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Abstract—We use a combination of primal and dual Lya- a sufficient condition for the attractors of the undesirable
punov theory for almost global asymptotic stabilization and  critical points to be sets of measure zero. This combination
c_oII|S|on av0|dance.‘ in multi-agent systems. Prev[ous work pro- has been used in [12],[1],[11]. In particular in [11],[12] a
vided local analysis arou_nd the c_rltlcal points Wlth the use of d ity f o ided f inal bot dri b
the dual Lyapunov technique. This paper provides analysis of en.S|ty. unctlon_ls PrOV' e .or a single robot driven y a
the whole workspace with the use of the recently introduced Navigation function in a static obstacle workspace. Primal
combined use of primal and dual Lyapunov functions. analysis is used to show convergence to a neighborhood of
the critical points and density functions to prove the ibdta
ity of the undesirable critical points using the propertids

The development of advanced decentralized collisiothe navigation functions. The difference in our case is that
avoidance algorithms for large scale systems is an issmwee consider a system of multiple moving agents driven by
of critical importance in future Air Traffic Control (ATC) decentralized potential functions and the potential fiomst
architectures, where the increasing number of aircraft wikre not considerec priori navigation functions. On the
render centralized approaches inefficient. In recent yiwrs contrary, the designed potentials are tuned properly isfgat
application of robotics collision avoidance potential diel appropriate conditions to guarantee asymptotic stalfiisn
based methods to ATC has been explored [6],[15] as almost all initial conditions. The combination of primaldan
promising alternative for such algorithms. A common probdual Lyapunov methods as described above was first used
lem with potential field based path planning algorithms irin [1] and more recently in [20] for the stabilization of a
multi-agent systems is the existence of local minima [T],[9 nonlinear attitude observer.

The seminal work of Koditschek and Rimon [8] involved This paper is a continuation of [5], where we provided
navigation of a single robot in an environment of sphericah connection between density functions and decentralized
obstacles with guaranteed convergence. In previous wek, tnavigation functions, by applying the dual Lyapunov theore
closed loop single robot navigation methodology of[8] wa®f [16] to the critical points of these particular navigatio
extended to multi-agent systems. In [10],[13] this methodfunctions, and not the whole configuration space, as in the
was extended to take into account the volume of each robotirrent paper. Moreover in this paper a less conservatiive su
in a centralized multi-agent scheme, while a decentralizéiitient condition with a different definition of decentradi
version has been presented in [4], [6]. Formation control fopotential function is derived.

point agents using decentralized navigation functions was The rest of the paper is organized as follows: Section Il
dealt with in [19], [3]. Decentralized navigation functin presents the system and decentralized multi-agent nauigat
were also used for multiple UAV guidance in [2]. problem treated in this paper. The necessary mathematical

In [4],[6] the navigation functions were designed in suchpreliminaries are provided in Section Ill, while Section IV
a way to allow agents that had already reached their desirptbvides the decentralized control design. Section V uhetu
destination to cooperate with the rest of the team in thiéhe convergence analysis and a simulated example is found in
case of a possible collision. In this paper, a constructiofiection VI. Section VIl summarizes the results of the paper
similar to the initial navigation function construction[®] is  and indicates further research directions.
used. Hence each agent no longer participates in the oallisi
avoidance procedure if its initial condition coincides wits
desired goal. In essence, the agents might converge toatriti  Consider a group ol agents operating in the same planar
points which are no longer guaranteed not to coincide withorkspacel. C R”. Let ¢; € R* denote the position of
local minima. In this paper we examine the convergence @genti, and letg = [q{ , ..., qy]" be the stack vector of all
the system using a combination of primal and dual [16] Lya@gents’ positions. We also denate= [uf, ..., uy]". Agent
punov techniques. In particular, primal Lyapunov analysig§iotion is described by the single integrator:
is used to show that the system converges to an arbitrarily S _
small neighborhood of the critical points and the desired G = iyd €N ={L,.... N} @
goal configuration. Density functions are then used to yieldlhereu,; denotes the velocity (control input) for each agent.

We consider cyclic agents of specific raditis> 0, which is
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{ddi mar, frazzol | @rt.edu}. This work was supported by (O the case of agents with not necessarily common radii.
NASA under the IDEAS grant NNXOSAY52A. Collision avoidance between the agents is meant in the sense
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that no intersections occur between the agents’ discs. Thagnsidered in [19],[3]. A discussion on the extension o§ thi
we want to assure that assumption is provided after the convergence analysis.

llai(t) — q; ()| > 2re,Vi,j €N, i #j ) [1l. M ATHEMATICAL PRELIMINARIES
A. Dual Lyapunov Theory

for each time instant. For the collision avoidance objective For functionsV” : R" — R and f : R" — R" the notation

each agent has knowledge of the position of agents located

in a cyclic neighborhood of specific radidsat each time vV =] g—;’l Lo ]T

instant, wherel > 2r,. This setT; = {q: |l¢ — ¢;|| < d} is of of

called thesensing zonef agenti. V-f= 871 o+ 87”
1 n

The proposed framework may cover various multi-agent
objectives. These include navigation of the agent to desirdS used. The dual Lyapunov result of [16] is stated as follows
destination and formation control. The functigg is agent's ~ Theorem 1:Given the equationi(t) = f(z(t)), where
i goal function which is minimized once the desired objectivd € C' (R",R") and f(0) = 0, suppose there exists a
with respect to this particular agent is fulfilled. In the firs NONNegative density functione C* (R™\ {0}, R) such that
case, letg;; € W denote the desired destination point of? (2) f (z) /[lz[| is integrable on{z € R™ : [|z[| > 1} and
a_genti. We then defineyy; = \_|qi - gdiHQ as the squared [V - (£p)] (z) > 0 for almost all 4)
distance of the agent’s configuration from its desired
destinationgy;. In the formation control case, the objectiveThen, for almost all initial states(0) the trajectoryz(t)
of agenti is to be stabilized in a desired relative positioneXists fort € [0,00) and tends to zero @s— oc. Moreover,
cij With respect to each membgrof A;, whereN; C N if the equilibrium 2 = 0 is stable, then the conclusion
is a subset of the rest of the team. The definition of theemains valid even ip takes negative values.
sets \V; specifies the desired formation. We assume that In this paper we use a combination of primal and dual
j € Ni & i € Nj in this paper. In this case, we haveLyapunov techniques for almost global stability. In pauts,

vai = 3 llai — q; — ci5]|>. While we consider solely the We use primal Lyapunov analysis to show that the system
iEN, ' ' converges to a set that includes a neighborhood of thealritic

JEN;
first case here, the overall framework can be extended to tB%ints and the desired goal configuration. Density funstion
formation control problem as well as other definitionsyf.  are then used to yield a sufficient condition for the attreto
In order to encode inter-agent collision scenarios, Wgf the undesirable critical points to be sets of measure. zero
define a functiony;;, for j =1,..., N, j # i, given by This is guaranteed by the satisfaction of condition (4) in a
%ﬂijy 0< By < neighborhood o_f the critical points._
2 o 9 Note that while Theorem 1 applies to the whdé&, we
vig (Big) = f(@g)’ Z ;f” < d7—drg ©) apply it here for the workspad& . The application of density
» A7 =g < functions to navigation function based systems was alsd use
in [11]. A local version of Theorem 1 was used in [17].
ORelaxed conditions for convergence to an equilibrium point
subsets ofR™ were provided in [14].

whereg;; = ||¢; — qj||2 — 4r2. We also define the function
~v;0 Which refers to the workspace boundary (indexed by
and is used to maintain the agents within the workspace.
We haveBy, = (Rw —ra)” — |l¢|/>. The function~,, is IV. DECENTRALIZED CONTROL

defined in the same way ag;,j > 0. The positive scalar |, 4] [6] the control law allowed agents that had already

parameter and the function are chosen in such a way 0 ye4ched their desired destination to cooperate with thefes
that~;; is everywhere twice continuously differentiable. FOle team in the case of a possible collision. In this paper, we

example, we can chose to be a fifth degree polynomial ,;so 5 construction similar to the initial navigation fuoati

H _ 5 4 3 2 ) . ..
function of the form¢(z) = asz” + aqa® + azz” + a2a” +  congruction in [8]. Hence each agent no longer particiate

arz + ag. The coefficientss;,i = 0,...,5 are calculated , yhe collision avoidance procedure if its initial condii
so thaty;; is everywhere twice continuously differentiable, .o ciges with its desired destination. As a result, the de-

, . ) e e . _ :
and in particular, at the points;; = ¢, f;; = d° —4r;.  \jyed decentralized potential functions are not guarahtee

This provides a system of six linear algebraic equatiors, th, e the Morse property. A local analysis of the proposed

SO'““S” of ;’Vh'Ch provides the coefficients in terms @f  jocentralized potential around the critical points wasi fiel

and d N 4r2. In the sequel, we will also use the notatlon[S] using dual Lyapunov theory [16]. In this paper the global

Vi(-) = 52 (-) for brevity. stability properties of the closed-loop system are exathine
Motivated by applications in ATC, and in particular from  Specifically, we equip each agent with a decentralized

the need to provide congestion metrics in large scale Afiotential functiony; : RV — [0, 1] defined as

Traffic Control systems [18], we note that in the analysis Yai

that follows we consider point agents. This is not necessary bi= ik (5)

for the analysis of the first part (primal Lyapunov analysis) (7d11 + Gi)

however, it facilitates the calculations for the dual Lyapu The exponent is a scalar positive parameter. The function

analysis of the second part. Point agents are actually alé is constructed in such a way in order to render the motion



produced by the negated gradient of with respect tog;  of zero if a relation holds, while no other relations of the
repulsive with respect to the other agents. The control lasame or other higher levels hold. In other words it should

is of the form indicate which of all possible relations holds. We have he
u; = —KV,p; (6) following limits of RVF (using the simplified notation): (a)
where K > 0 is a positive scalar gain. blff}o blff}o 9 (bt’ bf“) =A(b) hmo Ir (b7 ’ bt) = 0. These
. . b’ #0
A. Construction of the; function limits guarantee that RVF will behave as an indicator of a

In the control law, each agent has a differ&it which ~ specific relation.
represents its relative position with all the other agehts.  The function G; is now defined asG; =

the sequel we review the construction@f for each agent, H;“Ll i 1(gR‘)l where n’ the number of levels and

which was introduced in [4], [6]. In this paper, the f“”CtiO”nR the number of relations in levélwith respect to agent

G; is constructed to take into account the local sensing Hence G, is the product of the RVF's of all relatlons
capabilities of each agent. To encode all possible intertig

proximity situations, the multi-agent team is associatétthw Wrt i. Using the simplified notation, we havg; = H g;

an (undirected) graph whose vertices are indexed by the teaffere N; is the number of all relation with respect to

members. We use the following notions: We then have Vip: —
Definition 1: A binary relationwith respect to an agent (v5,+G:)""Viyai— 28 (v5,+G:) " (k% Vivai +V:G5)

i1 is an edge between agenand another agent. (vk+Gi)* ' '
Definition 2: A relation with respect to agentis defined so that

as a set of binary relations with respect to agent —1/k—1 i
4 P ge Vipi = (’%}} + Gi) / (Givﬁdi - ﬁviGi> (8)

Definition 3: The relation levelis the number of binary k
relations in a relation with respect to agent We can also compute
The complementary SQIR ), of relation j with respect k1
to agent: is the set that contams all the relations of the same Vip; = (75]- + Gj) ( 194 V.G, ) 9)

level apart from the specific relation - ) ) _

The functiony;; defined above is called the “Proximity A critical point of ¢; is defined byvi% = 0. The fol-
Function” between agentsand ;. lowing Proposition will be useful in the followtng analysis

A “Relation Proximity Function” (RPF) provides a mea- Proposition 1:For every ¢ > 0 there exists a pos-

sure of the distance between ageérand the other agents itive scalar P(e) > 0 such that if k > P(e) then
involved in the relation. Each relation has its own RPF. Lefhere are no critical points ofp; in the set F; =
Ri denote thek'™ relation of levell with respect toi. The 19 € Wlgr = €,Vr =1,.... Ni} \{7ai}.
Rp,: of this relation is given bfb, ), = ZJE(H) ~;; Where Proof: At a critical pomt we haveV;¢; =0, or G;Viya; =

j € (R}), denotes the agents that participate in the relation Vv iGi, th'Ch m;\plle?f Zth - th Tdi 1|‘|Vtch¥ ill smclet
When it is not necessary to specify the level and the specn‘tp ivaill = 2y/7a;- A sufficient condition for this equality

Vi IIV Gill

relation, we also use the simplified notatigin= ", ,, »;; "0t o hold inF; is given byk > el g e . An

t:jor the RPhF for sirfnplicity, Whete_der_tote_s ahrelation_f_ar_tﬂ,.I upper bound for the right hand side is g|ven46¥lﬂ|(;vi"—£"“ <
oot et f s piopan 1 e soechotmt v 15l < 4 (o) B[l 2
A “Relation Verification Function” (RVF) is defined by: p, smceg > e,Vr = . N;. Note that the terms
Ab ) max {\Vai} maX{HVZng} are bounded due to the bound-
(9ry )t = (bry )i + . 1/h () dness of the Workspacé
(bR?’c)l + (BR}Z’C)I This proposition also implies that all the critical points
where \,h > 0 and (Buic)i = [lue(ne), (bm): where ar€ restricted to the seBj(e) = {g : 0 < g; < ¢} for
somer = 1,...,N;. Note that sinceG; is a product of

as previously definec{,RZ’ ); is the complementary set of
relations of level, i.e. all the other relations with respect
to agenti that have the same number of binary relation
with the relationR:. Again for simplicity we also use the

notation (BRi,C)l = BZ = ]I bi for the term (BR'L,C)Z V. CONVERGENCEANALYSIS
SGS

bounded functiong_, it is straightforward that for at > 0,
there existsei(e) > 0 such thatd < G; < 61( ) implies
B < ¢! < ¢ for at least one relation =1, ..., N;.

The convergence analysis of the overall system consists
where S, denotes the set of relations in the same Iev%f two parts. The first part uses primal (classic) Lyapunov
with relationr. The RVF can be now also be written asynqsis to show that the system converges to an arbitrarily
It is obvious that for the highest level g neighborhood of the critical points. We then use dual
I =n—1 only one relation is possible so tt(a?l C)n 1 =0 Lyapunov analysis to show that the set of initial conditions
and (gRL)l = (sz) for I = n — 1. The basic property that drives the system to points other than the goal configu-
that we demand from RVF is that it assumes the valugtions is of zero measure.

74 Ab,.
gr b bl +(bL)1/h



A. Primal Lyapunov Analysis so that

Note that the closed loop kinematics of system (1) under T
the control law (6) are given by (quz%:) (Vgpj) 2

. VG Vi Vdi

q=fla) = (-2 VoallV:G | = 5 IVGHllIViGs )

k Vini
7K (751 + Gl)fl/ -1 min

{G1V1’)’d1 - %VlGl}
We want to achieve a bound of the form

' 1kt 22i(Vied) " (Vip;) = —2ps, where p, >
—K (viy +Gn) {GNV NN — HEVNGN) | 0. A sufficient  condition for this to hold
Define ¢ = > ;. The derivative ofy can be com- 1S that ﬁ%”vﬂdiwvﬂj” = p2 and
5 2474 7, 4[| VG4l < pe or equivalently, that
puted by = (V)4 = —K3,(Vie)" (Viwi) = gy ’
—K 321 251 (Vipn) " (Vig;) whereg; is defined in (5). max; i {74 Gil| Vivai || VG5 |1}
Considere > 0. Then we can further compute k> o™ (11)
N
¢ =K (IVigil® + Y (Vie) (Vigy) and
= gy . waxj#{mdjuviain||vz-Gj|} 12)
= 4
=K 3 Vil + (Vi) (Vigy)) P2V hin
ullVieill>e ) u ; hold. Provided that: satisfies (10),(11),(12) we have
—K Y (Vi + D (Vi) " (Vi) . ,
itl| Vigpill<e J#i < —Kpi+ K(N —1)%ps
T
<-K Z (e* + Z(Vz“m (Vie;)) assuming there exists at least one agent such|¥ap;|| >
ElIVigil>e I e. The latter is strictly negative far < (N—1)2ps < p; < .
-K Z (Z(Vi%)T(VWj)) In essence can be rendered strictly negative as long
| Vipill<e jri as there exists at least one agent wij¥i;p;|| > . Thus

the system converges to an arbitrarily small region of the
critical points, provided thab < (N — 1)%py < p; < € and
the conditions ork hold. We have:

The terms in the first sum, wheigV,p;|| > ¢, are lower
bounded as follows:

e+ Z(Vz‘%)T(Vz‘%) >e? - EZ Vil Proposition 2: Consider the system (1) with the control
J#i J# law (6). Assume thaty;; > Ymin > 0. Picke > 0,p1, p2 >
Using (9) we have 0 satisfying0 < (N — 1)%p; < p; < ¢ and assume that

ok NUk=1 (Vi o (10),(11),(12) hold. Then the system converges to the set
IVis |l = (v + Gs) (F21v:6) V4]l < = for all i in finite time.

FOr 74 > Ymin, k > 1, the term (v}, + G;)'/¥1 in the _

above equation is minimized by? . so that B. Dual Lyapunov Analysis

) . ) 1 Having established convergence to an arbitrarily small
€ +Z(Vz‘%) (Vig;) 2 € T ZWJ’”VZGJ‘” neighborhood of the critical points, density functions are
J# i now used to pose sufficient conditions that the attractors of

We want to achieve a bound of the form? + undesirable critical points are sets of measure zero.
Y Vip) " (Vig;) > p > 0, where 0 < Forp = 3 ¢;, definep = o=*,a > 0 which is defined for

2 i iti i i i
pPLS A sufficient COQS['“O” for this to hold IS, yints in 1w other than the desired equilibriumy = 0,
5 max;-{7q||V:G;||} < ==, or equivalently

lw?;n € for all i € . Note also that each; is C? and takes values
e N-1 in [0,1] and thus both the functiop and its gradients are
r?jf{wj”ViGjH} (10)  pounded functions V. Hence, p fulfils the integrability
cgndition of Theorem 1 and is a suitable density function
"Or the equilibrium pointyy; = 0,Vi € N. Note that the use
of a navigation function as a candidate density function in
(Viﬁpi)T(Vi@j) = sphere worlds was also used in [11], involving a single agent
(Givi')/di _ %ViGi)T (—%V,-Gj) navigating in a static 9b:<,'§acle environment.
= We haveVp = —ap=*"'VypandV-(fp) = Vp- f+pV-
1/k+1 1/k+1 R
(k. + G) (wi;j + Gj> == —ap " Vp- f+¢ V- f. Wheneverv,p; = 0

o . for all 7 € N/, we havef = 0 and
—7%'7]:;1 meViGj + L‘,’CZ“ VzG?VzGJ /

1/k+1 1/k+1
(o +Ga) " (0 + 65)

k>

=P Viuin
We next compute a lower bound on the terms in the seco
sum, wherg|V;p;|| < €. Note first that

52%‘ 32%‘)



A sufficient condition for the right hand side of the lastgi. = 0. ThereforeZ G: > ANi—1|P,.|, so that% G > 0 is
equation to be strictly positive is strictly positive forG; = 0. Note also that for all relations,
20 8% |P.| > 1. By continuity, we then know that for small enough
K3 (] 2 .
a2 T < 0 (13)  €i(e), we haveZ Gt > ANi—1 > 0for 0 < G; < €(e€) which
for all i € . We have implies that%%‘ > ANi—1 > 0 for g € Bi(e) for somer =

1,...,N;. Similarly, we can show tha?% > ANi—1 > .

P | P01 () o Since we can restrict the critical points @fto occur at the
bz} I, oy; 5 o e regiong € Bj(e) (Proposition 1) for some = 1,..., N,
i i i i i ) 2G. )
Gi ( et T oy ) - % ( 522 T oy2 ) <0& we have that; 5t + G5 > 20N ! for Vi, = 0.
AG, — Yai ((92G; BQGI) <0 For the analysis that follows, we use the notations
g k Ox? y?
N;
. Pvai . Pva ; _
since aw:; = ay; =2, and mvgx{ﬁ/'ydi}zlmvgx{“vig;H} = My,
r=
vi(pi =0=
2, —2(1/k+1 2, 52 max{vq;[|V:G;[|} = Ma,
%I«? _ (751_ + Gi) (1/k+1) G aaz?dl s 88306%‘1, ’ i
fy@i = (75 + ) P (g, ‘9;;? — Lai 8;76’; . f;lgf{VdeiHVNdiH||ViGj||} = Ms,
Therefore, in order to havev - 0, it suffices that
&= el VGl VG 1} = M
 (0°G;  9°G; ’
4G, - (C 2 ) < (14) .
k \ Ox; y; We can now choosg according to

In previous work we provided a sufficient condition fork _ B My, e(N—-1)My M;j My
(14) to hold for a simpler construction of th@&; function. = Pmax = IHax ¢ (e2 — Pl)%zmn7 P27f4nin7 \/pjyfnin
It turns out that a less conservative condition can be dérive

. o _ , which satisfies Propositon 1 and the conditions
with the definition ofG; used in the current paper. (10).(11),(12).

; Ni o .
We can computeZ%: = > g;g%: and % = A sufficient condition for (14) to hold at the critical points
r=1 ' is then given by

N; 05" 84 ;9%g? L .
Zl {axZan + 3, amg"} Similar relations hold for they;-
= )

' 2¢€1(€)kmax \ Vi !

partial derivatives. Fo6; = 0 we haveg!.. = 0 for one and A> (7) (15)

only one relation of agent, i.e., g- # 0 for all r # r*. In - o _
this case, it is easy to chegi > A for all » # 1, so that W€ now use the argument of [11] mentioning that since

(14) is satisfied exactly at the critical points, it is satidfi
0% L (9gl dgl also in an arbitrary small neighborhood around them. From
Z{axi 5%} the primal Lyapunov analysis, we know that indeed the
system converges to an arbitrarily small neighborhood ef th
Remembering thatP,| denotes the number of binary rela-critical points. The dual Lyapunov analysis guarantees tha

207,
7Ci .

2 2
Ox; oxi =

tions in a relation, we get the attractors of the undesirable critical points are séts o
82gi. 92 bi. measure zero. The following then holds:
5 = [P + A " Proposition 3: Consider the system (1) with the control

dx? dxZ bi. 1 (bi,)1/h : -
i i Oy + (bre) law (6). Assume that the assumptions of Propositions 1,2

Note that forg’. = 0 we havebi. = 0 andbi. > 0. hold and that (15) also holds. Then the closed-loop system

Assumingr, = 0 we then also ha\,g(b}f —0,and aagff — . Is asymptotically stable for almost all initial conditions

In this case we can show that the right term is strictly pos- Remark 1:The previous analysis holds for the case of

itive. In particular, consideringi.. = 0, after some calcula- Point agents, i.e.;, = 0. The extension to the case of
tions we have?” b B (Bi ),g/h((gi YL/R| P | arbitraryr, holds for the primal analysis case, however it is
e — Up= r* e

. Oz} bii+(51*)1/ha not straightforward in the dual analysis, since in this case the
2|| %= |2 — (2/h)(bi.)/h—1 9% by The first term of 02 b N {agf’ agi}
Ao . 0w Owi ) . erms ——+—— and = 29 & gre not guaranteed
the right hand side is strictly positive while the seconcs Oy bl + (bl )t/ T; 9z Oz 9

and third ones are cancelled due to the existencggbi. to be positive and zero respectively. For the case of non-
é)i 226, N1 i point agents, a conservative condition was derived in [Bg T

Therefore we havey 5= > [P~ and Gz > AN P-[+ eyension of the less conservative result of this paper t no

% {33}%} We can also show that in the case Wher%)homt agents is currently under investigation. Note_ alst th

= i OTi e agents are only guaranteed to converge to a neighborhood

ro = 0, the second term is equal to zero. Just note that eagh the destination points, sincg,i, > 0 should be bounded

summation term is a product containing eitl*%rf =0 or away from zero to preveritand X from exploding to infinity.
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VIl. CONCLUSIONS

We used a combination of primal and dual Lyapunov The-
ory to derive sufficient conditions for asymptotic statalipn
from almost all initial conditions in multi-agent systems
driven by decentralized navigation-like functions. Thaal
Lyapunov analysis guaranteed convergence of the system
to an arbitrary small neighborhood of the critical points.
The dual analysis then provided sufficient conditions far th
undesirable critical points to have attractors of measare.z

. /""". ‘
0,006 / > ‘ Future research involves extending the dual analysistresul

to the case of non-point agents, as well as applying the

01} decentralized navigation functions’ framework to the dgasi
0015 001 20005 Y 0.005 001 of [15].

Fig. 1. Seven agents navigate under the control law (6). Theklzircles [1]
represent the initial positions of the agents while theiglfilocations are
denoted by a grey circle. [2]
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[10]

Fig. 2. Distances of a particular agent from each of the reimgiones
as the closed-loop system evolves. [11]

12
This further justifies the need of an additional element t([) !
the ~; functions so that agentcooperates with the rest of 13
the team in the case of a possible collision even once it Is
already arbitrarily close to its desired destination. Tégder
is referred to the relevant design in [4],[6]. [14]

[15]
V1. SIMULATIONS

In order to illustrate the effectiveness of the designege’]
controller we have set up a simulation involving seven agent[17]
with controller parameters given by = 4. A = 1,h =
1, R, = 1. The evolution of the system is depicted in Figurqlg]
1, where the black circles represent the initial positions
of the agents and their final destinations are denoted by a
grey circle. Figure 2 depicts the distances of a particula{%g]
agent from each of the remaining ones. One can see that
interagent distances satisfy the collision avoidance gngp [20]
After some time, inter-agent distances become constacg sin
agents converge to their corresponding desired destirsatio
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