed .A,. Functions DijksTargets(-) and DijksCycle(-)
still work in the same way since the Dijkstra algorithm only needs the adjacency
relation in the breadth-first structure and the associated weight. Even though the
worst-case computational complexity of Algorithm 3.1 remains the same for these
two different methods to construct A,, the on-the-fly construction is essential for
the partially-known and dynamic workspace that will be discussed in Section 4.3,
where 7. has to be updated frequently.

Example 3.4. This example shows the general complexity of synthesizing a discrete
motion and task plan using the proposed scheme. The FTS consists of n x n uniform
grids as states and the cost from one region to an adjacent region is set randomly and
uniformly within [0, 1]. The task is to deliver two objects to two different destinations
separately and then return to the base station. The formula can be written similarly
as (3.13). The location of the objects and destinations are chosen randomly. We
keep track of: (i) tpui, the time needed to fully construct A, by Definition 3.9; (ii)
tsyn, the time taken to find the optimal accepting run by Algorithm 3.1 over the
fully-constructed A,; (iii) tay, the time taken to construct A, on-the-fly along the
optimal search by Algorithm 3.1. They are measured by CPU time in seconds on a
desktop computer (3.06 GHz Duo CPU and 8GB of RAM).

The associated NBA has 75 states and 877 edges. Judging from Table 3.1, given
a fixed transition system and this particular task, these two different approaches
consume almost the same amount of time. The construction of A, takes almost 95%
of the total time while the graph search algorithm is relatively fast. A

3.3.3 Control structure

Assume the optimal run R,y from Algorithm 3.1 has the following format:

Ropt = (Rprea Rsuf) (3 10)
= Rpre,lRpre,?"Rpre,Nme [Rsuf,leuf,Q"'Rsuf,Nsuf]w7

where Rpyre = Rpre,1+*Bpre, N, 18 the prefix; Rgus = Reut 1 Rsut, N, 18 the suffix.
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Algorithm 3.2 Plan execution by hybrid control, HybCon( )
Input: Rop, z(t)
Output: u, Rpast, Tpasts Geur
qgur = qlllext = RPTC,h Tnext = QIllext|H7 Rpast = [ ]7 Tpast = [ :|
while True do
if 2(t) € mpexs confirmed then
L qéur = qulext7 Tpast = Tpast T TTnext Rpast = Rpast + qulext
qxllext = NeXtcoal(qéur’ ROPt)’ Teur = q::ur|H7 Tnext = q;exth_[
’LL(t) = Z/{(x(t), Tcurs 7Tnext)

Thus the robot’s status within the accepting run can be uniquely determined
by the segment (prefix or suffix) and its index within that segment, which are
denoted by seg and k. To generate the infinite plan using Rpr. and Rgyf, function
NextGoal(-) takes the current product state ql,, = Rsegr and Rop as inputs and
generates the next goal product state. Simply speaking, it firstly follows the prefix
until the end of prefix. Then it switches to the suffix and follows it until the end.
After that it restarts from the beginning of the suffix and repeats the same process.
In this way, the suffix is executed infinitely many times.

Algorithm 3.2 executes the derived optimal run R,p¢ off-line. Initially the agent
starts from g, 1; Geyr and gp,, are the current and next product state in Ropt;
Teur aNd eyt indicate the robot’s current region and the next goal region. myext
is initialized as Tpre,1; Rpast is used to store the sequence of product states that
has been reached in Ropt; Tpast is used to store the sequence of regions the robot
has visited; Once a confirmation is acquired that eyt is reached, ¢l ... is added
to Rpasy and correspondingly myext is added to Tpass. Then g ., is set to the next
goal state given ¢.,,. As a result, the controller U (x(t), Teur, Tnext) is activated to
drive the agent from 7eyr t0 Thext. Algorithm 3.2 can be running for infinitely long
time as the the suffix segment is repeated infinitely many times. Note that the
condition z(t) € Tpext holds when the robot belongs to its current goal region.

3.4 Case study

In this case study, we validate the proposed framework above by simulation results,
while experiment results are presented in Chapter 8.

Workspace abstraction

The workspace is a testbed with size 2.4m x 2.1m representing the office envi-
ronment shown in Figure 3.1, consisting of three rooms on each side and one
corridor in the middle. The corridor is partitioned into three smaller segments.
Thus this workspace has nine regions in total “rl,---,76,cl,c2,¢3”, represented
by propositions “rl,---; r6, cl, c2, c3”. There are one red ball, one green ball and
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Figure 3.5: Left: the trajectory that fulfills ;. Right: the trajectory that fulfills 5.

two baskets in different rooms, represented by propositions “rball, gball, basket”.
The rectangular regions are encoded by the center point, width and height. The
horizontally adjacent rooms are separated by vertical walls. The cost of moving
from one region to another is estimated by the Euclidean distance between their
centers. The region name and its labeling function are given by (from bottom to up,
left to right): (r1, {rl}), (r2, {r2,basket}), (r3, {r3,gball}), (c1, {c1}), (2, {c2}),
(3, {c3}), (r4, {rd, basket}), (r5, {r5,rball}), (r6, {r6}). The robot we deployed is
a NAO robot [5], which is an autonomous, programmable humanoid robot. Its state
within the workspace is given by (z,y:,0,), where z,. and y, are the coordinate
and 6, € [-m, 7] is its orientation with respect to the z-axis. It has three basic
control modules as “move_x(-)”, “move_y(-)” and “turn(:)”. Namely, it can move
forward in its local z-axis by the given speed, move sideways in its local y-axis by
the given speed and it can turn itself by the given angular speed. Since they are not
free of actuation noises and disturbances, we design the following turn-and-forward
feedback controller:

move_x(m Mg = r, yg — y,n)H)7 if |Oqie| > 0
U= turn(/-eg . edif), if 0 < || <7 (3.11)
turn( - ko -sign(fqif) - (27— abs(Gdif))), if |Oaie| > 7

where (x4, yq) is the goal position; |z4 — 2, ys — ¥ | is the relative distance; fe =
arctan(y, — yr, T4 — ) is the relative angle between the robot’s position and the
goal position; Ogir = Orer — 0, is the difference between robot’s orientation and the
desired orientation; 6 < 7 is a design parameter deciding when the robot should
move forward; k1, k9 >0 are design parameters as the proportional gain. Thus the
robot would keep turning until it is facing the the goal position. The time interval
to update u is also an important tunning parameter. It is verified by the simulation
and experimental results that the proposed controller is effective. Then the generic

controller U (x(t), m;, m;) in (3.3) can be obtained by setting the way point in (3.11)
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Figure 3.6: Left: the trajectory that fulfills 3. Right: the trajectory that fulfills 4.

as the center of the next goal region, which guarantees the robot’s transition from
one region to an adjacent one, except when there are walls in between. Based on this
transition relation, we could construct 7. that consists of 9 regions and 16 edges. In
the simulation, we add Gaussian noises to the actuation signal generated by (3.11).

Simulation results

We illustrate the effectiveness of the proposed framework by considering four different
task specifications.

Case I: the robot has to pick up the red ball, drop it to the one of the baskets and
then stay at room one. It is specified as the LTL formula: ¢ = &(rball A O basket) A
< 0O rl, which can be interpreted as “eventually pick up the red ball. Once it is done,
move to one basket and drop it. At last come back to room one and stay there”. It
took 0.03s for Algorithm 3.1 to find the optimal plan: “rl1cle2r5¢2r2¢2clrl (r1)©?,
with the prefix cost 581 and suffix cost 1. Then the optimal plan is constructed and
executed off-line by Algorithm 3.2 and the final trajectory is shown in Figure 3.5.

Case II: same delivery task as in Case I, but now it has to deliver two objects
and is not allowed for the robot to carry two objects simultaneously. The task is
specified by the LTL formula:

w2 = O (rball A O basket) A O(gball A & basket) A &GOl
A O rball = O( —~gball U basket)) (3.12)
A O( gball = O( —rball U basket)),

where we add in the constraints that another ball can be picked up only after the
robot has dropped the ball in hand. It took 0.86s for Algorithm 3.1 to find the
optimal plan: “rleclc2e3r3e3c2r2c2r5c2r2c2cl (r1)“”, with the prefix cost 1021
and suffix cost 1. The final trajectory is shown in Figure 3.5. It can be seen that the
robot picks up the green ball first, drop it in the basket in 2, picks up the green
ball, and drop it in the basket in 72, which fulfills the imposed task.
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Case III: same delivery task as in Case II, but now we require that the red ball
has to be delivered to the basket in r2 while the green ball has to the basket in 4.
Now the task can be specified by:

w3 = O (rball A O (basket Ar2)) A O(gball A O ((basket A rd))
A O( rball = O( —~gball U basket)) (3.13)
A O( gball = O( —rball U basket)) A & O rl,

where the location for each basket is specified. It took 1.39s for Algorithm 3.1 to
find the optimal plan: “rlcle2r5c¢272c2c3r3c3c2clrdcl (r1)“”, with the prefix
cost 1021 and suffix cost 1. The final trajectory is shown in Figure 3.6. It shows
that the robot picks up the red ball first, drop it in the basket in 72, picks up the
green ball, and drop it in the basket in r4.

Case IV given a surveillance task, the robot needs to inspect rooms 73, 4 and r6
infinitely often. It can be written as the LTL formula: ¢4 = (OO r3)A (OO rd) A (OO
r6). It took 0.01s for Algorithm 3.1 to find the optimal plan: “rlclrdcl c2¢3r3¢3
(r6c3c2clrdcl 2e3r3¢3)””, with the prefix cost 1021 and suffix cost 1. The final
trajectory is shown in Figure 3.6. It can be seen that the robot patrols these three
rooms as required.

3.5 Summary

In this chapter, we presented the framework to synthesize the hybrid control strategy
for a mobile robot to fulfill a high-level temporal task. We started from constructing
the finite abstraction of the robot’s motion within the workspace. Then we proposed
an automated scheme to synthesize the discrete motion and task plan. At last, a
hybrid control strategy was designed for the robot to execute this discrete plan such
that its resulting trajectory satisfies the given task.



Chapter 4

Knowledge transfer in partially-known
workspace

HE FRAMEWORK presented in Chapter 3 assumes that the workspace is fully-
known in priori and remains static. As a result, the discrete motion plan is
synthesized once off-line and executed by the hybrid controller regardless of the
actual measurements of the robot during execution. However in many real-life
applications, the workspace may only be partially known or even dynamic. In
order to address this issue, we firstly propose a new synthesis algorithm for the
discrete motion plan that maximally satisfies a partially infeasible task with soft
and hard constraints. Moreover, while executing this plan, the robot may gather
new observations about the workspace. Thus a real-time plan adaption algorithm is
proposed to ensure that the hard constraints for safety are always fulfilled while
the satisfaction for the soft constraints is improved gradually for performance. At
last, we extend this scheme to multi-robot systems where the robots share their
knowledge about the workspace through local interaction with each other. Numerical
studies are provided in the end to validate this framework.

4.1 Infeasible tasks

We follow the same notation as in Chapter 3. The initial task ¢ assigned to the robot
might be infeasible by Definition 3.6, e.g., either the task is actually infeasible or the
task is feasible but the initial workspace model 7. is incomplete or incorrect. The
nominal solution proposed in Chapter 3 would simply returns failure. An intriguing
question to ask is as follows:

Problem 4.1. Assume the task specification is infeasible, how should the speci-
fication be relaxed and more importantly how to synthesize the discrete plan that
satisfies the original specification as much as possible?

The work by [83] partially answers the above problem. It generates a relaxed
specification automaton A:a which is close to A, and feasible over T, see Section III-

37
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C of [83]. Then the discrete plan can be synthesized by following the procedure
as described in Section 3.3. However there are often more than one accepting run
within 7. ® .A; and they may fulfill the original specification to different extents.
Instead we aim to firstly find the discrete plan that fulfills the task the most by
certain criterion, based on which then the specification automaton is relaxed.

4.1.1 Relaxed product automaton

By Definition 3.6, ¢ is infeasible when the standard PBA A, does not have an
accepting run. Thus we need to relax the constraints imposed by A, to allow more
transitions within A4, by the relaxed PBA below.

Definition 4.1. The relaxed PBA A, = ToxA, = (Q', 2478, Q), F', W,.) is
defined as: Q' = Il x Q = {(m, q)| V7 € II, Yq € Q}; 24 is the alphabet: AP =
{a1, a2, ax}; 6" : Q' - 2@, (7, qn) € 8'({mi, gm)) if and only if (m;, 7;) e—
and 31 € 247 such that g, € §(gm, 1); Qb = o x Qo and F’ =TI x F are the initial
and accepting states; W,.: Q' x Q" - R™is the weight function to be defined. A

Two differences between A, and A, from Definition 3.9 are: (i) the constraint
“Gn € 0(gm, Le(m;))” when defining 6" is relaxed to “31 € 247 such that g, € §(gm, 1)”
here; (ii) the weight function W, is defined differently from W,,. We firstly introduce
the evaluation function Eval : 24F — {0, 1}%:

1 ifaiel,

4.1
0 ifa; ¢1, (4.1)

Eval(l) =v < [Vi]:{

where i = 1,---, K; 1 € 247 and v € {0, 1}, Namely, each subset of 247 is mapped
to a K-dimensional Boolean vector. Then a distance function between two input
alphabets p: 247 x 247 & N is defined as:

K
p(L, 1) =v=v' =) lvi-vil, (4.2)
=1

where v = Eval(l), v/ = Eval(l’) and [, I’ € 247, | -|; is the £; norm. Then we could
define the distance between an element [ € 247 to a set y ¢ 247 (y = @) [16]:

0 if lex,

4.3
minge, p(l,1") otherwise. (43)

Dist(l, x) = {

Note that Dist(l, x) is not defined for x = @. An example of computing Dist(-) is
given in Figure 4.1. Now we give the formal definition of W,

WT(<7Tia qm)’ <7rj7 Qn))

= We(mi, ;) + « -Dist(Le(m), X(Gm, qn)), (4.4)
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L) &

Figure 4.1: Left: the distance of L.(7) to a set of input alphabets x (the solid line).
Right: the input alphabets are revised by adding more elements.

where (75, gn) € 0’ ({7, gm)); > 0 is a design parameter;

X(Qma Qn) = {l ¢ 2AP|Qn € 5(Qma l)} (4'5)

consists of all input alphabets that enable the transition from gy, to g, in A,. By Defi-
nition 4.1 there always exists [ € 24F that ¢, € 6(qm, 1), thus x(¢m, ¢n) # & is ensured.
We(m;, m;) is the cost of the transition from m; to m; in 7¢; Dist(Le(m;), X(¢m, qn))
measures how much the transition from m; to 7; violates the constraints imposed by
the transition from ¢, to ¢,. The design parameter a reflects the relative penalty
on violating the original specification, and also the user’s preference on a plan that
has less cost or that fulfills the task more.

Example 4.1. Consider the NBA in Figure 3.3 and the transition from state ¢; to ¢s,
X((ha QS) = {{U‘Q}v {G’Qa al}a {a‘Qv a3}7 {a27 at, a3}}‘ Then DiSt({a1}7X(Q1v Q3)) =
p({a1}7 {ah a2}) =1 DiSt({a2}7X(Q17 q3)) = p({ag}, {a2}) =0 DiSt({a27 a3}7
X(Qb q3)) = p({ag, a3}7 {a27 (13}) =0. A

Balanced accepting run

Since A, does not have an accepting run, we instead search for an accepting run
within A4,.. However the existence of an accepting run alone is not enough because:
(i) they have different implementation costs; (ii) we would like to measure how much
they violate the original specification. Thus we still consider the accepting runs with
the prefiz-suffix structure by (3.7):
R=qoq1qp1[qf dper0n 1° (4.6)
= <7T07 (JO> "'(Wf—lan—l) [ <7Tf7 CIf><7Tf+17 Qf+1> """ <7Tn7 Q’n> ]UJ )

where gy = (70, q0) € Qp and ¢} = (77, qr) € F'. Its total cost is calculated differently:
Cost(R, A,) = cost, + a-dist,, (4.7)

where the accumulated implementation cost of the motion plan 7 = R|r is

f

0

cost, = (

1 n—-1
+’y Z )Wc(ﬂi, 7Ti+1); (48)
i=f

=0



40 Knowledge transfer in partially-known workspace

the accumulated distance of 7 to A, is

f-1 n-1
dist, = ( Z(:) +y ; )Dist(Le(mi), x(gi, giv1)); (4.9)

the design parameter v > 0 represents the relative weighting on the cost of transient
response (the prefix) and steady response (the suffix).

Problem 4.2. Find the accepting run of A, that minimizes the cost by (4.7). A

We call the solution to Problem 4.2 the balanced accepting run of A,., denoted
by Rpal- The corresponding balanced plan is T, = Ryai|m-

Remark 4.1. As mentioned in Section 3.3, each transition of the NBA is encoded
by a boolean expression accepting all alphabets that enable this transition. This
expression can be represented as a binary decision diagram (BBD) such that the
distance function by (4.3) can be easily integrated. The idea is that for operator “v”
it returns the minimal distance of its left and right branches, while for operator “A”
it returns the summed distance of them. Thus it is not necessary to enumerate all
input alphabets to evaluate the distance. More details can be found in Section 8. A

4.1.2 Balanced plan synthesis

Given the values of a and +, A, can be either constructed fully by Definition 4.1
or on-the-fly as before. But the weight function is computed based on the distance
function from (4.3). Consequently, given the value of «, 7, Algorithm 3.1 can be
called with respect to the full or on-the-fly construction of A,., to derive the balanced
accepting run Rp,1. Then the corresponding balanced plan is 741 = Rpai|m-

Remark 4.2. Although A, allows more transitions compared ro A,, any balanced
plan is a valid path of 7., i.e., the transition relation of 7. is never relaxed when
constructing A,.. Thus 7,4 is always implementable. A

Furthermore, given Ry, 7. and A, we can easliy computes the associated
costr, dist,, and the relaxed specification automaton A;,. While iterating through
the transitions along Rpa1, we can construct Aj, by adding new transitions to Ay;
compute cost, and dist, as defined in (4.8) and (4.9). It can be verified that
the obtained Afp is a valid relaxation [83] of A,. Note each Ry, corresponds to a
balanced plan 7, and a revised specification automaton A:a.

Lemma 4.1. Ifdist, =0, then Tpa E ¢.

Proof. Since Dist(-) > 0 by (4.3), the accumulated distance dist, = 0 implies
qn € 0(gm, Le(m;)) for all transitions ((7;, ¢m), (7, ¢n)) along Rpai. Since A, and
A, have the same states with the same sets of initial and accepting states, Ry, is
also an accepting run for A4, by Definition 3.9. Then its corresponding plan Ty
satisfies ¢ by Lemma 3.3. [ ]
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Figure 4.2: Left: the FTS 7, with labels and weights. Transitions are labeled by the
costs. Right: the NBA A, associated with ¢ = & Oar AO-(az A az).

However it may not be trivial to determine the appropriate value of a for
the desired balance between the cost and distance to the task. As an extension,
Algorithm 3.1 could be called under different « to generate various balanced accepting
runs, among which the unique ones are saved as the candidates. They can be
compared regarding the associated cost, and dist,. The chosen 7,,; can be
executed off-line by constructing the hybrid controller as proposed in Algorithm 3.2.

Theorem 4.2. If ¢ is feasible over T., the balanced plan m,, satisfies ¢ if a > a,
where « is given by (4.10).

Proof. If ¢ is feasible over 7., Algorithms 3.1 return the optimal accepting run Rops
with the total cost (under the same v) by (3.9):

Cost(Ropt, Ap) = a. (4.10)

Clearly, Ropt is also a valid accepting run of A, since A, and A, have the same
states with the same sets of initial and accepting states. Moreover, under the
same 7y, Cost(Ropt, Ap) = Cost(Ropt, Ar). Assuming that 7,, does not satisfy o,
then dist, > 1 by (4.9). As a result, the total cost of Ry by (4.7) satisfies:
Cost(Rpal, Ar) > a-dist, > a. Since a > o = Cost(Ropt, Ap) = Cost(Ropt, Ar), it
implies Cost(Rpal, Ar) > Cost(Ropt, Ar). However by the definition of the balanced
run, Rpa is the accepting run of A, with the least total cost, i.e., Cost(Rpal, Ar) <
Cost(Rops, Ar), which leads to a contradictory. Thus the proposed method can be
applied directly when ¢ is feasible over 7. but choosing « > . Algorithm 3.1 will
automatically select the accepting run that satisfies ¢, i.e., dist, = 0. [ ]

Example 4.2. As shown in Figure 4.2, the robot has to go from region 7y to w3
and stay there, meanwhile avoid all regions satisfying properties as or az. Three
alternative plans are obtained by varying « (v = 5), as shown in Figure 4.3: (i) when
the penalty on violating ¢ is low, A, is revised by adding ¢; to 6(qo, @), ¢1 to
d(¢q1, @) and the balanced plan is [7]* (black hexagram, cost, 30, dist,, 6); (ii)
when the penalty is increased, A, is revised by adding ¢; to d(qo, {a2, as}), where
the balanced plan is o7 [73]“ (blue square, cost, 65, dist,, 2); (iii) when the
penalty is severe, A, is revised by adding ¢i to 6(qo, {a2}), where the balanced plan



42 Knowledge transfer in partially-known workspace

Potential Motion Plans

10
La" 7 * Pl ()"

100] L 2 o
- n" Il Plen: 7y ()
= 90| L ol
= at Pland: 7,7, ()
) o
2 " .

o
O *
s * E
'9 60| ‘4 z
Aoy . o
40 * 1
*

Cost o implement

Figure 4.3: Left: the total cost of the balanced runs when ~ = 5 under different . Right:
the unique balanced runs, located by their cost, (z-axis) and dist, (y-axis).

is mo w2 [m3]* (cyan triangle, cost, 85, dist, 1). Note that in (iii) the robot passes
through ms which satisfies only ao, instead of 7m; which satisfies both as and az. A

4.2 Soft and hard specifications

The previous section presents how to synthesis a balanced motion and task plan
that satisfies the potentially-infeasible task as much as possible. However, sometimes
a specification contains two distinctive parts: one part for hard constraints that
concerns safety or security and should not be violated for all time; another part
for soft constraints and additional achievement that should be satisfied as much as
possible. In this section, we propose a solution that meets these requirements.

Problem formulation

The robot’s finite transition system is still denoted by 7. from Definition 3.3. Its task
specification remains an LTL formula over AP, but with the following structure:

Q= QDSO& A (phard7 (411)

soft hard hard

where ©*°'" and ¢ are “soft” and “hard” sub-formulas; ¢ could include safety
constraints like collision avoidance: “avoid all obstacles” or power-supply guaran-
tee: “visit the charging station infinitely often”; ¢®% could include performance
requirements like “collect as many objects” but the location of some objects is
not known. Introducing soft and hard specifications is due to the observation that
the partially-known workspace considered in Section 4.3 might render parts of the
specification infeasible initially and thus yield the needs for them to be relaxed,
while the safety-critical parts should not be relaxed during the process.

Problem 4.3. Given the task specification by (4.11), how to synthesize the motion
and task plan such that "4 is satisfied fully, while ¢*°' is satisfied the most? A
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4.2.1 Safety-ensured product automaton

hard soft

Now there are two levels of specifications by ¢ and ¢
the property of a plan can be stated more specifically.

, with respect to which

Definition 4.2. An finite or infinite path 7 = myma--- of 7, is called: (i) valid if
hard.

(i, Tis1) €E—>¢, for i =1,2,--+; (ii) safe if 7 = ¢ "®'%; (iii) satisfying if T . A

Let Ahard = (Qh 2AP, 51, QLO’ fl) and ASOft = (Q27 2AP, 52, Q270, fg) be the
NBA associated with ¢"4 and ¢*°f, respectively. Detailed definition can be found
in Section 3.3. The functions x;(-) of A" and x(:) of A% are defined analo-
gously as (4.5). Now we propose a way to construct the relaxed but safety-ensured
intersection of A" and A%,

Definition 4.3. The relaxed intersection of A4 and A% is defined by:
AQD = (Q7 2AP7 57 Q07 f)v (412)

where Q = Q1 xQ2x{1,2}; Qo = Q1,0xQa2,0x{1}; F = FixQax{1}; 6 : @x247 - 29,
with (1, ¢2, £) € 6({q1, g2, t), 1) when three conditions hold: (1) I € x1(q1, d1); (2)
x2(q2, Go) #@; (3) qe ¢ Fr and £ = t, or q; € Fy and £ =mod (¢, 2) + 1, where ¢ € {1,2}
and mod is the modulo operation. A

Algorithm 4.3 constructs ./Lp by Definition 4.3. Note that ./Lp remains a Biichi
automaton. We relax the requirement that there should exist a common input
alphabet that enables the transitions from ¢; to ¢; for i € {1,2}, compared with the
standard definition of Biichi automata intersection (see Chapter 4.3 of [11]). An
accepting run r of fl@ intersects with the accepting set F infinitely often. The last
component ¢ € {1,2} in @ ensures that r has to intersect with both F; x Q2 x {1}
and Q1 x F2 x {2}. This fact is used in the proof of Theorem 4.3 below. Denote by
7|g, and 7|g, the projection of 7 onto the states of A" and A" respectively.

Theorem 4.3. Given an accepting run r of Aw rlg, is an accepting run of Abard,
Moreover, L,,(Ay,) € L, (A"d).

Proof. By definition, at least one of accepting states in F should appear in r infinitely
often. The projection of F onto @)y is Fi, therefore one of the accepting states in
Fi is visited infinitely often by 7|g,. Secondly, since [ € x1(g1, ¢1) is ensured by
Definition 4.3, all transitions along r are valid for A" 4. As a result, |, is an
accepting run of A", For the second part, given any infinite word o € Lw(fl@), o
results in an accepting run of .AL, by Definition 3.8, denoted by 7, . It has been proved
that r,|g, is also an accepting run of A" which implies that o € £,,(A"). Thus
for any o € £,(A,), o € L,(A) holds, namely L, (A,) € £,,(A9). m

Since we need to guarantee that "4 is fulfilled fully and ¢*° is satisfied as
much as possible, we rely on the relaxed product automaton proposed previously to
handle both feasible and potentially infeasible specifications.
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Algorithm 4.3 Relaxed intersection, RelaxInt( )

Input: Asoft’ Ahard

Output: AW

foreach ¢ € Q1, g2 € Q2, t € {1, 2} do

gm ={q1, g2, 1) € Q

If (q1 € Q1,0, g2 € Q2,0, t € {1}), then g, € Qo

If (q1 € F1, t € {1}), then ¢, € F

foreach ¢, € Post(q1), ¢z € Post(qz), t € {1, 2} do
Gn = (1, G2, 1) € Q
if (quéFi, te{l}, {e{1}) or (g2 ¢ Fo, te {2}, e {2}) or
(queFy, te{l}, te{2}) or (qo e Fo, te{2}, f€{1}) then
| @n €6(gm,1), Viexi(aqr, q1)

return A,

Definition 4.4. The safety-ensured and relaxed product Biichi automaton AT =
Tex Ay = (Q', 8", Qh, F', W,) is defined as follows: Q" = I x Q = {{r, q) |V~ €
I,Vge@R}; 0" :Q - 2@’ (75, an) € 8'({mi, gm)) if and only if (m;,7;) e—. and
Gn € 0(gm, Le(m3)); Q) =g x Qo and F’' = I x F are the initial and accepting states;
W, : Q' x Q" - R" is the weight function:

W, iy Ym/» jr» dn

((mis gm), {m; 4 ) ] (4.13)
:WC(’/Tia 7rj) +a'Dlst(LC(7Ti)» XQ(QQ» q2))

where (1, gn) € 0'({Ti, 4m)); am = (@1, 42,1); @n = (G, G2, @) @ > 0 is a design

parameter; function Dist(-) is defined in (4.3). A

The weight function consists of two parts: W.(m;, ;) measures the implemen-
tation cost of the transition from m; to mj; Dist(Lc(7m;), x2(g2, ¢2)) measures how
much this transition violates the constraints imposed by A%f: « reflects the relative
penalty on violating the soft specification.

Theorem 4.4. Assume R is an accepting run of A,.. Its projection on 11, T = R|,
is both wvalid and safe for T. and ¢ by Definition 4.2.

Proof. Firstly, 7 is valid since every transition in ¢’ corresponds to a valid tran-
sition within — .. Then since R is an accepting run of A, = ’7;><fi¢, then trace(r) €
L,(A,),ie., trace(r) € L, (A ) by Theorem 4.3. Since Words (¢">?) = £, (AP¥d)
by Lemma 3.1, trace(r) € Words(p"™?), i.e., 7 £ "4 thus 7 is safe. ]

Same as before, to measure the implementation cost of different accepting runs
of A, and how much they violate the soft specification, we consider the accepting
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runs with the prefiz-suffiz structure by (4.6). However its total cost is defined by:

B f-1 n—1
Cost(R, Ay) = > Wo(dis 1) +7 DO, Wi(dis Giy1) = costr +a-disteon, (4.14)
i=0 i=f

where v > 0; the implementation cost of 7 = Ry is cost, = (Zifz_ol +72?:_f1

We(m;, mir1); the accumulated distance of 7 with respect to Ageor is disteon =

(210 +7215) Dist(Le(m), x2(¢lqz: @halqz)): where qjlo, and ¢/,;o, are the
projection of ¢; and ¢,,; onto Qs.

Problem 4.4. Find the accepting run of A, that minimizes the cost by (4.14). A

We call the solution to Problem 4.4 as the safe accepting run of A,, denoted by
Rgate. The corresponding safe plan is Tgafe = Rsafolm-

4.2.2 Safe plan synthesis

Given the values of o and 7, A, can be either constructed fully by Definition 4.1 or
on-the-fly construction. But now the distance d reflects whether the input alphabet
violates the hard specification and the distance to the set of input alphabets for
the soft specification. Then the safe accepting run Rsase can be obtained in the
prefix-suffix format by calling Algorithm 3.1 with respect to A,. By Theorem 4.4, its
corresponding plan 7g,¢ is always valid and safe no matter how a and ~ are chosen.

Same as in Section 4.1, the value of « could be tuned by calling Algorithm 3.1
under different « to generate candidates of Rg,f.. The associated cost, and distsor
can be computed similarly. After deciding the safe accepting run, its corresponding
plan Tgs can be implemented by the hybrid control strategy following Algorithm 3.2.

Lemma 4.5. If dist sor =0, then Tfe F ©.

Proof. By Lemma 4.1, if disteor = 0, Rgafe is an accepting run for the un-relaxed
product 7. x A, by Definition 4.1, where A, is the un-relaxed intersection [11] of

Agsore and Anara. Thus its corresponding plan 7gafe satisfies ¢ by Lemma 3.3. m

4.3 On-line plan adaptation

It is rarely the case that the system model, i.e., the transition system, is consistent
with the actual workspace and robot dynamics. It means that the motion and
task plan synthesized off-line may not be executed as expected. As a result, a
real-time on-line control framework is needed, where the planning and execution
are interleaved as shown in Figure 4.4. If the actual workspace is different from
the workspace model, it is crucial to put the planner on-line and make it dynamic,
such that it can monitor the plan execution, update the system model based on the
real-time observation, and validate or revise the current plan.
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Figure 4.4: Diagram for the on-line planning and execution module.

Thus we discuss here how the FTS could be updated based on the robot’s
observations that come from both its sensing or communication functionality. We
denoted by T/ the transition system at time ¢ > 0, particularly

Th= (11, —, Ty, AP, L., W!), (4.15)

where the superscript indicates the time. Note that (i) the set of regions IT is
static, meaning that no new regions are added or existing regions are removed; (ii)
the set of initial states IIy and the set of known atomic propositions AP are also
static as before. Furthermore, its task specification consists of hard and soft parts:
@ = ¢ A ol ag introduced in (4.11), which is invariant after the system starts.
Denote by Ago the relaxed intersection automaton from Algorithm 4.3.

Problem 4.5. Assume the workspace is partially-known. The following problems
are posed: (i) how to model the Tobot’s sensing and communication functionalities;
(i) how to update the transition system accordingly; (¥ii) how to guarantee the
motion and task plan is always valid and safe. A

4.3.1 Initial plan synthesis

At t =0, the initial motion and task plan can be obtained by the method proposed
in Section 4.2, given the initial transition system 7. and ¢. Denote by R, 7¢ = Ry,
Aﬁ the obtained safe accepting run, the safe plan and the relaxed product automaton
at time ¢ > 0. In this section, we assume that A’ is constructed on-the-fly and R? is
obtained by Algorithm 3.1 for Af.. Note that the soft specification may be infeasible
initially but it is guaranteed by Theorem 4.4 that 7° is safe and valid for 7°.
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4.3.2 Real-time knowledge update

The robot we consider has both the sensing ability to discover the workspace and the
communication functionality to communicate with external sources. In this section,
we discuss how these functionalities can be modeled.

Denote by Sense’ as the set of sensing information obtained at time ¢ > 0. Note
that this information might be gathered when a robot reaches a region or during
the transition from one region to another. It has the following format:

Sense’ = {((n, S, S_), E, E_)}, (4.16)

where 7 € IT stands for a perceived region; S € AP is the set of propositions satisfied
by this region; S_ € AP is the set of propositions not satisfied by this region;
(7, mj, w) € E if (m;, m;) needs to be added to —% with weight w or its weight
is updated to w; (m;, ;) € E_ if (m;, 7;) needs to be removed from —!. Sense’
reflects the actual workspace at time ¢.

Example 4.3. The sensing info ((71, {a1, as}, {az}), (71, ma, 10), (71, 73)) € Sense’
is received if it is observed that region 7 satisfies proposition a; and ag but not
ag; (w1, w2, 10) € E if the transition from m to 7o is allowed with the cost 10;
(71, m3) € E_ if the transition from 7 to 73 is invalid. A

This sensing function can be modeled by assigning a sensing radius h > 0, such
that all regions intersecting with the sphere {y € R™ ||y —x(t)| < h} are visible, where
x(t) € R™ is the robot’s position at time t. Different post-processing techniques
might be used to abstract the essential information for (4.16) from raw sensing data.

Besides, communication with external sources is another important mean to
retrieve information. This source can be another robot, a control base station, or
even an on-line database. Whenever this robot communicates with the external
source at time ¢, it sends the following request message:

Request’ = |4p, (4.17)

which informs the external source the set of workspace properties this robot is
interested in. The reply message it gets has the following format:

Replyt = {(’/T/v S,» Si)}v (418)

where S’ € (¢|ap) and S’ € (plap); S and S’ can not both be empty; 7’ € II is the
region that satisfies S’ but not S’. Note that S’ and S’ only contain propositions
that are relevant to the task ¢. Depending on the actual communication protocol,
the external source can decide how often it replies to the robot’s request.

Example 4.4. The reply information (71, {a1}, {a2}) € Reply" is received if region
w1 satisfies proposition a; but not as. A
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Transition system update

Thus at time ¢, the robot might obtain new knowledge from Sense’ and Reply® as
described before, based on which it needs to update its own system model. Denote
by T/ and T}  as the transition system before and after the update at time ¢.
Recall that (7, S, S_) € Sense’ or Reply' indicates that the region € IT satisfies
S but not S_. Then L. (z) = L (7) U S \ S_, where L. (7) and Lt () are the
labeling function of 7 before and after the update. Regarding E, F_ € Sense’, new
transitions are added or some existing transitions’ weight is updated based on F
while transitions in F_ are removed. For brevity, I ¢ IT is used to store the set of
regions within IT of which the labeling function is changed during the update; I
stores the set of regions of which the adjacency relation needs to be reconstructed.
Note that if both Sense’ and Reply’ are empty, 7" remains the same as 7,/ .

4.3.3 Safety-ensured plan revision

Since 7! might be updated as described in previous part, the motion and task
plan from the initial synthesis in Section 4.2 needs to be evaluated regarding their
validity, safety and optimality.

Product automaton update

Denote by AL and Aff as the relaxed product automaton corresponding to 7 and
7'Ct+, respectively. To update flfn, a brute-force approach would be to reconstruct
the complete /Iﬁ from scratch by Definition 4.4 using Aw and 7;“, or to re-evaluate
all transitions within fl,t; that are relevant to the latest changes in 7'C1t+ as proposed
in [59]. However, both methods have the complexity proportional to the number of
transitions within 4, and more importantly most of the updated transitions of Af
might not be used by the plan revision Algorithm 4.4 later.

Thus we propose to incorporate the update information including ﬁ, F and F
into the adjacency relation function of Ai For any region m; € IT whose labels or
adjacency relation has been changed, they are stored in a new set I, namely

M=1u{m|(m, 7;) e E, or (m;, mj,w) € E_}. (4.19)

Thus all the transitions originated from ¢, whose projection onto IT belongs to I, ie.,
qhlm € ﬁ, have to be re-constructed. In this way, the update information is used only
when ¢, is revisited by the revision Algorithm 4.4 and then §’(q.) is re-constructed.

Given the updated transition system 7'ct+ and the current plan 7¢, two natural
questions arise: (i) is 7¢ still valid or safe? (ii) if not, how can we modify 7¢ such
that it remains valid and safe for 7' and ¢?
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Verifying validity and safety

Recall that the current accepting run R! has a finite set of transitions appearing in
it, i.e., Edge(R') by (3.8). By checking Edge(R"), we could validate if the current
plan 7t is still valid or safe.

Definition 4.5. Given the updated transition system 7:.t+, any transition ({7, gm),
(7j, qn)) € Edge(R") is called: (i) invalid if (m;, 7;) ¢—"_ ; (ii) unsafe if L\ (m;) ¢

c

Xl(qm|Q17 qlel)' A

Recall that Q is the set of states of A", We use = and & to store the invalid
and unsafe transitions in R?, respectively. They are obtained by iterating through
each transition ((m;, ¢m), (7, ¢»)) within Edge(R") and checks if (m;, ;) has been
removed from 7?+ or if the changed label Lf (7;) would make this transition unsafe.
Theorem 4.6. Assume R’ is an accepting run of flf: ; TE is updated to 7;t+ JE, R
are the sets of invalid and unsafe transitions from above. Then (i) ' remains valid
if and only if = = @; (ii) " remains safe if R = @.

Proof. Since R! is an accepting run of A% , 7% is both valid and safe for 7! by
Theorem 4.4. If = = @ and R = @, Edge(R") does not contain any invalid or unsafe
transitions. Thus R? remains an accepting run of Af “If” part of (i): by Theorem 4.4,
7t is valid since R’ remains an accepting run of A% . “Only if” part of (i): if E # @,
7t contains at least one invalid transition, thus not valid by Definition 4.2. “If” part
of (ii): by Theorem 4.4, 7* is safe since R' remains an accepting run of A~ . |

Plan revision

If = or R are not empty, 7¢ might be invalid or unsafe. A plan revision scheme is
needed to guarantee its validity and safety: one straightforward approach could be
to recall Algorithm 3.1 with respect to 7;“ and A, but using the robot’s current
region ¢y, from Algorithm 3.2 as the initial region. Let the derived accepting run
and corresponding plan be Ryew and Tyew. In the following, we show that even
though 76w is valid and safe as proved in Theorem 4.4, it can not guarantee the
actual safety if we take into account the robot’s past trajectory. Given the robot’s
past trajectory Tpast and past run Rpae from Algorithm 3.2, its complete trajectory
is obtained by concatenating Tpast With Thew, Namely Tcomp = Tpast + Tnew- INOte that
Teomp Temains the suffix-suffix format. A key observation is that the safety property
of Thew does not ensure the safety of the robot’s complete trajectory starting from
time 0. In fact, this is because when analyzing the corresponding runs of 7p.s and
Thew il Aff, the product state g, (the last state of Rpas) from Algorithm 3.2 may
not be the same as the first product state in Ryey. As a result, these two segments
can not be concatenated into an accepting run of flff
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Figure 4.5: Locally revise the invalid transitions in R'. The sequences of states in dashed
line represent the corresponding runs given the robot’s past trajectory.

Problem 4.6. Assume E or R are not empty. Given the robot’s past trajectory Tpast,
how to find the new plan ey such that its complete trajectory above is guaranteed
to be valid and safe. A

Before stating the solution, we need to define the set of corresponding product
runs given the robot’s past trajectory. As pointed out in Definition 3.8, the resulting
run of an infinite or finite words in A, may not be unique because of the non-
determinism of A«p- In other words, given the finite past trajectory Tpast, its trace
may result in a set of runs in A, denoted by T st

Troase = 175 Dy Def. 3.8 for Ago | = trace(Tpast) }, (4.20)

where Tpast = Tpast[ 1 (|Tpast| —1)], i-e., the segment from the first state to the second
last state of Tpast; 77, 1S finite because 7pas¢ is finite and the number of states in

./Lp is finite. Consequently, the finite set of corresponding runs in Af is given by
RTpast = {R|R|H = TpaSt’ R|Q € TTpast}7 (421)

where each finite run R is the synchronized product of 7.5t and any run belonging
t+

to 7o ... by (4.20). Since R, ,, may contain multiple finite runs in AL’ e may
correspond to multiple states in Aﬁ , which is denoted by
Q... = {last(R)|Re R, ..}, (4.22)

where last(R) is the last state of R within R Clearly, Rpast € R and
Qour € Q7,3 @7, 1s derived as the reachable states in A" given Tpast-

To solve Problem 4.6, we propose an algorithm that is similar to Algorithm 5 in [59].
Denote by R* , Rt", 7', 7" the accepting run and corresponding plan before and

after the revision, respectively. Moreover, Rgm and R! ; are the prefix and suffix of

RY | while Rf;re and R’ are the prefix and suffix of R* . Given the invalid or unsafe

Tpast * Tpast

transition (¢}, ¢5,;) in R' , it belongs to either R or R. ;. In Algorithm 4.4,

it firstly tries to locally finds a “bridging” segment that make up this transition
by breadth-first search (as shown in Figure 4.5). tail(qy,,, RY,.) is the segment
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Algorithm 4.4 Revise the current plan, Revise( )
Input: =, ®, R, flf, ot
Output: R

forall the (¢., ¢.,,) € (Eur) do

if (45, ¢411) € RYye then

bridge=Di jksTarget (AL, ¢/_,, tail(q., Rl.)

if bridge # @ then

L R!.. =head(q, ;, R}, )+bridge+tail(last(bridge), RL,,)

pre
else
L R = OptRun(A} , Q7 )
return R?

if (¢4, gii1) € Ry then

same as the first case, but replace RY ., by RL

return R' = (R, RLLp)

suf

of Rl after ¢}, not including ¢; head(q}_,, R},.) is the segment of RY . before

q._1, not including ¢._;; last(bridge) is the last state on the path bridge. Func-
tion DijksTarget(/{f, qs, Q) is defined similarly as function DijksTargets(:)
in Algorithm 3.1, which returns shortest path from the source state ¢5 € Q' to
any target state belonging to the set @7 € Q. Thus it returns the shortest path
once one of the targets is reached. At last, if function DijksTarget(-) returns an
empty path bridge, it means that the accepting state last(RfJ_re) is not reachable
from ¢;_;. Then OptRun(-) from Algorithm 3.1 is called to search for the balanced

accepting run of AL, but using Q7,... as the set of initial states (instead of the

default Qf). Note that in Algorithm 4.4 above, R’ is revised iteratively and the
condition (¢}, ¢4,,) € Rb,e or RL; is also checked iteratively.

Theorem 4.7. The new plan Thew can be obtained from Algorithm 4.4 such that
Teomp @5 valid and safe, if there exists one.

Proof. If a new plan T,ey exists such that the complete path 7comp is valid and
safe, by Lemma 3.2 there exists an accepting run of flff whose projection onto II
is Tcomp- Given the invalid or unsafe transitions in Rt (in prefix or suffix), firstly
Algorithm 4.4 tries to revise R® by looking for the bridging segments. If no such
segments exist, it means that the current accepting state is not reachable from ¢, _;.
Instead it searches for the accepting run that starts from any of the product states
in Q’Tpast and consists of a cycle containing at least one of accepting states in flf It
means that an accepting run that starts from one of the initial states and obeys the
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robot’s past trajectory exists only if a bridging segment is found for the revision in
Line 3 or a new accepting run starting from Q’ is found in Line 8. [

Tpast

The overall structure of the on-line planning scheme is given in Algorithm 4.6
later, where the accepting run R’ is updated by both the revision Algorithm 4.4 and
the optimal search Algorithm 3.1. More details about the algorithms can be found
in [48]. The next goal region for the hybrid controller also changes accordingly.

4.4 Collaborative knowledge transfer

Now assume that a team of autonomous robots coexist within the same workspace
and each of them has an individual local task specified as LTL formulas. If the
local task of each robot relies on only its local propositions, the team of robots
are independent that their plans can be synthesized and executed independently
from each other. However since the robots are usually located at different locations
within the workspace, about which they have up-to-date knowledge. Those local
knowledge, if shared among the team, might benefit each member such that they can
make better and more informed plans. In the following, we propose a collaborative
knowledge transfer scheme for a multi-robot system with independent local tasks.

Formally, we consider a team of autonomous robots with unique identities i € N =
{1,2,---, N}, which coexist within the common but partially-known workspace W.
Robot i’s possible motion within W is abstracted as a weighted FTS:

T = (I, —, Mo, AP;, L}, W}), (4.23)

which is defined similarly as (4.15). The superscript ¢ > 0 indicates that the workspace
is partially known and might be updated after the system starts. Each robot 7 € A/
has a locally-assigned task specification p; = 5% A B4 wwhere 3% and phard

are the “soft” and “hard” constraints as before from (4.11).

Initial synthesis

At t =0, for each robot i € N, the initial motion and task plan can be obtained as
the safe plan by following the framework proposed in Section 4.2, regarding the
initial transition system 7.° and ;. We assume here the on-the-fly construction is
used. Note that the soft specification may not be feasible initially and is relaxed
by the balanced accepting run. Denote by Aﬁl the relaxed product automaton of
robot i at time t; R, 7! as the balanced accepting run and the associated plan.

4.4.1 Knowledge transfer protocol

In Section 4.3, we describe how a single robot could update its transition system
through its sensing and communication ability to inquire and retrieve knowledge
from external sources. Belonging to the same multi-robot system, the other robots
could be the external source. In other words, they could share and transfer their
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Algorithm 4.5 Transfer Knowledge to other robots, TranKnow( )

Input: Sense';7 Request??i
Output: Replyf’j
forall the (7, S, S.) € Sense} do
forall the Request;?i received at tg <t do
Request;; = (5, ¢jlap, 1)
if j e N/ then
S'=8n (90]'|Apj)ﬂ SL =5.n (@j'APj)
if S’+g or S’ + @ then
L add (m, S’, S’) to Replyf’j

return Replyf} j

knowledge about the workspace collectively in real-time. Now we explain how to
design the knowledge transfer protocol and more importantly how to combine it
with the real-time planning scheme from Section 4.3.

The communication network represents how the information flows among the
robots. Each robot i has a set of neighboring robots, denoted by N; € A/. Robot i
can send messages directly to any robot belonging to A;. We take into account two
different ways to model the communication network: (1) global communication with a
fixed topology; (2) limited communication with a dynamic topology. In the first case,
N; is pre-defined and fixed after the system starts. In the second case, each robot has
a communication range, denoted by C; > 0. Robot ¢ can only send messages to robot j
if their relative distance is less than Cj, i.e., |z;(t)—z;(t)| < C; where z;(t), z;(t) e R"
are the positions of robots j and i at time ¢. Then N = {j € N||z;(¢) - 2: ()| < C;}
is the time-varying neighboring set of robot i at time t.

Robot i is interested in all the propositions appearing in ¢;, namely ¢;|ap,.
We propose a subscriber-publisher mechanism to reduce the communication load.
Whenever robot j communicates with robot i € ./\/jt for the first time at time t, it
follows the subscribing procedure: robot j sends a request message to robot i:

RequeStE,i = (]7 CPj|AR7, i)7 (424)

which informs robot i the set of propositions robot j is interested. Each robot has
a subscriber list, containing the request messages it has received. Note that each
robot also keeps track of the robots which it has subscribed to, such that it sends a
request to any of its neighboring robots only once.

The sensing update of robot ¢ is denoted by Senseg, the structure of which is
given in (4.16). Then the publishing phase of each robot follows an event-driven
approach: whenever (7, S, S_) € Sensef- is obtained, it checks its subscriber list
whether the content might be of interest to any of the subscribers regarding some
propositions. If it is of interest to robot j regarding some propositions in in ¢;|4p;,
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then robot i checks if j € N}. If so, it publishes a reply message to robot j that
Reply; ; = {(7, 5", $")}, (4.25)

where S" = S0 (¢jlap;) and S’ = S n (@;lap,); Note that since S’ and S’ only
contain propositions that are relevant to robot’s task ¢, every reply message should
contain useful knowledge. The above procedure is summarized in Algorithm 4.5.
Note that through this communication mechanism, any request only needs to be sent
once and every reply message contains useful knowledge. This subscriber-publisher
scheme can be easily implemented by multicast or unicast wireless protocols.

4.4.2 On-line plan verification and adaptation

Upon receiving Sense§ and Reply;,i from j € N}, robot i could update its transition
system 7; accordingly. Regarding its current motion and task plan 7}, the validity
and safety of 7/ needs to be verified as before. Moreover, in case 7} is falsified, i.e.,
either invalid or unsafe, Algorithm 4.4 is called to revise 7/ such that it becomes
valid and safe, where ﬁﬁ, RE Z! stand for the set of regions in 7' with modified
labeling functions, the set of unsafe transitions and invalid transitions in R.
Algorithm 4.4 provides a way to locally revise the invalid or unsafe plan, which
guarantees validity and safety by Theorem 4.4. However it does not maintain the
cost optimality of the safe accepting run compared with Algorithm 3.1. The general
problem of computing and maintaining the shortest path in a graph where the edges
are inserted or deleted and edge weights are increased or decreased is referred to
as the dynamic shortest path problem (DSPP) in [17] and [115]. As pointed out in
both papers, it is inefficient to re-compute the shortest path “from scratch” using
the well-known static solution like Dijkstra algorithm each time the graph changes.
Thus we propose an event-based criterion [72] to ensure the optimality check.
Denote by T! the accumulated number of number of changes in T at time t;
Tfr =T + [TY] and Y9 = 0. Denote by Tj the last time instant when Algorithm 3.1
is called. Let the thresholds N2l T2l > 0 be chosen freely by robot i € A'. Then
whenever one of the conditions holds: (1) !> Nl (2) ¢ - T; > T2l Algorithm 3.1
is called with respect the latest 7;' to derive the safe plan, but using Q’Tm as the

st

initial states. Afterwards, Tf is reset to zero and T; to the current time.

4.4.3 Overall structure

The overall architecture is summarized in Algorithm 4.6, where the detail description
of each function can be found in [49]. When the system starts, each robot synthesizes
its own initial motion and task plan. It sends requests to neighboring robots. Then it
checks if it receives any reply, sensing or request messages, based on which it replies
to its subscribers, and updates its transition system. At last, it decides whether
the revising algorithm or the optimal synthesis algorithm should be called by the
triggering condition. It is worth mentioning that the next goal region 7; next changes
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Algorithm 4.6 Cooperative on-line planning for each robot i € A/
Input: 7°, A,,, Aﬁ,i, x; ()
Output: R, 7/, !, T}

[3

RY = OptRun(qu’i)
_ _ po _
qz,',cur - qz,',next - Ri7[pre,1]7 Tinext = qzl',next
while True do
send Requestﬁ)g

II; 5 Ri,past = [ ]7 Ti,past = [ ]

check Replyz’i, Request?‘ji and Sense’
Replyij = TranKnow(Sense, Request;?i)
send Replyf’j
(7;t+a ﬁf? ﬁZ) = UpdaT(T, Senseﬁ, Replyz,i)
A, = adjProd(TY, TIt, A,,)
(R, Ef) = ValidRun(AY,, R!, I, E.)
T =T T

o = CorProd(.,éif:i7 T; past)
if Ti> Nl or ¢ =T > T then
R = OptRun(AL,, Q). )

XAl 1, Tpast
t_ - ! =RY
B Tz = 0, 712 = t, qZ',next - Ri,[PT6:2]

else if X! # @ or E! + @ then
N ~ o+ —_
R = Revise(A!,, R:, RL EL Q! )

. T, 1, Tpast
| qz{,next = RE,[seg,k]
if 2(t) e g
q;,cur = qi,ncxt

/
Ti,past = Ti,past T i next, Ri,past = Ri,past + qi,next
+ _ / t*
) = NextGoal(qg; cyrs B )

ot

next|m; confirmed then
;
!

/ _ pt
| Qinext = Ri,[seg,k

— A . _
T, cur = qi7cur ;5 Tinext = qz‘,next 1II;

w; = Uz (), Ti cur, Tinext)

automatically whenever: (i) the accepting run R! is updated by either the revision
Algorithm 4.4 and the optimal search Algorithm 3.1; (ii) the current goal region is
confirmed to be reached.

Theorem 4.8. For each robot i at any time t > 0, its plan 7} derived by Algorithm 4.6

is always valid and safe for T;' and ¢;. Moreover, for any t' >0, there exists time

t

te[t', t' + T such that T} corresponds to the safe accepting run.

Proof. The first part follows from Theorems 4.6 and 4.7. Moreover 7} is the safe

plan for flfz given Q;’Tpas whenever Algorithm 3.1 is called. Due to the triggering

t
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Figure 4.6: Left: Initial workspace and the the preliminary motion and task plan. Right:
actual workspace and the final trajectory.

condition, it is called at least once within any time period of length Tfa“. [

4.5 Case study

In this part, we present two different case studies for planning under partially-known
workspaces: one for controlling a single unicycle robot under the task of surveilance;
another for a team of autonomous robots under complex local tasks.

Single-robot system

Consider a unicycle robot that satisfies: 2o = vcosf, 4o = vsiné, 6 = w, where
Po = (z0, yo)T € R? is the center of mass, 0 € [0, 27] is the orientation, and v, w € R
are the transition and rotation velocities.

Workspace model

The workspace we consider is shown in Figure 4.6, which consists of 12 polygonal
regions. The continuous controller that drives the robot from an region to any
geometrically adjacent region is based on [103], which is built by constructing vector
fields over each cell for each face. The controller design is omitted here for brevity.
There are three regions of interest and one regions is occupied by obstacles. The
surveillance task is given by “visit region 2, 3, 4 infinitely often and avoid all possible
obstacles”. The LTL formula is given by “¢ = (O0Ca1) A (OO az) A(OOaz) A(O-ay)”
and its associated NBA is shown in Figure 3.3.

Simulation results

The preliminary workspace is initialized as obstacles free and the associated 72 is
constructed by Definition 3.3. The actual workspace is shown in Figure 4.6, where
region 9 is occupied by obstacles and there are walls between some regions. The robot
is capable of perceiving obstacles within a region and walls between adjacent regions.
A preliminary motion plan is generated by Algorithms 3.1 and 3.2 (arrowed red line
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Figure 4.7: Left: the actual workspace as described in Section 4.5. Right: the final
motion plan for aerial vehicles, which corresponds to the final optimal plan in Figure 4.9.
It satisfies both <p‘;;;j and Lpiffii, since all base stations (in yellow) are surveiled and

non-fly areas (in cyan) are avoided.

in Figure 4.6), but it is not valid for the actual workspace as it intersects with the
obstacle region 9. The robot moves according to the motion plan and reaches region
12, where it obtains the following information: E_ = {(m4, m11), (711, m4)} and
(79, {a4}, @), namely region 9 satisfies a4. The updated motion plan is illustrated
by the arrowed red lines in Figure 4.6. Then the robot follows this updated motion
plan. At region 6 and 3, it obtains the information: E_, = {(rg, 7s), (s, 76) } and
E_ = {(m7, m3), (73, m7)}, respectively. In both cases 32 transitions are removed.
But the motion and task plan remains valid because its corresponding accepting
run remains valid. The final trajectory is shown in Figure 4.6.

Multi-robot system

In this case study, we consider a team of 15 autonomous robots: five of them are
aerial vehicles that surveil over base stations; the rest are ground vehicles that
collect food and water resources to supply the base stations.

Workspace model and robot description

As shown Figure 4.7, the workspace we consider is a 10 x 10m? square which is

approximated by B5([0, 0]), where [0, 0] is the origin and 5 is the radius. There
are 7 base stations with size 1 x Im? (in yellow, denoted by “b1”---,“b7"). Besides,
there are numerous no-fly zone (in cyan, denoted by “nfly”) and sphere obstacles
(in red, denoted by “obs”) at various locations with different sizes. Food (in green,
denoted by “food”) and water (in blue, denoted by “water”) resources of various
size are scattered in the free space.
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Figure 4.8: The final motion plan for robots Gw_i (left) and for robots Gf_i (right).
It is shown that water (in blue) or food (in green) are fetched before any base station
(in yellow) and all base stations are supplied infinitely often, while obstacle (in red)
avoidance is always ensured.

Five aerial vehicles (denoted by Ar_1,---) Ar_5) start randomly from one of the
base stations. For aerial vehicles, “b1”,---) “b7”, “nfly”, “water”, “food” are their
known propositions, which does not include “obs”. It means that aerial vehicles
cannot detect obstacles on the ground. Initially, they know the location of some base
stations and some no-fly zones, but not the water and food resources. They have an
average speed 0.1m/s and a sensing radius of 2m in the 2-y coordinate. They have the
hard specification “repetitively visit at least one of the base stations, while avoiding
all no-fly zones”, and soft specification “visit all base stations infinitely often”. In
LTL formulas, the specifications are given as @R?:? = (0-nfly) A (O (Pone)), and
Oft = (O(ObLAOB2 A+ AODT)), Where @ope b1 Vb2V Vb7 and i = 1,---,5. The
NBA associated with ©h?"! has 2 states and 4 edges by [41], while the one with

O3t has 8 states and 43 edges.

The other ten robots are ground vehicles: five of them (denoted by Gf_1,--,
Gf_5) collect food and the rest (denoted by Gw_1, ---, Gw_5) for water, to supply
the base stations. For ground vehicles, “b1”, ---, “b7”, “obs”, “water”, “food” are
known propositions, which does not include “nfly”. Thus ground vehicles cannot
recognize “nfly” zones. Initially, they start randomly from one base station and
only knows the location of one water (or food) resource, but not the obstacles and
other base stations. They have an average speed 0.05m/s and a sensing radius
of 1m in the z-y coordinate. For ground vehicles, the hard specification is “avoid
all obstacles and repetitively collect water (or food) resources to at least one base
station” and the soft specification is “supply all base stations infinitely often”. In LTL

formulas, the hard and soft tasks for Gw_i are given by cp}é'jfj = (0 —0bs) A Porders

@sG%ft_i = (O(Ob1 A Ob2 A - A ODT)), where @orger = (0 O water) A (O(water =
O(-water U (@one))) A (O((Yone) = O(=(¢one) Uwater)), which says that water
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Figure 4.9: The evolution of the plan total cost of robots Ar_i (left) and Gf_i (right).
For Ar_1, the initial plan has a total cost 5220 ([5, 521]), when it only knows two base
stations. Its final plan has a total cost 391 ([1, 39]), as shown in Figure 4.7. For Gf_1,
the initial plan has a total cost 5268 ([12, 526]), when it only knows the location of
one base station and one food resource. Its final plan has the total cost 610 ([3, 60]),
as shown in Figure 4.8.

must be fetched and supplied to at least one base station infinitely often. @%?Aft_i is

the same as for Ar_i, requiring that all base stations be supplied infinitely often. The

NBA associated with P24 have 10 states and 30 edges by [41], while the one for

gos(';ov\ff_i has 8 states and 43 edges. The soft and hard specifications @E?i? and cpscc;ﬁ for

Gf_i can be defined in a similar way by replacing proposition “water” with “food”.
Clearly, for each robot the soft specification is impossible to fulfil initially as they
have no complete knowledge about the location of all base stations. However, since
“b1”, “b2”---, “b7” belong to all vehicles, meaning that any relevant information can
be shared within the group. Moreover, since the propositions “water” and “food”
also belong to aerial vehicles, they could help the ground vehicles to discover relevant
knowledge within a shorter time. Regarding the communication network, a dynamic
topology where each robot has a communication radius (set to 5m for all robots).

Simulation results

Initially each robot has very limited knowledge, considering that they only know
the location of one base station and none of the obstacle regions. We choose « to
be 1000 and  to be 10 as the task specifications focus on repetitive tasks. We set
Nl and T2 to be (3, 60s) for aerial vehicles and (3, 100s) for ground vehicles.
The system was simulated for 600s and it took 200s for the workspace to be fully
discovered by all robots. Figures 4.7 and 4.8 show the trajectories corresponding to
the suffix part of the optimal run, for the three groups Ar_i, Gf_i, Gw_i. It can be
seen that both soft and hard specifications are fulfilled by all robots.

Figure 4.9 and 4.10 shows how the optimal plans of Ar_i, Gw_i and Gf_i evolve
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Figure 4.10: Left: the evolution of the plan total cost of robots Gw_i. For robot Gw_1,
the initial plan has a total cost around 5147 ([11, 513]), when it only knows the location
of one base station and one water resource. Its final plan has a total cost 456 ([6, 45]),
as shown in Figure 4.8. Right: the number of messages (including both request and
reply messages) received by each robot under the dynamic communication topology.

with time. In particular, under the proposed scheme, the total cost of the optimal
plan for each robot decreases gradually until its workspace model is complete. It
can be seen that the planner incorporates the knowledge update into the optimal
plan, such that the soft task specification is satisfied more. Figure 4.10 illustrates
the number of messages received by each robot under the dynamic communication
topology. Due to the subscriber-publisher scheme, the number of messages being
exchanged among the robots decreases over time.

4.6 Summary

In this chapter, we discussed about the motion and task planning problem for both
single and multiple robot systems within a partially-known workspace. In particular,
we first presented the method to synthesize the balanced plan for the potentially
infeasible task with hard and soft constraints. Then we proposed an on-line scheme
for plan adaptation and revision to guarantee the safety and feasibility of the current
plan at all time. At last, we extended this framework to multi-robot systems with
independent individual tasks by introducing the knowledge transfer protocol.



Chapter 5

Dependent local tasks with collaborative
actions

OBOTS ARE deployed to move around within the workspace and more impor-
tantly to perform various actions to interact with it. Thus in this chapter, we
first introduce a new method to construct the model of both robot motion and
actions. Based on this model, we can specify a local temporal task as the desired
robot motion and actions. Then a planning scheme for both robot motion and
actions is proposed as an extension to the nominal solution presented in Chapter 3.
Furthermore, inter-robot collaborations are essential for many multi-robot applica-
tions to improve system capability, efficiency and robustness. Thus we start from
defining a dependency relation among the robots using collaborative and assisting
actions. Then a distributed and on-line coordination scheme is proposed where
each robot sends requests to its neighbors for collaborative tasks, confirms others
requests and adapts its local plan to fulfill the confirmed collaboration. All decisions
are made locally by each robot based on local computation and communication
between neighboring robots. This scheme is scalable and resilient to robot failures
as the dependency relation is formed and removed dynamically according to the
plan execution status and robot capabilities, instead of pre-assigned robot identities.
Numerical simulations are provided in the end to validate the proposed scheme.

)

5.1 Motion and action planning

The task specifications considered so far only involve a sequence of regions to visit.
However, for practical problems it is often necessary to perform various actions
at different regions. In other words, the purpose of “going somewhere” is to “do
something”. The resulting plan is clearly a combination of transitions among different
places and performing sequential actions. It would be inadequate to carry out the
motion planning and action planning independently since the motion plan and
action plan are closely related, i.e., “where to go” is motivated by “what to do
there” and “what to do now” depends on “where it has been”. Another observation
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is that some actions can only be performed when certain conditions are fulfilled
and as a result certain state variables might be changed. Moreover, we propose to
separate the domain-specific knowledge [146] such as the workspace model and the
robot’s mobility in the workspace, from the domain-independent knowledge such as
the action map based on the actions the robot is capable of. One advantage is the
increased modularity that our framework is adaptable whenever the workspace is
modified or the task specification is changed.

5.1.1 Complete robot model

The complete robot model is derived by composing the abstraction of robot mobility
and the model of robot actions.

Abstraction of robot motion

Firstly, in order to distinguish the FTSs for mobility and action, we replace the
FTS 7. in Definition 3.3 with M as the abstraction of robot’s mobility:

M:(HM70M7_>M7HM,07 \IJM,LM,WM), (51)

of which the notations are similar to 7T¢; o stands for the control strategy (3.3)
symbolically; ¥ = ¥, UV, where ¥, = {U, ;}, i=1,--, N, is the set of propositions
as region names; ¥, = {¥, 1,---, ¥, ;} is the finite set of propositions as interested
properties, some of which are relevant to robot’s actions discussed later. For instance,
“this room has product A” is a property relevant to the action “pickup A”.

Model of robot actions

Action description language [42] provides an intuitive and powerful way for describ-
ing the preconditions and effects of different actions. Classic planning formalisms,
like STRIPS [37, 119] provide an intuitive way to describe high-level actions the
robot is capable of. Given a set of system states and actions, each action is described
by specifying its precondition and effect on the states. Assume that the robot is
capable of performing K different actions {op5,1,--, o5 K }, implementable by the cor-
responding low-level controllers {ICx}, k=1,---, K. Denote by X5 = {0B.0,*, 08K }
where o £ None indicates that none of these K actions is performed. Moreover, we
introduce another two sets of propositions: (i) ¥, = {¥, ;}, represents the internal
states of the robot, j =1,2---,J, e.g., “the robot has product A”; (ii) ¥} = {¥y 1},
where ¥y, ;, = T if and only if action £ is performed, k£ =0,1,---, K. We assume that
any two actions cannot be concurrent, i.e., at most one element of ¥; can be true.
The subscripts of ¥4 and ¥, stand for the “state” and “behavior”. Then each action
in ¥ is described by its precondition and effect functions:
The precondition function:

Cond : ¥ x 2¥7 x 2%+ — True/False, (5.2)
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takes one action in ¥z, subsets of ¥), and ¥, as inputs and returns a boolean value.
Namely in order to perform that action, the conditions on the workspace properties
and the robot’s internal states have to be fulfilled. For instance, the action “pickup
A” can only be performed if “the room has product A”. While some actions like
“take pictures” might be performed without such constraints and the condition is T.
Note the condition for o5 is T by definition.

The effect function:

Eff: X x (2% x ¥,) — (27 x ¥y), (5.3)

represents the effect of the actions. As a result of performing action op x, the robot’s
internal states ¥, might be changed and ¥, is changed to indicate which action
is performed. More specifically, (i) Eff(0p,0,ws, ¥p ) = (ws, ¥p0), where w, € 2%+
and VW, ; € ¥;,. Performing op ¢ does not change the robot’s internal state and all
elements in U, except Uy, o are set to L; (ii) Eff(op.k, ws, ¥p;) = (wh, ¥y k), where
W, W C 2% and Wy1, Uy € Wy, is the effect function of o), for k # 0. For example,
once the action “pickup A” is performed, the propositions “the robot has A” and
“‘pickup A’ is performed” become true. Note that the effect functions can not modify
the properties of the workspace.
Given ¥, ¥, ¥, and Xpg, Cond, Eff, the action map is defined as a tuple

B = (HB7 ZB; \Ilp7 ;)87 HB707 \IIBa LB7 WB)) (54)

where (i) s € 2% x W, is set of all assignments of Uy and Wy; (ii) ¥, serves as
the input propositions, and 2% is the finite set of possible input assignments; (iii)
the conditional transition relation <z is defined by 73 x ap x 2¥» x Ty Cop if the
following conditions hold: (1) ap € X5, 75,7 € g; (2) Cond (ag, 277, 75) = T; (3)
Ty € Eff (ag,mp); (iv) o © 2%: x Wy o is the initial state; (v) Ug = ¥, U W, is
the set of atomic propositions; (vi) Lg(wg) = {ng}, i.e., the labeling function is the
state itself; (vil) Wg :>p— R* is the weight associated with each transition and
Wg(ns, ag, 2¥7, ;) is estimated by the cost of action ag.

Remark 5.1. The set of states Iz is defined as 2%+ x ¥, instead of 2% x 2%
because only one element in ¥;, can be true. A

U, can be viewed as external inputs [11] to the action map, i.e., within different
regions the transition relations might be different due to their different properties.
Moreover, B is nondeterministic in the sense that at each state mp any action whose
associated condition function is evaluated to be true, can be performed. It is worth
mentioning that the action map is constructed independently of the structure of the
workspace where the robot will be deployed. Furthermore, given an instance of the
workspace property W, the action map B is equivalent to a wF'TS as all conditional
transition relations can be verified or falsified.

Complete functionality model

As mentioned earlier, the mobility abstraction M from (5.1) and the action map B
from (5.4) are adequate for the controller synthesis within certain problem domain.
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Figure 5.1: The action map B is composed with each region of M, giving a complete
description R of robot's functionalities.

However, in order to consider richer and more complex tasks involving both robot
motion and actions, we need a complete model of robot’s functionalities that combines
these two parts. We propose the following way to compose M and B as a FTS:

R = (H'R,y ER) R, HR,()7 \:[17?,7 LRv WR)? (55)

where (i) Iz = IIaq x I is the set of states; (ii) Xg = o U Xp is the set of

actions; (ili) —x ¢ IIg x X x [Ix is the transition relation, defined by the fol-
s IM ’ I\ s IM ’ 98,0 ’
lowing rules: (1) (mam, m8) ——= (7, 5) if TM ——m Ty and T3 ——p 7p;

(2) (Tpt, T8) ~Bor (maq, ) if mp x ap x Ly(maq) x T c >, where ap € Sp.
(iv) g = a0 x I contains the robot’s initial region and initial internal
state; (v) U = ¥ U Up is the complete set of atomic propositions including ¥,.,
U, U and ¥y; (vi) Lg : [Ig — 2¥% is the labeling function, Lr ((7nm, 75)) =
Lam(mm) U Lp(mp); (vil) Wg :—x — R*, is the weight function on each tran-
sition, defined as: (1) Wr({(mat, 78), oats (Thys T5)) = Wa(mae, om, Thy); (2)
Wr({Trm, T8), ar, {Tm, Tg)) = Wa(mg, ar, Tg), if ar € Xp.

Remark 5.2. Note that —g, 05, is released automatically whenever the controller
(3.3) is activated. Because whenever the robot moves to a new region, it indicates
that no actions within o are performed as we assume non-concurrent actions. A

Figure 5.1 illustrates the idea behind the process of parallel composition defined
above. Blue squares represent the states of M and red cycles encode the states
of B. Loosely speaking, when composing them into R, N copies of B are first
made, corresponding to the N regions within the workspace. At the same time, the
conditional transition relations in these copies are verified or falsified by verifying
the conditions on the properties of each region.
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5.1.2 Local task for motion and actions

The composed system R is a wFTS over the set of atomic propositions U. Recall
that U =V, uW¥,u¥,uV,. Among them, ¥,, ¥, are commonly seen in related
work [15, 85, 132], but ¥y, U}, allow us to express richer requirements on the robot’s
internal states and actions directly, as for example where these actions are desired
and the preferred sequence. For instance, the task “eventually always drop A at
region 1” can be expressed as ¢ =0 (U1 A Uy 5), where U, ;=“{the robot is in
region 17} and ¥, o={“drop A” is performed}. Notice that we do not even need to
specify where the robot should perform “pickup A”.

5.1.3 Hybrid control strategy

We now state the problem we consider in this section:

Problem 5.1. Given the full robot functionality R and the task p, find its motion
and action plan that minimizes the cost defined by (3.9) and construct the hybrid
control strategy that executes this plan. A

Since R is a standard finite transition system like 7. from Definition 3.3, the
framework proposed in Chapter 3 can be applied directly to find the infinite optimal
motion and action sequence that has a finite representation and minimizes the
cost by 3.9. Namely, denote by R,p¢ the optimal accepting run of the product
R x A, from Algorithm 3.1, which can be projected onto R as the motion and
action plan Topt = Ropt i1, - For each pair of sequential states (7R s, Tr,s+1) I Tops
there exists an action ag € Xx such that (7g s, ar, ™R s+1) €—x from (5.5).
Thus the underlying low-level control strategy can be synthesized by sequentially
implementing the continuous controller associated with the actions along 7%, in a
similar way as Algorithm 3.2. In particular, if ag = o, the controller {Kj} that
implements the action op y is activated. If ag = o a4, the navigation controller (3.3)
is applied to drive the robot from the starting region to one point in the goal region.

The overall framework has four steps: (i) construct the mobility abstraction M
and action map B; (ii) construct the full functionality R by composing M and B;
(iil) synthesis optimal the motion and action plan 7.p; (iv) execute the plan by the
hybrid control strategy.

It is worth mentioning that M and B are constructed only once for the robot
within a certain workspace and ¢ can express any task specification in terms of
required motions and actions. Steps (ii)-(iv) are performed in an automated way.
Whenever a new task specification is given, the complete functionalities model R
remains unchanged and steps (iii)-(iv) are repeated to synthesize the corresponding
plan. Whenever the workspace is modified, only M needs to be re-constructed but
the action map B remains the same and can be reused.
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5.2 Multi-robot systems with dependent local tasks

We have discussed in the previous section about how to construct a motion and
action plan for a single robot when its individual local task can be fulfilled by itself.
But what if one robot needs other robots’ collaboration to accomplish one action
in its plan, namely whether one robot can accomplish its local task depends on
other robots’ collaboration. In this section, we address this issue by considering a
multi-robot system of N robots with identities i € N = {1,2,---, N}, as described in
Section 4.4, with heterogeneous capabilities and dependent local tasks.

5.2.1 Collaborative actions

In this part, we construct the complete robot model for both motion and actions,
where the abstraction for robot motion is similar to Section 5.1.1 but the model of
robot actions is different, due to the existence of collaborative and assisting actions.

Same as before, the workspace consists of M partitions as the regions of interest,
denoted by II = {m, ma, -, mas }. We assume that these symbols are assigned a
priori and the workspace is fully-known by all robots. Robot ¢’s motion within the
workspace is modeled as a wFTS:

Mié(Ha_’.in 3\4,07\1j3\/1’ 3\47T./i\/l)a (5.6)

where —>3\,1§ IT x IT is the transition relation; Hi\/t,o € IT is the initial region robot k

starts from; Lﬁw I - 2%Mm is the labeling function, indicating the properties held
by each region; T/iv( :—>f\,t—> R* estimates the time each transition takes. A path of
M; is a sequence of regions mom---mwp, where (7, Tpe1) €=, Yn=0,1,--, P - 1.
Note that M; might be different between the robots due to heterogeneity. Moreover,
each robot 4 has a set of neighboring robots, denoted by A; ¢ A and robot 4 can
exchange messages directly with any robot j € N;.

Action model

Besides the motion ability, robot 7 is capable of performing a set of actions denoted
by ¥; £ ¥} u X} u X, where

. Ef’ is a set of local actions, which can be done by robot ¢ itself;

e X! is a set of collaborative actions, which can be done by robot i but requires
collaborations from other robots;

. Elﬂ is a set of assisting actions, which robot ¢ offers to other robots to accomplish
their collaborative actions.

In other words, ¥ and X% contain active actions that can be initiated by robot
i, denoted by ¥ =X} u X, while X} contains assisting actions only to assist other
robots. By default, oy = None € }; means that none of the actions is performed.
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Moreover, denote by E;Li the set of external assisting actions robot ¢ depends on,
which can only be provided by some of its neighbors in N, i.e., E,Nf c UiéNi2§1~
Table 5.1 shows the action sets of the robots that will be simulated in Section 5.3.
The action model of robot 4 is modeled by a six-tuple:

B; = (%;, ¥, LY, Cond;, Dura;, Depd,), (5.7)

where Y; is the set of actions defined earlier; W%, is a set of atomic propositions related
to the robot’s active actions; Li : ¥; — 2¥% is the labeling function. L (o) = @,
Vo € X8 and Li(0,) € Wi, Vo, € X; Cond; : ¥; x 2¥M - T/1 indicates the
set of region properties that have to be fulfilled in order to perform an action;
Dura; : X; - R* is the time duration of each action. Dura;(og) = Ty > 0 is a
design parameter; Depd, : X; — 2> is the dependence function. Depd,(0s) = &,
Vos € X uX! and Depd,(o.) € 7, Vo, € £i. Namely each collaborative action
depends on a set of assisting actions from its neighbors. This is useful for defining
complex collaborations involving multiple robots.

Remark 5.3. Compared with defining dependency directly on robot identities, our
action model allows more flexibility since their identities need not be known a priori
and new or existing robots can be added or removed. Moreover, different from (5.4),
the action model by (5.7) can model both local and collaborative actions. A

Definition 5.1. A local or assisting action o € Ef U EZ is done at region m, € II
if two conditions hold: (i) Cond,(os, Lj(m,)) = T; (ii) o, is activated for period
Dura; (o). For a collaborative action o, € 3%, another condition is needed: (iii) all
assisting actions in Depd,(o.) are done by other robots at the same region m,. =

Complete robot model

A complete robot model of robot ¢, denoted by R;, refers to the finite transition
system that models both its motion and actions.

Definition 5.2. Given M; and B;, robot i’s complete model can be constructed as
follows: R; = (I, —%, I o, Vi, LR, Tr), where I =TI x ;. 7R s = (74, 00) €
M5, Yy € I1, Vo, € 85y —hLc Il x O ({7, 0m), (T, 00)) e—% if (1) 0 = o =
00, Ts —>'yq T3 or (ii) oy, = 00, o # 00 and s = T, Cond; (o7, Lﬁ\,l(ﬂé)) =T;or (iif)
Om €%, on =09 and s = my; U o =11 o x 0 is the initial state; Uy = Ul U U
Liy i My — 2% Ly ((mg,0m)) = Liy () U LE(01); T i—>k— R*. For case (i)
above, T ((7s,0m), (mt,00)) = Thy(ms,m); for case (i), T ({7s, om), (e, 00)) =
Dura; (o, ); for case (iii), Tk ((7s,om), (¢, 0n)) = To.

Note that when defining —7%, above, the condition of performing an action is
verified over the properties of each region. Thus R; is a standard FTS by [11]. Its
finite path is deno‘ged by Ti = TR 0TR,1: TR, P, Where TR s € IIp, TR o € I}z  and
(TR,s TR,s+1) €, Vs =0, P -1, of which the trace is given by trace(r;) =
Lr(mr0) LR (TR,1) L (TR,P)-
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Robot i I = pIng
R la,ua | lg,up %] hp
Ro s 7] hg,hc,,hr 1%}
R3 1%} oM hcy, hr has
Ry s ac har, hp hey, he,
Rs mp (%] hB,hcl,hc2 (%]
Re op cr hp,hy hr

Table 5.1: Action sets (except o) described in Section 5.3.

5.2.2 Problem formulation

The local task of robot i, denoted by ¢;, is given as an sc-safe LTL formula over the
set of atomic propositions \Iléz from Definition 5.2. Thus ¢; can contain requirements
on robot’s motion, local and collaborative actions. The syntax and semantics of
sc-LTL can be found in Section 3.2. As also mentioned there, an sc-safe LTL formula
can be fulfilled by a finite prefix. In particular, given a finite path 7; of R;, then
7; fulfils @, if trace(r;) E ¢; where the satisfaction relation is defined there. One
special case is that when ¢; = T, robot ¢ does not have a local task and serves as an
assisting robot. In summary, we address the following problem in this section:

Problem 5.2. Given R; and its locally-assigned task p; that depends on other
robots’ collaboration, design a distributed control and coordination scheme such that
; s fulfilled for all i e N. A

5.2.3 Distributed task coordination

This section contains the main contribution as the bottom-up motion and task
coordination scheme for multi-robot systems with dependent local tasks. It includes
the off-line initial plan synthesis, the on-line request and reply messages exchange
protocol, the real-time plan adaptation algorithm and the failure recovery mechanism.

Initial plan synthesis

Given the complete robot model and its local task, we can first synthesize an initial
motion and action plan for each robot, which happens off-line and serves as a
starting point for the real-time coordination and adaptation scheme in Section 5.2.3.
We intend to find a finite path of R; whose trace satisfies the co-safe formula ¢; as
described in Section 5.2.2. Let A, be the NBA associated with ¢; from Section 3.2,

ie., Ay, = (Qs, 2‘1'3, 8:, Q4, F;). The product automaton A, ; is defined as follows:
Ap,i = Ri ® -Aw = (me 5p,i7 Qp,i,Ov ]:p,ia Wp,i)a (5'8)

where Qi = T x Qi; ((TR.s, Gm), (TR.k> Gn)) € 8pi if it holds that T s —% TRk
and (¢m, L% (TR s); qn) € 0i; Qpio = IT% oxQp is the set of initial states; 7, ; = I x
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Ftis the set of accepting states; Wpii6pixQpi = RY. W, i({(TR 55 Gm), (TR.ks Gn))
= T’IZQ(WR,S’ 7T’R,k); where (71—73,16; qn> € 5p,i((7772,s7 qm))'

There exists a finite path of R; satisfying ¢; if and only if A, ; has a finite
path from an initial state to an accepting state. Then this path could be projected
back to R; as a finite path, the trace of which should satisty ¢; automatically [11].
Let Rl qp qu7 qu be a finite path of .Ap,7 where g, 0 € Qpi0, ¢y p € Fp.is
qu € Qw and (qu, q,, 1) € Opi, ¥1=0,1,---P—1. The cost of PJ is defined by
Cost (R, Ap;i) = Dyire pﬂ(qp b qpl+1) which is the summed weights along R}.
The Iy}, element is given by R [l] =q,, and the segment from the I, to the kth
element is R;[l k] = q;’lq;)lﬂmq;’k, where [ <k < P.

Problem 5.3. Find a finite path R;, of Ap.i with the above structure that minimizes
its total cost. A

Denote by R;’init the solution to the above problem. Algorithm 1 in [58] solves
the above problem, which is also restated in Algorithm 3.1. It utilizes Dijkstra’s
algorithm for computing the shortest path from any initial state in @, ;¢ to every
reachable accepting state in F, ¢ and checks if there is cycle back to gp,p- The worst-
case complexity [89, 97] is (9(|5p il -1og|Qp.i| - \Qp i,0)- By projecting R ;,; onto II%,

it gives the initial motion and action plan 7p ;;; = Rp init T, that fulﬁlb V5.

Remark 5.4. The initial plans are synthesized locally by each robot instead of by
a central unit [18] or within a cluster [51]. A

The plan TR init Call be executed by activating the motion or actions in sequence.
However since 74 ;,;, may contain several collaborative actions from ¥, to satisfy ;,
the successful execution of 7'72’mlt depends on other robots’ collaboration, which

however is not guaranteed since Tfmnit is synthesized off-line and locally. We resolve
this problem by a real-time coordination and adaptation scheme in the following.

On-line collaborative task coordination

There is no guarantee that the initial plan T}a,init can be executed successfully if it
contains collaborative actions. In this part, we propose a distributed and on-line
coordination scheme which involves four major parts: (i) a request and reply exchange
protocol driven by collaborative actions in a finite horizon; (ii) an optimization and
confirmation mechanism, by solving a mixed integer program given the replies; (iii)
a real-time plan adaptation algorithm given the confirmation; (iv) an robot failure
detection and recovery scheme along with the plan execution.

Planned motion and actions in horizon

Denote by W;%,t e IT5, the state of robot i at time ¢. After the system starts, assume
i ¢ is the Iy, element in 77 ; .\, namely, 7% , = 7 ;. [[]. Each robot i € N is given
a bounded planning horizon 0 < H; < oo, which is the time ahead robot i checks
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Algorithm 5.7 Plan in horizon and request, Request()

Input: T%7init, W;@t’ H;
Output: ’7'71.37H, Requesti
T%,init[l] = W%yt, s=0, T, =0, Request’ = @
while (T < H;) and (1+5<|rj ;,4/) do
s=s+1, T =Ty + T7i2 (7-71'2,init [l]v T;&mit [l + 8])
(Mo, Om) = T’;Q,init[l + 5]
if Request’ = @ and o,, € ¥’ then
forall the o4 € Depd,(0,,) do
L L add (o4, 7y, Trn) to Request’

k=10+s, T7i27H = T%7init[l k]

return 75 ;, Request’

its plan. Similar approach can be found in [153] for a single dynamic system. Then
the sequence of states robot i is expected to reach within the time H;, denoted by
Th.g 1S the segment 75, 5 = 7% ;0 [1: k], where the index k > [ is the solution to
this optimization problem: min k, subject to X%, T (7% ini[s], TR mitl8 + 1]) > H;.
It can be solved by iterating through the sequence of T}'z,imt and computing the
accumulated cost, which is then compared with H;. If it does not have a solution,
it means H; is larger than the total cost of the rest of the plan T%7init[l :], then

k= |T7"'z7imt|7 see Algorithm 5.7. This time horizon avoids coordinating on collaborative
actions that will be done within a long time from now.

Request to neighbors

Given 7'71'17 p as the motion and actions in horizon, robot ¢ needs to check whether
it needs others’ collaboration within 7'7%’ - This is done by verifying whether a
collaborative action needs to be performed to reach the states in 771'17 - More
specifically, for the first state (m,, o) € T%7H satisfying o, € X%, robot i needs to
broadcast a request to all robots within its communication network N; regarding
this action. This request message has the following format:

Requesti ={(o4, ™y, Trn), Vo4 € Depd,(om)}, (5.9)

where Depd, (04, ) is the set of external assisting actions that o, depends on by (5.7);
7, € I1 is the region where o, will be performed; T;, > 0 is the time when o, will be
performed from now. Assume that (m,, ;) is the k¢, element of TR g Then Ty, =
Z’;:l Tk (T%’H[S], T%’H[S + 1]), see Algorithm 5.7. Each element (o4, 7y, Trn) €
Request’ contains the message that “robot 7 is requesting the assisting action o4 at
region 7, in the time T}, from now”. The request message from robot ¢ to each robot
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Algorithm 5.8 Reply to request by robot j, Reply()
Input: Requesté, Rﬂ_, A, i, T
Output: Reply’, P
forall the (o4, 7y, T) € Request§ do
if T'; is 0 then
(Rﬁﬁ, bz, té) = EvalReq(Ri_, (7o, 0a, Tin), Ap.j)
if b’ is T then
| P(oa) =R}, add (04, b}, t},) to Reply!

| add (o4, L, 0) to Replyg
Return Reply{ , P

j € N;, denoted by Request;, is the same as Requesti, ie., Request;- = Requesti,
VjeN;.

Remark 5.5. The request message is sent only for the first collaborative action in
T g Within the time horizon H; (see Algorithm 5.7), as the outcome of this request
would greatly affect the second collaborative action in 7'72'{7 ITe A

Request evaluation and reply

Upon receiving the request, robot j € N; needs to evaluate this request in terms of
feasibility and cost, in order to reply to robot i. Specifically, the reply message from
robot j to robot ¢ has the following format:

Reply‘z ={(0q, bé, ti), V(oa, T, Tm) € Requestj}, (5.10)

where o4 is the requested assisting action by robot ; bé is a boolean variable
indicating the feasibility of robot j offering action oy at region m,; tfl >0 is time
when that can happen. We describe how to determine bZl and til below.

Denote by Tj > 0 the finishing time of the current collaboration robot 7 is engaged
in. It is initialized as 0 and updated in Section 5.2.3. As shown in Algorithm 5.8,
(I) if T,; > 0, it means robot j is engaged in a collaboration. Then Replyz =
{(o4, L, 0), V(o4, Ty, Trn) € Requesté}, meaning that robot j would reject any
request before its current collaboration is finished. (II) If T'; = 0, it means robot j is
available to offer assisting actions. Then for each request (og4, 7y, T),) € Request§,
robot ¢ needs to evaluate it in terms of feasibility and cost to determine bfl and té.
Clearly, robot j needs to potentially revise its current plan to incorporate the request,
i.e., to offer the assisting action o4 at region m, by time T,,. Denote by T,,Ji’t_ the
plan of robot j before the potential revision, of which the corresponding accepting
run is Rz;,t~ Assume that robot j’s current state qzj;,t is the Iy, element of R;t, and
the accepting state qi g s the last and f;;, element. Then the segment from qg_’t to
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Algorithm 5.9 Evaluate the request, EvalReq(-)
Input: ﬁj = (o, 04, Tin), qivt, Ay j

Output: Rf, o bfi, tj

G =R (1] 4 = B 1]

Compute Sd, Se

¢=Cost(R) _, A, ;)

(Py, Cy) = DljksTA(Ap,j, @15 Sa, Se )

(P2, C3) = DijksTA(Reverse(A,;), @) ;» Sa, @)
forall the qz; » €54 do

L if P1(q), ) and P2(qy,) exist then

L C3 Qp,r) |Cl(qp r) Tm |+a](01(qp r)+02(qp r) _C)

Find the ) € Sq that minimizes C5(q) )
if ¢ +@ then

P Pi(ql; )+Reverse(P2(q r))
ReturnR =P, bj T, tj Ci(g)r)

Return Rp7+ =g, bfi =1, té =0

qi s given. by Rg, = Rj _[1:f]. We intend to find another segment R\;& within
Ap,; from g, to ¢ e such that by following R] : (i) robot j should reach state
(my, 0a); (i) the time to reach (m,, oq) should be close to T,,; (iii) the additional
cost of RJ .+ compared to Rj _ should be small. We enforce those conditions below.
Flrstly, the set of product states in A, ; corresponding to (m,, oq) is given by
Sa={qp Q) qP|H%; = (my, 04)}. Consider R\IJM with the following structure:

Ryy =5 s (5.11)

where qg’r € Sy, meaning that it passes through at least one state within S;. Thus
the corresponding plan would contain (m,, o4), which fulfils the condition (i) above.
Regarding conditions (ii) and (iii), we define the balanced cost of RJ

BalCost(Rp o Ty Apj)
= |Z Wi(R) . [s], R} .[s+1]) - Tl (5.12)
+aj (COSt( s Apj) = Cost(ﬁi,_, -Ap,j))7

where the first part stands for the time gap between the requested time 1}, by robot

¢ and the actual time based on R (for condition (ii)); the second term is the
additional cost of R) ., compared to R} _ (for condition (iii)); a; > 0 is a design

parameter as the relative weighting.
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Problem 5.4. Given R;_, Sq and A, ;, find the path segement R\;& that mins-
mizes (5.12). A

Algorithm 5.9 solves the above problem by the bidirectional Dijkstra algorithm.
It utilizes the function DijksTA() that computes shortest paths in a weighted graph
from the single source state to every state in the set of target states, while at the same
time avoiding a set of states. It is a simple extension of the classic Dijkstra shortest
path algorithm [97]. DijksTA(A, j, q) ;, S, Se) determines the shortest path (saved
in Py) from qﬁ),t to every state in Sy while avoiding any state belonging to S, and the
associated costs (saved in C), where S, is the set of all product states associated with
a collaborative or an assisting action: S, = {g, € Qp,; | qp|H;2 = (], On), 00 € BIUNT ).

Then DijksTA(Reverse(A, ), ¢ p > Sa, @) is called to determined the shortest path

(saved in Py) from qj s toevery state in Sq within the reversed A, ; and the associated
distances (saved in 02) Reverse(A, ;) is the directed graph obtained by inverting
the direction of all edges in G(A, ;) while keeping the weights unchanged, where
G(A,,;) is the directed graph associated with A, ; [11]. For each state ¢} ,. € Sy,
the balanced cost of the correspondmg Rj by (5.12) is computed. The one that
yields the minimal cost 1s denoted by ¢ At last, Rg, +
the shortest path from qp . to qp » and the reversed shortest path from qj 4 to qj7*

is formed by concatenating

Last but not least, if g)} returns empty, it means that robot i could not offer the

requested collaboration thus bfi = | and tﬁl = 0. The complexity [89, 97] of function
DijksTA(-) over A, ; is O(|d, ;] -log|@p.;|); reversing A, ; has the complexity linear
to O(|0p,;]), where |Qp jl, [0p,;] are the number of states and transitions in A ;.

Remark 5.6. Note that Ej .+ is the potentially-revised run, i.e., robot j does not

change its current plan but saves RJ 4+ in P (see Algorithm 5.8) and waits for the
confirmation from robot ¢, which w1ll be discussed in Section 5.2.3. A

It is worth mentioning that in case robot ¢ receives requests from multiple robots,
it needs to reply to one robot first and wait for the confirmation before it replies
to the next robot. Table 5.2 shows the request and reply messages regarding two
collaborative actions in Section 5.3.

Lemma 5.1. If bﬂ =T from Algorithm 5.9, action o4 can be done at the time tfl by
robot j following Rﬁw

Proof. Since the first segment of R + from q 1 to q » is derived by DijksTA(-) of
Algorithm 5.9, it does not contain any collaboratlve or assisting actions except og.
Thus it can be accomplished by robot j itself with only motions and local actions,
of which the time is /. [
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Request | Ry, (hp,rs,11) || Ry, (hey,75,14) | Ry, (hey,75,14)

R - (hcl,l,O) (hcz, l,O)

Ro (hp,T,13.1) (hey,T,14.6) (hey, 1,0)

Rs (fLB,J.,O) (hcl,l,O) (hcz,T,16.2)

9%4 (hB, l,O) —— -

Rs (hp,T,15.7) (hey,T,15.4) (he,,T,15.4)

Re (hp,T,18.2) (hey,y 1,0) (heys 1,0)

Table 5.2: Request and reply messages exchanged for collaborative actions op; and a¢
in Section 5.3, regarding assisting actions hp and h¢,, he,.

Confirmation

Based on the replies from j € A;, robot i needs to acknowledge them by sending
back confirmation messages:

Confirm| = {(04, ¢}, fm), Y04 € Depd; (o)}, (5.13)

where o4 is the requested assisting action; ¢, is a boolean variable, indicating whether
robot j is confirmed to provide og4; fp, is the time to finish action o,. The choices
of {c},j € N;} should satisfy two constraints: (i) ezactly one robot in A can be the
confirmed collaborator for each action o4 € Depd, (0.,); (i) each robot in A; can be
confirmed for at most one action in Depd,(o,,). Meanwhile, the finishing time f,,
should be as early as possible.

Let |N;| = N1 and |Depd,(0,,)| = No. Without loss of generality, denote by
N; ={1,--,N;} and Depd,(0,,) = {01, ", 0n, }. The problem of finding {c’} and f,,
can be readily formulated as an integer programming problem [152]:

min fTYL

s.t. [, = maxd{c$~ti, T}

Ny .
vl <1, Vje{l, Ni}, (5.14)
d=1

Ny
Z bfi-cj =1, Vde{l,, Ny},
j=1

where (og4, bé, té) € Replyg from (5.10). Any stand-alone integer programming
solver can be used to obtain {c&} and f,, once (5.14) is formulated, e.g., “Gurobi”
and “CVXOPT”. Then Vj € N; and Vo, € Depd, (04, ), consider two cases: (I) if (5.14)
has a solution, both {cfi} and f,, exist. If cﬁl is T, add (o4, T, fm) to Conﬁrm;;
otherwise, add (oy4, L, 0) to Conﬁrm;; (IT) if (5.14) has no solutions, add (o4, L, 0)
to Conﬁrmj». It means that o, can not be fulfilled according to the current replies.
Then how robot ¢ needs to delay o, and revise its plan will be given in Section 5.2.3.
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Algorithm 5.10 Delay collaboration, DelayCol()

Input: El - q;;t, (T, 04), Apis SL
Output: RZ
Compute Sd glven (m,ad) S,
g =R,_[1], ¢, ;= R} _[-1]
(P, C’l) = DleSTA(ApJ, q;,t, Sd, SC)
(P2, C3) = DijksTA(Reverse(Ay;), g’ ;. Sa, @)
forall the g, , € S4 do
if Cl(qp d) > T+ D; and Pg(qp 4) exists then
R = Pl(q ) +Reverse(P2(qp d))
Return R;&

Remark 5.7. The optimization problem (5.14) is solved locally by robot i regarding
the requested collaborative task o,,, with |\;|- |Depd,(o,,)| Boolean variables. A

Plan adaptation

After sending out the confirmation messages, robot i checks the following: (I) if (5.14)
has a solution, it means that o,, can be fulfilled and R;’t remains unchanged. T, is
set to f,, to indicate that robot i is engaged in the collaboration until the time f,,;
(IT) otherwise, it means that according to the current replies 0., can not be done as
planned in Ri - Thus robot i needs to revise its plan by delaying this collaborative
action o,,. Algorlthm 5.10 revises R; and delays o, by time D;, where D; >0 is
a design parameter. Function DijksTA(-) from Algorithm 5.9 is used to find a path
from g, , to one state in Sy whose cost is larger than T, + D; and at the same time
reachable to the accepting state q;} f- Such a path can always be found as the action
oo that takes time Ty can be repeated as many times as needed.

On the other hand, upon receiving Conﬁrm}7 each robot j € N; checks the
following: (I) if b' T, it means robot j is confirmed to offer the assisting action
o4. As a result, it modifies its plan based on the potential set of plans P from
Algorithm 5.9. In particular, the plan segment R7 is set to R7 + and Tj is set to
fm; (II) if robot bf; = 1,Voq4 € Depd,(0,,), it means robot j is not confirmed as a
collaborator. Then Rg; remains unchanged and Tj is set to 0. Afterwards, robot 4
and all confirmed collaborators in N; would execute its plan by following the motion
and action in sequence. They would reject any further request as described in
Section 5.2.3 until the collaboration for action o, is done.

Theorem 5.2. If (5.14) has a solution, the time of accomplishing action o, is fp,.

Proof. Since each assisting action o4 € Depd,(0,,,) has been assigned exactly to one
robot j € N, then o4 can be accomplished by robot j at time tfl by Lemma 5.1.
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Figure 5.2: Messages exchanged for both scenarios of Section 5.3. Blue square stands for
request messages by (5.9) while red triangles and green dots stand for reply messages
by (5.10) with &/, being L and T. Black stars indicate the robot failure.

Thus o, can be accomplished by robot i at the time f,,, which is the latest time
for all actions by (5.14). ]

Since each robot has a finite plan as a finite sequence of motion and actions,
when one robot finishes executing its plan, it would become an assisting robot by

setting its task ¢; = T. Then it would stay at one region unless it is confirmed to
collaborate with others.

5.2.4 Failure detection and recovery

Due to the unavoidable characteristics and constraints of physical robots, any robot
may fail (stop being functional) at anytime. Detection of this type of failure is
particularly important for collaborations involving several robots.

We propose an inquiry and acknowledgment mechanism as follows: robot ¢ that
has confirmed on its collaborative action o, would continuously monitor the status
of its confirmed collaborators for each assisting action o4 € Depd,(c,,) until oy,
is done. If, for instance, robot h € A; who is confirmed to offer action o4 fails to
acknowledge robot ¢’s inquiry for a limited time, robot ¢ may assume that robot h has
failed. As a result, robot ¢ needs to re-assign the assisting action o4 to another robot
in NVj, as follows: (i) send a new request {(m,, 04, T7,,)} to all neighbors within N;
and wait for the reply; (ii) based on the replies {(oq, b}, t},)},Vj € N;}, choose the
new collaborator h € N; for action o4 as follows: h = argmin; ., {[fm ~t7-b%|}, where

fm is the previously confirmed time from (5.14). Namely, it chooses robot h that can
offer action o4 at the time closest to f,; (iii) send the confirmation {(o4, T, fm)}
to robot h; (iv) robot h adapts its plan and be engaged in the collaboration on o,
as described in Section 5.2.3.
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Loosely-coupled system

As mentioned earlier, we aim to apply this distributed coordination scheme to
loosely-coupled multi-robot systems, where collaborations among the robots are (i)
local in the sense that only neighboring robots are needed; (ii) sparse in the sense
that they are needed infrequently compared with the total number of activities of
all robots required by their local tasks, which imposes the following assumption:

Assumption 5.1. There exists a finite time T > 0 such that for each roboti e N and
any collaborative action o, requested by robot i initially at time t,, > 0, problem (5.14)
for oy, will have a solution within time t,, + T. A

Namely, the above assumption indicates that any collaborative action required
by each robot i € A in order to satisfy the local task ¢; should always eventually be
provided in finite time by robot ¢ and its neighbors.

5.2.5 Overall structure

During the real-time execution, each robot executes its plan and checks first if
any request is received. If so, it replies to them by Algorithm 5.8, waits for the
confirmation and adjusts its plan accordingly. Otherwise, it sends out requests by
Algorithm 5.7, waits for reply, sends confirmation back by (5.14) and at last adapts
its plan by Algorithm 5.10. The correctness of the proposed scheme is guaranteed
by Theorem 5.3 below:

Theorem 5.3. Under Assumption 5.1, the proposed coordination scheme solves
Problem 5.2. Namely, all local tasks ; can be accomplished in finite time, Vi e N.

Proof. Starting from the initial plan T}a’init for robot i € N, motion and local
actions in T%)init can be accomplished locally by an robot itself. If T}é’init remains
unchanged for robot 4, we only need to show that collaborative actions in 77 ;..
can be accomplished. The fact that T}Linit remains unchanged indicates that robot
i’s requests for each collaborative action o, are fulfilled, i.e., (5.14) for o,, has a
solution. By Theorem 5.2, action o, can be accomplished in finite time f,,. Since
T;é’init is a finite sequence, ¢; can be satisfied in finite time as every motion and
action inside can be done in finite time. On the other hand, if T%Jnit has to be
adapted in real-time, the reasons are: (i) robot ¢ is confirmed to assist its neighbor
J on one collaboration; (ii) robot ¢ has made a request for a collaborative action
om and it is delayed by Algorithm 5.10 as (5.14) has no solution. For case (i),
Algorithm 5.9 guarantees that after the assistance its updated run ]:2; . still satisfies
; in finite time. For case (ii), by Assumption 5.1, (5.14) will have a feasible solution
within at most time T, meaning that o, will be done within finite time. [
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Figure 5.3: Snapshots of collaborations on lg, oy, up, cg and ac in Section 5.3.

5.3 Case study

In the case study, we present a simulated example of six autonomous robots with
heterogeneous capacities. The proposed algorithms are implemented in Python 2.7.

System description

The workspace of size 4m x 4m is given in Figure 5.3, within which there are nine
rectangular regions of interest rg, r1, ro,---, 7 (in gray). The regions are labelled by
the objects of interest, like A, B, C, M, E, F. Denote by the six robots fR1,Rs, -, Re-
They all satisfy the single-integrator dynamics, i.e., & = u, where x,u € R? are the
2-D position and velocity. The robots have velocities between 0.6m/s and 1m/s.
Besides, the action sets of each robot are shown in Table 5.1. Robot fR; can load
and unload (14, ua) a light object A; load and unload (I, up) a heavy object B
with others’ assisting action hp. Robot Ry can take pictures (s); help load and
unload (hp) B; help assemble (heo1) C; help charge (hp) F. Robot fR3 can operate
(opr) machine M with assisting action hps; help assemble (heg) C; help charge (hg)
F. Robot R4 can assemble (a¢) C with assisting actions hei, hee; help operate
(har) M; help charge (hr) F. Robot fi5 can maintain D, help assemble (hc1, heo2)
C, and help load and unload (hp) B. Robot fRg can operate object (og) E, charge
object (cp) F with assisting action hp, help operate (hy/) M and help load and
unload (hp) B. We assume all actions have duration 10s and the time horizon H; is
set to 20s uniformly. Any two robots can exchange messages directly. “Gurobi” for
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Figure 5.4: Snapshots of collaborations on Ig, oy, up, cr and ac for Section 5.3. Note
that Ry failed at ¢ = 5s, instead Ry is re-assigned to assist Ry on Iz, up.

Python is used as the mix integer programming solver.

Each robot is assigned a local task as follows: robot $R; has to deliver A to 7
and B to r3. Then ¢1 = O(la A O(r2 A Qua)) A O(lg A O(r3 A Qup)); Robot Ry
has to surveil regions r7, rs and take pictures there. o = O(r7 A Os) A O(rg A Os);
Robot %3 has to operate M and visit rg. w3 = O(oar A OT6); Robot 2Ry has to take a
photo in 77, assemble C and visit 7. ¢4 = O(r7 A Os) A O(ae); Robot PR needs to
maintain D and back to region rg. @5 = O(mp A Org); Robot Rg needs to operate
E first and then charge F. g = O(op A Ocp).

Simulation results

All robots start form the center (2m, 2m). The synthesized initial plan of each
robot is as follows: rorylgprsugrilarous for Ry; rorg sry s for Ra; rorgonr re for
R3; roT5ac r7 s for Ry; rorymp for Rs; ror1 og r3cy for Rg. We simulate first one
nominal scenario and another with fRsy’s failure since ¢ = 5s. The messages exchanged
during both scenarios are shown in Figure 5.2.

Nominal scenario. The system is simulated for 70.3s before all robots accom-
plish their tasks, during which five collaborations among the robots are accomplished.
As shown in Figure 5.3, robot R, firstly sends the request on action hp and the reply
messages are shown in Table 5.2. Ry is confirmed as the collaborator and changes
its plan to rorshprgsrys. Ry finishes action Ig at ¢ = 14.3s At the same time,
R4 is chosen to help PR3 on action oys, which is done at ¢t = 21.1s. Afterwards, R
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finishes up at t = 28.4s with Ry offering hp. Robot Pg’s request for action cp keeps
getting delayed until ¢ = 21.1s, as Ra, Rs, R4 are engaged in other collaborations.
Afterwards robot MRy is confirmed to offer action hr and cp is done at t = 38.0s.
After that, robot 24 sends the request for ac regarding he, and he,. The reply
messages are shown in Table 5.2. After solving (5.14), R and R3 offer actions h¢,
and hc,, which are done at ¢ = 54.1s. The simulation video is online [54].

Failure recovery. To illustrate the effectiveness of our approach for handling
robot failures, we stop simulating robot fR, since ¢t = 5s whereas the other robots
remain the same. As shown in Figure 5.4, initially robot fRs is confirmed to offer hp
to PR1. However since R, fails at ¢ = 5s, Ry detects that by the inquiry and acknowl-
edgment mechanism described in Section 5.2.4 and resends a request regarding hp,
for which 5 is confirmed as the new collaborator. Then [p is done at ¢ = 22.3s.
Afterwards, again with the help of 5, i1 finishes up at t = 37.8s. Q3 finishes oy
with the help of Ry at ¢t = 29.7s. Before this time, robot Rg has to delay its action
cr as both PR3 and MR, are engaged in oy and Ry has failed. Then 3 offers hp to
MR at ¢t = 36s. After that, SR, finishes ac with the help of PR3 and R5 at t = 68.9s. At
last, each robot fulfills its local task by ¢ = 76.5s. The simulation video is online [55].

5.4 Summary

In this chapter, we first presented an automated framework for a single robot to
fulfill its local task given as the desired motion and actions. Then we introduced a
novel method to define the dependency relations within multi-robot systems using
collaborative and assisting actions. Based on this dependency, a bottom-up motion
and task coordination scheme was proposed where the collaborative sub-tasks are
coordinated and executed successfully during run time.



Chapter 6

Inter-robot relative motion constraints

ELATIVE-MOTION CONSTRAINTS, such as relative-distance constraints, collision
R avoidance and connectivity maintenance of the communication network, are
closely related to the stability, safety and integrity of the overall multi-robot system.
Thus this chapter is focused on the actual robot dynamics and the relative-motion
constrains among the robots when moving within the same workspace. Particularly,
we provide two different control strategies to handle these inter-robot constrains
along with the local LTL tasks of each robot. The first approach integrates the
potential-field-based controller design with the discrete plan coordination; the second
uses Embedded Graph Grammars (EGGs) as the main tool. Both approaches are
distributed and can guarantee the satisfaction of all local tasks while obeying the
relative-distance constraints at all time. Numerical simulations are provided in the
end to validate both control approaches.

6.1 Potential-field-based hybrid control

In this section, we firstly formulate the problem where each robot with a single-
integrator dynamics is required to fulfill a local LTL task and simultaneously subject
to the relative-motion constraints. Then we propose a hybrid control strategy that
relies on the potential-field-based continuous controller design and a distributed
task coordination scheme.

6.1.1 Problem formulation

Consider again a team of N autonomous robots with identities i € N' = {1,2,---, N }.
Each robot i € N satisfies the single-integrator dynamics:

Fi(t) 2ug(t), Q€N (6.1)

where ;(t), u;(t) € R? are the respective state and the control input of robot i at
time ¢t > 0. Let z;(0) be the given initial state. The robots are modeled as point
masses without volume, i.e., inter-robot collisions are not considered.

81



82 Inter-robot relative motion constraints

Moreover, each robot has a sensing radius r > 0, which is assumed to be identical
for all robots. Namely, each robot can only observe another robot’ state if their
relative distance is less than r. Thus, given {x;(0), i € N'}, we define the embedded
graph Go(t) £ (N, Eo(t)), where (3, j) € Eo(t) if |2;(t) — z;(t)| < r. We assume
that G(0) is connected initially and one of the control objectives is to ensure that
Go(t) remains connected for all time ¢ > 0.

Task specifications over services

Within the 2D workspace, each robot i € A has a set of M; > 1 regions of interest,
denoted by II; = {m;,---,mps, }- These regions can be of different shapes, such
as spheres, triangles, or polygons. For simplicity of presentation, m;, € II; is here
represented by a circular area around a point of interest: m; = B(cie,mi0) = {y € R? |
|y = ciell < 740}, where c;p € R? is the center; r;p > rmin is the radius and 7y, > 0
is the minimal radius for all regions. Other shapes than spheres would require an
under-approximation of these shapes as spheres first, in order to apply the proposed
solution. We assume the following:

Assumption 6.1. (1) |cit| < cmax, Vi € N and Ve € I1;, where cpax > 0 is a given
constant. (II) | cie, = cje; | > 27min, Vi, j €N, Yy, €Il; and Yy, € I1;. A

Moreover, there is a set of atomic propositions known to robot 7, denoted by
AP;. Each region of interest is associated with a subset of AP; through the labeling
function L; : II; - 247, Without loss of generality, we assume that AP; n AP; = @,
for all 4,7 € N such that i # j. We view the atomic propositions L;(m) as a set of
services that robot ¢ can provide when being present in region 7, € Il;. Hence, upon
the visit to m¢, the robot ¢ chooses among L;(7;¢) the subset of atomic propositions
to be evaluated as true, i.e., the subset of services it provides among the available
ones. These services are abstractions of action primitives that can be executed
in different regions, such as manipulation tasks or data gathering. Some services
within AP; may depend on the other robots’ collaborations, meaning that they can
be provided only if the other robots are around.

We denote by x;(T) the trajectory of robot i during the time interval [0, T'),
where T > 0 and T can be infinity. The trajectory x;(T") is associated with a
unique finite or infinite sequence, called a path, p;(T) £ m;17i2... of regions in
II; that robot ¢ crosses, and with a finite or infinite sequence of time instants
tiotintitiotly - when 4 enters or leaves the respective regions. Formally, for all & > 1:
0= th <tik < t;k <tigs1 < T, () € g, for my € Iy, VE € [tik, t;k]v and x;(t) ¢ m,
Ve € II; and Vt e (t],_,, t;x). However, robot ¢ may choose to provide services only
at some regions along the path p;. Denote by p;(T") = mi¢, Wi, - .. the effective path
as a subsequence of p; such that ¢, < £y.1, Yk > 1 and my, € pi(T), Vi, € P;(T).
The word produced by robot ¢ is given by the provided services along the sequence
of regions in p,. In particular, at region for m;, € p;(T"), robot i chooses to provide
a set of services wy,, where wy, # @ and wy, S L;(my, ) is a subset of services
available at region 7, . Namely the produced word trace;(T") = wy, we,--- complies
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with p,(T) if @ c wy, € L;(mie,,), Y7ie, € P;(T). Thus an robot’s behavior is fully
determined by its trajectory, its effective path and the word it produces.

The local task of each robot i € A is specified as a general LTL or an sc-LTL
formula ¢; over AP; and captures requirements on the services to be provided by
robot 4. In this work, we do not focus on how the service providing is executed by
an robot; we only aim at controlling an robot’s motion to reach the regions where
these services are available. Given the trajectory x;(T") of robot 4, the satisfaction
of its task formula ¢; is defined as follows:

Definition 6.1. Robot i’s trajectory x;(T) satisfies ; if there exists an effective
path p,(T) and a compliant word word,;(7T) such that word;(T') E ;. A

Cost of an effective path

Since we are interested in the quantitative cost of satisfying a local task, we
propose the following way to measure the cost of an effective path. The motion of
robot ¢ within the workspace is estimated through a weighted transition system [11]:
T = (I}, —;, L;, AP, 77,270, W;), where II = IT; U {m;0 }. o = x;(0) represents the
robot’s initial position symbolically; —;= I} x II} is the transition relation, which
is the full Cartesian product; L; and AP; are the labelling function and the set of
propositions for services defined earlier; m; 5 = ;o is the initial state; W; :—;—> R*
approximates the cost of each transition, W;(m, , Tie,) 2 |Cie, = Cito || — ity — Titss
V(mie, , Tie, ) €E—>i, where g, , g, € IL;; and Wi(mi0, i) 2 |25(0) — cie| to evaluate
the distance from the robot’s initial position to any region 7 € II;.

Consider that one of robot #’s effective path is given by p,(T) = mig, Tie, - - - -
Then this effective path is assigned with a cost. In this work, the cost is de-
fined as the maximal distance traveled between two consecutive regions along
the path. Formally, denote by o the set of consecutive regions in p,;(T), i.e., ¥ =
{(7}os e, )y (Wep, Tepy)s YV =1,2,...}. Its cost is defined as:

cost(p;(T)) = max {W;(ms, mg)}, (6.2)

(s, mg)€V
which is still valid when T = co. Namely, we want to minimize the maximal distance
travelled between two consecutive regions in the effective path. This is due to the
consideration that for services-related specifications it is of great interest to ensure
the frequency at which a service is provided. The standard cost definition as the
cumulative cost can be used instead by incorporating the synthesis algorithms
proposed in [56, 78]. Formally the problem we consider is stated below:

Problem 6.1. Given a team of N robots defined above and their task specifications as
in Section 6.1.1, design a distributed control law u;, the associated effective path p;(T)
and its corresponding word word;(T), Vi € N, such that for T = oco: (1) word;(T)
satisfies @;; and (2) P;(T) has minimal cost by (6.2); and (3) |z(t) —z;(t)| <7,
V(i, j) € Eo(0), Vt e [0, T). A
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Note that the task specifications ;, Vi € A need not be the same type among
the robots, i.e., ¢; can be either a syntactically co-safe or a general LTL formula.
More details can be found in Section 6.1.4.

The proposed solution consists of four layers: (i) an offline synthesis scheme
for the initial discrete plan of each robot, i.e., the effective path of progressive goal
regions and the sequence of services to be provided; (ii) a distributed continuous
control scheme that guarantees that one of the robots reaches its progressive goal
region in finite time while the relative-distance constraints are fulfilled at all time;
(iii) a hybrid control layer that coordinates the discrete plan execution and the
continuous control law switching, to ensure the satisfaction of each robot’s local
task; (iv) a real-time plan adaptation algorithm to improve each agent’s discrete
plan, given its updated position and its plan execution status.

6.1.2 Initial optimal plan synthesis

We aim to find an effective path for each robot ¢ € N such that (i) there exists
a compliant word satisfying ¢; and (ii) the effective path is optimal for the cost
function from (6.2). Let A,, be the NBA associated with ¢; from Section 3.2,
ie., Ay, = (Qs, 24P 5, Qi0, Fi). Firstly, we build a product automaton A, ; =
Ti® Ay, = (Qp,,-,2AP7",5p,i,vai,o,.7-"p7i,Wp7i) as described in Section 3.3.1, with a
slight change in d, ; reflecting the form of the words compliant with the effective
paths: ((s,q),0,(s",q")) € 0p; if (s,s") e— and ¢’ € 6(¢q,0), where & c o € L(s).
An accepting run g; of A, ; over an input word w; projects onto a run 7; of 7;, such
that w complies with the effective path p,(T) and satisfies ¢;, while for any word
w; that satisfies ; and is compliant with the path p,;(T"), there exists an accepting
run of A, ; that projects onto a run 7; of 7; that is compliant with w.

In Algorithm 6.11, we modify the Dijkstra’s algorithm (see, e.g., [97]) to find the
finite paths from a state v € (), ; to all the other states minimizing the bottleneck
weight, where the bottleneck weight of a path is defined as the maximal weight of
the individual edges on the path. The output of the MinBot(v) algorithm is the
distance function D,, : @ ; = R*, where D, (u) gives the minimal bottleneck weight
from v to the state u € @y ;, and the predecessor function P, : Qp; = Qp.s, Where
P,(u) gives the predecessor of u € ), ; on the minimal-bottleneck path. Then we
can synthesize the optimal effective path of A, ; and the associated word as follows:

(I) For all vy € @p,0, compute (Dy,,P,,) = MinBot(vg); (II) For all vy € F, ;,
compute (D, ,Py,) = MinBot(vy); (III) Find the pair (vo, vs), where vy € @i 0 and
vy € Fp, ; that minimizes the term max {Dq,0 (vf),max(y o yes,  {Dvy (V) Wi (v, vf)}},
where D, (vy) is the minimal bottleneck from vy to vs; and the second term is the
minimal bottleneck from v back to itself. Note that v is any predecessor of vy given
by 6, ;. Denote the optimal pair as (v{, vj*c); (IV) The computed accepting run of A, ;
is in the prefix-suffix form ¢; = 0; pre (0s,sur)’, Where g; pre is the minimal-bottleneck
path from vg to v}, computed based on Pysi Oisuf 18 the minimal-bottleneck cycle
from v} back to itself, computed similarly based on Pv;.



6.1. Potential-field-based hybrid control 85

Algorithm 6.11 Minimum bottleneck path, MinBot(v)

Input: Product automaton A, ; and v € Qp;
Output: D, P,
S = Qp,i§ Dv(v) =0
forall the ue@,; do
if u# v then
| Dy(u) := 00; Py (u) := None

while S + g do

w = argminueS{Dv(u)}
remove u from S
forall the u'e€d,;(u) do
b := max {Dv(u), Wi (u, u')}
if b <D,(u’) then
| Dy(u') :=b; Py(u') :=u

rgturn D,,Py,

The accepting run g; of A, ; is naturally projected onto 7; as follows, which re-
sults into the initial plan: 7;(0) = 75 pre(Ti sur)”, Where 7; pre = (mi1, Wi1 )+ (Tik; » Wik, )
is the plan prefix, and 7; suf = (Tik;+1, Wik;+1) - (Tik,, Wik, ) is the periodical plan
suffix; (mx, wig) is called the progressive goal region; mi, € Il; and @ c wi € L;(mik ),
Vk =1, K;. Thus the word corresponding to 7;(0) is given by its projection onto
AP;, namely word;(T) = 7;(0)|ap, = wir-- Wik, (Wig,+1- Wik, )*; then the effective
path P, is given as the projection of 7;(0) onto II;, namely p,(T) = 7;,(0)|m, =
i1 Tk, (Tik, 41Tk, ). We denote by P; ,o(T) = mix-mix, the prefix of the effec-
tive path and by P; s,¢(T') = mik,+1--mix, the suffix. For general LTL formulas ¢;,
the plan 7; indicates the desired effective path p,(7") and the infinite sequence of
services word;(T); for sc-LTL formulas ¢;, 7; pre indicates the desired effective path
P,(T) and the finite sequence of services word;(7T"). Moreover, any trajectory that
satisfies the prefix with an arbitrary extension would satisfy ¢;. The computational
complexity [89, 97] of the above algorithm is O(|d, ;| -log|Qp il - |Qp.i.0l - |Fp,i]) in the
worst case, where |Qp |, |0p.;| are the number of states and transitions in A, ;.

6.1.3 Continuous controller design

As stated previously, each robot synthesizes its initial plan as a sequence of goal
regions to reach and a set of services to provide there. However, these goal regions of
different robots can be at different locations and potentially far away. Furthermore,
the relative-distance constraints require the neighboring robots to stay close. The
state-of-the-art motion control technique for multi-robot systems under relative-
distance constraints can only handle a single leader [122] or multiple robots with a
global objective, e.g., formation [117, 157]. Here we propose a distributed motion
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control scheme that allows an arbitrary number of active robots with individual
goals and guarantees almost global convergence to one active robot’s goal, while
ensuring the relative-distance constraints at all time.

Before stating the control scheme, let us first introduce the notion of connectivity
graph, which allows us to handle the relative-distance constraints. Recall that each
robot has a limited sensing radius r > 0 as mentioned in Section 6.1.1. Let & € (0, )
be a given constant. Then we define the connectivity graph G(t) as follows:

Definition 6.2. Let G(t) = (N, E(t)) denote the undirected time-varying con-
nectivity graph at time ¢ > 0, where E(t) ¢ N x A is the set of edges. (I)
G(0) = Go(0); (IT) At time ¢ > 0, (4, j) € E(t) iff one of the following conditions
hold: (i) || () —x;(t)| <r—K; or (i) r— Kk < |z;(t) —x; ()| <7 and (4,7) € E(t~ )
where ¢~ <t and |t —t~| = 0.

Note that the condition (II) guarantees that a new edge will only be added
when the distance between two previously-unconnected robots decreases below r — k.
Namely, there is a hysteresis effect when adding new edges to the connectivity graph.
Consequently, each robot i € A has a time-varying set of neighbors N;(t) = {j €
N|(i, j) € E(t)}. Let the progressive goal region of robot ¢ € N at time ¢ be given
by mig = B(¢ig, ig) € I1;. We propose the following two different control modes:

(1) the active mode:

Cact: ui(t)2=dipi— Y. hijzij, (6.3)
jSNi(t)

(2) the passive mode:

Cpas : ’U,l(t) z - Z hij Iij, (64)
JeNi(t)

where x;; £ x; — xj; p;s £ T; — Cig; and the coeflicients are

83 82 7,2

di N + ) hz = — 55 65
(Ipill2 +€)2 ~ 2(pil2+e)” ™ (12 = oy ]?)? (©5)

where € > 0 is a key design parameter to be appropriately tuned. We show in detail
how to choose € in the sequel. Both controllers in (6.3) and (6.4) are nonlinear and
rely on only locally-available states, particularly, z;(t) and x;(t),j € N;(¢).

Assume that G(Ts) is connected at time T > 0. Moreover, assume that there
are 1 < N, < N robots that are in the active mode obeying (6.3) with its goal region
as ;g = B(cig, rig) € II;; and the rest N, = N — N, robots that are in the passive
mode obeying (6.4). For simplicity, denote by the group of active and passive robots
N, N, € N, respectively. In the rest of this section, we show that under arbitrary
number of active robots, by following the control laws (6.3) and (6.4), exactly one
active robot can reach its goal region within finite time Ty € (T, +o0), while the
relative distance |z;(t) —x;(¢)| <r, V(4, j) € E(Ts) and VYt e [Ty, Ty].
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Relative-distance maintenance

In this part, we show that the relative-distance constraints are always satisfied under
the control laws (6.3) and (6.4). We consider the potential-field function below:

Vi(t) = E Yoo de(wiy) + b _Zj\;%(%) (6.6)

2 léNjGNl(t)
where ¢.(+) is an attractive potential to robot i’s neighbors:

1 fzy)?
2 72— a2

be(Tij) = li; € [0, 7= 6); (6.7)

while @,4(-) is an attractive force to robot i’s goal, defined by:

e Iml* | € 2
e ML LS (s 6.8
¢g(xz) D) le H2 t+e 4 H(sz H +€)7 ( )

where function In(-) is the natural logarithm; b; € B indicates the robot i’s control
mode. Namely, b; = 1, Vi € N, and b; = 0, Vi € N},. Clearly V (¢) is lower-bounded
by N, In(g)e?/4. Moreover, it can be verified that

oV
V:E7V = Oz = bl dzpz + Z hij Tij = —Uj. (69)
v JeNi(t)

Theorem 6.1. G(t) remains connected and no existing edges within E(Ts) will be
lost, namely E(Ts) ¢ E(t), Vt > T.

Proof. Assume that the network G(¢) remains invariant during the time period
[t1, t2) € [Ts, 00), i.e., no edges are added or removed. Thus the neighboring sets
{Ni, i € N'} also remain invariant and V' (¢) is differentiable for ¢ € [t1, t2). Then the
time derivative of V' (t) is given by

V)= Y (Ve ui== Y |bidips+ Y hiyaig|” <0, (6.10)
1€ 1eN JeN;(t)

meaning that V(t) is non-increasing, Vt € [t1, t2). Thus V(t) < V(T;) < +oco for
t € [t1, t2). On the other hand, assume a new edge (p, ¢) is added to G(t) at t = ta,

where p, ¢ € N. By Definition 6.2, |2pq(t2)| <7 -k and ¢e(2pq(t2)) = }f{zl'i):)

since 0 < k < r. Denote by E ¢ N'xA the set of newly-added edges at ¢ = t,. Let V(t})
and V' (t3) be the value of V(t) before and after adding the set of new edges to G(t)

= (r-k)?
at £ = ta. Wo get V(5) = V(63) + Sy, gye Gelpg(t2)) < V(E5) + || S5 < oo,
where we use the fact that |E| is bounded as E ¢ ' x A. Thus V(t) < +oo also
holds when new edges are added at time 5. Similar analysis can be found in [76].

As a result, V() < +oo for ¢ € [Ty, o0). Note that V (¢) is non-increasing when G(t)

< +00
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remains unchanged and increases when new edges are added. By Definition 6.2, one
existing edge (4, j) € E(t) will be lost only if x;;(t) = r. It implies that ¢.(z;;) - +o0
and V (t) - +o0 by (6.6). By contradiction, we can conclude that new edges might be
added into F(t) but no existing edges within E(t) will be lost, namely E(Ts) c E(t),
Vt > T,. If G(Ts) is connected, then G(t) remains connected for all ¢ > Tk. |

Convergence analysis

In this part, we analyze in detail the convergence properties of the closed-loop
system, i.e., the multi-robot system under the control laws (6.3) and (6.4) for any
number of active and passive robots. We have shown that the potential function V (t)
is lower-bounded and non-increasing when G(t) remains invariant by Theorem 6.1
above. Since no existing edges can be lost and the number of robots is finite, we first
show that the graph G(t) becomes complete and thus invariant afterwards when
the system converges to the set of critical points defined in the sequel. By LaSalle’s
invariance principle [82] we only need to find out the largest invariant set within
the set {x;, Vi e N'|V(t) = 0}. By enforcing V (¢) = 0, it implies:

bzdlpz-F Z hij Tij :0, V’LEN (611)
JeN;(t)

Then we can construct one N x N diagonal matrix D that D(7,7) = b; d;, Vi € N and
D(i,j) =0, i#jand i,j € N. and another N x N matrix H that H(i,i) = ¥ ;cp, hijs
¥ieN and H(i,j) = —hq;, i  j and ¥(i, j) € E(t) while H(i,§) =0, V(i, ) ¢ E(t).
Note that h;; > 0 as |x;;] € [0, r) by (6.9), V(4, j) € E(t). As a result, H is the
Laplacian matrix of the graph G(t) = (N, E(t), h), where h(i, j) = hij, ¥V (i, j) € E(t).
Then (6.11) is equivalent to:

Hel, - x+De®l-(x-c)=0, (6.12)

where ® is the Kronecker product [73]; x is the stack vector for z;, i € N and x[i] = a;;
I, is the 2 x 2 identity matrix; c is the stack vector for ¢;4 and c[i] = ¢;q if i € N, and
c[i] =04 if i € N, where 05 is a 2 x 1 zero vector. Let C be the set of critical points
of V(t) that satisfy (6.12), i.e., C2 {2z e R*V |H®I,-x+D®I,-(x-c) =0}. Now
we show that at the critical points within C the relative distances between any two
robots can be made arbitrarily small by reducing € and as a result the underlying
network becomes a complete graph.

Lemma 6.2. For all critical points x. € C, (I) ||xi;| can be made arbitrarily small by
reducing €, Y (i, j) € E(t); (II) there exists e > 0 that if € < g, then the connectivity
graph G(t) is complete.

Proof. (I) For a critical point X € C, ¥ (; jyem s hijl745|° = xI' (He®1Iy)-x.. holds.
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Combining it with (6.12), we get

> higlei)? =%l - (D@ L) (x.~c)
()< (1)

=—(x.-¢c)' - (DeIy) - (x.—¢c)-c' - (D®L)-(x.-c)
== > bid; (Ipi? + ciypi) < Y bi lleaell dillpi|.
ieN ieN

Since it can be verified that d; |p;| < ev/e for ||p;| 2 0 and |cie| < cmax is given
in Assumption 6.1, we get ¥(; j)em ) Pij | |2 < Ny Cmax €V/E € N Cimax £4/2, Where
we use the fact that b; = 0, for ¢ € N, and N, < N. Thus V(i, j) € E(t), it holds
that hij|zi;|? < N cmax €€ 2 6. It can be verified that h;j|z;;|? is monotonically
increasing as a function of |z;;|. This implies that V(i, j) € E(t), |zi;|* < r%c, or
equivalently |x;;]? < ev/2€, where € £ 72 N ¢pax. Thus || can be made arbitrarily
small by reducing e. (II) Moreover, let & satisfy the condition

(N -1)\Veo/eo&<r-4. (6.13)
If € < g9, then for any pair (p, q) € N x N, x| satisfies |@p,| = |2p — 21 + 21 — 22 +

=g < (N=1)\/e\/eE < =0, because there exists a path in G(¢) of maximal length
N from any node p € N to another node ¢ as G(t) remains connected for ¢ > T, by
Theorem 6.1; and |z;;| < ev/e€ from above, V(4, j) € E(t). By Definition 6.2 this
implies (p, q) € E(t). Thus G(t) is a complete graph when z(t) € C. [ ]

Namely, at the critical points, the graph G(t) is complete and thus remains
invariant afterwards. Before stating the convergence property, we need to define the
following set for each active robot i € Ny:

Sié{xeR2N|Hx—1N®cigH <rg(e)}, (6.14)

where r5(g) 2 V3N e + /(N - 1)e\/2 €. Loosely speaking, S; represents the neigh-
bourhood around the goal region center of an active robot i € A,. Furthermore, let
S 2 Ui, Si and 8™ = R?YV <\ S. In the following, we analyze the properties of the
critical points of V() within the regions S and S™. More specifically: by Lemma 6.3
there are no local minima but saddle points within S7; by Lemma 6.4 these saddle
points are non-degenerate; by Lemmas 6.5-6.7 all critical points within S are local
minima. To explore these properties, we compute the second partial derivatives of
V' (t) with respect to z;, which are given by

0?V
9.0 =bid; @Iy +bidip;-pl + (hij®12+h;jxij'xz;‘)a (6.15)
LiOZi JeNi(t)
0*v
=—hy; @I, —hl a -l Vj#i, (6.16)
00z, * W
where 5 ) )
—4de -€ 4r
d; = + ,and by, = ————.
(Ipil>+2)*  (Ips]* +)? Gl T R
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Lemma 6.3. There are no local minima of V' within S™.

Proof. We prove this by showing that if a critical point x. € S~ there always exists
a direction z € R* at x. such that the quadratic form z? V2V z is negative semi-
definite. Given a critical point x. € C and x. € ™, then by definition |x -1y ® ¢l >
rs(e), Vi € N,. Besides, for any i € NV, we can bound |x - 1y ® c;¢| as follows:

Hx_1N®Ci€” = ‘|X_1N®xi+1N®(xi_Cig)”

<, /Zj\:/“xijuz + VN pi] < \/(N = 1D)evEE+ VN [pil]

where we use the fact that |x;;]|% < e /€ at %, ¥ (i, j) € E(t) by Lemma 6.2. By
comparing it with rg(¢) which is the lower bound, we get |p;| > /3¢, Vi € N,.
Choose z = 1y ® z, where z € R? and |z|| £ 1. Then zT V2V z is evaluated by
using (6.15)-(6.16): 27 V2Vz = Y, bidi 272 + b;ds 2T p plz 2 2T Mz, where M =
Yien, (di ® Iy + d} p; plT) is a 2 x 2 Hermitian matrix. The trace of M is computed as

_lp:112
trace(M) = Z 2di+d; Hpi||2=€3 Z 3e — |ps|

———<0
1N in, (Ipil> +e)®

as we have shown that |p;|| > /3¢ above, Vi € N if x. € 7. On the other hand,
denote by p; = [pi z, Piy] the coordinates of p;. The determinant of M is given by

det(M) = _( Z dipi,mpi,y)Q +( Z dl +d;p72,x)( Z dl +d:p12,y)

1N, ieNg €N,
1
>= > [(di +dilpi]*)(dj + dp; |*)] > 0,
2 jeN.

since d|pi|* < =d; for [pil > V32, Vi € Nyi and (piapiy ~ piopian)? < Ipil2Ips]? by
Cauchy-Schwarz inequality [73]. Denote by A\; and Ay the eigenvalues of M, where
M, A2 € R as M is Hermitian. Since trace(M) < 0 and det(M) > 0, then M is
negative definite and both eigenvalues are negative [73], i.e., A1, Ay < 0. Thus for any
vector z € R?, 2T Mz < 0. Namely, for any vector z = 1 y®z where z € R?, 27 v2Vz < 0.
To conclude, for any x. € C, if x, € S~ then x. is not a local minimum. [

Lemma 6.4. There exists €1 >0 such that if € < &1, all critical points of V in S
are non-degenerate saddle points.

Proof. To show that V is Morse we use Lemma 3.8 from [126], which states that
the non-singularity of a linear operator follows from the fact that its associated
quadratic form is sign definite on complementary subspaces.

Let Q={veR?N|v=1x5®2, z € R?}. In Lemma 6.3, we have shown that for any
vector ve @, vTV2Vu<0. Let P={veR* N |[v=exy®z, ey L 1y, ey e RY, z e R?}.
Firstly, it can be easily verified that P is the orthogonal complement of Q. In the
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following, we show that V2V is positive definite in P. Let z€ P, i.e., z2 ey ® 2 2
(2], 22, 2I17, where z e R?, ey e RY ek 1 1y, 2; € R?, Vi e N. The quadratic
form z? V2V z at x. can be computed explicitly using (6.15)-(6.16):

2'VVz= Y (di|z]* +d;lp] =)

ieNg
+ > (hagllzi - 207+ 20 (@ - 2) T (21 - %))
(i,5)eE()
2 Z (di 251> + di Ip] i) + Z hij ”Zi—ZjH2
ieN, (i, ) E(t)
> 3 (di +di|pi]|?)]zi]* + 2" (He L)z,

€Ny

where we use the fact that hj; >0, d; < 0 and IpT ;| < |pill|| 2. Tt can be verified

that d; + d’|pi|? > -0.1¢ for |p;| > /3¢, Vi € N,. Moreover, the second term can be
lower-bounded by z” (H®I)z = (ex ®2)T - (H®I) - (ex®2) = (ek -H-ey) |2]* >
A2(H) |z|?, where we apply the Courant-Fischer Theorem [73]: mine, 1, {ek -H-
en} = X2(H) |ex|? > 0, since H is the Laplacian matrix defined in (6.12), which
is positive semidefinite with A; (H) = 0, of which the corresponding eigenvector is
1y; and the second smallest eigenvalue A2 (H) > 0. In addition, since h;; > 1/r? and
G(t) is a complete graph at x. by Lemma 6.2, it holds that Ao (H) > N/r? by [45].
This implies that 2" V2Vz > ¥ (£ +d; +d] Ipi[2) 1217 > Tien, (%- 0.1¢)] 2%
Thus if € < N/(0.1r?), it holds that the quadratic form z” V?Vz >0, Vz = ey ® 2
where ey 1 1y, z € R To conclude, V?V|g is negative definite by Lemma 6.3 and
V2V|p is positive definite, given that ¢ satisfies the conditions below:

N

< mi —— 1} 2eg. 6.17
€ < min{e, 0'17”2} €1 ( )
By applying Lemma 3.8 from [126], V2V is non-singular at the saddle points x. € S~.

Thus all critical points within S~ are non-degenerate saddle points if € < 7. [

Now we focus on showing that all critical points within S are local minima. First
we need the following two lemmas stating that when the system is at a critical point
belonging to S; of any active robot i € A/, then all the other robots are within this
goal region m;, and away from their own goal region center by at least distance 7min.

Lemma 6.5. There exists €5 > 0 that if € < g9, the following statements hold: (I)
SinS;j=@,Vi#jandi, jeNy; (II) If x. € S; for any i € N, then x; € mig, Vj e N
and ||z = ¢jg| > rmin, J £, Vj eN,.

Proof. Let g5 be given as the solution of

rs(e2) 2 \/3N g + /(N - 1)ea/E2 € £ rin, (6.18)

where 7y, is given in Assumption 6.1. Note that e is unique as the left-hand side
is a function of 3 that monotonically increases and has the range [0, c0). Assume
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that x. € S;« for some i* € Ny, i.e., [|Xc— L1y ®cirgl <7g(e2). Then Vj #i*, j e Ny, it
holds that (I) [x. —1n ®cjg| = [Xe—1n ®cig+ 1n ®cig — 1y ® g 2 VN | cig — e -
[xc—1n ®cig] > 2N rmin —75(€), due to that lcig = Cigl > 2rmin by Assumption 6.1.
Since € < €2, then rg(e) <r5(€2) = rmin. Thus |x. -1y ® ¢jg| > 2V'N Tmin = Tmin >
Tmin = 's(€2), implying that x. ¢ S;. (II) [z, — cirg|| < [Xc = 1N ® Cirg|| < Trmin < Tirg,
meaning that z; € m+y, Vj € N. Thus, for each active robot j € NV, it holds that
lzj = cjgll = lzj = cirg + cirg = jgll 2 llcirg — cjgl = |25 = cig|l > 2Tmin = Tmin > rmin. ™

Lemma 6.6. There exists eg > 0 such that if € < g¢, then for any critical point
X €8;, 1 € Ny, then it holds that ||p;| < /0.4e.

Proof. Without loss of generality, let x. € S;+, where ¢* € A/;. By summing (6.11) for
all i e N, we get di pir = = 4+ jenr, dj pj- Consider the scalar function f(||p;|) =
d;i(|p;Dllp; | for ||p;|l > 0. It is monotonically increasing for |p;| € [0, 3.2\/¢) and
decreasing for [p;| € [3.2y/¢, 00). If x. € S;« for i* € N, then [x.—1n®cig] < 75(e2).

Moreover, |x —1n ® civ¢l| > |[In @ Tix = In ® cing| — [x = 1In @ 24+ | > VN |pix| -
V(N = 1)ey/e&. This implies ||pi+| < V3e + 2v/ev/e€. Moreover by Lemma 6.5,

Ipjl > rmin , V4 #i%, j € No. Thus if rpim > 3.2\/€, namely € < 0.0772,, = e3, it

holds that d; [p;| < 0.5%/rmin, ¥j #i*, j € Ny. Thus d;» |pi« | < 0.5(Ny = 1)e%/Tmin.
If the following two conditions hold: (i) v/3¢ + 2\/e\/e€ < 3.24/5; (ii) 0.5(N, -
1)e?/rmin < d;(\/0.4e)/0.4¢, then |p;+| < V/0.4e since it is shown earlier that
function d;(|p;])|lp;| is monotonically increasing for |p;|| € [0, 3.2y/¢). Condition (i)
above implies that e < 4.1/¢% = g4 and condition (ii) holds for any N, < N if
£<0.872, /(N -1)? £ g5. To conclude, if € < g4, where

€6 = min{es, €4, €5}, (6.19)
then x. € S;+ implies ||p;+ | < /0.4e. ]

With the above two lemmas, we can now show that all critical points of V(1)
within S are local minima.

Lemma 6.7. There exists emin > 0 such that if € < emin, all critical points of V
within S are local minima.

Proof. A critical point x. € S can only belong to one set S; of an active robot
i € N, by Lemma 6.5. Let x.. € S;+, where i* € N,. Let z € R*V and |z|| = 1. Set
z =21, 28, 27T, where z; € R?, Vi e N. Then z V2V z at x, is computed as:

AVa= 3 (delal? + di T =)+
ieNg

> (higllzagl? + 20 1o zi57).
(i, 7)eE()

(6.20)

where z;; = z; — z;. Since |p! z;| < |pi|l|lz:, di >0 and d; <0, it holds that d; ||z |? +
d,IpT zi? > (di + d||pi|?)| 2%, Vi € Na. It holds that for j # i* and Vj € N,
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dj + d||p; |? > e2g where § = —2/r2,,, since ||p;| > rmin by Lemma 6.5; and d;« +

d}. |pi|? > 0.08¢ since |pi+| > v/0.4e by Lemma 6.6. Regarding the second term
of (6.20), since Lemma 6.2 shows that G(t) is a complete graph at x. with h;; > 1/r?
and hgj >0, we get Y jyer (hij [E2F; I2+2 hgj |xz; zij|2) 2 YN |z |?/r2. Thus (6.20)
can be bounded by
2"VVz> Y (di+d; |pi|?)]z]? + Zj\:/h] Bk
Je

ieN,

. 1
20.08¢]z+[* - Y ol + 5 Dzl
J#i* jeNa T jen

1 0.08 S s 2 7
2 —+— )|z~ t (= —¢€ Zi||" = 5% 25
j;ﬁ(rz N )zi-| (r2 191) 1251 3%

as 1 < N, < N. If the following condition holds:

1 0.08,,1 9 1,2
— + —-£79])> (=), 6.21
(7,.2 N )(7‘2 |g|) (712) ( )
it implies 2z V2Vz > (|2k 2| - 2L 2;) /r? 20, Vz e R?N | i.e., V2V is positive definite

at x. € S. Equation (6.21) is equivalent to ¢ + ﬁe - r%lgl < 0. Since € > 0, this

N 1 N
\/(0.08r2)2+rTm_ 0.0872 (6.22)

implies that

O<ex< 2o
€ 5 €7
To conclude, if
e <min{ey, €2, €6, €7} £ Emin, (6.23)
where €1, €2, €6 and e7 are defined in (6.17), (6.18), (6.19) and (6.22) and are all
positive, then all local minima within S are stable. [

By summarizing Lemmas 6.3-6.7, we can derive the following convergence result
for the controlled closed-loop system:

Theorem 6.8. Assume that G(Ts) is connected and € < emin by (6.23). Then
starting from anywhere in the workspace except a set of measure zero, there exists
a finite time Ty € [T, 00) and one robot i* € N, such that x;(Ty) € g, VjeN,
while at the same time ||z;(t) —z;(t)|| <r, Y(i, j) € E(Ts) and Vt e [T,, Ty].

Proof. First of all, the second part follows directly from Theorem 6.1 which guaran-
tees that all edges within E(Ts) will be reserved for all ¢ > Ts. Secondly, we have
shown that V(¢) by (6.6) is lower-bounded and non-increasing after G(t) becomes
complete by Lemma 6.2. By LaSalle’s invariance principle [82], we only need to find
out the largest invariant set within V(¢) = 0. Lemmas 6.3 to 6.7 ensure that the
potential function V' (t) has only local minima inside S and saddle points outside S.
These saddle points have attractors of measure zero by Lemma 6.4. Thus starting
from anywhere in the workspace except a set of measure zero, the system converges
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to the set of local minima. Part (I) of Lemma 6.5 shows that a local minimum can
not belong to two different S; simultaneously. Thus the system converges to the set
of local minima within S;+ for one active robot i* € . By part (II) of Lemma 6.5,
all robots would be inside m;+g at a critical point within S+, i.e., x; € Mg, Vj e N.
Consequently, by continuity, there exists a finite time Ty < oo that x;(T}) € mrg,
Vj e N, for exactly one active robot ¢ € N,. [

Remark 6.1. Note that Theorem 6.8 above holds for any number of active robots
that 1 < N, < N. In other words, independent of the number of active robots within
the team, one of the active robots will reach its goal region first within finite time,
while the whole team fulfills the relative-distance constraints at all time. A

6.1.4 Control mode switching protocol

In this part, we propose three different switching protocols for each robot to decide
on its own activity or passivity under there different cases, such that all robots can
fulfill their local tasks and at the same time satisfy the relative-distance constraints.
Through these protocols, we can integrate the discrete plan execution from Sec-
tion 6.1.2 and the continuous control laws from Section 6.1.3 into a hybrid control
scheme, which monitors the plan execution and motion control online. This hybrid
scheme is fully decentralized and only relies on local relative-state measurements.

Switching protocol for sc-LTL

Let us first focus on a case where each local task ¢;, i € N is an sc-LTL formula.
As introduced in Section 6.1.2, the discrete plan 7; for robot ¢ can be represented
by a finite satisfying prefix of progressive goal regions and the set of services to
provide at each region: 7; pre = (mi1, wi1 )+ (Mik,;, Wik, ), where m;1,ma, -+, Tix, € II;
and w;1, Wi, Wik, € 24P “We propose the following activity switching protocol for
each robot 7 € A/, which is referred by Pg. in the sequel:

(I) At time ¢ = 0, robot ¢ sets k; := 1 and itself as active and sets g = Ty, ,
namely the first goal region by 7;. The active controller (6.3) is applied to
robot %, where the progressive goal region is m;q, i.e., iz = Cie, -

(IT) Whenever robot ¢ reaches its current progressive goal region m;, = m;,, and
K4 < ki, it provides the prescribed set of services wj,, by 7; and it sets x; = k;+1
and g := T, . Then the controller (6.3) for robot ¢ is updated accordingly by
setting c;g = Cipy,, -

IIT) Whenever robot i reaches its last progressive goal region ;, = m;k,, it provides
g g g i

the set of services w;x, by which it finishes the execution of its finite discrete

plan 7;. Afterwards it remains passive and controller (6.4) applies to robot .

Theorem 6.9. By following the switching protocol Psc above, it is guaranteed that
VieN, ¢; is satisfied by x;(T), and |x;(t) —x;(t)| <r, V(i, j) € Eo(0) and YVt >0,
where T = oo,
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Proof. At t =0, all robots are active and following the controller (6.3). By Theo-
rem 6.8, all robots converge to one robot’s goal region at a finite time ¢; > 0. Denote
by i € N this robot. Then either by step (II) of the protocol robot i updates its
active control law by setting 7;; = m;2, or by step (IIT) robot ¢ has completed its plan
Ti.pre and becomes passive. Since all robots’ plans are finite and Theorem 6.8 holds
for any number of active robots, we obtain that there exists a finite time instant
Ty,, such that one of the robots j € N, finishes executing its plan 7j ., i.e., such
that ¢; becomes satisfied. Then by step (III), this robot is passive and following
the controller (6.4) for all times t € [T},,00). Inductively, we conclude that there
exists a time instant T, by which all robots complete their plans and all formulas
are satisfied. All robots are passive for all t € (T, 00) and by controller (6.4) they
all converge to one point. The second part follows directly from Theorem 6.8. =

Switching protocol for general LTL

As introduced in Section 6.1.2, if the task specification ¢; is given as a general LTL
formula, then the plan 7; is represented by an infinite sequence of goal regions and
services in the prefix-suffix form: 7; = 7 pre(7isur)” = (i1, wi1) Wiz, wi2) -, where
Tipre = (i Wi1)-(Tik, s Wik, ), for ki > 0 and 7 gur = (Tik,+1, Wik, +1)(Tik, » Wik, ),
where the same as before m;1,m;2, -+, Tk, € Il; is the sequence of goal regions and
Wit, W2, WiK; € 24P is the associated sequence of services.

The main challenge in this case is to ensure that each robot executes its plan
suffix infinitely often. The activity switching protocol Pg. from Section 6.1.4 could
not be applied here since all robots should remain active at all time due to the infinite
discrete plan. Besides, it is possible that the team may repetitively converge to m;,
for one robot ¢ € N while never visiting the other robots’ progressive goal regions.
Hence, we aim here to design a “fair” protocol that enforces a progressive satisfaction
towards each robot’s local task. Thereto, we first introduce a communication-free
reaching-event detector that enables an robot to monitor its neighbors’ plan execu-
tions, particularly to detect when one of its neighbors has reached that neighbor’s
progressive goal region. As we have shown in Lemma 6.2, the connectivity graph is
complete when the system is at any critical point. Thus every robot could monitor
all the other robots’ plan execution by the reaching-event detector:

Reaching-event detector. Robot i € N can detect when it reaches its own
progressive goal region m;; by checking if x;(t) € m;;. However it is also essential
that it can detect when another robot j € N reaches mj,. Since the connectivity
graph is complete, it is sufficient for robot ¢ to detect when a neighboring robot
J € Ni(t) reaches 7j,. Given that the robots satisfy the dynamics by (6.1) and that
each robot i € N can measure z;(t) — x;(t), Vj € N;(t) in real time, we assume
that the robot ¢ can measure or estimate [40] u;(t), Vj € N;(t). Let ;(j, t) € B be
a Boolean variable indicating that robot 7 detects its neighboring robot j € N;(¢)
reaching the goal region m;, at time ¢ > 0. We propose a reaching-event detector
below inspired by [110]. Simply speaking, the detector checks if within a short
time period [t — Ay, t], there exists j € N;(t), such that u;(¢) has changed from a
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relatively small value (below a given A,,) by a difference larger than certain Ag4. If
so, it indicates that the robot j has reached its progressive goal region m;,. This
design is motivated by the following facts: By Theorem 6.7, the system is at a local
minimum whenever an active robot is in its progressive goal region. Thus, when the
robot j reaches 7, at time ¢, all control inputs w;(t) are close to zero for all i e N
by (6.11). Afterwards, our switching protocol guarantees that only robot j switches
its control law either to (6.3) to navigate to the next goal region or to (6.4) to
become passive. This change is lower-bounded by A, derived using control law (6.3)
and Lemmas 6.5, 6.6 as Ag 2 |f(rmin) — f(V0.4¢)|, where f(|p;[) =d;(|p;])|p;| is
a scalar function and d;(||p;||) is defined by (6.5). In contrast, for the other robots
i#7j,1€N, the control input u;(¢) remains unchanged and close to zero.

In this protocol, an robot i € N becomes passive if it has made a certain
progress towards the satisfaction of its specification, hence giving the other robots
an opportunity to advance in execution of their plans. However, once every robot
has achieved certain progress, robot i becomes active again to proceed with its
infinite plan. We define a round as the time period during which each robot has
reached at least one of its goal regions according to their plans.

Definition 6.3. For all m > 1, the m-th round is defined as the time interval
[T¢ o Te - ), where TOO =0, Ty < Ty N and for all m > 1, T is the smallest
time satisfying the following conditions for all 7 € N: wordi(TOm) = w;1W;a-w;p for
some £ > 1 and word;(T¢y, ) # word;(Ty, ) A

This notion of a round is crucial to the protocol design below. We fistly introduce
two local variables x; > 0 that indicates the starting time of the current round and
Y, € ZN a vector to record how many progressive goal regions each robot has reached
within one round since ;. Then the activity switching protocol for each robot i € N,
referred by Pge in the sequel, is as follows:

(I) At time ¢ =0, T; := On, X; := 0, k; := 1. The robot i is active and follows
control law (6.3), where m;g = ., .

(IT) Whenever the robot i reaches its current progressive goal region m;, = myy,,
it provides the prescribed set of services w;,, by 7; and updates the current
progressive goal region accordingly: If k; < K; then x; := k; + 1, and if k; = K;
then x; := k; + 1. Furthermore, m;y = m;.,, and finally Y;[¢] := Y;[¢] + 1.
Generally speaking, the robot 7 decides to stay active or to become passive
based on the probability function:

rob " if cond(") =T,
Pr(bi:1): fP b() if f, d()

0 otherwise,
where forob(+) € [0, 1] and feona(+) € {T, L} are functions of time ¢ and the
local variables T; and x;, subject to the following: given that the current round
is the m-th one, there exists a time T' € (T, , Ty, ), such that feona(-) = L
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for all t € [T, Ty, ). Whenever b; = 1, the robot i keeps following the control
law (6.3) with the updated ;4. Otherwise, it becomes passive and the control
law (6.4) is applied.

(ITI) Whenever robot i detects that Q;(j,t) = T, for some 7 # i € N, it sets
Ti[j]="1:[5]+ 1.

(IV) Whenever it holds that T;[j] > 1, Vj € N, i.e., all elements of T; are positive,
then robot i sets Y; := Oy, x; :=t and follows the active control law (6.3) to
its goal region ;4.

A straightforward choice of the function Pr(-) is feona = L, for all £ > 0. Then
the robot ¢ always becomes passive once it visits m;; and it becomes active again
after the current round is completed by step (IV). In this case, the number of
active robots gradually decreases within each round. However, a different choice may
allow trading the fairness of activity switching with the increased efficiency of plan
executions. The switching to passive control mode may be temporarily postponed
and as a result, the visits to progressive goal regions may become more frequent.
Examples of such a case are given in Section 6.1.6.

Lemma 6.10. The round [Ty, ,T¢y, ) is finite, Ym > 1.

Proof. Let t = Ty =0, and thus Y;[j] = 0, for all i,j € N by step (I). By
Theorem 6.8, one of the robots reaches its progressive goal region in finite time at
12T, . Since there are only finite number of robots and due to the required
propertles of feond, there exists a finite time Ty, > 0, when either the step (IV)
applies or when one of the robots j € A, necessarily becomes passive by the function
Pr(:) in step (II) and remains passive till the end of the round. In the former case,
T, =Ty, i.e., we directly obtain that the first round is finite. In the latter case,
the same argument can be applied to the IV — 1 active robots such that one of them
will become passive in finite time. By repeating this process, we obtain that there
exists a finite time instant 7', such that step (IV) applies, i.e., such that T = Ty.
Again, we derive that the first round is finite. Inductively, let m >1,¢t =T, and
T;[7] =0, for all 4,5 € N by step (IV). Using analogous arguments as above, we
derive that the m, round [Ty, , Ty, ] is finite. ]

Theorem 6.11. By following the switching protocol Pge above, it is guaranteed
that Vi € N, ¢; is satisfied by x,(T) and |x;(t) —z;(t)| <7, V(i, j) € Eo(0) and
vVt >0, where T = co.

Proof. The satisfaction of ¢, follows directly from the correctness of each robot’s
discrete plan and the fact that each round is finite by Lemma 6.10. At last, the
distance constraints are always maintained as shown in Theorem 6.8. [ ]
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Switching protocol for mixed task specifications

As stated in Section 6.1.1, the tasks {y;, i € N'} can be of different types. Namely,
some tasks are given as sc-LTL formulas (denoted by this set of robots Nsc €N )
and some are given as general LTL formulas (denoted by Ny ¢ NV).

We firstly show that a new switching protocol is needed for this case, i.e., simply
applying the protocol Pg. for robots in N, and the protocol Pge for robots in
Nge is not a valid solution. The reason is that when one robot j € N, has finished
executing its plan, it would switch to being passive indefinitely by step (III) of
Pgc. After that for all robots i € NV, one round may never finish in finite time
since step (IV) of Pge will not be reached as T;[j] = 0 holds always. Thus it is also
important for robot i € Nye to detect when one of its neighbors j € N; belonging N
has already finished executing its plan and switched to being passive indefinitely.
To that end, we propose another event detector as follows:

All-passive detector. Let ¥,;(t) € B be a Boolean variable which indicates
that robot i € Ny detects that all of its neighboring robots are in the passive
mode at time ¢ > 0. As discussed earlier, when all robots within N are passive and
following the controller (6.4), the closed-loop system dynamics can be described
by x = —(H ® I3)x, where the matrix H is defined in Section 6.1.3. It has been
shown that H is positive semidefinite with only one zero eigenvalue. As a result,
all robots would asymptotically converge to one rendezvous point [122]. In other
words, x;;(t) = z;(t) —z;(t) > 0 and u;(t) > 0 as t - +oo, V(i,5) € N x N. Thus
we propose that ¥;(t") becomes T if robot i detects that |u;| < A, holds, Vj e N;
and Vt e [t' — Ay, t'], where A, > 0 is the upper bound on the control input and
A, >0 is the monitoring period. Given the appropriately chosen A, and A,, U, (")
becomes T only when all robots are passive at time ¢ = t. Without loss of generality,
assume there is at least one robot being active in the team at time ¢ = ¢’. Since
|u;| < Ac holds for all time ¢ € [t' — A, t'], it means the system stays at the critical
point of V() associated with one of the active robots for at least the time interval
[t'— A, t']. By the analysis of V(¢) from Section 6.1.3, this violates the fact that
all active robots should navigate to their individual goal regions by following (6.3).
Thus W,(¢) becomes T only when all robots are passive at time t.

Then the activity switching protocol for this case, denoted by P p,x, is designed as
follows: for any robot i € Ny, it simply follows the switching protocol Pg.. Namely,
it traverses the sequences of goal regions and provides the set of services there
according to its finite plan 7; pr. After it finishes the execution, it remains passive
indefinitely. On the other hand, for any robot i € Ny, we introduce a new variable
N sc(t) € Ni(t) to save the set of robot 4’s neighbors belonging to N., which is
initialized as empty and maintained locally by robot i. For any robot i € Ny, the
steps (I)-(III) of protocol Pge remain the same, but (IV) should be modified as
follows, and an additional step (V) needs to be added:

(IV) Whenever it holds that Y;[j] > 1, Vj € N and j ¢ N s, then robot i sets
T, =0, x; :=t and follows the active control law (6.3) to its goal region ;.
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(V) Whenever robot ¢ detects that W;(¢) = T, then for each j € N, if T;[5] =0, add
J to Ni sc.

Namely, by step (IV) above, each robot i € Ny would reset T; to 0 and start a
new round once every robot has made a progress in its plan execution, except those
belonging to A s, i.e., the robots with sc-LTL formulas and that have accomplished
their tasks. Then when U;(¢) = T, it means that all robots are in the passive mode. If
the neighbor j € N also belongs to Ny, by step (II) of protocol Pge in Section 6.1.4
robot j must have reached its goal region at least once, i.e., T;[7] > 1. Thus if
T;[j] =0 for some neighbor j € N; when ¥,(¢) = T, it implies j € N, and moreover
robot j has finished executing its finite plan according to step (II) of protocol Psg,
and it remains passive afterwards with T;[j] being constantly zero. Thus robot i
adds j to NV; s by step (V) above.

Theorem 6.12. By following the switching protocol Pmx above, it is guaranteed
that Vi e N, ¢; is satisfied by x;(T) and |z;(t) —z;(t)| <7, V(4 j) € Eo(0) and
Vit >0, where T = co.

Proof. Similar to the proof of Theorem 6.11, we only need to show that in this
case one “round” is also finite. Note that now the definition of round differs slightly
from Definition 6.3 as here it is only defined for all robots in Nye. Before any robot
j € Ny finishes executing its plan, one round is clearly finite as it ends once every
robot has reached at least one of its progressive goal regions. Consider that one or
more robots within Ny (denoted by N7 € Ny.) have finished executing their plans
and become passive. All robots within N, will reach their goal regions at least once
before they become passive in finite time as shown in Lemma 6.10, i.e., T;[j] > 1,
Vj € Nge, while the robots in N remain passive since last round, i.e., T;[j] = 0,
Vj € Ni. According to step (V) above, each robot i € Ny, would detect that all
robots are passive and add all robots in N to ./\/;,Sc. Then by step (IV), all robots
i € Nye would reset T; and start a new round, since Y;[j] > 1, Vj e N and j ¢ N; sc,
i.e., all neighbors except those in N; s have made a progress in plan execution.
The above procedure repeats itself until all robots in N, finish their plan
execution and become passive. Then it holds that N; s, = Ny, Vi € Ny and the
results from Theorem 6.11 apply directly, meaning each robot in Ny, can satisfy its
local task. As a result, all robots in both Ny, and Ny, will satisfy their local tasks
while fulfilling the relative-distance constraints for all time. ]

It is obvious that the above three protocols have different applicabilities. Thus
considering three cases separately is important such that the users can choose the
suitable protocol accordingly.

6.1.5 Real-time discrete plan adaptation

In the aforementioned approaches, the discrete plan of each robot is synthesized
only once initially from Section 6.1.2 and executed according to the hybrid control
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scheme in real-time, regardless of the robots’ actual trajectories. However, due to
the relative-distance constraints, one robot’s actual trajectory may be different
from the planned one, i.e., it may detour to other robot’s goal region as stated
in Section 6.1.3. Thus given the robot’s updated position, its initial plan 7; might
be inefficient in terms of cost defined by (6.2). Thus we propose a discrete plan
adaptation algorithm along with the hybrid control scheme proposed earlier, which
ensures that the updated plan always fulfills the given task and has the minimal
suffiz cost for any robot ¢ with a general LTL formula defined as follows:

Cost(B; (1)) = max {Wilrm,)} (6.24)
T, Mg )€Y

where ¥ = {(mp0, ey )s (ﬂ-fk » TWhiesn ), ¥ Ty My € ﬁi,suf(T)}§ and ﬁi,suf(T) is the suffix
part of the effective path p,;(T"). Recall that the plan suffix 7; ¢, will be repeated
infinitely often to satisfy a general LTL formula ;. Now assume that at time ¢g > 0,
robot ¢ finishes executing its current plan suffix 7; ¢,y once. Denote by T sur(to) the
plan suffix before the plan update at time ¢y > 0 and 7, ((to) the plan suffix after
the update. Denote by word; (0, tp) the past sequence of services provided by robot i
during the time period [0, ¢¢]. Since the corresponding word suffix of 7;°, ¢(¢o) is
given by 7 +(t0)|ap,, the planned sequence of services by robot i during the time
period [tg, T') is given by word] (to, T') = 7;s(f0)|ar,, where T' = co. Denote by
word} (1) the complete word from ¢ =0 to ¢ = T, which is the complete sequence
of services provided by robot i. Given the updated plan 7; (t9), word; (1) can be
computed by concatenating the word during time ¢ = [0, to] and the word during
time t = [to, T) as follows:

word; (T) = word; (0, to)word; (to, T'). (6.25)

On the other hand, 7;_ (o) determines the suffix of an effective path after time #g
by By sut(to) = 7; que(to)lm,, of which the suffix cost is given by (6.24). Formally, we
consider the following problem:

Problem 6.2. Find an updated plan suffiz 7/ (to) for robot i such that: (1)
word; (T') by (6.25) satisfies w;; (II) the effective path suffiz B; .. (to) has the
minimal cost by (6.24). A

The solution consists of two main steps: (I) we compute the set of all product
states Qp ; ;, € @p,i that are reachable from the initial states @Qp i 0 given the past
effective path Pp; (0, tg) and the past sequence of services word; (0, to) provided by
robot 4 during time [0, ¢o). In particular, it can be computed by iterating through
the sequence of input word by word; (0,%y) and computes the set of successors
recursively, while at the same time ensuring that it is compliant with the robot’s
past effective path by p; (0, to). Note that Q7 ; , can be maintained by each robot
along with the plan execution procedure described in Section 6.1.1; (II) we compute
firstly the intersection F’ = F); N Qp ;, , which is always non-empty as Q% , ;.
contains at least one accepting state in F}, ; as robot ¢ has finished executing its plan
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suffix once at t = ty. Then the graph search algorithm described in Section 6.1.2
is applied with slight modifications to compute the minimal-bottleneck prefix and
cycle, where @, ;0 is replaced by Q;)»i7t0 and F),; is replaced by F’. Denote by
0i suf the minimal-bottleneck cycle from v} back to itself, which is computed based
on Py:. Then i sut(to) is determined by the projection of g; suf onto 7; and thus

P, Suf(to) is given as the projection of 7' ¢(to) onto II;. Its worst-case computational
complexity [89, 97] is |0p.4| - log |@p.i |Qwo| |Fp.il - |@p.il), where |Qpil, |0p.4] are the

number of states and transitions in A, ;.

Lemma 6.13. 7/ (t0) derived above solves Problem 6.2.

Proof. For part (I) of Problem 6.2: by how the reachable set Q%,i,to is computed,
we know that for any state ¢ € Q;D,i,to’ there exists a path in P; from one initial
state ¢ € Qp,i,0 to ¢, which corresponds to word; (0, tg). Furthermore, T sut(to) 18
generated by enforcing its word word; (t9, T') corresponds to a path in P; which
starts from one state qf € Qp; 4, NI and cycles back to itself. By concatenating
word; (0, tg) and word! (to, T) as in (6.25), it is guaranteed that the complete word
word (T") corresponds to a path in P; from the initial state ¢, to an accepting state
q} and then back to itself, which is an accepting path of A, ; by definition. As a
result, the complete word word (T') satisfies ¢;. Regarding part (II): following the
synthesis above, we know that 7; Suf(to) corresponds to the minimal-bottleneck suffix
in A, ; that minimizes the cost by (6.24). In particular, the first term Wi(mlo, Te, )
corresponds to the bottleneck D, for vy € Q0 and Wi(me, , me,,, ), Y7o, Top,y €
P sut(T) corresponds to the bottleneck D, for vy € F'. The total cost by (6.24) is
minimized by choosing the best pair of (v, vf), which gives the updated plan suffix
T ut(to) and the effective path suffix p;,¢(to) with the minimal suffix cost. ]

Now we discuss how to integrate the above plan adaptation scheme with the
switching policies described earlier. We consider here only the policy Pge from
Section 6.1.4 and policy Ppx from Section 6.1.1. We propose that each robot with
a general LTL task specification updates its plan whenever it finishes executing
its plan suffix once, by executing the adaptation algorithm above to compute the
updated plan suffix 7;7_ ;. To be more specific, for policy Pge, every robot follows
the switching protocol and updates its plan suffix whenever it finishes executing
its current plan suffix; for policy Py, all robots follow the protocol but only the
robots within Ny, update its plan suffix whenever it finishes executing its current
plan suffix. Then the continuous controller and the switching protocol are updated
accordingly given the updated plan suffix.

Lemma 6.14. For all robot i € N, the final execution word word;(T') satisfies p;
for T = oo, after applying the plan adaptation scheme described above.

Proof. For policy Pge, since the plan adaptation is performed by every robot i € N’
when it finishes executing its suffix once, Lemma 6.13 guarantees that 7, (to)
is a cyclic suffix containing an accepting state of A, ; after the update at t = ¢.
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Thus at least one accepting state of A, ; is visited between two consecutive plan
updates. Moreover, as shown in Lemma 6.10 and Theorem 6.12, any plan suffix
has finite length and can be executed in finite time. The set of accepting states of
Ap.; will be visited infinitely many times as 7' = co. Since the number of accepting
states in A, ; is finite, at least one of the accepting states will be visited infinitely
often by word;(T') as T = oo. Thus word;(T') satisfies ¢; when T = oo, Vi € N.
For policy Py, as any robot i € N, does not update its plan, the result from
Theorem 6.12 still holds, while for any robot ¢ € Mg, the analysis from the previous
case holds. [ ]

Theorem 6.15. When combining the plan adaption scheme above with the switching
protocol Pge o1 P, it is guaranteed that Vi e N, the local task ; is satisfied by
x,(T) and |z;(t) —x;(t)| <7, ¥(i, j) € Eo(0) and YVt >0, where T = .

Proof. A detailed proof is omitted here as the first part regarding the task satisfaction
is a direct extension of Lemma 6.14 above, while the second part regarding relative-
distance constraints can be shown in a similar way as in Theorems 6.11 and 6.12. =

6.1.6 Case study

In this case study, we simulate a team of four autonomous robots A = {#Ry,---, Ry}
subject to the dynamics (6.1) in a bounded, obstacle-free workspace of 40 x 40 meters
(m). Each robot fR; is given a local task specified as sc-LTL or LTL formulas ;.
The simulation stepsize is set to 1ms.

Workspace description

As shown in Figure 6.1a, the regions of interest are placed in top-left, top-right,
bottom-right and bottom-left corners of the workspace and they all satisfy Assump-
tion 6.1 with ¢pax = 40 and 7, = 2.

(i) Regions of interest. Robot Ry is an aerial vehicle with four regions of interest,
denoted by IIj = {7141, T1tr, T1br, T1p1 } Shown in red; robot MRs is a ground vehicle
with three regions of interest Il = {7241, Tosr, Top1 } shown in green; robot Ry is also
a ground vehicle with I3 = {734y, T3br, T3p1 } shown in blue; robot PRy is an aerial
vehicle with Ty = {7441, Tasr, Tapr, Tap1 } shown in cyan. Note that we only consider
the planar position of all robots. (ii) Services. Robot fR; is capable of providing two
kinds of services, i.e., surveillance over an area (denoted by o11) and assistance for
ground operations (denoted by o12). Thus its set of atomic propositions is given
by X1 = {o11,012}. Robot %4 can provide the analogous kind of services as MRy,
denoted by X4 = {041,042 }. Moreover, robot Ry is capable of providing three kinds
of services, i.e., food delivery (denoted by o91), water delivery (denoted by o42),
and transportation (denoted by oa3). Thus its set of atomic propositions is Xy =
{021,092,023}. Robot PR3 can provide the analogous kind of services as Rs, denoted
by X3 = {031,032,033}. (iii) Region labeling. The aerial assistance service is available
at two regions of interest of JR3; while the surveillance service is available at the
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other two regions. Namely, Li1(m141) = L1(m1er) = {011} and L1 (1) = L1(T1p1) =
{o12}. Similar statements hold for robot Ry, i.e., Ly(mar1) = La(maer) = {041},
Ly(mgp1) = La(Tgnr) = {042}. While for robot R, the food delivery, water delivery
and transportation services are available at its regions of interest, respectively.
Namely, La(mat1) = {021}, La(0or) = {022}, La(mop1) = {o23}. Similar statements
hold for robot 9%3, i.e., Lg(ﬂ'gtr) = {0'31}, L3(7T3br) = {0'32}, L3(7T3b1) = {0'33}. (IV)
Network graph. The robots have a uniform neighboring radius as r = 8m and the
design parameter needed in Definition 6.2 is k = 0.5m. They start from [25,15],
[20,15], [15,20] and [20,25] in the 2D workspace. Thus the initial edge set of G(0)
is given by Ep(0) = {(91,MR2), (R2,R3), (R3,NR4)}. The upper bound by (6.23) is
€ < €min # 0.031 and we choose € = 0.03.

Task specification and simulation results

We consider two cases of the robot task specifications: one with sc-LTL formulas
and one with general LTL formulas.

(I) sc-LTL Task Specifications. The finite-time local task for robot R; or Ry
is to first provide the surveillance, assistance service to the ground vehicles and
then another surveillance service in this sequence to regions required. Namely,
05 = O(012 A O(011 AOo12)) and ] = O(042 A O(041 A<Oo4g2)). On the other hand,
the finite-time local task for robot PRy or A3 is to first deliver food or water and
then provide transportation service, which is formalized as p§ = G(021 V oa2) A Ooag
and (pg = <>(0'31 \% 0'32) A o33

The synthesized discrete plans derived by the algorithm described in Section 6.1.2
are as follows: robot R needs to provide surveillance at region myp;, assistance at
region 71 and then surveillance at region mip1, i-e., 71 = (m1v1, {012} ) (7161, {11 })
(7101, {o12}); robot Ry would supply food at region a1 and transportation at
region 79,1 while robot SRz would supply food at region w31 and transportation at re-
gion msp1. Namely, 7o = (72¢1, {021}) (7ap1, {023 }) and 73 = (734, {031 }) (7302, {033 });
At last, robot R4 needs to provide surveillance at region 741, assistance at region w41
and then surveillance at region myp1, i.€., T4 = (Tapr, {041 }) (Taer, {042} ) (Tar1, {041 }).
It can be verified that they all satisfy the respective local tasks. At ¢ = 0, the switch-
ing policy Pgc from Section 6.1.4 is applied. It takes around 9s for all robots to
accomplish the execution of their local plans. The complete robot trajectories are
shown in Figure 6.1a, where the distances between the neighboring robots along
with times of reaching the robots’ respective progressive goal regions are also plotted.
In addition, the time instants when each robot reaches their goal regions are shown
to illustrate the progressive plan execution.

(II) General LTL task specifications. In this case, all robots’ local tasks
are specified as general LTL formulas over the services. The task of robot R
is to periodically provide both the surveillance and assistance services o1 and
012 at the required regions, which is represented by ¢; = 0O 011 A O O 012; the
task of robots fRs and PR3 are similar, which is to periodically provide either food,
water supply or transportation service at desired regions, which is formalized
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Figure 6.1: (a) Top: robots’ respective regions of interest in red, green, blue and cyan
respectively and their trajectories under policy Pgc. All robots accomplish their sc-LTL
tasks after 9s. Middle: the evolution of pair-wise distances |z12|, |z23], [|€34]], which
all satisfy the distance constraints (below 7.5m). Bottom: the time instants when the
robots reach their goal regions and provide the set of planned services. (b) robots’
trajectories under policy Pge with general LTL tasks. (c) robots’ trajectories under
policy Pge with general LTL tasks, after incorporating the plan adaptation algorithm.
The bottom figure can be compared with Figure 6.1b).

as (]52 =00 (0’21 V 099 V 023) and ¢3 =00 (0’31 V 039 V 0'33); at last7 the task of
robot MR, is to periodically provide both the surveillance and assistance services at
the required regions, which is represented by ¢4 =0 041 A0 040.

The synthesized discrete plans from Section 6.1.2 are as follows: robot $R; would
provide assistance at region 7,y and then surveillance at region w41, which is
repeated infinitely often, i.e., 71 = ((7r1b1, {012})((7711;17 {011}))w; robot Ry would
supply food at region o1 repetitively and robot SRz would provide transportation ser-
vice at region msp; repetitively. Namely, 7o = (mo41, {021 })* and 73 = (7ap1, {033 })%;
at last, robot R4 would provide surveillance at region 74, and then assistance at
region m4¢,, which is repeated infinitely often, i.e., 74 = ((7r4br, {o41}) (T atr, {042}))w.

The simulation results for the activity switching protocol Pge from Section 6.1.4
are illustrated in Figure 6.1b. The functions fpron and feona were chosen by Pr(b; =
1) = em Tl 5 Pi[i] - (8- x3) < Xa5 and Pr(b; = 1) = 0 if Ti[i]- (t - xi) 2 X,
where x; = 5 and «; = 1. The probability of remaining active decreases with the
increasing time elapsed since the current round started and with the increasing
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number robot R;’s own progressive goal region was visited. Note that there exists a
finite T € (T¢y,, |, Ty, ), such that Y;[i]- (t - x;) 2 x; for all t € [T, Ty ], hence
each robot R; is guaranteed to be switched to passive control mode eventually.

At last, to demonstrate the effectiveness of the local plan adaptation technique
proposed in Section 6.1.5, we combine the switching protocol Pge and the real-time
adaptation algorithm. The results are shown in Figure 6.1c, which is significantly
different from the results in Figure 6.1b: Robot $R4 adapts its plan to visit w41 with
service o4 while robot 2Ry is reaching w141 with service o17. Then robot $i4 adapts
its plan to visit region m4,; and provide the surveillance service there and robot R,
adapts its plan to visit region mop; and supply water there while robot R, is reaching
the region mp;. Consequently, the robots reach their goal regions much more often
than before when the real-time adaptation algorithm is not applied, which can be
confirmed by comparing from the time instants when each robot reaches its goal
region in Figures 6.1b and 6.1c, respectively.

6.2 EGGs-based hybrid control

In this section, we consider again a team of robots but with the unicycle dynamics,
each of which is given a local LTL task as the desired motion and actions. Besides,
dynamic constraints with neighboring robots are addressed, including the inter-robot
collision avoidance and connectivity maintenance of the communication network.
We propose a distributed and cooperative motion and action control scheme which
integrates two main components: Embedded Graph Grammars (EGGs) to specify
the local interaction rules and switching control modes of the robots; and the discrete
plan synthesis for desired motion and actions. It is ensured that all local tasks are
satisfied while the dynamic constraints are obeyed at all time.

6.2.1 Problem formulation

Consider a team of N autonomous robots with identities i € N' = {1,2,---, N}. Now
each robot 7 € N satisfies the unicycle dynamics [97]:

QL‘L =v; cos(@i), yi =; sin(@,'), éi = Ws, (626)

where s; = (24, yi, 0;) € R3 is the continuous state of robot 4 containing its coor-
dinates p; = (2;, ¥;) and orientation 6;; and wu; = (v;, w;) € R? is the control input
as linear and angular velocities, which are bounded by vyax and wpyax. Moreover,
robot ¢ has a reference linear velocity V; < vmax and a reference angular veloc-
ity W; < Wmax. Each robot occupies a disk area of {p € R?||p-p;| <7}, where r >0
is the radius of its physical volume. A safety distance d > 2r is predefined as the
allowed minimal inter-robot distance to avoid collisions. Each robot i € A" can only
communicate with another robot j € N if |p; — p;| < d, where d > d is the predefined
communication radius.
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Definition 6.4. Robots 4,j € N are: in collision if ||p;(t) - p;(¢)| < d; neighbors
if |pi(t) - p; (V)] < d. A

Given the robot states, an embedded graph ~(t) is defined as y(¢) = (G(t), p(t)),
where G(t) = (N, E(t)) with (4, j) € E(t) if |p;(t) —p;(t)| < d, Vi,j e N, i # j;
p(t) is the stack vector of all p;(¢). Then we define the set of allowed embedded
graphs I'; as follows:

Definition 6.5. An embedded graph ~(t) = (G(t), p(t)) is allowed that v(t) € T'y
if (i) |pi(t) —pi(t)] > d, Vi,j e N, i # j; (ii) the graph G(t) is connected. A

Embedded Graph Grammars (EGGs)

Here we review the basics of EGGs. For a detailed description, we refer the readers
to [113, 114]. Let X be a set of pre-defined labels. A labeled graph is defined as
the quadruple G = (V, E, [, e), where V is a set of vertices, E c V x V is a set of
edges, [ : V — X is a vertex labeling function, and e : E — X is an edge labeling
function. Then consider a labeled graph consisting of N robots as its nodes with
identical continuous state space X. Then an embedded graph is given by v = (G, z),
where G is a labeled graph and = : V' — X is a realization function. We use G, =
to denote the labeled graph and continuous states associated with . The set of
all allowed embedded graphs is denoted by I'. Furthermore, an embedded graph
transition is a relation A c I' x I" such that (y1, 72) € A implies z,, = z,, and
G+, # G,,. The associated rules and conditions are called grammars.

Task specification

For each robot i € N, there is a set of points of interest in the workspace, denoted
by Z; = {21, zi2, ", Zinm, }, where z € R?, V0 =1,2, -, M;, where M; > 0. Each point
satisfies different properties. Furthermore, it is capable of performing a set of actions,
described by the action primitives ¥; = {a1, as, -, ak, }. Each action has conditions
on the workspace property that should be satisfied to perform it and also an effect
on the workspace after performing it. By Section 5.1.1, we can derive a complete
motion and action model for robot i as a wFTS R; = (II;, —;,IL; o, AP;, L;, W;),
where II; = Z; x X; is the set of states; AP; is the set of atomic propositions of
interest and the other notations are similar to (5.5). Moreover, the local task for each
robot i € A is specified as an LTL formula ¢; over AP;, with syntax and semantics
described in Section 3.2. Particularly, the satisfaction of task ; is defined as follows:

Definition 6.6. The task ¢; is satisfied if there ezists a sequence of time instants
tio ti1 tio-- and a sequence of states g, mie, Tie, -+ such that: me, = (2i¢,,, air, ) Where
zie, € Z; and agp, € X, |pi(tik) — zie, | < ¢i where ¢; > 0 is a given threshold for
reaching a point of interest and the action a;s, is performed at zy, , Yk =0,1,2,--;
and Li(ﬂigg)Li(T(‘igl)Li(ﬂng)"' E ©;. A
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Some examples of the task specification are: “Infinitely often pick up object A
in point 1 and then drop it to point 2”; “Surveil points 3 and 4 by taking pictures
there”; “Go to point 5 and operate machine M, then go to point 5 and charge the
battery”, which all involve motion and actions.

Problem 6.3. Design a distributed motion control scheme such that @; is satisfied,
Vi e N, while at the same time v(t) € Ty, Vt > 0. A

The proposed solution consists of two major parts: the embedded graph grammars
(EGGs) design and the local task coordination, of which the details are given in the
sequel. Then we combine them as the complete hybrid control structure, where we
also prove the correctness formally.

6.2.2 EGGs design

The design of EGGs involves three components: (i) the workspace discretization, (ii)
the graph transition rules, and (iii) the associated control modes.

Workspace discretization

The 2-D workspace is discretized into uniform grids by a quantization function,
through which we transform the collision avoidance and connectivity constraints
into relative grids positions.

Definition 6.7. Given a point (x, y) € R?, its grid position is given by the function
GRID : R? - 7Z2:

s iy 1Y
(92, 94) = GRID(2, y) = ([Z], [7]) (6.27)
where [-] is the round function that returns the closest integer ([0.5] =1) and d is
the safety distance introduced earlier. A

Given that p;(t) = (z;(t), y;(t)) at time ¢ > 0, the grid position of robot i is given
by gi(t) = (g7 (t), 97 (t)) = GRID(x;(t), yi(t)). Now consider two robots i and j
whose grid positions are given by g¢;(¢) and g;(¢).
Definition 6.8. The collision function COLLIDE : Z? x Z? — B satisfies:

COLLIDE(gi (1), g;(1)) * 1.

if it holds that |gf - g| > 2 or |g{ - g7| > 2; otherwise, COLLIDE(g;(t), g;(t)) = T.
The neighboring function NEIGHBOR : Z? x Z? — B satisfies:

NEIGHBOR(g;(t), g;(t)) = T,

if it holds that [(lg7 - g7[+ 1, g/ = gJ[ + 1)[ < Aa, where Ag = d/d > 1; otherwise,
NEIGHBOR(g;(t), g;(t)) = L. A
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Lemma 6.16. By Definition 6.4 robots i and j are collision-free at time t > 0
if COLLIDE(g;(t), g;(t)) = L; they are connected if NEIGHBOR(g;(t), g;(t)) =T.

Proof. For p;(t), p;(t) € R?, by (6.27) it holds that if [gf (£)—g¥ (t)| > 2, then |z;—z;] >
d and |p;(t) —p;(t)] > |z; — x|+ |yi —y;| > d, i.e., robots i and j are collision-free by
Definition 6.4. The same arguments hold when |g/ —g;./| > 2. For any p;(t), pj(t) € R?,
by (6.27) it holds that |z; — x| < d- (lg7 - gj| + 1) and |y; —y;| <d- (lg? —g]y| +1).

Then [pi(t) =p; ()] = | (@i =25, yi—y;)| <d-[ (g7 = g§1+1, g} =gJ|+ D) <d-Na=4d,
implying that robots ¢ and j are neighbors by Definition 6.4. ]

Building blocks

We first introduce the set of labels for the embedded graph. Then we present some
building blocks for the graph transition rules. At last, we state the set of transition
rules that are executed locally.

(I) Labels on vertices and edges. The first building block is the modified
embedded graph ~(t) = (G(t), p(t)) where G(t) = (N, E(t), l, e), where [ and e
are the vertex and edge labeling functions. Each vertex has a label with three
named fields {id, mode, data}, where id is the robot ID; mode is the robot status,
including {check, static, move}; and data stores data for the execution, which
has three sub-fields {nb, pt, gi}, where nb saves the a set of other robots’ IDs; pt
saves a tentative path; and gi saves a positive gain parameter. Moreover, the edge
between neighbors has the named field id, i.e., the edge from robot ¢ to j has the
ID (4, j). For brevity, we omit the definitions of [ and e that map N and E(¢) to
the set of labels, which is a cartesian product of the named fields defined above. We
use dot notation to indicate the value of label fields. For instance, “i.mode = move”
means that robot ¢ has the mode being move. We call an robot static if its mode is
static and active if its mode is move.

To start with, we need the notion of a local sub-graph for robot i € A/, denoted
by G;i(t) = (Vi(t), E;(t)), where (i) V;(t) = {i} UN;(t), where N;(t) = {j e N| (i, j) €
E(t)}; (ii) (4, k) € E;i(t) if (4, k) € E(t), Vj, k € V;(t). Clearly, G;(¢) is a sub-graph
of G(t) and it can be constructed locally by robot i. Clearly if G(t) is connected,
then G;(¢) is connected, Vi e N.

(IT) Neighbor marking scheme. The second building block is the mechanism
to maintain graph connectivity while the robots are moving. The main idea is
to choose locally some robots to be static and the others be active; and more
importantly ensure that the active robots remain connected to its static neighbors
while moving. The most straightforward way is to allow only one robot move at a
time, which is extremely inefficient as a system. Here we propose a local marking
scheme to choose static and active robots, which allows more robots being active
simultaneously. Assume that robot i € N satisfies i.mode = active. Given its local
graph G;(t) at time ¢ > 0, robot ¢ can communicate with its neighbor j € N;(¢)
regarding its mode. We denote by N7 (t) = {j € N;(¢)|j.mode = static} the set of
static neighbors; N7 (t) = {j € N;(t) | jmode = move} the set of active neighbors; and
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Figure 6.2: Examples of marking schemes for robot ag locally: (a) Local graph Gy, con-
sisting of neighbors aq,as,as,as,as; (b) one allowed marking scheme where a1, a3, a4
are marked, with the associated marked sub-graph of G{*,G5*,G"; (c) another al-
lowed marking scheme where as, a5 are marked; (d) an not-allowed marking scheme
where a3, a4 are marked as a; is neither marked nor connected to a marked robot.

the others are in the check mode. A marking scheme of robot ¢ at time ¢ > 0 marks
a subset of its neighbors, denoted by N/"(t) € N;(¢), as the potential robots to
become static. Then a marking scheme should satisfy the following:

Definition 6.9. The marked set of neighbors N/ (t) is allowed if: (i) for any
neighbor j € N;(t), it holds that either j € N/"(t) or there exists g € N;™(t)
that (j, g) € Ei(t); (i) N7 (t) € V() and Nj"(8) n N (t) = 2. A

The first condition requires that any neighbor is either marked or directly
connected to a marked robot, while the second condition says that all static and
no active neighbors should be marked. Examples of different marked schemes are
shown in Figure 6.2. Given the set of marked robots N (t) ¢ N;(t), the marked
sub-graph of G;(t) is defined as:

Definition 6.10. The marked sub-graph GI*(¢) = (V;™(t), E*(t)) has V;(¢)
{3} U N (8) and (j, k) € B () i (G, k) € Ea(), Vi, k€ V™,

(III) Potential path synthesis. The third building block is the synthesis
algorithm to derive a local path for an active robot i € N to move towards its point
of interest z; = (23, z},) € Z; while keeping connected and collision-free to all its
marked neighbors in A/". Denote by p; the tentative discrete path of robot ¢ with
length L; > 1 that obeys the following structure:

Pi =) qiqq (6.28)

where ¢! = (sl, ¢!, vl) is a 3-tuple with the desired state s = (zf, !, 0) € R3, the
approximated time ¢, when s! will be reached, and the linear velocity v! at ¢!
when heading towards ¢!, Vi =0,1,--, L;. Notice that ¢¥ = (s;(t), 0, V;) initially,
where V; is the reference linear velocity. Moreover, the position pl = (z!, y!) of
sé should correspond to the center of a grid gé = GRID(pé) and two consecutive
positions p§7 pﬁ»*l correspond to two adjacent grids, VI =0,1,---, L; — 1. Given the

current state s;(t) of robot 4, the potential cost of p; is defined as:

L;-1

Cost(pi) £ Y, (Ipi—pi |+ 16, - 6;11), (6.29)
1=0
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where the first term is the total traveled distance and the second term is the total
turned angles; a > 0 is the chosen weight on turning cost. To synthesize the tentative
path p;, we consider the following optimization problem:

ming, H(szzl - 2, piL; - Z{”@)H + (- CosT(p;)

s.t. G7(t) remains connected if p; = p!, (6.30)
CoLLIDE(g}, g;(t)) = 1,

Vi=0,1,,L; and Vj € N]" (%),

where the first term is the tentative progress as the distance from pZL’ = (pl.in, pZLy’)
to (25, z3,); and B > 0 is a tuning parameter; along p; robot i should remain
connected and collision-free to all robots in G7".

The above problem can be solved in four steps: (i) determine the general search
area. Given the positions of the marked robots, the general search area S; c Z?
satisfies that g, = (¢9%,9Y) € S; if NEIGHBOR(gp, g;(t)) = T, for at least one neigh-
bor j € N]"(t); (ii) remove any grid g € S; that GI"(¢) is not connected if g; = g
or COLLIDE(gs, gj(t)) = T for any neighbor j € N/"(t). Thus all elements of p;
should belong to this general search area; (iii) the augmented-graph construction.
Construct a graph = = (n;, e;, w;) where n; = S; x {0,+%, 7} is the set of nodes;
e; ¢ §; x S; is the set of edges (n1, n2) € e; if ny = (g1, 01), n1 = (g2, 62) where
the grids ¢g; and go are adjacent; w; : ¢; > R* is the weighting function, where
w;((g1, 01), (g2, 02)) = d+ |01 — 05|, where « is defined in (6.29); (iv) shortest path
search. Firstly, locate the initial node ng = (go, o) € n; that is closest to the current
state s;(t). Then construct the shortest paths from ng to every other node in n; by
Dijkstra’s algorithm. At last, find the destination n} € n; that minimizes the cost
in (6.30). Denote the shortest path from ng to n)y by piE =Ngning--Nr,-1Ny, where
n; = (g1, 0;) € n; and L; is the total length. An example is shown in Figure 6.3.

Give the shortest path pZ, the element ¢! = (s}, ¢!, v!) of p; can be derived by

70 V1)

setting st = (g7 - d, g/ -d, 6;) and vl=V;, ¥1=0,1,, L;, and ¢ is computed by:

d 10, -6i]

1 _, 4 -
. —’5¢+J+ W Vi=1,2,- Ly, (6.31)

which accumulates the time for robot i to move from st to s'*! with linear velocity v!
and angular velocity W;. If a solution to (6.30) exists, the resulting p; is the tentative
path of robot ¢ with the associated marked set N;". Moreover, its tentative gain
is given by x; = |[pX — 2| - |pi(t) - zie|. For the ease of notation, we denote this
local path synthesis procedure by a single function:

(Pi, Xi) = CHECK (54(t), Ni(t), zie, N™). (6.32)

As a result, robot i ezecutes p; by following and staying within the sequence of grids
along p;. More details are given in the fifth block.
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Figure 6.3: Gray grids indicate the allowed search area. The blue star-marked path is the
optimal discrete path pg by (6.30) for robot ag, given its marked neighbors a1, as, as
and its goal. Notice the change of graph topology G{*(t) and the fact that it remains
connected while ag moves along pg.

Lemma 6.17. Assume that (6.30) has a solution at time to > 0. If all marked
neighbors in Mm remain static and robot i executes p; until t1 > to, then GI*(t)
remains connected and all robots within V™ (t) are collision-free, Vt € [to, t1].

Proof. Since all marked neighbors in M™ stay static, robot 4 is the only moving
robot within V;™. Initially GI"(t¢) is connected and any two robots within V;”™ are
collision-free. While robot i executes p;, the formulation of (6.30) ensures that G7*(¢)
remains connected and robot i is collision-free with any marked neighbor. This holds
until robot ¢ finishes executing p; by reaching qZL at time t¢;. [

(IV) Path adaptation. The fourth building block is the path adaptation
algorithm for any active robot while executing its tentative path. Assume that at
time t > 0 an active robot i may detect another robot j € A/ that does not belong
to N/, when its state s;(t) corresponds to ¢;° € p; in (6.28), where 0 < wg < L;.
We consider the two cases:

If jmode = static, then robot i only needs to check if its future path seg-
ment is in collision with this static robot j. Its future path segment is given
by pi[wo:L;] = q}“oq;”o”---qf", where ¢! = (sl, t}, v!) is defined in (6.28). Therefore
if COLLIDE(g;", g;(t)) = 1, Yw = wo, wo + 1, -+, L;, it means they will not collide and
p; remains unchanged; otherwise, p; is adapted by repeating the synthesis procedure
by (6.32), but with the new neighboring set N;(t).

If jmode = move, then robot j is also moving and executing its path p;. In this
case, it is more complicated to check whether they will be in collision. To begin with,
we assume that robot j’s position s;(t) corresponds to ¢;° € pj, where 0 <vg < L;.

Its future path segment is given by p;[vo:L;] = ¢;° q;"“-nqu", where qé. = (sé, té-, ’U;)

from (6.28). Given p;[wo:L;] and p;[vo:L,], a potential collision between robots i
and j can be detected by the function:

CoLLIDEPATH(p;, p;) = L. (6.33)
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if CoLLIDE(p}’, pj) = L and [t} — ]| < Ay, for any pj” € p;[wo:Li] and any pj €
p;[vo:L;], where Ay > 0 is a design parameter as the allowed time difference,
which depends on the estimation accuracy of the time sequences {t;"} and {t?}
by (6.31). Then robots ¢ and j keep their current paths unchanged; otherwise,
COLLIDEPATH(p;, p;) = T, meaning that they may collide by executing their re-
spective paths. Thus at least one of them should modify its current path, the
choice of which robot will be presented later. For now, we assume that robot i is
chosen to change its path p;. Let w. € {wg,wo + 1,---, L;} be the smallest index
within p;[wg:L;] that a potential collision could happen by (6.33) and the associated
index within p;[{vo:L;] is v. € {vo,vo + 1,---, L; }. Then robot i would avoid this col-
lision by reducing its speed within the segment p;[wg:w.], while p;[w¢:L;] remains
unchanged. To find a suitable linear velocity v < vmax for elements in p;[wg:w.], we
consider the following optimization problem:

IninO<V<'umax |‘/z - V|

s.t. vﬁ =v, Yl =wqp, -, We. (6.34)
COLLIDE(p}’, py) = L, and [t;" — 17| < Ay,
Vp;” € pi[wo:L;], Vp;i € pj[vo:L;].
where V; is the reference velocity. The conditions above ensure that after adjusting
the linear velocity, p; and p; will not collide by (6.33). The above problem can be
solved as follows: firstly, choose v = maxle[wo:wc]{vé} and a proper step size d, > 0.
Then gradually decrease v by §, and check if the conditions within (6.34) are
fulfilled. If not, repeat this procedure until v = v* is small enough and all conditions
within (6.34) are fulfilled. As a result, v* is the suitable linear velocity for p;[wo:w.].
Moreover, the time instants {v}"} within p;[wg:L;] are updated according to (6.31).
If v <0 and no solution can be found, it means that the initial position of robot ¢ is
in collision with parts of robot j’s path.

Now consider that while executing the adjusted path, robot ¢ may meet with
another moving robot, say k € N;(t1) at time ¢; > 0. Now its corresponding index
within p; is w{ > wp. Similar as before, robots ¢ and k exchange their paths p;
and pg. Function COLLIDEPATH(p;, px) can be used to check if they will collide
in the future. If so, assume that robot 7 is chosen to adapt its path again and the
potential collision is estimated to happen at index w!, of p;. Consider the relative
position of q'iw; and ¢;’ from the previous adjustment: (i) if w, < w,, robot i would
reduce its linear velocity within p;[w{:w.] by the same formulation as (6.34); (ii)
if w! > w,, robot ¢ would instead reduce its linear velocity within p;[we:w’] by
the same formulation as (6.34). For the ease of notation, we denote this process of
adjusting linear velocity by a single function:

P: = SLOVV])OVVN(Si(t)7 Pi, pj), (635)

which is only applied to the robot that adapts its path. Figure 6.4 shows an example
of applying the above function. Note that the sequence of {s!} within p; remains
unchanged and the collision is avoided by adjusting only the velocity.
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Figure 6.4: The left image shows that robots ag,a; have a potential collision given their
paths p1, p2 with velocities 0.5m/s,0.4m/s. After applying SLOWDOWN(-) by (6.35),
the resulting velocity of ag is shown in the right and the potential collision is avoided.

(V) Continuous control for tracking. The fifth building block is the con-
tinuous controller for an active robot to track its synthesized path. We rely on
the nonlinear control scheme from [101] for unicycle models that handles bounded
control inputs and ensures the tracking of a reference trajectory with a prov-
able bounded tracking error. In particular, consider that an active robot ¢ needs
to execute its path p; by (6.28) and assume that it is going from qé to qé*l at
time to > 0. We first construct the reference trajectory (z,.(t), y-(t), 6,-(t)) as fol-
lows: (i) rotate to the desired orientation while staying at the same position. For
t € [to, t1), we set x,.(t) = xt, y.(t) = yt, 0,(t) = 0 + W; - sgn(6: - 0L) (¢ - t9) and
wy(t) = Wi, v.(t) = 0, where t; = to + |01 - 0L|/W;; (ii) forward towards the next
grid while keeping the same orientation. For t € [t, t2], we set z,.(t) = L + v} -
cos(0,) - (t—t1), yr(t) =yt +vl-sin(0,.) - (t-t1), 0,.(t) = 04! and w,.(t) = 0, v,.(t) = v},
where t, = d/vl. Denote the saturation function by Sats(z) = x, V|z| < § and
Sats(z) = sgn(x)d, Y|x| > 6. Then the nonlinear control laws are given as fol-

lows: v; = v, cos(f.) — Saty(koze) and w; = w, + % + Saty, (k16p), where

@ = Vmax — ks 2o = cos(0) (z—2,) +sin(0) (y—yr); ye = —sin(0) (z—x,.) +cos(0) (y -y, );
6. =6, —0; b> 0 is chosen such that |w;| < Wiax; k1, k2 > 0; 8y = 0g + f3(Te, Ye, t) Ye:
the actual expressions of functions fi(-), f2(+) and f3(-) can be found in Section III
of [101]. The guarantees for convergence and bounded tracking error are shown in
Theorem 1 of [101]. For brevity, we denote this control scheme by the function:

(vi, w;) = MOVE(si(t), pi).- (6.36)
which can be either of the above approaches depending on the particular application.
Examples of the control scheme can be found in Section 6.2.5.

EGGs description

With the above building blocks, we now present the complete graph grammars for
the embedded graph ~(t), which includes the set of local transition rules with the
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associated conditions and control modes, which can be applied locally by each robot.

[R.0] At ¢ =0, each robot i € A/ initializes its label by setting i.id = ¢, 7.mode =
check or i.mode = static randomly, and i.data.nb = @, i.data.pt =[], i.gi = 0,
where [ ] denotes an empty sequence. Moreover, for any robot j € N;(0), it sets
(i, j)-id = (4, j).

After the system starts at ¢ > 0, each robot i € N reconstructs its local graph G;(t)
and applies the rules below: [R.1] If i.mode = check, robot 4 first communicates
with every neighbor j € V;(t) and checks if jmode = active and i € j.data.nb. If so,
it sets ¢.mode = static and adds robot j to i.data.nb.

After that, if i.mode = check still holds, robot i chooses an allowed marked
scheme N™ given G;(t) and calls the function CHECK(s;(t), N;(t), zi, N]™) in (6.32).
If (6.30) has a solution as the tentative path p; and the potential gain x;. If x; >0,
then it sets i.mode = move and i.data.nb = N/"*(t), i.data.gi = x;, i.data.pt = p;.
Otherwise if x; < 0, it sets ¢.mode = static and i.data.nb = @. Otherwise if no
solutions to (6.30) exist or x; <0, it sets i.mode = static and i.data.nb = &.

[R.2] If i.mode = static, robot i stays static by setting v; = w; = 0. Then it
communicates with each neighbor j € AV;(t) and checks that if j.mode = active,
1 € j.data.nb, and j ¢ i.data.nb hold. If so, it adds robot j to i.data.nb. Moreover,
for each robot j € i.data.nb, it checks whether ¢ € j.data.nb still holds. If not,
it removes robot j from i.data.nb. At last, it checks if i.data.nb = @. If so, it
sets 7.mode = check.

[R.3] If i.mode = move, robot i first checks if jmode = static, Vj € i.data.nb.
If not, it stops moving by setting ¢.mode = check and i.data.nb = @. Otherwise, it
executes its tentative path p; via the motion controller (v;,w;) = MOVE(s;(t), p;)
by (6.36). As discussed earlier, robot i may encounter other robots, e.g., j € N;(t):

(i) if j.mode = move, they exchange their respective gains and tentative paths.
Then the robot with higher gain is given higher priority. Assume for now ¢.data.gi <
j.data.gi, implying robot j has higher priority. Then the robot with lower prior-
ity, i.e., robot 4, calls COLLIDEPATH(p;, p;) by (6.33) to check if p, and p; will
collide. If so, robot ¢ calls SLOWDOWN(s;(t), p;, p;) by (6.35). If it has a solution,
robot ¢ updates its path p; by slowing down; otherwise, robot ¢ stops moving by
setting i.mode = static and ¢.data.nb = @.

(ii) if j.mode = static, robot i checks if it would collide with robot j given its
current path p;. If so, it stops moving by setting ¢.mode = check and i.data.nb = @&.

[R.4] If i.mode = move and |p;(t) — 2| < ¢;, where ¢; > 0 is the threshold from
Definition 6.6, robot i has reached its goal point. Then robot i stops moving and
resets i.mode = static and i.data.nb = @.

It is worth mentioning that the gain comparison in [R.3] introduces a fixed
priority among the active robots. It means that in the worst-case scenario all robots
will slow down or be static except the one with the highest gain.
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6.2.3 Local plan synthesis

The previous section solves how each robot could move to its current goal point,
while obeying the motion constraints. Here we tackle how each robot should choose
and update its goal point, in order to fulfill the local task ¢;. The solution was
presented in Section 5.1: (i) recall that the complete motion and action model R; is
given in Section 6.2.1, (ii) then we derive the NBA A, associated with ; by the fast
translation tools [41]; (iii) now we construct the product automaton A, ; = 7; x Ay, by
Definition 3.9; (iv) lastly a nested Dijkstra’s shortest path algorithm by Algorithm 3.1
is applied to A, ;, to find its strongly connected component with the minimal
summation cost. The discrete plan denoted by 7; has the prefix-suffix structure:

Ti = T,0Mi,1 T4 ey =1 (T oy Wi g1 0, K ) s (6.37)

where 7; ; = (2ik, @i %) € I; where 2, € Z; and a; 5, € X;, Vi=0,1,---, K; and K; >0
is the total length of the prefix and suffix. Note that since the suffix is repeated
infinitely often, 7; has an infinite length. Given these locally-synthesized plans, we
need the following assumption:

Assumption 6.2. The plans {r;,i € N'} are feasible as a whole if v(t) is allowed
by Definition 6.5 when p(t) satisfies p;(t) = zix, Vi € N and Vk=0,1,---. A

6.2.4 Overall structure

In this part, we present the complete solution that combines the EGGs and the
local plan synthesis scheme from above. When the system starts, each robot i € A/
derives it local plan 7; by (6.37) and sets its current goal point z; = z; 0; then
it follows the transition rules and control laws from the EGGs; by [R.4] after it
reaches z; o, it then performs the action a; j, according to the plan 7;; after the action
is accomplished, it remains static until all other robots have reached their respective
goal points and finished the corresponding actions. This can be detected through the
communication network that all robots are static. Then each robot would update
its goal point by z;s = z; 1 and sets i.mode = check, Vi € /. Then all robots follow
the EGGs to make progress towards this new goal point. This procedure repeats
indefinitely as the discrete plans have infinite length. Note that after robot i e A/
reaches z; f,, it should set z;; = z; , to repeat the plan suffix by (6.37).

Lemma 6.18. Given that G(0) is connected initially, it is guaranteed that G(t)
remains connected for t > 0.

Proof. Since G(0) is connected, there exists at least one path of length N that
connects all robots in G(0). Denote by this path {y = apai---an, where robots a;
and a;;1 are directly connected by an edge and a; € N;;1(0), Vi = 0,1, N — 1.
Denote by t; > 0 as the smallest time instance that one of the consecutive robot
pairs within (y is not directly connected anymore. Without loss of generality, let
the pair be robots ¢ and j. Notice that j ¢ N;(¢1) can only happen in one of
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the following cases: (i) robot ¢ is moving while robot j is static during [0, t1].
Given the marked neighbors N;"(0), by Definition 6.9 it holds that j € N/™(0).
Given robot i’s path p; as derived by (6.30), Lemma 6.17 ensures that the sub-
graph G7"(t) remains connected for ¢ € [0, ¢;] while robot i executes p;. Thus even
though robots ¢ and j are not connected directly at time ¢1, they are still connected
indirectly within G7*(¢1); (ii) both robots i and j are moving during [0, ¢;]. Given
their marked neighbors A" (0) and N]"(0), by Definition 6.9 there must exist a
static robot k € NV;(0) that k € NJ"(0) and k € N7"(0). Given their paths p;, p; as
derived by (6.30), by the same analysis as in case (i), robots 4, k remain connected
and robots j, k remain connected during [0, ¢1], yielding that robots i, j remain
connected indirectly. We conclude that robots 4, j remain connected indirectly after
becoming disconnected directly at time ¢;. Since the other consecutive pairs in (j
remain connected directly, G(¢1) remains connected for ¢ € [0, ¢t1]. Now denote by (3
the new path of length N that connects all robots within G(¢1) at time ¢;. By
repeating the same analyses for (o above, we can show that G(¢) remains connected
for t € [t1, ta2], where t5 is the smallest time instance that one of the consecutive
robot pairs in (; becomes disconnected directly. Thus by recursive reasoning we can
show that G(t) remains connected, V¢ > 0. ]

Theorem 6.19. All local tasks ;, i € N are satisfied while v(t) € Ty, YVt > 0.

Proof. Since the workspace is assumed to be unbounded and free of obstacles, at
least one robot within N can be active and make a progress towards its current
goal point. The connectivity of G(t) is proved above and the collision avoidance is
ensured by the formulation of (6.30) and (6.34). Moreover, Assumption 6.2 ensures
that the intermediate configuration of all robots’ goal points is feasible and can be
reached. At last, by construction, the execution of 7; guarantees the satisfaction
of p;, we ensure that the local task ; is satisfied, Vi e . ]

6.2.5 Case study

In this section, we present the simulation results of the EGGs-based hybrid control
scheme presented above. The message passing among the robots are handled by the
Robot Operating System (ROS) and each robot is launched as a ROS node.

Workspace and robot description

The six robots are labeled ag, a1, -+, a5 and each occupies a disk area of radius 0.05m.
As shown in Figure 6.5, the communication range d is uniformly set to 0.9m, while
the safety distance d is set to 0.15m. Moreover, their reference linear velocity is set
to between 0.1m/s and 0.3m/s, under the maximal 0.4m/s. The angular velocity is
set to between 0.4rad/s and 0.5rad/s, under the maximal 0.7rad/s.

The robots’ points of interest and local task specifications are defined as fol-
lows: robots ag, a; have the local task as surveillance. Robot ag has four points of
interest at (1.5,1.5), (-0.2,1.5), (0,0), (1.6,0) with labels {ri}, {ra}, {rs}, {ra}.
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Figure 6.5: Snapshots of the simulation. Moving robots are denoted by red circles while
static ones are in blue, labeled by a; and a;.gi. Lines marked by stars are tentative paths
of the active robots. Black squares represent the goal points, labeled by g;, Vi e N.

Its local task is to surveil 1, 72, 73, 74 in any order, which can be specified as the
LTL formula g = Aj-1,...4 O Or;. Robots a; has points of interest close to ag’s and
its local tasks is similar to . Robots as, ag have the local tasks for providing
services. Robot as has three points of interest at (1.2,0.4), (0.6,0.6), (0.6,0.9)
with labels {s1}, {s3}, {s2}. Its local task is to provide services s1, s2, s3 in se-
quence, namely o = OO (81 A O(s2 A Os3)). Robots az has points of interest
close to as’s and its task is similar to @s. At last, robots a4, as are responsible
for transporting goods between goal points. Robot a4 has three points of inter-
est (1.1, 1.0), (1.5, 1.5), (1.0,1.0) with labels {b}, {g1}, {g2}. Its local task is to
transport goods g1 and gs to the base b, i.e., ¢4 = Ajz1,200(b = (=bU g;)). Robot as
has three points of interest close to a4’s and its local task is similar to 4. Initially,
the robots start from (-0.5,-0.5), (0,-0.5), (0.5,-0.5), (1.0,-0.5), (1.5,-0.5), (2.0,-0.5),
which forms a line graph.

Simulation results

After the system starts, each robot first synthesizes its discrete plan 7; as described
in Section 6.2.3. To give an example, robot ag’s discrete plan is to visit r1,rq,r3, 14
in sequence and repeat, while robot a4’s plan is to visit b, g1, b, g2 in sequence and
repeat. Then they follow the EGGs as described in Section 6.2.2. Most of the time
there are 3 —4 robots moving. Figures 6.5 show some snapshots of how G(t) changes
with time. At ¢ = 92.5s,160.5s, all robots update their goal points according to their
discrete plans. This procedure continues indefinitely and we simulate the system
until ¢ = 240.5s when they have reached the forth goal point. To verify that all
motion constraints are fulfilled, the left image of Figure 6.6 shows the evolution of
the maximal length of the shortest path between any two vertices within G(¢) (i.e.,
the diameter). It is always less than 6, meaning that G(t) remains connected. The
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Figure 6.6: Evolution of the graph diameter (left) and the minimal distance among
the robots (right). G(t) remains connected as its diameter is always lower than 6; no
collision occur as the minimal distance is always above 0.15m.

right image of Figure 6.6 shows the evolution of the minimal distance between any
two robots, which is always larger than the safety distance 0.15m, meaning that no
collision happens. The complete simulation video can be found in [65].

6.3 Summary

In this chapter, we first proposed a potential-field-based control scheme for multi-
robot systems to fulfil locally-assigned tasks as general or sc-LTL formulas, while
subject to relative-distance constraints. Then we considered the multi-robot system
with a different dynamical model under both collision avoidance and connectivity
maintenance constraints. The proposed solution relies on the EGGs to specify local
communication and interaction rules among the robots. It has been shown that
both approaches are distributed and can guarantee the satisfaction of all local tasks
while the relative-motion constraints are obeyed at all time.



Chapter 7

Contingent service and formation tasks

WO COMMON types of cooperative robotic tasks are the service and formation
tasks. Particularly, the service request is a short-term task provided by one
robot to another, while the formation task is a relative deployment requirement
among the robots with predefined transient responses imposed by an associated
performance function. These tasks are often requested and exchanged among the
robots during run time. In this chapter, we address this issue by proposing a hybrid
control strategy that handles the contingent service or formation tasks along with
the local task of each robot. It involves monitoring the real-time events that are
critical to the plan execution, adjusting the local plan to satisfy the contingent
requests and switching the low-level continuous control mode. It is shown that both
local tasks and contingent tasks are satisfied for all robots. Numerical simulations
are provided in the end to validate the proposed strategy.

7.1 Problem formulation

In this section, we formally state the problem considered in this chapter, i.e.,
the robot model, the contingent service and formation tasks and the local task
specifications given as RTL formulas.

Preliminaries

Maximal solution of dynamical systems

Consider the initial value problem:

(t) = H(t,¥), %(0) =1 € Qy, (7.1)

where ¢ € R is the state, H : R* x Q, - R" and € c R" is a non-empty open set.
A solution 9 (t) of the aforementioned initial value problem is mazimal if it has
no proper right extension that is also a solution of (7.1). Moreover, the following
theorem and proposition will be employed in the sequel.

119
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Theorem 7.1. [133] Assume that H(t,v) is: (i) locally Lipschitz on v for almost
all t > 0; (i1) piecewise continuous on t for each fized ¥ € Qy; and (i) locally
integrable on t for each ¢ € Q. Then there exits a maximal solution ¥(t) of (7.1)
on the time interval [0, tmax) With tmax > 0 such that Y(t) € Qy, VE € [0, tmax). A

Proposition 7.2. [133] Assume that the hypotheses of Theorem 7.1 above hold.
For a mazimal solution (t) of system (7.1) on the time interval [0, tmax) with
tmax < 00 and for any compact set Qy, c Qy, there exists a time instant t' € [0, tymax)
such that ¥(t") ¢ O, A

Real-time temporal logic

In order to analyze properties of real-time signals, we also consider a real-time
extensions of LTL described in Section 3.2, i.e., the real-time temporal logic (RTL),
originally introduced in [124]. Its syntax is similar to LTL as introduced in Sec-
tion 3.2, but its semantics is defined over continuous-time Boolean signals. Consider a
continuous-time Boolean signal z : Ryq — 24 over the set of atomic propositions AP,
where z(t) € AP is the set of propositions that x satisfies at time ¢ > 0. Given an RTL
formula ¢ over AP, the satisfiability relation (x, t) E ¢, i.e., whether signal x satisfies
® at time ¢ > 0, is determined according to the following recursive definition: (z, t) £
acacx(t); (z,t) F-p o (z, 1) E@; (2, 1) o1 Vs < (2,t) Fpror (2, t) F g
(z,t) E 1 Uy < 3t 2t (2,t') E g and V" € (¢, '), (z, ") = 1. We say that
an RTL formula ¢ is satisfied by z if (x, 0) E ¢ or simply « & . Moreover, similarly
to sc-LTL, there exists a particular class of RTL, called sc-RTL that can be satisfied
by a real-time Boolean signal in a finite time. It only contains the U and < temporal
operators and is written in positive normal form [36]. Finally since we consider RTL
and LTL with the same syntax but interpreted with different semantics, we define
the following correspondence between an RTL formula and an LTL formula:

Definition 7.1. Given an RTL formula ¢, the associated LTL formula, denoted by
[¢], has the same expression as ¢ but evaluated under the LTL semantics. A

7.1.1 System description

We consider a team of N autonomous robots with identities i ¢ N' = {1,2,--, N}
obeying the following single-integrator dynamics on a 2D workspace:

pi(t) = ui(t), (7.2)

where p;(t), u;(t) € R? denote the iy, robot’s position and control input at time ¢ > 0,
Vi e N. It should be noticed that the robots are modeled as point masses without
volume, hence no that inter-robot collisions are not considered. Each robot has a
sensing radius 7 > 0, which is assumed to be identical for all robots, i.e., robot ¢ can
only exchange information with another robot j if their relative distance satisfies
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Ipi(t) = p;j(t)| < r. We denote by p;(t) : Rsg = R? the trajectory of robot i during
the time interval [0, t). Moreover, p;([t1, t2]) stands for the trajectory segment
during time [¢1, t2]. Finally, each robot i has a predefined neighboring set A; € N,
i € N, which is assumed to be nonempty, and j € N; implies i € N, Vj e N;.

Moreover, there exists a set of regions of interest within the 2-D workspace II =
{m1, 7o, -+, }, where M > 1. They are circular area around the points of interest:
7e 2 Blegyre) = {p € R?||p - c| < 7¢}, where £ =1,2,-, M, ¢, € R? is the center
and rp > rpi, is the radius, with 7, being a given constant as the minimal radius
of all regions. We assume that II is included within a large sphere region denoted
by 75 = B(cg, rg), which stands for the allowed workspace. Finally, there is a set of
local atomic propositions R = {Ry, £ =1,2,---, M} representing the property fulfilled
at each region. Hence given robot’s state p;(t) at time ¢ > 0, it holds that R,(¢t) =T
if p;(t) € mg and Ry(t) = L otherwise, for £=1,2,---, M.

7.1.2 Local task with contingent requests

In this part, we introduce the definition of contingent requests for formation and
service, based on which we can then formulate the local task of each robot.

Contingent request

As mentioned earlier, the robots can exchange information with their neighbors
when their relative distance is less than r. Via this communication protocol, we
allow each robot to send contingent requests of the following two types:

(I) Service: robot i requests its neighbor j € N; at time ¢ to accomplish a
short-term service described by a sc-RTL formula ¢7; ; over R. Note that ¢7; ; is
predefined for each neighbor j and may be different at different request time ¢, which
is assumed to be always feasible for robot j. This request can be communicated by
sending the formula ¢F; ; directly to robot j.

(IT) Formation: robot i requests its neighbor j € A; at time ¢ to converge
to a desired relative-position formation by c;; € R? with a predefined transient
response imposed by the corresponding performance function p;;(t) : R - R*.
This formation has to be kept until robot i accomplishes a short-term formation
task described by a sc-RTL formula <p§j7t over R and a release message is sent to
robot j afterwards. The formation task <pfj’t is also predefined for robot ¢ and may
be different at different request time ¢. The relative formation error is given by:

eij(t) = pi(t) —p;(t) - cij. (7.3)
Here let us define p;; = eg; ej; as a scalar measure of the formation error and
e Hag(1)
J pij (t) ( )

as the normalized error with respect to the performance specifications introduced
by the corresponding performance function p;;(t), which is a smooth, bounded and
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Figure 7.1: Robot i starts from (1, 1) and its neighbor j starts from (0, 0). The desired
relative position is ¢;; = [0.1, 0.1] and the corresponding performance function is set
to p;;(t) = 2.995e7°% + 0.005. Robot i moves with constant velocity while robot j
aims at establishing the desired formation with prescribed performance. The left figure
shows the trajectory of both robots within the workspace while the right one depicts
the evolution of e;;(t), along with the performance function p;;(t).

strictly positive function. We consider exponential performance functions here:

i (t) 2 (pijo = Pijico) € 9"+ pij oo, (7.5)

where [;; > 0 specifies the decreasing rate of p;;(t), pij0 > 0 is the initial value of
pij (t) at time 0, chosen such that p;; 0 > pi;(0); and p;j 0 > 0 reflects the maximum
allowed steady state error. This request can be communicated by sending the
formation vector ¢;; and the performance function p;;(t) to robot j.

In order to monitor the performance of the formation, we define a set of control-
lable atomic propositions: H; = {h;;, j € N;}, where

T if ﬁ”(t) € Dij = (O7 1),

. (7.6)
otherwise.

hij(t) = {

Notice that robot j needs to satisfy the prescribed formation performance, i.e.,
hi;(t) = T until it receives a release message from robot i. An example of formation
control with prescribed performance is shown in Figure 7.1.

Upon receiving either a service or formation request from robot i, we assume
that robot j will reply immediately to either confirm or refuse this request. Thus
we introduce a set of observational atomic propositions for each robot i € N:
O; = {05}, 0f;, j € Ni}, where of;(t) = T if the service request sent by robot i is
confirmed by robot j at time t; and of;(t) = L otherwise (o;(t) is defined similarly
for formation requests). Additionally, we also introduce a set of releasing atomic
propositions for robot i € N: Z; £ {z;;, j € N;}, where z;;(t) = T if robot ¢ sends a
release message to its neighbor j € N; at time ¢; and z;;(¢) = L otherwise.
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Local task specifications

Denote by AP; = Ru O; u H; U Z; the complete set of atomic propositions of each
robot i € A/. Each robot i is assigned a local task specified as an RTL formula ¢;
over AP;, which has the following structure:

©i 2 i A O A G (7.7)

where ¢} denotes the static task specification as a general RTL formula over R
concerning only the local motions of robot 4; ¢f is the contingent task specification
regarding the service requests that robot ¢ may receive from robot j with i € Nj:

G2 N 00 e,
’ ieNj, jeN Y It (78)
Hence whenever robot ¢ confirms a service request ¢3; , from robot j, then it should
fulfill this service task afterwards; finally ! is the contingent task specification
regarding the formation requests that robot i may send to its neighbor j € N;:

fe A 0o (¢ 1 (i U2)). (7.9
JeNi

Therefore whenever a formation request from robot ¢ is confirmed by robot j, the
corresponding short-term formation task ¢f; ; should be fulfilled afterwards and
moreover the formation controllable proposition by h;; should be always kept true
until a release message is sent to robot j. In other words, it requires that once robot j
confirms a formation request from robot 4, it should achieve the desired relative
position with prescribed performance as imposed by the corresponding performance
function p;;(t), until robot ¢ has accomplished its formation task cpfj’t.

Remark 7.1. While the local task ¢} as the static task specification is commonly-
seen in the related literature [15, 56], main novelty of this work lies in the contingent
service task ¢f by (7.8) and the formation task specification ¢f by (7.9) that have
not been tackled at all for multi-robot systems. Moreover notice that all services
and formation requests are exchanged in real-time and hence cannot be known
a priori. The validity of the observational and controllable propositions can only
be determined in real-time. Thus, it is not possible to acknowledge the complete
specification ¢; before the system initializes. A

Thus, the problem confronted in this work is formulated as follows:

Problem 7.1. Consider a team of robots obeying the dynamics (7.2), with each
assigned a local task defined by (7.7)-(7.9). The goal is to synthesize a distributed
hybrid control protocol that the RTL formulas o; are satisfied, ¥i e N. A

The proposed hybrid control scheme consists of four major components as shown
in Figure 7.2, i.e., the communication block, the event monitoring block, the discrete
planning block and the hybrid control block. In the following, we first present two



124 Contingent service and formation tasks

1%‘ ISDZ‘?‘” l cijs pij(t)

cji, pji(t) .
IR ri. prs.
QOS*erV VEZE K
Ji . . . .
' .| Communication Zij Monitoring
Zji
—_—
serv form .. ..
Y Pij R ¢jis pji(t) ij Ry | p;
g
Zji
7Tig
Planner Hybrid Control

Figure 7.2: The overall structure of the hybrid control scheme. The arrows indicate the
information flow. Detailed descriptions are given in Section 7.5.

continuous motion control schemes regarding the navigation and the formation
tasks respectively; subsequently we describe the real-time event monitoring module
that handles critical events during the system operation as well as the established
communication protocol among the robots regarding contingent requests. Afterwards,
we show the discrete plan synthesis and adaptation algorithms that handle the
contingent service and formation requests. Finally, the overall hybrid control scheme
is synthesized based on these components and its correctness is proven.

7.2 Controller design under prescribed performance

In this part, we describe the continuous control design for two different objectives,
i.e., to navigate an robot to its goal region, without crossing any undesirable regions;
and to establish a desired formation with a prescribed transient response.

7.2.1 Navigation control

Recall that the set of sphere regions of interest within the workspace boundary
7p is given by II = {my, ma, -, mps}. Since there are no explicit representations of
“obstacles” and no fixed initial or goal regions, we denote by m, = B(cq, rg) € II
the goal region and m = B(cs, 75) € II the initial region. In this work, we rely on
the navigation function approach proposed by Rimon and Koditschek in [87] to
navigate robot ¢ from 7, to m,, without crossing other undesirable regions 7; € II
with 7 # s, g. In particular, the navigation function can be constructed as

Vg

i(pi) = W

, (7.10)
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where k > 0 is a design parameter, p; € R? and ®; € [0, 1]; v, = |p; — ¢4||* represents
the attractive potential field to the goal ¢4 € R?; Bgs = BB H%L#S’g B; is the
repulsive potential field by the workspace boundary and the undesirable regions that
should be avoided, with Sp 2 1% — |p; - cg|? and §; £ pi - ¢;|* - r7. For brevity, we
denote by Il,yoiq = U%L 25,97 the set of regions to be avoided and by 7p\Iayeia the
free space. It is assumed that 7w and the sphere regions in II satisfy the condition
of a valid workspace from [87], i.e., T, c g and mp, N7, =, YMmyn=1,2,-- M.
It has been proved [87] that ®;(p;) has only one global minimum at p = ¢, and
M -2 saddle points within the allowed freespace with zero set-measure. Hence a
feasible path within the free workspace that leads an robot from its initial position
in 7 to its goal region 7, can be generated by following the negated gradient of

®;(p;) or equivalently by adopting the subsequent control law:

Based on [105], it is proven that v, - 0 as t - oo and Sy > 0 holds, V¢ > 0, for a
sufficiently large constant k. Moreover, a collision free path is ensured for almost any
initial position in the free space (except a set of measure zero) to any goal region in
the free space. Furthermore, its asymptotic stability guarantees the convergence to
the neighborhood of p, (i.e., the goal region 7;) in finite time [105].

Lemma 7.3. The navigation control law (7.11) remains bounded, i.e., |u;| < tmax,
where umax > 0 is a finite upper bound given the workspace configuration.

Proof. By computing explicitly the gradient of ®;(p;), we get:

- BgsVpiYg = %’ngmﬂgs
pi ¥ = 1
(’Yz;C + Bys) A

where Vg7 = 2(pi — ¢g) and Vg, Bys = (Z;'Vil,j;ts,g 2(pi — ¢j)BB Hgﬁl,k#j,s,g ﬁk) -
(2(}%‘ -cB) Hﬁl,j#s,g Bj). Owing to the fact that g; remains in the allowed free
space without crossing Il,yoid, both Vp, v and Vp, B4s have bounded magnitude and
Bgs > 0, which implies that |u;| = |Vp, ®i| < Umax With an upper bound umax > 0
depending on the configuration of II. [

: (7.12)

7.2.2 Prescribed formation control

As described in Section 7.1.2, a contingent request may also involve a formation
task that should be executed with prescribed performance, i.e., robot i requests
robot j € NV; to converge to a desired formation described by the relative position ¢;;
while satisfying predefined transient constraint introduced by the corresponding
prescribed performance function p;;(t) as defined in (7.5). Moreover, this formation
should be maintained until the associated short-term formation task wijt is satisfied
by robot i. Since robot ¢ may send a formation request to more than one of its
neighbors, we denote by Nf ¢ A the subset of robots that have confirmed its
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request. In the sequel, we propose the motion control scheme for both robot i that
sends the formation request and robot j € Nf that confirmed it.

Notice that at the request time ¢ in case robot i lies inside a region 75 € Il then
the associated navigation function can be constructed similarly to (7.10). Otherwise
the repulsive potential 84, should be slightly modified since all regions in II except 7,
should be treated as undesirable regions to be avoided. Denoting the corresponding
navigation function by ®%(p;), the proposed motion controller is given by:

ui = =V, B (pi). (7.13)

On the other hand, for each robot j € Nf that has confirmed the formation request
of robot i, we design a motion control law that ensures the convergence to the
desired relative formation under the prescribed performance as follows:

€ij

U 2 ii—— < €3, 714
J ) plj(t) ) ( )
where K;; >0 is a design parameter; e;; = p; — p; — ¢;5; and
€i;=1n —), 7.15
o2 (y5-) (7.15)

63}67‘,]‘
pij(t)

where [i;; = is defined by (7.4) as the normalized formation error.

Lemma 7.4. Under the motion control laws by (7.13) and (7.14), initialized at
time t = Ty, robot @ will arrive its goal region m, within finite time Ty > Ty, while
all robots j € /\/if that confirmed its formation request will satisfy eg;- (t)ei;(t) <
pij(t), YVt e [Ty, Ty], thus fulfilling the formation request with prescribed performance
as imposed by the associated performance functions p;;(t),j € ./\/'if.

Proof. Following similar analysis within Section 7.2.1, we may show that robot @
arrives its goal region 7, within finite time 7T, > Ty, while avoiding the undesirable
regions included in Il,,0;q Regarding the robots j € J\/f that have confirmed the
formation request, the dynamics of the formation error is calculated as follows:

Oy 2e5;uij pig(t) — el eij pij(t)
ot P?j(t) ’

where u;;(t) = u;(t) —u;(t). Substituting (7.14) and e;fg €ij = pij Bij, we obtain:

622”- ﬁij . 265‘ ui(t)
= - K1€Z+pzfj + ——F
ot pij(t)[ 7 J( )] pij(t)
2T wi(t) (7.16)
ij 1 . €;j Wi
= — MJ [Kuln(i,\)+p”(t)]+ J

pij(t) 1T Pij (t) .
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Since the right-hand side of (7.16) is continuous on ¢ and locally Lipschitz on fi;;
over D;;, we may apply Theorem 7.1 to deduce that a maximal solution of (7.16)
on a time interval [T, Tmax) such that 7;;(t) € D;j, Vt e [T0, Tmax)- Let us also
consider the following Lyapunov-like function: V;;(t) = 5 w’ which owing to (7.15)
is well-defined, Vt € [Ty, Tmax)- Its time derivative is given by:

-:54486” Eij Oy
Yot 1-myy ot

(7.17)

Invoking (7.16), Vij = —hi; [’/IZ-]-(KU eij+pij(t))-2el ul(t)] where h;;(t) = m
0. Since €45 > 0, p;;(¢) >0 and |e u; ()] < Jeijlwi(t)], we have
Vij < —hij [ Kij g €35 + iy pig (8) = 2 eis s ()]
< ~hij [ Kig iy €15 = |pig (D] - 2v/pi3 () | (8],

where we use the fact that 0 < 7i;; < 1 and |e;;| = \/iti; = \/ﬁij pij(t) < \/pij(t).
Hence, since fI;; =1 - e %, we conclude that V” <0, Vt € [0, Tnax) when

SUPte[ 1y, ) {1033 (D] + 20/ () [ (D[},

g

Eij(l - e_sij) > (718)
Notice that b;; is finite as K;; > 0, p;;(t), pi;(t) are bounded by construction
and |u;(t)| < umax as proven in Lemma 7.3. Consider now the smooth function
g(x) = xz(1-e™™), which is monotonically increabing for > 0 with ¢g(0) =0, Va > 0.
Let ¢;; be a constant that satisfies };(1 - e~ 17) = b;j, which exists and is unique
owing to the monotonicity of g(z). Hence V” <0 when g;5 > €]

7j» from which we
conclude: €;;(t) < max{e;

5> €ij(To)} = iz, Vt € [T, Tmax] and consequently:

ﬁ”(t) <l-e “Eij 2 ﬁi] <1, Vte [To, Tmax)

Thus we deduce that f;(t) € [0, ;] = Dj;, ¥t € [To, Tmax ], where Dj; is a nonempty
and compact subset of D;;. Finally, what remains to be shown is that 7. can be
extended to co. Therefore, assume that 7, < co0. Since ng c D;; and f1;;(t) is a
maximal solution of (7.16) over [Ty, Tmax), Proposition 7.2 dictates the existence of

a time instant ¢ € (To, Tmax) such that 7z;;(t) ¢ D];, which clearly contradicts the

fact that 71;;(t) € Dj;, Vt € [Tp, Trmx) Thus Timax = o0 and 7;;(t) € [To, f;;] © Dij,

Vt € [Ty, 00), which ensures that: e (¢)e;(t) < pi;(t), Vit € [To, Ty, Vj e Nf. [
7.3 'Triggering events and communication protocol
In this section, we first present the set of real-time events that are crucial for the

system execution, and then describe the communication protocol among the robots
to handle contingent requests.
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7.3.1 Real-time event monitoring scheme

It is clear from the problem formulation that monitoring several real-time events
plays a crucial role in the satisfaction of the individual local tasks. In particular, for
each robot i € A/, four events need to be monitored in real time:

(a) Region cross event. It is the event that occurs when an robot enters or
leaves a region in II. More precisely, robot i enters the region 7y € IT at time ¢g >0
if p;i(tg) ¢ m¢ and p;(to) € mg, where g < to -ty < O, with dg4,,d: > 0 as two design
parameters and J4 is similar to the notion of dwelling time [40]. Robot ¢ leaves the
region my € IT at time to > 0 if p;(t5) € m¢ and p;(to) ¢ 7, where 04 < to—t5 < d;. This
event is directly related to the validity of proposition R, € R.

(b) Request and reply event. It is the event that occurs when robot ¢ sends
a service or formation request to its neighbor j € A; at time tg > 0 and robot j
replies this request at the same time. If robot j confirms this service request, the
observational proposition of; € O; satisfies of;(t) = T, Vt € [to, to +da) and of;(t) = L,
Vt € [to + d4, t1], where t; >t + g is the next time instant when robot j receives a
request from robot 7; otherwise, if robot j denies this request, of;(t) = 1, Vt € [to, t1].
Same rules apply to propositions related to formation requests {of-j7 VjeN;}. In
addition, if robot ¢ sends a release message to its neighbor j € N; at o, then z;;(t) = T,
Yt € [to, to + da) and z;;(t) = L, Vt € [t + dq, 1], where 1 is the next time instant
when robot ¢ sends a release message to robot j.

(c) Service finish event. It is the event that occurs when robot ¢ has finished
a service request that it has confirmed. For instance, suppose that 0§¢(t0) =T and
robot ¢ confirms the service request ¢%; , by robot j at time ¢o > 0. Then ¢, , is
satisfied by robot i at time ¢ > to, if its trajectory pi([to, tf]) satisfies ¢}, , on the
basis of the semantics presented in Section 7.1. Since all service tasks are assumed
to be feasible, the finishing time ¢y > ¢ is finite for each service request.

(d) Formation finish event. It is the event that occurs when robot i has
finished a formation task that has been confirmed. For instance, suppose that
o;f-i(to) =T and robot j confirms the formation request by robot ¢ at time ty > 0. The
corresponding formation task for robot i is given by <pf»j,t0. Then gofj7t0 is satisfied at
time t5 > to if p;([to, ty]) satisfies ¢f; , on the basis of the semantics presented in
Section 7.1. Since all formation tasks are also assumed to be feasible in finite time,
the time ¢ is also finite for each formation request.

Summarizing the events (a) and (b) can be easily monitored in real-time based
on their definitions. On the other hand, it is not trivial to monitor the events (c)
and (d) in an efficient way, especially when multiple service or formation requests
occur. Nevertheless, since event (c) and (d) are closely related to the discrete plan
synthesis and adaptation module, more details will be given there.

7.3.2 Protocol for exchanging contingent requests

Each robot i € N will receive, send and confirm various contingent requests from
its neighbors during the system operation. Hence, denote by T;i(t) :R* - B the
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continuous-time Boolean variable indicating whether robot 1 is serving a service
request from robot j € Nj at time ¢ > 0. In addition, let 7%,(t) : R* - B be the
variable indicating whether robot 7 is servmg a formation request from robot j € N
at time ¢ > 0. Initially, 7%,(0) = L and 7%,(0) = 1, Vj € Nj. Moreover, r;(t) : R* — B
indicates robot 7 is currently executlng the task associated with its own formation
requests, which is also initialized as false, i.e., 7 45(0) = L.

Robot ¢ may send the predefined service formula ©§;, to its neighbor j € N; at
time ¢ > 0 only if rf (t) = L, i.e., robot j is not still serving the previous service
request from robot z Similarly robot i may send the formation request described
by ¢;; and p;;(t) at time ¢t > 0, only if r =1, Vg e N, i.e., robot i itself is not
currently serving any of its neighbor’s formatlon request and rf (t) = L,i.e., robot j
is not still serving the previous formation request from robot i. After Sendmg a
request, robot i needs to wait for robot j’s reply. Once its request is confirmed
by robot j, the observational proposition of;(t) or oj;(t) is updated according to
part (b) of Section 7.3.1. On the other hand Whenever robot 1 receives a request
from its neighbor j € Nj at time ¢ > 0, it checks first whether 7f;(t) = T or 75,(t) = T,
for any j € N, i.e., robot i is currently executing its own formatlon task or serving
one of its neighbor’s formation request. If so, robot 7 denies this request; otherwise,
robot ¢ confirms its request and starts serving it. Alternatively, other approaches
like direct user triggering could also be incorporated.

From the above, we see that each robot ¢ € A/ may serve multiple service requests
from its neighbors but only one formation request at a time. This is because a new
service or formation request can only be sent if the previous service or formation
request is fulfilled. Moreover, an robot can confirm multiple service requests from
its neighbors, but only one formation request as long as it is not currently serving
another formation request. On the other hand it will deny any service or formation
requests while it is serving a formation request, i.e., r§i(t) =T,VjeN,.

7.4 Discrete plan synthesis and adaptation

In this section, we demonstrate how to synthesize the initial discrete plan for each
robot based on its own local task specifications and how to adapt it in real-time upon
receiving contingent service and formation requests from its neighboring robots.

7.4.1 Initial plan synthesis

At time t = 0, we assume that no requests have been sent yet ie., 05;(0) = 0f;(0) = 1,
Vj e N; and i € N. As a result, only the static task ¢} of the RTL formula Vi
defined in (7.7) is initially pursued. Hence the initial plan synthesis aims at finding
a discrete plan that satisfies ;.

Our approach relies on the model-checking algorithm [11] as introduced in
Chapter 3. The motion of robot ¢ within the workspace is abstracted by a wFTS:
T, = (Il;, —, R, L, I1; o, W), where II; £ {m} u II is the set of states with my =
B(p;i(0), 0); —>= (IIxIT)u({mo }xII) denotes the transition relation; L : TI; - 2 with
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L(mg) 2 Ry, V0 e{1,2,---, M} is the labeling function; II; o £ {mo} is the initial state;
and W :—— R* computes the cost of each transition with W (7,7, ) £ |lem — cal,
V(7m, ) €—. Notice that only the local propositions of R are allowed in 7; and
that the initial state my is solely determined by the initial position of robot i. A
path of T; is given by 7 = momyma--+, where (g, 1) E—>, Yk > 0 and its associated
trace,which corresponds to a discrete-time Boolean signal over R, is defined as the
sequence of propositions that are true along the path, i.e., trace(r) = L(m)L(m1)-,
which corresponds to a discrete-time Boolean signal over R.

On the other hand, ¢} is a general RTL formula over R with a corresponding
LTL formula denoted by [¢;] based on Definition 7.1. Thus following the notations
defined in Section 3.2, we can construct the NBA associated with [} ], denoted by
Bis=(Qs, 2%, 65, Qs.0, Fs). Subsequently, given 7; and B; 5, we may construct the
weighted product Biichi automaton (wPBA) similarly to Definition 3.9. The weighted
PBA .Apﬂ‘ = 7; X Bi,s = (Qpﬁ‘, (5;,)’2‘, Qp,i,07 Fp’i, Wp’i) is defined by Qp,i = HZ X QS with
g, =(m, q) € Qpi, Vm eIl and Vg € Q5 0p i 1 Qpi —~ 2@ri with (mq, gn) € 0%({Te, Gm))
it and only if (7., 74) e— and g, € 05(gm, L(7¢)); Qp,i0 = i x Qs 0 is the set
of initial states; F),; = II; x F is the set of accepting states; W), ; : 6, ; - R* with
Wp,i((”cv qm)v <7rd7 %)) = W(ﬂ-ca 7Td)7 V((ﬂ'c, qm), <7Td7 Qn>) € 6p,i~

After A, ; is constructed, we search for one of its accepting runs denoted by R;
that: (i) has a prefix-suffix structure, i.e., R; = R; pre (Risur)®; and (ii) minimizes
the total cost cost(R;, Ap,;) = cost(R; pre) + cost(R; sur), where cost(R; pre) and
cost(R; gur) are simply the accumulated weight of the transitions along the finite
sequence of product states in R; e and R; qus. In this aspect, since A, ; may be
viewed as a directed graph with initial and accepting states, a variation of the
Dijkstra’s shortest path algorithm can be used to find such an optimal accepting
run. For algorithmic details, we refer the readers to Algorithm 3.1 and Algorithm 2
in [51]. Denote by this optimal accepting run by R; ¢ and it can be then projected
back onto II;, yielding the initial discrete plan of robot i as 7,0 = R; o|m,. Note
that 7;0 also has the prefix-suffix structure and the trace of 7, o satisfies [¢}]
automatically [11]. In this way 7; o obtains the following sequence:

Ti,0 = 7Ti077i1"'(7riki 7Tz'(ki+1)"'7riKi)w7 (7.19)

with trace given by trace(r; o) = L(mio)L(m;1) -+, where my € II;, V0 = 1,2, K;;
Ti0Ti1- Tk, is the plan prefix defined as a finite sequence of goal regions to reach;
and Tk, Ti(k,+1) Tk, is the plan suffix which is also finite but should be repeated
infinitely often, in order to satisfy [¢}].

If no contingent requests are sent or confirmed by robot i for all ¢ > 0, its
initial discrete plan 7; ¢ should remain unchanged and can be executed as follows:
initializing at p;(0), robot ¢ moves to and enters region m;; employing the motion
controller described in Section 7.2.1. Then an event that robot ¢ entered region ;1
should be detected. Afterwards, it leaves region 7;; and moves to region m;> under
the same control scheme. Such procedure is repeated until it reaches m;k,, after
which the next goal region is set at the beginning of the plan suffix m;, and continues
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to m;k, and back to m;, again. In this way, the plan suffix is repeated infinitely
often as t - oo. Denote by p;(t) the resulting trajectory of robot ¢ after the above
execution. Thus there exists an infinite sequence of time instants 0t} %t ¢3¢} t2.--,
with t2,, >t} >t >t} >0, Vk > 1, such that

pi(t) e, Vte[ty, t), Vk>1, (7.20)

where note that when k > K, m = my for k' 2 mod(k — k;, K; — k;) + ki, where mod
is the modulo operation. In this way, the trajectory p; intersects with the infinite
sequence of goal regions as specified by 7 .

Theorem 7.5. If no contingent requests are sent or confirmed by robot i, i.e.,
0;;(t) = of ;(t) = L, Vj € Nj and ¥t > 0, then the trajectory p;(t) generated by
e:recutmg the initial plan ;¢ satisfies the RTL formula ¢;.

Proof. First of all, if of;(t) = of;(t) = L, ¥j € Nj and ¥t > 0, the service task ¢f and
formation task ¢f deﬁned by (7 8) and (7.9) may be ignored owing to the semantics
of the implication operator In particular, if o ](t) L, Vt >0, ¢f; ; need not be true
to satisfy ng Similarly, if of;(t) = L, V¢ > 0, then gp” + A (hi; U z”) need not be true
to satisfy ¢f. Thus 4,01 is equ1valent to @7 and [¢;] is equivalent to [¢}].

Notice also that ¢} is specified over R and hence depends solely on the robot’s
trajectory, since it does not contain any observational or controllable propositions.
Moreover, we have shown that the trace of 7; ¢ satisfies the LTL formula [} ] as well
as that the trajectory p;(t) satisfies (7.20). Hence we also need to show that p;(¢)
satisfies the RTL formula ;.

Let us define w = trace(r; o), which is a discrete-time Boolean signal over R with
(w, 0) & [p}]. From the semantics of LTL and RTL presented in Sections 3.2 and 7.1,
it is easy to show that (i) if (w, 0) & [R¢] for Ry € R, i.e., robot i needs to start
from region 7y, then (7.20) guarantees that there exists a time interval [0, ¢1)
with ¢; > 0 such that p;(t) € 7, Vt € [0, t1). Thus, invoking the RTL semantics
we conclude that (p;, 0) £ Ry. Similar arguments may also apply for [-R] with
Ry € R; (ii) if (w, 0) & [Ry, Vv Ry, ] for Ry,, Ry, € R, i.e., robot ¢ needs to start
either from region my, or my,, then (7.20) guarantees that there exists a time
interval [0, ¢1) with ¢; > 0 such that p;(t) € mp, or p;(t) € mp,, Yt € [0, t1). Thus,
invoking the RTL semantics we also conclude that (p;, 0) & Ry, v Ry,. (iii) if
(w, 0) £ [Re, URy, ] for Ry,, Ry, € R, i.e., robot i needs to stay at region mp, before
it moves to region my,, then (7.20) guarantees that there exists a time interval
[0, t1) with ¢; > 0 such that p;(t) € mp, Vt € [0, t1) and a subsequent one [t1, t2)
with to > t1 such that p;(¢t) € mg,, V¢ € [t1, t2). Thus, invoking the RTL semantics
we also conclude that (p;, 0) £ Ry, URy,. Similar arguments can be applied to other
operators like &, - and O through induction. Thus since (trace(7; o), 0) = [¢i],
we conclude that (p;(t), 0) = ¢;. ]

The aforementioned results are valid only if no contingent requests are exchanged
while the multi-robot system operates, which however is not the case in this work.
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Thus, in the sequel we study how service or formation requests should be handled
locally by adapting the discrete plans of the robots.

7.4.2 Event-based plan adaptation

Initially, we show how to handle contingent service requests. Based on our previous
analysis, an robot may confirm and serve multiple service requests simultaneously.
In such case, robot ¢ needs to satisfy three kinds of tasks: (i) the static local task;
(ii) all the service requests received so far that have not been satisfied; and (iii) the
newly-received service request. These tasks need to be treated differently since the
first kind should be satisfied by the whole trajectory from ¢ = 0; the second kind by
the trajectory starting from the time the service requests are confirmed; the third
kind by the future trajectory. Thus it is important to keep track of how much the
local task as well as the past and current service requests have been satisfied. In
that respect, we consider three different cases: (I) robot i receives the first service
request; (II) robot i receives a new service request while carrying out an old one
from another neighbor; and (III) robot 4 receives a new service request from the
same neighbor after its previous service request has been satisfied.

Case I:. Suppose the first service request @?i,tj received by robot ¢ at time
t; >0 was sent by robot j. Robot i needs to incorporate <p§i,tj into its static task
specification ¢} and update its current plan 7; o to satisfy this request.

As mentioned earlier, the service task specification from (7.7) requires ¢3; , to be
satisfied in a timely manner. The associated LTL formula is denoted by [¢5; , ] and

B 1=(Qj, 28 5;, Qj0, Fy) is the corresponding NBA, where the notations are

Jistj
defined similarly as in Section 3.2. Recall that Bp,:j = (Qs, 2155, Qs.0, F) is the
NBA associated with [} ]. Assume that at time ¢; the corresponding product state
of robot i in Aj, ; is g, , - € @}, and the associated Biichi state in By, 18 gs,; = 4, lq. -

Thus the request-prioritized and layered intersection of [¢5; , ] and [¢;] is:

Definition 7.2. The intersection of B[wji , 1 and B[%] is an NBA defined by:

A[Lpl] = (Q7 2Ra 67 Q07 F)7 (721)

where Q = Q; xQsx{1,2}; Qo = Qj0x{qs,; } x{1}; F = FjxFyx{2}; 4 Qx2% - 2@,
with (g, ds, ¢) € 6({gj, ¢s, ¢), I) when the following conditions hold: (i) (g;, ¢s, ¢},
<(jj7 ds, €) € Q5 (ii) g; € 5]'(%" [) and ¢, € 65(qs, 1); (iii) g ¢ Iy and ¢ = c=1; or
gi€ly,c=1land ¢=2; or ¢=c=2. A

Different from the conventional way of computing intersections of Biichi au-
tomata [11], [¢}] is a general LTL formula that should be satisfied at ¢ = 0 while
[‘P?z‘,tj] is a sc-LTL formula that should be satisfied after it is received. In particular,
Afp,] has two layers and it transits from the first layer to the second only if it
reaches F}, i.e., [cpjmj] is satisfied; afterwards it stays at the second layer in order
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to satisfy [} ]. In the following lemma, we prove the correctness of Definition 7.2
by showing that Ap,,] accepts all words that satisfy both [¢;] and (05,1

Lemma 7.6. If there exists an w-word w € R* such that w & [¢5; ;. ] and w= (o],
then A, has at least one accepting run.

Proof. Owing to the fact that w E [apji’tj], at least one of the resulting runs
of w in B[<P§~i,f,].] is an accepting run, denoted by r; = ¢;,0¢;,1--¢;,x;, (¢;,x,)” , where
4,095,1°°qj,k,; 1s a finite sequence from an initial state g;0 € @Q;o0 and cycles
from g x;, € F; and (gj,x,)” is a repetitive suffix over ¢ x,. Such argument
holds true since all accepting states of Bw;v . ] have a self-cycle that accepts
ity

any input alphabet (see Remark 4.31 of [11]). On the other hand, given that
w E [p7], then w results in at least one accepting run of B, denoted by
Ts = 5,095, (qs, K Gs, K ;+1Gs, K ;127G K+, ) that starts from an initial state
ds,0 € Qs,0 to an accepting state qs i, € Fs and qs i, qs K +1qs,K+2° Qs K+ K, 1S @
finite cyclic suffix that cycles from g, x, and back to itself. Without loss of generality,
we assume Ky > K. If not so, the suffix of 7, can be extended by repeating itself
until Ky > K. In this sense, we can easily verify that a resulting run of w in Ay,
can be constructed as follows:

r= (%‘,07 CIs,O, 1)"'(‘]1,1(]- ) QS,KJ' ) 1)(q1,Kj ) qS,Kj+17 2)
((11,1(_7 yds,K;+25 2)((]1,Kj yds,K;+35 2) (7.22)

w
((ql,Kjaqs,Kf72)(ql,Kj7QS,Kf+17 s 2)"'(Q1,Kj7QS,Kf+K5772)) .

Consequently, since the first state (q1,0,¢s,0,1) € Qo and the state within the
repetitive suffix (q1,x;,¢s,x,,2) € F, then by definition r is an accepting run of
Apy,] and hence Ay, accepts w. |

It can be seen that r reaches the accepting states in Fj that satisfies [¢5;, ]
before it repeats the suffix that satisfies [¢;]. Thus the service request has a higher
priority than the static specification and is satisfied earlier. Moreover, the layered
structure of Ap,,] allows us to track the satisfaction of [¢}] and (5., ] separately.

Case II: Suppose that robot i has confirmed m service requests [‘Pzi,tg] at
time t4 from robot g, Vg € N7 ¢ N;. Without loss of generality, we can re-order the
neighbors in N2 by {1,2,---,m} = N2, according to the time their service requests
were received, e.g., [¢];, ] denotes the earliest and [¢},;, ] denotes the latest
received request. Furthermore, let B[S"Zi,tg] = (Qq, 27, 64, Qq.0, Fy) be the NBA

associated with [¢F;, ], Vg € N, where the notations are defined as in Section 3.2.

Additionally, assume that at time ¢,, the corresponding product state of robot ¢
in Ap; is qz',’tg € Q;. In that respect, its associated Biichi state in B[s@ﬂ is given
by qst,, = Gy, lq. and the associated Biichi state in each B[%"qu,tg] is given by
Qg.tm = Gpt,, Q. VI € NF. Thus we may define the request-prioritized and layered
intersection of [¢5; , 1, Vg e NF and [¢;] as follows:
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Definition 7.3. The intersection of B L1 Vge NF and B is an NBA by:

A[gol] = (Q) 2Ra 67 QOa f)a (723)

where @ = Q1x Q2 xQux Qs x{1, 2, -;m+1}; Qo = {q1,1,, } x{a2,t,, {1, }
Qm.o * {qst,, } x {1}; F=F1x Fore x Frp x Fsox {m+1}; §: Q x 2% — 29 with
(qla G2, -y Gm Gs; € ) € 5((Q17 q2; =y qm, qs; C)) l) when the fOHOWing conditions hold:
(l) <q1a 42, ***;qdm, 4s, C >7 (CIh q2a "'7QW7 qVS7 é) € Qa (11) QJ € 6](‘]]7 l)v v.] € '/\/57 and
Gs € 0s(qs, 1); (iil) g- ¢ Feand ¢=¢; or go€ Feand é=c+1; or ¢=c=m+ 1. A

Notice that A[,,) has m + 1 layers and transits to the (c+ 1), layer only if the
set of accepting states F, is reached for c=1,2,--,m, i.e., [¢§;; ] is satisfied; and
then it stays at the (m + 1), layer in order to satisfy B[sa%]' The definition of Qg
ensures that the past progress of serving [¢}] and [go;i%] for g € N2 is preserved,
while the definition of ¢ allows us to keep track of such progress separately. Finally,
the correctness of the aforementioned definition relies on the following lemma:

Lemma 7.7. If there exists an w-word w € R¥ such that w E [‘PZi,tg]’ Vge NS and
w k [p], then Ap,,] has at least one accepting run.

Proof. Similar to the proof with Lemma 7.6, we may construct an accepting run of
A[,] by employing the resulting runs of w over [¢;] and [cpzmg] Vg e N?. Similarly
0 (7.22), such accepting run reaches an accepting state of B, ] first, transits to
the second layer, reaches an accepting state of B[gpgi and tran51ts to the third

layer and so on. This process is repeated until it reaches the (m + 1), layer and
stays there. Afterwards its suffix is repeated infinitely often to satisfy [¢]]. [

In other words, the fact that Af,,j accepts the common words of [¢7] and all
the service requests [apzi7tg], Vg € Nf. Note that Afyp,1 is updated recursively by
Definition 7.3 whenever robot i confirms new requests from its neighbors.

Case III: Assume that robot ¢ has confirmed a service request ¢, ,; from its

b
neighbor [ e N; at time tll > 0 and accomplished it at t2 > tll Afterwards, at time
t? > t , robot ¢ confirms a new service request ¢ 3 from the same neighbor [. In
the sequel we discuss how we should adjust Ay, to replace the old request ¢, L
by the new request ¢j, ;5. Let us denote by /\/is the set of neighbors whose service

7l
requests robot i has to satisfy and by A[,,] the associated intersection NBA. Since
the service request from robot [ has changed from gpr 0 to (plsi, > Afyp,] needs to be
updated as follows. First, the service requests need to be re-organized according to
the time they were received. Thus, the service request of robot [ should be assigned
the index |N?| as it was he latest received one. Subsequently, given the product
state q 3 of robot 4 at time ¢}, the Biichi state associated with each [S"Zi,tg] is
derived by the projection qp t3|Q’ Vg e N2 and g # 1. Thus A[y,] can be recomputed

by Definition 7.3, with the service request of robot I being moved to the |NV?|:, layer.
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Given the updated intersection automaton Ap,,] from Cases (I)-(III), the corre-
sponding product automaton P; should be updated followmg Definition 3.9. Thus we
should search for an accepting path of the updated P; that minimizes the cost func-
tion mentioned in Section 7.4.1. Subsequently, this accepting run can be projected
onto I, thus yielding the updated discrete plan of robot i. Finally, notice that the
local plan should also be adapted whenever A[,,] is updated in any of the aforemen-
tioned cases. In the sequel, we prove the correctness of the proposed discrete plan
adaptation approach. In this respect, assume that robot ¢ receives a service request
©5i¢, from neighbor g € N7 at time ¢, > 0. After that, at time ¢ >¢, > 0, robot i has
crossed the sequence of goal regions m; 17; o---m; x during [t4, t], which is uniquely
determined by its discrete plan 7;([tg, t]), where m; € II, Vi = 1,2,---, K. Then
the corresponding trace is defined by trace;([ty, t]) = Li(m0)Li(mi1)-Li(mi i ).
Furthermore, let qgvt € Q' be the corresponding product state in P; at time ¢.

Theorem 7.8. Given that ‘P;i,tg is feasible, there exists a finite time t > t, such
that the trajectory p;([tg, t]) of robot i satisfies the RTL formula Poirty-

Proof. Since it 18 feasible, Lemma 7.7 ensures that A[,, ] accepts the satisfying
words of [¢F; , ]. Irrespective of the layer [¢F; , ]is in A[,,j, since all service requests
are co-safe, there exists a finite time ¢ > tg when q; | reaches the accepting state I
From the definition of A[,,}, we know that if g4 € F,, for any g € N7, then the past
trace during [t,, t] (i.e., tracez([ ¢: t])) results in an accepting path of Bpge |
gistg

from an initial state to the accepting state g,. Thus trace;([t4, t]) satisfies [@Zi,t;]'
Therefore the fact that the resulting trajectory p;([ty, t]) satisfies the RTL formula
gozi’tg can be easily deduced following the line of proof of Theorem 7.5. [ ]

This proof also provides a straightforward way for robot i to monitor the
satisfaction of each request specification ¢p;, , Vg € N?F. Notice that given the
projection ¢;+ = q;4|q, if ¢itlo, € Fy for any g € NF, then [¢f,;, ] is satisfied by
trace;([ty, t]). This issue plays an important role for the event monitoring scheme
and the communication protocol presented in Section 7.3.

Finally, while serving its service requests, robot 7 may send formation requests to
its neighbors in N; that may be confirmed. In this sense, assume that robot j € N
confirms a formation request at time ¢;. The formation between robots ¢ and j
should be kept until the associated formation task gpfj)tj is fulfilled by robot i. In
order to achieve that, robot ¢ first needs to incorporate gp%ti into ; employing
the same procedure as with the new service requests case described previously.
More specifically, the NBA associated with [gafj ¢ ] is computed as B, ¢ and the

]

intersection automaton A[,,] is recomputed by adding one extra level for By, i, in
Definition 7.3. Thus similar to Theorem 7.8, since %‘j,tj is a feasible sc-RTL formula
it can be shown that @ijtj will be satisfied at a finite time instant ¢ > ¢;, after which,

robot i sends a release message to robot j and then the formation between them is
removed by the continuous controller switch as follows.
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Figure 7.3: The hybrid controller module. The arrows indicate the discrete transition
labeled by the associated guards.

After robot j confirms a formation request from its neighbor i € A; at time ¢; > 0,
it should converge to the desired formation described by the relative position c;;
under the prescribed performance function p;;(¢) until the release message is received
from robot ¢ at ¢ >t;. Thus at time ¢;, robot j needs to switch from the navigation
control law (7.10) to the formation control law (7.14). Then at time ¢, it needs to
switch back to the navigation controller to execute its original discrete plan.

Theorem 7.9. Given that (p{j,t]- is feasible for robot i and robot j confirms the
formation request at time t;, there exists a finite time t > t; such that: (i) the
trajectory p;([t;, t]) of robot i satisfies the formation task (p{j’tj ; (it) robot j achieves
the desired formation described by c;; with prescribed performance imposed by the
performance function p;;(t) during the time interval [t;, t]; and (%) o release signal
is sent to robot j at time t.

Proof. The first part of the theorem can be proved in a similar way to Theorem 7.8. In
particular, the newly-confirmed formation task is incorporated into the intersection
automaton A, ]. Since it is co-safe and feasible, there exists a finite time ¢ > ¢; that
q; lq reaches the accepting states of Bsaﬁj,f,j and thus trace;([t;, t]) satisfies [(pfj’tj ].

Subsequently the fact that the resulting trajectory p;([t,, t]) satisfies the RTL
formula cpzf-j,tj can be shown as in Theorem 7.5. At the same time, a confirmation
message is sent from robot ¢ to robot j. Regarding the second part, Lemma 7.4
indicates that the formation control law (7.14) guarantees that robot j will converge
to the desired relative formation described by c;; with prescribed performance until
a release signal is received at time ¢, which completes the proof. [

7.5 Overall structure

In this subsection, we formally construct the overall hybrid control architecture,
based on the aforementioned analysis. As depicted in Figure 7.2, the architecture is
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organized in four interconnected modules that run concurrently in real time.

Communication module. It receives the contingent service request ¢j; and
formation requests c¢j;, pji(t) from all its neighbor j € N; as well as the events
concerning r§i, r%; and z;; from the event monitoring module. It also confirms or
refuses these requests based on the communication protocol described in Section 7.3.
Thus the confirmed service request ¢7; is passed to the discrete planner module
and the confirmed formation request by c¢;;, p;i(¢) is passed to the hybrid controller
module. Moreover, it is also responsible for sending the contingent service requests
¢%; and formation requests c;j, pi;(t) to all its neighbors j € ;. Additionally, in
case a formation request is confirmed by robot j, the associated formation task @fj
is sent to the discrete planner module. Finally, the release message z;; received from
neighbor j is sent directly to the hybrid control module.

Discrete planner module. It computes the initial discrete plan 7; o as described
in Section 7.4.1. Afterwards, each time a confirmed service request ¢%; or a formation
task Lpfj is received from the communication module, it reconstructs the intersection
automaton A[,,] and recomputes the production automaton A, ;, based on which
the discrete plan 7; is updated, as shown in Section 7.4.2. Moreover, it updates the
next goal region based on the reaching event generated by the event monitoring
module. Finally, it sends the next goal m;4 € II; to the hybrid controller module.

Event monitoring module. It monitors and passes the reaching event to the
discrete planner and the hybrid controller modules. Moreover, events related to the
satisfaction of service or formation tasks (i.e., rjl-, 7%, and z;;) are also acknowledged
to the communication and hybrid controller modules.

Hybrid controller module. It is in charge of switching between the navigation
and formation control modes. As shown in Figure. 7.3, the hybrid control automaton
is defined as a tuple Heont = (Q, P, Init, f, D, O, E, G), where Q = {qnav, ¢form}
is the set of discrete states; P € ;o is the continuous state; Init = gnqp % p;(0) is
the initial state; f(gnav, Pi) = Vg ®i(ps, mig) is the continuous dynamics by (7.10)
within the discrete state ¢pq., Where m;, is the goal region by the discrete planner;
F(@form, pi) = Kji€jieji/pji(t) is the continuous dynamics by (7.14) within the
discrete state qyorm, where cj;, pji(t) are the formation request from the commu-
nication module; D(¢nav) = D(Grorm) S o are the domains of the continuous
state; O = {01, 02, 03} is the set of external events, where o1 is “Ry = 77, 02 is
“Ozf'j =717, and o3 is “Zji =T F = {(Qnam Qnav)v (qnam Qform)a (Qformv Qnav)} in-
volves the allowed discrete transition edges; G(gnavs qnav) = 01, G(Gnav, ¢form) = 02,
G(qform, Gnav) = 03 indicate the guard over each discrete transition.

Theorem 7.10. Given the aforementioned local hybrid control architecture and
under the assumption that all service and formation requests are feasible, then each
local task ; is satisfied by the trajectory of robot i ast — oo, Vie N.

Proof. As mentioned in Section 7.1.2, each local task ¢; consists of three parts, i.e.,
or, o5 and f. At first, notice that Theorem 7.5 guarantees that if no service or
formation requests are confirmed by robot i, then its trajectory would satisfy the
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Figure 7.4: Left: the service or formation tasks each robot is engaged. The label S;;
indicates that robot j is performing a service request from robot 7 and Fj; indicates that
robot j is during a formation request from robot 7. Right: evolution of the formation error
along with the performance function for the formation request (%, during [0s, 5.5s].

local task ¢}. Subsequently, we show that both service requests ? and formation
requests ¢f are fulfilled as long as robot i exchanges requests with its neighbors
in real-time. In case robot i confirms a service request cp;i’tg from robot g, then
Theorem 7.8 ensures that there exists a finite time ¢;s > ¢4, such that the trajectory
pi([tg, t;]) satisfies 5, , . Moreover, notice that the same also holds for all services
requests confirmed by robot ¢, which implies that ¢? is fulfilled. Alternatively, if a
formation request <p§i7tq is confirmed, then Theorem 7.9 ensures that there exists

a finite time tlf > t, such that the trajectory py([tg, tf]) of robot g satisfies the
formation task wf]i’tq in a finite time ¢ > ¢, and meanwhile the formation between

robot ¢ and g is kept during time [tg, tf ]. Furthermore, since the same holds for
all formation requests confirmed by robot i, it implies that ¢f is fulfilled. Thus, all
three parts of ¢; are fulfilled and thus ¢; is satisfied for each robot i € AV. [

7.6 Case study

In this section, we present a simulated paradigm of four autonomous robots with
heterogeneous capabilities. The proposed algorithms are implemented in Python 2.7
and all simulations are carried out on a desktop computer.

Workspace and task description

The area of size 4m x 4m is shown in Figure 7.6, within which there are seven
sphere regions mg, 7, -+, g of interests with different radius. They are labeled by
the propositions Ry, R1,---, Rg. Moreover the workspace is bounded by the circle
B([2,2], 2.35). Additionally, denote by 21, Ra, R3, R4 the team of four robots that
satisfy (7.2). Their neighboring set is defined by: N1 = {fR2, Rz}, Mo = {R1, R4},
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Figure 7.5: Evolution of the formation error along with the associated performance func-
tion, for the formation requests (%, during [7.7s, 9.4s] and %, during [14.8s, 17.1s].

N3 = {Rq, Ry}, Ny = {Ra, Rs}. They initialize from (0.3, 0.5), (3.8, 0.5), (2.0, 3.5)
and (0.3, 3.5), respectively and their communication radius is set to 1m.

For robot Ry, the local task ¢} = (<>(R2/\<>R5))/\(D<>R3 A D<>R6) requires that
it first visits region mo, then 75 and surveils over regions 73 and mg. Its predefined
service requests concern Rz (i.e., pi, = ORg) and R3 (ie., pi; = O(R2 A OR3)),
while there are no formation requests to either fRy or Rs. Robot PR, has the local
task 3 =0 (Ry A ORs5) A O-Ry indicating that it should surveil over regions
and then 75, and avoids mg all the time. Moreover, there are no service requests to
MRy or Ry, while the formation request to Ry is given by coq = (0.5, 0), pas o = 6,
P24.00 = 0.0001 and lo4 = 3. under formation task @547 = OR3. Robot fR3 has the
local task p3 = (OR3) A (OR4) A (OO R5) A (O-Rp), i-e., it should visit regions
73, m4 and 75 in any order, and avoid 7 all the time. The predefined service request
to My is given by ¢5; = O(R1 A OR2) and the formation requests to Ry is given by
c31 = (0.5, 0), p31,0 =7, p31,00 = 0.0001 and l3; = 4. There are no service or formation
requests to JRy. Finally, robot R4 has the local task ¢} = 0O Rz A OO Ry that
requires it surveil regions w3 and m4. There are no service requests to JRz or Rg, while
the formation request to Mg is defined as c43 = (0.3, 0), pas,0 = 7, pa3,00 = 0.0001 and
l43 = 10 under the formation task ¢%; = OR3.

Simulation results

The system was simulated for 20s and it should be noted that all service and
formation requests defined earlier were exchanged and accomplished by the robots
after 17.1s. More specifically, at ¢t = 0, the initial synthesis of the discrete plan is
done locally by each robot. The initial plan of $R; is given by 7 = momsmamg (mo73)Y;
the initial plan of Ry is 7o = m3(mams)"; the initial plan of M3 is 73 = Tymam3(75)Y;
the initial plan of PRy is 74 = mg(mam3)®. It can be easily verified that all satisfy the
respective local tasks. Snapshots of the robots’ trajectories at key time instants are
shown in Figure 7.6. In particular, at ¢ = 0.1s, fR3 receives fR,’s formation request
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Figure 7.6: Snapshots of the robots’ trajectories at 3s, 4.2s, 9.1s, 10.5s, 17s and 20s.
Descriptions of these events can be found in Section 7.6.

and executes it until ¢ = 5.5s, when R4 finishes the formation task & Rj3 by reaching
3. At 0.6s, Ry confirms service request &G Rg from 9R; and changes its local plan to
visit mg first, which is done at 4.2s. At the same time, JR; confirms service request
O(R1 A ORy) from M3 and changes its local plan to visit 1 and then 7o first, which
is done at 7.1s. During [7.7s, 9.4s], fR4 carries out a relative formation task with
Ry until Ry reaches my. Then M3 confirms the service request G(Ry A ORjp) from
R, at 5.5s. This service is accomplished at 14.8s by R3’s detour to 7o first and 75
afterwards. At last, PR, establishes a relative formation with 94 at 14.8s until robot
R, finishes the formation task & Rg by reaching w3 at 17.1s. By then, all predefined
contingent tasks were fulfilled and no further contingent tasks will be exchanged.
Subsequently, each robot continues executing its local plans to fulfill its local task.
Finally, regarding the formation requests %3, ¢5, and %, the evolution of the
formation errors as depicted in Figures 7.4 and 7.5 meets the specifications imposed
by the performance functions. An accompanying video may be found in [53].

7.7 Summary

In this chapter we presented a hybrid control strategy for multi-robot systems under
static local task and contingent temporal tasks. It has been shown that both the
contingent service and formation tasks are fulfilled, while the prescribed formation
constraints are always respected.



Chapter 8

Software implementation and experiments

HIS CHAPTER presents the software implementation for some algorithms we have
described in the previous chapters. Then we show some experiment results
based on this implementation over different robotic platforms.

8.1 Software package P-MAS-TG

There are some existing model-checking-based motion planning software packages,
e.g., the LTL motion planner (LTLMoP) by [39] and the LTL robust multi-robot
planner (LROMP) by [142]. However since both are simulation-oriented, it is not
straightforward to use them for controlling physical robots that interact with real-
time measurements. The software package developed in this thesis is named by
“planner for multi-agent systems with temporal goals” (P-MAS-TG), available at [50].
It features both the motion planning and action planning modules described in
Chapters 3 and 5, and the partially-feasible tasks addressed in Chapter 4.

8.1.1 Robot control architecture

Robot operating system (ROS) is currently the most popular operating system for
a large variety of robotic platforms [128]. ROS is a flexible framework for writing
robot softwares. It is a collection of tools, libraries, and conventions that aim to
simplify the task of creating complex and robust robot behavior across a wide variety
of robotic platforms. It keeps a minimum and simple interfaces between different
functional packages. More importantly, the real-time message passing and handling
services of ROS allow multiple ROS packages to be running in parallel, which is
extremely beneficial for real-time applications. For instance, the planning algorithm
can be running to revise, update and improve the plan while the robot is executing
the continuous controller, in contrary to the blocking scenario where the robot can
only move after it has finished the planning phase.

A running ROS consists of a single ROS core and several running processes as ROS
nodes. The ROS core provides a distributed computing environment allowing multiple

141
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Figure 8.1: Architecture for the ROS-based implementation. Name of the topics: 1. next
goal region or next action; 2. request to external source; 3. reply from communication;
4. observation from sensing; 5. confirmation for motion or action; 6. robot’s position.

processes to be running simultaneously. They communicate via ROS messaging
services and can be running on different robots, computers and processing units
even with different programming languages. A ROS node can be both publisher and
subscriber: it can subscribe to as many topics and publish to as many topics. Once a
ROS node publishes a message to a topic, the ROS core will distribute this message
to all nodes that have subscribed to this topic. Normally once a ROS node receives
a new message under a topic, a pre-defined callback function is called automatically
such that this message can actually be used by this node.

We divide the essential functionalities for the motion and task planning scheme
into five modules: planning, actuation, sensing, localization and communication.
Ideally they are located in five different ROS nodes, as shown in Figure 8.1. Each
node is connected to the ROS core by directed arrows as the message flow, above
which is the topic name. Outgoing arrows from a node indicate that this node can
publish messages over the topics above the arrows, while incoming arrows indicate
that this node is subscribed to those topics above the arrows. Thus the integration
process only involves agreement on the topic names and the message structures. Note
that the five-module structure may vary for different applications. For example, the
sensing and localization nodes might be merged if they rely on the same hardware
and are outputs of the same program.

8.1.2 ROS node for planning

The main contribution lies in our ROS-node package for the motion and task planning
algorithms presented in Chapters 3, 4, and 5. The whole package is written in Python
due to its fast prototyping and multi-platform accessibility. We use the ROS library
“Rospy” as the interface, which is a client library that enables the creation of ROS
topics, services and parameters for python-based programs [128]. The structure of
the ROS node for planning is shown in Figure 8.2. In the initialization step, the initial
finite transition system is encoded by the NetworkX graph structure [70]; the hard
and soft task specifications are given as LTL formulas in the string format. When
the planner node starts running, it firstly translates the hard and soft specification



8.1. Software package P-MAS-TG 143

3
Product BA

> FTS > 6 T

A £

Updated Initial Plan
Plan

Communication f Reply ;

Figure 8.2: Data flow within planning package. Input data is in rounded rectangular;
internal variables are in rectangular; output data is in parallelogram. Texts on the arrows
are algorithms: 1. LTL formulas to Bichi automaton and encodings; 2. automaton
intersection by Definition 4.3; 3. product automaton by Definition 4.1; 4. plan synthesis
by Algorithm 3.1; 5. transition system update; 6. product automaton update; 7. validate
and revise plan by Algorithm 4.4; 8. reply to requests by Algorithm 4.5.
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formulas into Biichi automaton by running the executable file from [41]. The output
text file is then parsed and encoded as a NetworkX graph. The propositional logic
formula representing all input alphabets for each transition is encoded by binary
decision diagram (BDD) using the Lex parser [74]. It allows for: (i) fast encoding
and evaluation of propositional formulas when constructing the product automaton;
(ii) efficient integration with the distance evaluation. Both the full construction and
on-the-fly construction are implemented.

For complex tasks of practical interest, it may take several minutes to compute
the initial plan, which is not desirable for real-time applications. Since in ROS all
nodes can be running simultaneously, it allows us to exploit the notion of any-time
graph search algorithm [102, 144]. Normally anytime planning algorithms find a
preliminary, possibly highly suboptimal solution quickly within a bounded time.
While this preliminary plan is being executed, the planner continues to improve
this plan until the optimal one is found. This approach works particularly well
for static and fully-known workspaces. However if the workspace is dynamic, the
robot has to replan frequently during the execution. Then the anytime planner may
loss its anytime property as it needs to generate new and suboptimal plans from
scratch frequently. Instead, the local revising algorithm by Algorithm 4.4 and the
event-based optimality check are more suitable.
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Figure 8.3: The snapshots of two NAO robots fulfilling their local tasks.

8.2 Experiment demonstrations

In this section, we present four different experiment setups and results where
the P-MAS-TG package serves as the main planning module.

Experiment one

In the first experiment we demonstrate the general motion and action planning
framework proposed in Chapters 3 and 5.

Experiment setup. The workspace represents an office environment as shown
in Figure 8.3, consisting of six rooms and a corridor in the middle. The corridor is
partitioned into three smaller parts, i.e., this workspace has nine regions, represented
by labels “rl,---, r6” and “cl, c2, c3”. The object of interest is a red ball, represented
by the label “ball”. The cost of moving from one partition to another is estimated by
the Euclidean distance between their centers. The labeling function is given by the
region and labels (from bottom to top, from left to right): (m, {r1}), (ma, {r2}),

(73, {r3}), (m4, {c1}), (s, {c2}), (ms, {c3}), (77, {r4}), (ms, {r8,ball}), (79, {r9}).

The robots we deployed are two NAO robots as shown in Figure 8.3. It is equipped
with three basic control modules “move_x()”, “move_y(-)” and “turn(-)”. Namely, it
can move forward, sideways and turn itself by the given speed. Besides these motion
primitives, we have implemented various NAO action primitives, such as “crouch”
to crouch; and “wave” to wave one hand. They are implemented using the Behavior
Tree control scheme from [109]. We rely on the ARToolKit single camera system to

track real-time positions of the NAO robots.
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Figure 8.4: Left: the workspace with three Nexus vehicles. Right: the recorded panels,
including the message log and vehicles’ trajectories.

Results description. This section describes the experiment results when the
local tasks are given as: ¢1 = (O(r1 A O(cl A S(€2)))) A (O O712) and o = (O(r3 A
O (crouch A Gwave))) A (O Orb). Namely, the NAO robot to the right needs to
crouch first, traverse the workspace, wave their hand when detecting a ball and
then stays at that region; another NAO robot needs to cross the corridor and reach
the adjacent room. Note that the inter-robot collision avoidance is integrated with
the navigation control scheme, i.e., one robot would stop and wait until another
robot passes. It took 0.04s to synthesize the optimal plans: 7 = m w4 75 (72)%
and Ty = w3 crouch g 75 Tg wave (mg)“. A potential collision is resolved locally at
region 75. The real-time behaviors and simulated trajectories are shown in Figure 8.3
at different time instants. It can be seen that both tasks are fulfilled. The complete
video for this experiment can be found in [60].

Experiment two

The second experiment demonstrates the real-time knowledge transfer and plan
adaptation scheme proposed in Chapter 4.

Experiment setup. The experiment setup is similar to the simulated case
presented in Section 4.5: three nexus ground vehicles are deployed in the Smart
Mobility Lab at KTH, as shown in Figure 8.4. The lab workspace is 6m x 6m, within
which there are four base stations at four corners in yellow, two blue regions, two
green regions, three obstacle-regions in red. The local tasks are specified as follows:
vehicle R; has the surveillance task over four base stations and avoids all obstacles;
vehicle Ro needs to visit the blue regions and all base stations infinitely often in an
interleaved order while avoiding all obstacles; vehicle R3 needs to visit the green
regions and all base stations in an interleaved manner. The corresponding LTL
formulas are formulated similarly as in Section 4.5. The real-time feedback of each
vehicle’s position is obtained from the motion capture system “Qualisys”. Obstacle
detection are modeled by the on-board sonar sensors. Communication between the
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Figure 8.5: Experiment snapshots for the hybrid control of two youBots.

control PC and vehicles are through wireless modules.

Results description. Note that the workspace model is only partially known
to each robot initially. In particular, R; knows the location of all base stations but
none of the obstacle regions while Ro and R3 only know the location of one base
station and one green or blue regions. It means that all local tasks are initially
infeasible and the planning scheme proposed in Algorithm 4.6 is needed, including
the initial balanced plan synthesis, the knowledge-transfer module and the real-time
plan adaptation algorithm. The experiment results are similar to the simulated case
in Section 4.5. Figure 8.4 shows the graphic interface to monitor the progress. The
experiment video is available online [53].

Experiment three

The third experiment demonstrates the collaborative motion and action planning
module in Chapter 5 and the real-time plan adaptation scheme through knowledge
transfer from Chapter 4.

Experiment setup. The experiment setup involves two youBots, a localization
system, one object of interest as shown in Figure 8.5. Each youBot is equipped with
one gripper and can be controlled to move freely in the obstacle-free workspace.
We rely on the same localization system as for the NAO robots. There are some
predefined regions of interest for each youBot: the youBot with marker “G” has
one in the middle as “r3” and two on the left as “ry, r3”, while the youBot with
marker “A” has one in the middle as “ry” and two on the right as “r5, r6”. The
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Figure 8.6: Snapshots of experiment four at 25s and 230s.

object of interest to youBot “A” is in one of its known regions. The precondition and
effect of actions “pick” and “drop” are omitted here for brevity. The local tasks are
defined as follows: youBot “G” is required to surveil over its two regions of interest
on the left side, or by the LTL formula ¢ =0 ry A0 O 195 youBot “A” is required
to go to region ry, pick up the object of interest and transport it to region 5, then
surveil over regions 75 and g, or by the formula ¢4 = O((rg A Opick) A O(r5 A
& drop)) A (OO 15 A0 O TE).

Results description. Each youBot synthesizes its balanced plan initially and
starts executing it. Since no object of interest is at region r,4 initially when the system
starts, youBot “A” can not perform the action “pick” there. Instead, it surveils
over regions r5 and rg according to its balanced plan, as shown in Figures 8.5a-
8.5b. For youBot “G”, it fulfills its task specification by visiting regions r; and ry
repetitively, as shown in Figures 8.5a-8.5d. After some time, the object of interest is
placed manually close to region rs, as shown in Figure 8.5b. Afterwards, youBot “G”
discovers this object in r3 and then broadcasts this knowledge to youBot “A”. As
a result, youBot “A” incorporates this information into its workspace model and
updates its local plan to improve the satisfiability. According to the revised plan,
it navigates to region r4 and perform the action “pick”, as shown in Figure 8.5c.
After the successful grasp, this object is then transported to region r; as specified
in ¢4, which is shown in Figure 8.5d. Afterwards, youBot “A” continues visiting
regions r5 and rg repetitively. The complete experiment video with more detailed
descriptions can be found online [64].

Experiment four

In the forth experiment, we demonstrate the EGGs-based hybrid control scheme
proposed in Section 6.2, which corresponds to the simulated case in Section 6.2.5.
Experiment setup. We implement the EGGs-based control scheme and the
navigation controller proposed in Section 6.2 on a team of five Khepera II robots at
the GRITS Lab of Georgia Tech, as shown in Figure 8.6. They are differential-driven
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Figure 8.7: Evolution of the graph diameter (left) and the minimal distance among the

robots (right). Same conclusions can be drawn as in Figure 6.6.

wheeled robots that communicates wirelessly with the base station computer. Their
positions and orientations are tracked in real-time by the OptiTrack system. The
message exchange among the robots, between the robots and OptiTrack system are
all handled by ROS as described earlier. The robots’ points of interest are scattered
within the 3m x 3m workspace and designed to be feasible by Assumption 6.2. The
communication radius and safety distance for the multi-robot team are set to 0.9m
and 0.15m, respectively. The navigation controller in (6.36) is tuned properly to
ensure that the robot can track the synthesized path consisting of discrete grid
points. We omit the task description for each robot here since it is the same as the
simulated case in Section 6.2.5 and described in detail in the experiment video [66].
Note that no robot actions are modeled and the synthesis of the motion plan relies
on the package described earlier.

Results description. We run the system for 11 minutes and the robots have
reached the fourth goal point in their discrete plans. The whole experiment is
recorded by an overhead camera. Two snapshots of the experiment are shown in
Figure 8.6, where the layout of the robots’ goal points have been changed. We plot
the diameter of G(t) and the minimal distance between any two robots during the
time period [0s, 660s] in Figure 8.7. Based on this figure, we can verify that both
continuous constraints are satisfied since G(t) remains connected as its diameter
is always lower than 6; no collision occur as the minimal distance is always above
0.15m. The overall progress is similar to the simulated case from Section 6.2.5 and
the complete experiment video can be found in [66].

8.3 Summary

We presented in this chapter the software implementation for some algorithms we
have proposed in the previous chapters. We then demonstrated its application to
various robotic platforms.



Chapter 9

Conclusion and future work

THIS CHAPTER summarizes the content of the thesis and provides some future
research directions.

9.1 Conclusion

At the beginning of this thesis, we provided some motivating applications from
the industrial areas of service robots, autonomous cars and drones, where we also
outlined several main challenges that arise when designing coordination and control
strategies for networked multi-robot systems. Particularly, we emphasized the need
for an intuitive but formal way for the end-users to specify high-level tasks, the
importance of an automated scheme to control the robot to satisfy this task, the
benefits of inter-robot communication to the planning process, and the advantage
of coordinated collaboration among the robots. Then we presented the theoretical
background and a review of some relevant work in Chapter 2.

In Chapter 3 we introduced the nominal framework for motion and task planning
of a single dynamical robot given its motion task specified as a LTL formula.
Under the assumption that the workspace is static and fully-known, we provided
a systematic and automated scheme to synthesize firstly the discrete motion and
task plan, and then the hybrid control strategy that drives the robot to execute this
plan such that its resulting trajectory fulfills the given task.

Then in Chapter 4 we extended this nominal framework to a multi-robot system
where a team of dynamical robots coexist within the same workspace and are
interconnected by communication links. Each robot has a locally-assigned individual
task specified as LTL formulas, which now contain hard and soft constraints. Due to
limited knowledge about the workspace model and un-modeled dynamical constraints
of the robots, the nominal approach becomes inadequate. Thus we proposed a
cooperative knowledge-transfer scheme: while the system runs, each robot updates its
knowledge about the workspace via its sensing capability and shares this knowledge
with its neighbouring robots. Based on the knowledge update, each robot then
verifies and revises its local plan in real time. It has been shown that the hard
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specification is always fulfilled for safety and the satisfaction of the soft specification
is improved gradually for performance.

It has been emphasized that collaborations among the robots can greatly improve
the capability and efficiency of a multi-robot system. In Chapter 5, the robots’ local
tasks are specified as LTL formulas over both robot motion and actions, which are
dependent due to the existence of collaborative actions. The proposed coordination
scheme is distributed and guarantees that all local tasks are fulfilled. Any decision
is made locally by each robot based on local computation and communication with
neighboring robots. It is scalable and resilient to robot failures.

In Chapter 6, we considered inter-robot continuous constrains such as relative-
distance constrains, collision avoidance and connectivity of the communication
network. These constraints are closely related to the stability, safety and integrity of
the overall team. We proposed two different hybrid control techniques to handle the
relative-motion constrains along with the local temporal tasks: the first approach
is based on the potential field and the second approach uses Embedded Graph
Grammars (EGGs) as the main tool. Both approaches are shown to ensure the
satisfaction of all local tasks and the relative-motion constraints.

Two common types of cooperative robotic tasks, namely service and formation
tasks, were addressed in Chapter 7. The robots are allowed to request and exchange
these tasks in real-time, with additional prescribed performance constraints. The
proposed hybrid control strategy has been shown to guarantee that all local tasks
are satisfied, while at the same time the service requests are fulfilled by one robot
accomplishing a short-term task for another robot, and the formation requests are
fulfilled by two robots keeping a relative-deployment requirement with predefined
transient response imposed by an associated performance function.

Last but not least, we presented in Chapter 8 the software package that accom-
panies some algorithms proposed in the thesis and some experiment demonstrations
over different robotic platforms.

9.2 Future work

In the future research, I would like to continue the research direction on hybrid
control of networked multi-robot systems under complex temporal tasks, but with
particular interest in the following aspects:

Distributed workspace abstraction

All the general hybrid control schemes mentioned in the thesis consist of three major
steps: the finite abstraction of robot motion as a FTS; the discrete plan synthesis
by graph search; and the hybrid controller construction, among which only the first
step is not automated. In other words, it relies on a manual definition of the FTS
based on the workspace model and the robot dynamics. Thus it is highly desirable
to develop an automated abstraction method that achieves the same results. More
importantly, given a team of dynamical robots, it would be beneficial for them to
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exchange and improve their abstraction results through inter-robot communication,
owing to the fact that each robot has a more accurate abstraction of the area
where it is located. Especially between homogeneous robots, one robot’s abstraction
results can be used directly by another due to their identical dynamics. However it
becomes more challenging to explore how to transfer abstraction results between
heterogeneous robots given that their dynamics are different.

Task swapping and merging

Task swapping means that two robots exchange parts of their task specifications,
while task merging means that one robot merges parts of another robot’s task to its
own. Both are powerful means of collaborative task execution for multi-robot systems,
in order to either reduce the total execution cost or render the originally-infeasible
tasks feasible for the whole team [59]. The direct question to ask is which two robots
should swap or merge which parts of their task specifications, while ensuring that
the temporal characteristics of the original local tasks are still respected. To answer
that, we first need to address the essential notion of equivalence for task executions
by different robots, which has not been investigated for neither homogeneous nor
heterogeneous robots in literature. Additionally, as a side effect, it can be observed
that there is often a trade-off between the potential cost reduction and the extra
time delay caused by the synchronization during the task swapping or merging.

Dynamic recruitment among groups

As discussed in Chapter 5, recruitment is an essential tool for multi-robot systems
where collaborations among the robots are required to fulfill all local tasks. The
straightforward formulation is to define inter-robot dependency directly on robot
identities, which often leads to a rigid coordination scheme that is neither scalable
nor robust. Chapter 5 has shown that dependency by collaborative actions provides
a more intuitive and flexible way to formulate collaborative tasks. The proposed
coordination framework features a dynamic recruitment scheme that allows flexible
membership and is resilient to robot failures, which is particularly suitable for
large-scale multi-robot systems. To continue exploring this direction, it is worth
considering multi-robot systems that consist of heterogeneous robots within which
there are several groups of homogeneous robots, particularly to find out how the
coordination scheme among different groups could be different from that within the
same group. Also it would be interesting to investigate the possibility of introducing
group leaders for the groups of homogeneous robots, and how this would affect the
overall complexity and performance for coordination.

Information-driven control and coordination

Most of the motion control and coordination schemes mentioned in the thesis are
task-driven in the sense that the main objective is to satisfy local tasks in a cost-
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efficient way, while the availability and quality of real-time information, including
sensory inputs and inter-robot communication, are taken for guaranteed. It however
might not be the case in many practical applications, e.g., the sensory information
might be uncertain when abstracting features in the workspace or the inter-robot
communication might be subject to package loss, channel failure and delays. Thus
it would be of practical interest to consider improving real-time information quality
as an additional control objective, along with the satisfaction of high-level tasks.
For instance, due to the existence of blocking obstacles, two robots may actively
move towards each other to improve their communication quality, even if it means
to deviate from their best routes; one robot may visit a region that is not in its
optimal plan, in order to reduce uncertainty about that region for other robots.
Suitable metrics to measure information quality should be investigated and then
incorporated into the existing motion and task coordination framework.

Timed temporal tasks

Besides temporal properties that can be specified in LTL, another important per-
formance metric of dynamical systems is the response time. Namely, it is not only
desired the robot will accomplish a task, but also it should happen within a desired
time. For example, instead of “stay in room A and then go to room B”, the task
specification may be “stay in room A for 5 minutes and then arrive room B in 10
minutes”. This aspect will introduce two main challenges: firstly, how to modify the
existing model-checking-based synthesis framework such that it incorporates physical
time, instead of virtual discrete time or sampled time; secondly, how this timed
metric will effect the design of the underlying continuous controller. In particular,
the controller now needs to ensure both convergence as the traditional control
objective and the response time as required. These two challenges may have to be
tackled simultaneously as they are closely coupled, i.e., a reliable controller design
with guaranteed response time would greatly simply the procedure for the synthesis
of the timed discrete plan.
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