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Abstract— We use a combination of primal and dual Lya-
punov theory for almost global asymptotic stabilization and
collision avoidance in multi-agent systems. Previous work pro-
vided local analysis around the critical points with the use of
the dual Lyapunov technique. This paper provides analysis of
the whole workspace with the use of the recently introduced
combined use of primal and dual Lyapunov functions.

I. I NTRODUCTION

The development of advanced decentralized collision
avoidance algorithms for large scale systems is an issue
of critical importance in future Air Traffic Control (ATC)
architectures, where the increasing number of aircraft will
render centralized approaches inefficient. In recent yearsthe
application of robotics collision avoidance potential field
based methods to ATC has been explored [6],[15] as a
promising alternative for such algorithms. A common prob-
lem with potential field based path planning algorithms in
multi-agent systems is the existence of local minima [7],[9].
The seminal work of Koditschek and Rimon [8] involved
navigation of a single robot in an environment of spherical
obstacles with guaranteed convergence. In previous work, the
closed loop single robot navigation methodology of[8] was
extended to multi-agent systems. In [10],[13] this method
was extended to take into account the volume of each robot
in a centralized multi-agent scheme, while a decentralized
version has been presented in [4], [6]. Formation control for
point agents using decentralized navigation functions was
dealt with in [19], [3]. Decentralized navigation functions
were also used for multiple UAV guidance in [2].

In [4],[6] the navigation functions were designed in such
a way to allow agents that had already reached their desired
destination to cooperate with the rest of the team in the
case of a possible collision. In this paper, a construction
similar to the initial navigation function construction in[8] is
used. Hence each agent no longer participates in the collision
avoidance procedure if its initial condition coincides with its
desired goal. In essence, the agents might converge to critical
points which are no longer guaranteed not to coincide with
local minima. In this paper we examine the convergence of
the system using a combination of primal and dual [16] Lya-
punov techniques. In particular, primal Lyapunov analysis
is used to show that the system converges to an arbitrarily
small neighborhood of the critical points and the desired
goal configuration. Density functions are then used to yield
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a sufficient condition for the attractors of the undesirable
critical points to be sets of measure zero. This combination
has been used in [12],[1],[11]. In particular in [11],[12] a
density function is provided for a single robot driven by a
navigation function in a static obstacle workspace. Primal
analysis is used to show convergence to a neighborhood of
the critical points and density functions to prove the instabil-
ity of the undesirable critical points using the propertiesof
the navigation functions. The difference in our case is that
we consider a system of multiple moving agents driven by
decentralized potential functions and the potential functions
are not considereda priori navigation functions. On the
contrary, the designed potentials are tuned properly to satisfy
appropriate conditions to guarantee asymptotic stabilityfrom
almost all initial conditions. The combination of primal and
dual Lyapunov methods as described above was first used
in [1] and more recently in [20] for the stabilization of a
nonlinear attitude observer.

This paper is a continuation of [5], where we provided
a connection between density functions and decentralized
navigation functions, by applying the dual Lyapunov theorem
of [16] to the critical points of these particular navigation
functions, and not the whole configuration space, as in the
current paper. Moreover in this paper a less conservative suf-
ficient condition with a different definition of decentralized
potential function is derived.

The rest of the paper is organized as follows: Section II
presents the system and decentralized multi-agent navigation
problem treated in this paper. The necessary mathematical
preliminaries are provided in Section III, while Section IV
provides the decentralized control design. Section V includes
the convergence analysis and a simulated example is found in
Section VI. Section VII summarizes the results of the paper
and indicates further research directions.

II. D EFINITIONS AND PROBLEM STATEMENT

Consider a group ofN agents operating in the same planar
workspaceW ⊂ R

2. Let qi ∈ R
2 denote the position of

agenti, and letq = [qT
1 , . . . , qT

N ]T be the stack vector of all
agents’ positions. We also denoteu = [uT

1 , . . . , uT
N ]T . Agent

motion is described by the single integrator:

q̇i = ui, i ∈ N = {1, . . . , N} (1)

whereui denotes the velocity (control input) for each agent.
We consider cyclic agents of specific radiusra ≥ 0, which is
common for each agent. The results can trivially be extended
to the case of agents with not necessarily common radii.
Collision avoidance between the agents is meant in the sense



that no intersections occur between the agents’ discs. Thus
we want to assure that

‖qi(t) − qj(t)‖ > 2ra,∀i, j ∈ N , i 6= j (2)

for each time instantt. For the collision avoidance objective
each agent has knowledge of the position of agents located
in a cyclic neighborhood of specific radiusd at each time
instant, whered > 2ra. This setTi = {q : ‖q − qi‖ ≤ d} is
called thesensing zoneof agenti.

The proposed framework may cover various multi-agent
objectives. These include navigation of the agent to desired
destination and formation control. The functionγdi is agent’s
i goal function which is minimized once the desired objective
with respect to this particular agent is fulfilled. In the first
case, letqdi ∈ W denote the desired destination point of
agenti. We then defineγdi = ‖qi − qdi‖2 as the squared
distance of the agent’si configuration from its desired
destinationqdi. In the formation control case, the objective
of agenti is to be stabilized in a desired relative position
cij with respect to each memberj of Ni, whereNi ⊂ N
is a subset of the rest of the team. The definition of the
sets Ni specifies the desired formation. We assume that
j ∈ Ni ⇔ i ∈ Nj in this paper. In this case, we have
γdi =

∑

j∈Ni

‖qi − qj − cij‖2. While we consider solely the

first case here, the overall framework can be extended to the
formation control problem as well as other definitions ofγdi.

In order to encode inter-agent collision scenarios, we
define a functionγij , for j = 1, . . . , N, j 6= i, given by

γij (βij) =







1
2βij , 0 ≤ βij ≤ c2

φ(βij), c2 ≤ βij ≤ d2 − 4r2
a

1, d2 − 4r2
a ≤ βij

(3)

whereβij = ‖qi − qj‖2 − 4r2
a. We also define the function

γi0 which refers to the workspace boundary (indexed by 0)
and is used to maintain the agents within the workspace.
We haveβi0 = (RW − ra)

2 − ‖qi‖2. The functionγi0 is
defined in the same way asγij , j > 0. The positive scalar
parameterc and the functionφ are chosen in such a way so
that γij is everywhere twice continuously differentiable. For
example, we can choseφ to be a fifth degree polynomial
function of the formφ(x) = a5x

5 + a4x
4 + a3x

3 + a2x
2 +

a1x + a0. The coefficientsai, i = 0, . . . , 5 are calculated
so thatγij is everywhere twice continuously differentiable,
and in particular, at the pointsβij = c2, βij = d2 − 4r2

a.
This provides a system of six linear algebraic equations, the
solution of which provides the coefficients in terms ofc2

and d2 − 4r2
a. In the sequel, we will also use the notation

∇i (·) ∆
= ∂

∂qi
(·) for brevity.

Motivated by applications in ATC, and in particular from
the need to provide congestion metrics in large scale Air
Traffic Control systems [18], we note that in the analysis
that follows we consider point agents. This is not necessary
for the analysis of the first part (primal Lyapunov analysis),
however, it facilitates the calculations for the dual Lyapunov
analysis of the second part. Point agents are actually also

considered in [19],[3]. A discussion on the extension of this
assumption is provided after the convergence analysis.

III. M ATHEMATICAL PRELIMINARIES

A. Dual Lyapunov Theory

For functionsV : R
n → R andf : R

n → R
n the notation

∇V =
[

∂V
∂x1

. . . ∂V
∂xn

]T

∇ · f =
∂f1

∂x1
+ . . . +

∂fn

∂xn

is used. The dual Lyapunov result of [16] is stated as follows:
Theorem 1:Given the equationẋ(t) = f(x(t)), where

f ∈ C1 (Rn, Rn) and f(0) = 0, suppose there exists a
nonnegative density functionρ ∈ C1 (Rn\ {0} , R) such that
ρ (x) f (x) / ‖x‖ is integrable on{x ∈ R

n : ‖x‖ ≥ 1} and

[∇ · (fρ)] (x) > 0 for almost all x (4)

Then, for almost all initial statesx(0) the trajectoryx(t)
exists fort ∈ [0,∞) and tends to zero ast → ∞. Moreover,
if the equilibrium x = 0 is stable, then the conclusion
remains valid even ifρ takes negative values.

In this paper we use a combination of primal and dual
Lyapunov techniques for almost global stability. In particular,
we use primal Lyapunov analysis to show that the system
converges to a set that includes a neighborhood of the critical
points and the desired goal configuration. Density functions
are then used to yield a sufficient condition for the attractors
of the undesirable critical points to be sets of measure zero.
This is guaranteed by the satisfaction of condition (4) in a
neighborhood of the critical points.

Note that while Theorem 1 applies to the wholeR
n, we

apply it here for the workspaceW . The application of density
functions to navigation function based systems was also used
in [11]. A local version of Theorem 1 was used in [17].
Relaxed conditions for convergence to an equilibrium point
in subsets ofRn were provided in [14].

IV. D ECENTRALIZED CONTROL

In [4],[6] the control law allowed agents that had already
reached their desired destination to cooperate with the rest of
the team in the case of a possible collision. In this paper, we
use a construction similar to the initial navigation function
construction in [8]. Hence each agent no longer participates
in the collision avoidance procedure if its initial condition
coincides with its desired destination. As a result, the de-
rived decentralized potential functions are not guaranteed to
have the Morse property. A local analysis of the proposed
decentralized potential around the critical points was held in
[5] using dual Lyapunov theory [16]. In this paper the global
stability properties of the closed-loop system are examined.

Specifically, we equip each agent with a decentralized
potential functionϕi : R

2N → [0, 1] defined as

ϕi =
γdi

(

γk
di + Gi

)1/k
(5)

The exponentk is a scalar positive parameter. The function
Gi is constructed in such a way in order to render the motion



produced by the negated gradient ofϕi with respect toqi

repulsive with respect to the other agents. The control law
is of the form

ui = −K∇iϕi (6)

whereK > 0 is a positive scalar gain.

A. Construction of theGi function

In the control law, each agent has a differentGi which
represents its relative position with all the other agents.In
the sequel we review the construction ofGi for each agenti,
which was introduced in [4], [6]. In this paper, the function
Gi is constructed to take into account the local sensing
capabilities of each agent. To encode all possible inter-agent
proximity situations, the multi-agent team is associated with
an (undirected) graph whose vertices are indexed by the team
members. We use the following notions:

Definition 1: A binary relation with respect to an agent
i is an edge between agenti and another agent.

Definition 2: A relation with respect to agenti is defined
as a set of binary relations with respect to agenti.

Definition 3: The relation level is the number of binary
relations in a relation with respect to agenti.

The complementary set(Ri,C
j )l of relationj with respect

to agenti is the set that contains all the relations of the same
level apart from the specific relationj.

The functionγij defined above is called the “Proximity
Function” between agentsi and j.

A “Relation Proximity Function” (RPF) provides a mea-
sure of the distance between agenti and the other agents
involved in the relation. Each relation has its own RPF. Let
Ri

k denote thekth relation of levell with respect toi. The
RPF of this relation is given by(bRi

k
)l =

∑

j∈(Ri
k)l

γij where
j ∈ (Ri

k)l denotes the agents that participate in the relation.
When it is not necessary to specify the level and the specific
relation, we also use the simplified notationbi

r =
∑

j∈Pr
γij

for the RPF for simplicity, wherer denotes a relation andPr

denotes the set of agents participating in the specific relation
with respect to agenti.

A “Relation Verification Function” (RVF) is defined by:

(gRi
k
)l = (bRi

k
)l +

λ(bRi
k
)l

(bRi
k
)l + (BRi,C

k
)
1/h
l

(7)

where λ, h > 0 and (BRi,C
k

)l =
∏

m∈(RC
k )l

(bm)l where

as previously defined,(Ri,C
k )l is the complementary set of

relations of level-l, i.e. all the other relations with respect
to agenti that have the same number of binary relations
with the relationRi

k. Again for simplicity we also use the
notation (BRi,C

k
)l ≡ b̃i

r =
∏

s∈Sr
s 6=r

bi
s for the term (BRi,C

k
)l

where Sr denotes the set of relations in the same level
with relation r. The RVF can be now also be written as
gi

r = bi
r +

λbi
r

bi
r+(b̃i

r)1/h
. It is obvious that for the highest level

l = n−1 only one relation is possible so that(Ri,C
k )n−1 = ∅

and (gRi
k
)l = (bRi

k
)l for l = n − 1. The basic property

that we demand from RVF is that it assumes the value

of zero if a relation holds, while no other relations of the
same or other higher levels hold. In other words it should
indicate which of all possible relations holds. We have he
following limits of RVF (using the simplified notation): (a)
lim

bi
r→0

lim
b̃i

r→0
gi

r

(

bi
r, b̃

i
r

)

= λ (b) lim
bi

r→0

b̃i
r 6=0

gi
r

(

bi
r, b̃

i
r

)

= 0. These

limits guarantee that RVF will behave as an indicator of a
specific relation.

The function Gi is now defined as Gi =
∏ni

L

l=1

∏ni
Rl

j=1(gRi
j
)l where ni

L the number of levels and
ni

Rl
the number of relations in level-l with respect to agent

i. HenceGi is the product of the RVF’s of all relations

wrt i. Using the simplified notation, we haveGi =
Ni
∏

r=1
gi

r

whereNi is the number of all relation with respect toi.
We then have ∇iϕi =

(γk
di+Gi)

1/k∇iγdi− γdi
k (γk

di+Gi)
1/k−1

(kγk−1

di ∇iγdi+∇iGi)
(γk

di+Gi)
2/k ,

so that

∇iϕi =
(

γk
di + Gi

)−1/k−1
(

Gi∇iγdi −
γdi

k
∇iGi

)

(8)

We can also compute

∇iϕj =
(

γk
dj + Gj

)−1/k−1
(

−γdj

k
∇iGj

)

(9)

A critical point of ϕi is defined by∇iϕi = 0. The fol-
lowing Proposition will be useful in the following analysis:

Proposition 1: For every ǫ > 0 there exists a pos-
itive scalar P (ǫ) > 0 such that if k ≥ P (ǫ) then
there are no critical points ofϕi in the set Fi =
{

q ∈ W |gi
r ≥ ǫ,∀r = 1, . . . , Ni

}

\{γdi}.
Proof: At a critical point, we have∇iϕi = 0, or Gi∇iγdi =
γdi

k ∇iGi, which implies 2kGi =
√

γdi ‖∇iGi‖. since
‖∇iγdi‖ = 2

√
γdi. A sufficient condition for this equality

not to hold inFi is given byk >
√

γdi‖∇iGi‖
2Gi

, ∀q ∈ Fi. An

upper bound for the right hand side is given by
√

γdi‖∇iGi‖
2Gi

≤
√

γdi

2

Ni
∑

r=1

‖∇ig
i
r‖

gi
r

≤ 1
2ε max

W

{√
γdi

}

Ni
∑

r=1
max

W

{
∥

∥∇ig
i
r

∥

∥

} ∆
=

P , since gi
r ≥ ǫ,∀r = 1, . . . , Ni. Note that the terms

max
W

{√
γdi

}

, max
W

{
∥

∥∇ig
i
r

∥

∥

}

are bounded due to the bound-

edness of the workspace.♦
This proposition also implies that all the critical points

are restricted to the setBi
r(ǫ) = {q : 0 ≤ gi

r < ǫ} for
some r = 1, . . . , Ni. Note that sinceGi is a product of
bounded functionsgi

r, it is straightforward that for allǫ > 0,
there existsǫ1(ǫ) > 0 such that0 ≤ Gi < ǫ1(ǫ) implies
0 ≤ gi

r < ǫ for at least one relationr = 1, . . . , Ni.

V. CONVERGENCEANALYSIS

The convergence analysis of the overall system consists
of two parts. The first part uses primal (classic) Lyapunov
analysis to show that the system converges to an arbitrarily
small neighborhood of the critical points. We then use dual
Lyapunov analysis to show that the set of initial conditions
that drives the system to points other than the goal configu-
rations is of zero measure.



A. Primal Lyapunov Analysis

Note that the closed loop kinematics of system (1) under
the control law (6) are given by

q̇ = f(q) =








−K
(

γk
d1 + G1

)−1/k−1 {

G1∇1γd1 − γd1

k ∇1G1

}

...

−K
(

γk
dN + GN

)−1/k−1 {

GN∇NγdN − γdN

k ∇NGN

}









Define ϕ =
∑

i

ϕi. The derivative of ϕ can be com-

puted by ϕ̇ = (∇ϕ)T q̇ = −K
∑N

i=1(∇iϕ)T (∇iϕi) =

−K
∑N

i=1

∑N
j=1(∇iϕi)

T (∇iϕj) whereϕi is defined in (5).
Considerε > 0. Then we can further compute

ϕ̇ = −K

N
∑

i=1

(‖∇iϕi‖2 +
∑

j 6=i

(∇iϕi)
T (∇iϕj))

= − K
∑

i:‖∇iϕi‖>ε

(‖∇iϕi‖2 +
∑

j 6=i

(∇iϕi)
T (∇iϕj))

−K
∑

i:‖∇iϕi‖≤ε

(‖∇iϕi‖2 +
∑

j 6=i

(∇iϕi)
T (∇iϕj))

≤− K
∑

i:‖∇iϕi‖>ε

(ε2 +
∑

j 6=i

(∇iϕi)
T (∇iϕj))

−K
∑

i:‖∇iϕi‖≤ε

(
∑

j 6=i

(∇iϕi)
T (∇iϕj))

The terms in the first sum, where‖∇iϕi‖ > ε, are lower
bounded as follows:

ε2 +
∑

j 6=i

(∇iϕi)
T (∇iϕj) ≥ ε2 − ε

∑

j 6=i

‖∇iϕj‖

Using (9) we have

‖∇iϕj‖ =
(

γk
dj + Gj

)−1/k−1
(γdj

k
‖∇iGj‖

)

For γdj > γmin, k > 1, the term(γk
dj + Gj)

1/k+1 in the
above equation is minimized byγ2

min so that

ε2 +
∑

j 6=i

(∇iϕi)
T (∇iϕj) ≥ ε2 − ε

1

kγ2
min

∑

j 6=i

γdj‖∇iGj‖

We want to achieve a bound of the formε2 +
∑

j 6=i(∇iϕi)
T (∇iϕj) ≥ ρ1 > 0, where 0 <

ρ1 < ε2. A sufficient condition for this to hold is
N−1
kγ2

min

maxj 6=i{γdj‖∇iGj‖} ≤ ε2−ρ1

ε , or equivalently

k ≥ ε

ε2 − ρ1

N − 1

γ2
min

max
j 6=i

{γdj‖∇iGj‖} (10)

We next compute a lower bound on the terms in the second
sum, where‖∇iϕi‖ ≤ ε. Note first that

(∇iϕi)
T (∇iϕj) =

=

(

Gi∇iγdi − γdi

k ∇iGi

)T (

−γdj

k ∇iGj

)

(

γk
di + Gi

)1/k+1
(

γk
dj + Gj

)1/k+1

=
−γdjGi

k ∇iγ
T
di∇iGj +

γdjγdi

k2 ∇iG
T
i ∇iGj

(

γk
di + Gi

)1/k+1
(

γk
dj + Gj

)1/k+1

so that

(∇iϕi)
T (∇iϕj) ≥

1

γ4
min

(−γdjGi

k
‖∇iγdi‖‖∇iGj‖ −

γdjγdi

k2
‖∇iGi‖‖∇iGj‖)

We want to achieve a bound of the form
∑

j 6=i(∇iϕi)
T (∇iϕj) ≥ −2ρ2, where ρ2 >

0. A sufficient condition for this to hold
is that 1

γ4

min

γdjGi

k ‖∇iγdi‖‖∇iGj‖ ≤ ρ2 and
1

γ4

min

γdjγdi

k2 ‖∇iGi‖‖∇iGj‖ ≤ ρ2 or equivalently, that
both

k ≥ maxj 6=i{γdjGi‖∇iγdi‖‖∇iGj‖}
ρ2γ4

min

(11)

and

k ≥
√

maxj 6=i{γdiγdj‖∇iGi‖‖∇iGj‖}
ρ2γ4

min

(12)

hold. Provided thatk satisfies (10),(11),(12) we have

ϕ̇ ≤ −Kρ1 + K(N − 1)2ρ2

assuming there exists at least one agent such that‖∇iϕi‖ >
ε. The latter is strictly negative for0 < (N−1)2ρ2 < ρ1 < ε.

In essence,ϕ̇ can be rendered strictly negative as long
as there exists at least one agent with‖∇iϕi‖ > ε. Thus
the system converges to an arbitrarily small region of the
critical points, provided that0 < (N − 1)2ρ2 < ρ1 < ε and
the conditions onk hold. We have:

Proposition 2: Consider the system (1) with the control
law (6). Assume thatγdi ≥ γmin > 0. Pick ε > 0,ρ1, ρ2 >
0 satisfying 0 < (N − 1)2ρ2 < ρ1 < ε and assume that
(10),(11),(12) hold. Then the system converges to the set
‖∇iϕi‖ ≤ ε for all i in finite time.

B. Dual Lyapunov Analysis

Having established convergence to an arbitrarily small
neighborhood of the critical points, density functions are
now used to pose sufficient conditions that the attractors of
undesirable critical points are sets of measure zero.

Forϕ =
∑

i

ϕi, defineρ = ϕ−α,α > 0 which is defined for

all points inW other than the desired equilibriumγdi = 0,
for all i ∈ N . Note also that eachϕi is C2 and takes values
in [0, 1] and thus both the functionϕ and its gradients are
bounded functions inW . Hence,ρ fulfils the integrability
condition of Theorem 1 and is a suitable density function
for the equilibrium pointγdi = 0,∀i ∈ N . Note that the use
of a navigation function as a candidate density function in
sphere worlds was also used in [11], involving a single agent
navigating in a static obstacle environment.

We have∇ρ = −αϕ−α−1∇ϕ and∇·(fρ) = ∇ρ·f +ρ∇·
f == −αϕ−α−1∇ϕ · f + ϕ−α∇ · f . Whenever∇iϕi = 0
for all i ∈ N , we havef = 0 and

∇ · (fρ) = ϕ−α∇ · f = −ϕ−α
∑

i

K

(

∂2ϕi

∂x2
i

+
∂2ϕi

∂y2
i

)



A sufficient condition for the right hand side of the last
equation to be strictly positive is

∂2ϕi

∂x2
i

+
∂2ϕi

∂y2
i

< 0 (13)

for all i ∈ N . We have

∂2ϕi

∂x2

i
+ ∂2ϕi

∂y2

i
< 0 ⇔

Gi

(

∂2γdi

∂x2

i
+ ∂2γdi

∂y2

i

)

− γdi

k

(

∂2Gi

∂x2

i
+ ∂2Gi

∂y2

i

)

< 0 ⇔
4Gi − γdi

k

(

∂2Gi

∂x2

i
+ ∂2Gi

∂y2

i

)

< 0

since ∂2γdi

∂x2

i
= ∂2γdi

∂y2

i
= 2, and

∇iϕi = 0 ⇒
∂2ϕi

∂x2

i
=

(

γk
di + Gi

)−2(1/k+1)
(

Gi
∂2γdi

∂x2

i
− γdi

k
∂2Gi

∂x2

i

)

,

∂2ϕi

∂y2

i
=

(

γk
di + Gi

)−2(1/k+1)
(

Gi
∂2γdi

∂y2

i
− γdi

k
∂2Gi

∂y2

i

)

.

Therefore, in order to have[∇ · (fρ)] > 0, it suffices that

4Gi −
γdi

k

(

∂2Gi

∂x2
i

+
∂2Gi

∂y2
i

)

< 0 (14)

In previous work we provided a sufficient condition for
(14) to hold for a simpler construction of theGi function.
It turns out that a less conservative condition can be derived
with the definition ofGi used in the current paper.

We can compute ∂Gi

∂xi
=

Ni
∑

r=1
ḡi

r
∂gi

r

∂xi
and ∂2Gi

∂x2

i
=

Ni
∑

r=1

{

∂ḡi
r

∂xi

∂gi
r

∂xi
+ ḡi

r
∂2gi

r

∂x2

i

}

Similar relations hold for theyi-

partial derivatives. ForGi = 0 we havegi
r∗ = 0 for one and

only one relation of agenti, i.e., gi
r 6= 0 for all r 6= r∗. In

this case, it is easy to checkgi
r ≥ λ for all r 6= r∗, so that

∂2Gi

∂x2
i

≥ λNi−1 ∂2gi
r∗

∂x2
i

+

Ni
∑

r=1

{

∂ḡi
r

∂xi

∂gi
r

∂xi

}

Remembering that|Pr| denotes the number of binary rela-
tions in a relation, we get

∂2gi
r∗

∂x2
i

= |Pr∗ | + λ
∂2

∂x2
i

bi
r∗

bi
r∗ + (b̃i

r∗)1/h

Note that for gi
r∗ = 0 we havebi

r∗ = 0 and b̃i
r∗ > 0.

Assumingra = 0 we then also have∂bi
r∗

∂xi
= 0, and∂gi

r∗

∂xi
= 0.

In this case we can show that the right term is strictly pos-
itive. In particular, consideringbi

r∗ = 0, after some calcula-

tions we have∂2

∂x2

i

bi
r∗

bi
r∗

+(b̃i
r∗

)1/h
= (b̃i

r∗)−2/h((b̃i
r∗)1/h|Pr∗ |−

2||∂bi
r∗

∂xi
||2 − (2/h)(b̃i

r∗)1/h−1 ∂bi
r∗

∂xi

b̃i
r∗

∂xi
). The first term of

the right hand side is strictly positive while the second
and third ones are cancelled due to the existence of∂bi

r∗

∂xi
.

Therefore we have∂
2gi

r∗

∂x2

i
> |Pr∗ | and ∂2Gi

∂x2

i
> λNi−1|Pr∗ |+

Ni
∑

r=1

{

∂ḡi
r

∂xi

∂gi
r

∂xi

}

. We can also show that in the case where

ra = 0, the second term is equal to zero. Just note that each
summation term is a product containing either∂gi

r∗

∂xi
= 0 or

gi
r∗ = 0. Therefore∂2Gi

∂x2

i
> λNi−1|Pr∗ |, so that∂2Gi

∂x2

i
> 0 is

strictly positive forGi = 0. Note also that for all relations,
|Pr| ≥ 1. By continuity, we then know that for small enough
ǫ1(ǫ), we have∂2Gi

∂x2

i
≥ λNi−1 > 0 for 0 ≤ Gi < ǫ1(ǫ) which

implies that∂2Gi

∂x2

i
≥ λNi−1 > 0 for q ∈ Bi

r(ǫ) for somer =

1, . . . , Ni. Similarly, we can show that∂
2Gi

∂y2

i
≥ λNi−1 > 0.

Since we can restrict the critical points ofϕ to occur at the
region q ∈ Bi

r(ǫ) (Proposition 1) for somer = 1, . . . , Ni,
we have that∂

2Gi

∂x2

i
+ ∂2Gi

∂y2

i
≥ 2λNi−1 for ∇iϕi = 0.

For the analysis that follows, we use the notations

max
W

{√γdi}
Ni
∑

r=1

max
W

{∥

∥∇ig
i
r

∥

∥

}

= M1,

max
j 6=i

{γdj‖∇iGj‖} = M2,

max
j 6=i

{γdjGi‖∇iγdi‖‖∇iGj‖} = M3,

√

max
j 6=i

{γdiγdj‖∇iGi‖‖∇iGj‖} = M4.

We can now choosek according to

k = kmax = max

{

M1

2ǫ
,

ε(N − 1)M2

(ε2 − ρ1)γ2
min

,
M3

ρ2γ4
min

,
M4√
ρ2γ2

min

}

which satisfies Proposition 1 and the conditions
(10),(11),(12).

A sufficient condition for (14) to hold at the critical points
is then given by

λ >

(

2ǫ1(ǫ)kmax

γmin

)
1

Ni−1

(15)

We now use the argument of [11] mentioning that since
(14) is satisfied exactly at the critical points, it is satisfied
also in an arbitrary small neighborhood around them. From
the primal Lyapunov analysis, we know that indeed the
system converges to an arbitrarily small neighborhood of the
critical points. The dual Lyapunov analysis guarantees that
the attractors of the undesirable critical points are sets of
measure zero. The following then holds:

Proposition 3: Consider the system (1) with the control
law (6). Assume that the assumptions of Propositions 1,2
hold and that (15) also holds. Then the closed-loop system
is asymptotically stable for almost all initial conditions.

Remark 1:The previous analysis holds for the case of
point agents, i.e.,ra = 0. The extension to the case of
arbitraryra holds for the primal analysis case, however it is
not straightforward in the dual analysis, since in this case the

terms ∂2

∂x2

i

bi
r∗

bi
r∗

+(b̃i
r∗

)1/h
and

Ni
∑

r=1

{

∂ḡi
r

∂xi

∂gi
r

∂xi

}

are not guaranteed

to be positive and zero respectively. For the case of non-
point agents, a conservative condition was derived in [5]. The
extension of the less conservative result of this paper to non-
point agents is currently under investigation. Note also that
the agents are only guaranteed to converge to a neighborhood
of the destination points, sinceγmin > 0 should be bounded
away from zero to preventk andλ from exploding to infinity.
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Fig. 1. Seven agents navigate under the control law (6). The black circles
represent the initial positions of the agents while their final locations are
denoted by a grey circle.
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Fig. 2. Distances of a particular agent from each of the remaining ones
as the closed-loop system evolves.

This further justifies the need of an additional element to
the γi functions so that agenti cooperates with the rest of
the team in the case of a possible collision even once it is
already arbitrarily close to its desired destination. The reader
is referred to the relevant design in [4],[6].

VI. SIMULATIONS

In order to illustrate the effectiveness of the designed
controller we have set up a simulation involving seven agents,
with controller parameters given byk = 4, λ = 1, h =
1, Rw = 1. The evolution of the system is depicted in Figure
1, where the black circles represent the initial positions
of the agents and their final destinations are denoted by a
grey circle. Figure 2 depicts the distances of a particular
agent from each of the remaining ones. One can see that
interagent distances satisfy the collision avoidance property.
After some time, inter-agent distances become constant since
agents converge to their corresponding desired destinations.

VII. C ONCLUSIONS

We used a combination of primal and dual Lyapunov The-
ory to derive sufficient conditions for asymptotic stabilization
from almost all initial conditions in multi-agent systems
driven by decentralized navigation-like functions. The primal
Lyapunov analysis guaranteed convergence of the system
to an arbitrary small neighborhood of the critical points.
The dual analysis then provided sufficient conditions for the
undesirable critical points to have attractors of measure zero.

Future research involves extending the dual analysis result
to the case of non-point agents, as well as applying the
decentralized navigation functions’ framework to the design
of [15].

REFERENCES

[1] D. Angeli. An almost global notion of input-to-state stability. IEEE
Transactions on Automatic Control, 49(6):866–874, 2004.

[2] J. Chen, D.M. Dawson, M. Salah, and T. Burg. Multiple UAV navi-
gation with finite sensing zone.2006 American Control Conference,
pages 4933–4938.

[3] M.C. DeGennaro and A. Jadbabaie. Formation control for a coopera-
tive multiagent system with a decentralized navigation function. 2006
American Control Conference, pages 1346–1351.

[4] D. V. Dimarogonas, S. G. Loizou, K.J. Kyriakopoulos, and M. M.
Zavlanos. A feedback stabilization and collision avoidance scheme
for multiple independent non-point agents.Automatica, 42(2):229–
243, 2006.

[5] D.V. Dimarogonas and K.J. Kyriakopoulos. An applicationof
Rantzer’s dual Lyapunov theorem to decentralized navigation. 15th
IEEE Mediterranean Conference on Control and Automation, 2007.

[6] D.V. Dimarogonas and K.J. Kyriakopoulos. Decentralizednavigation
functions for multiple agents with limited sensing capabilities.Journal
of Intelligent and Robotic Systems, 48(3):411–433, 2007.

[7] O. Khatib. Real-time obstacle avoidance for manipulatorsand mobile
robots.International Journal of Robotics Research, 5(1):90–98, 1986.

[8] D. E. Koditschek and E. Rimon. Robot navigation functionson
manifolds with boundary.Advances Appl. Math., 11:412–442, 1990.

[9] S. LaValle. Planning Algorithms. Cambridge University Press, 2007.
[10] S. G. Loizou and K. J. Kyriakopoulos. Closed loop navigation

for multiple holonomic vehicles.Proc. of IEEE/RSJ Int. Conf. on
Intelligent Robots and Systems, pages 2861–2866, 2002.

[11] S.G. Loizou and A. Jadbabaie. Density functions for navigation
function based systems.IEEE Transactions on Automatic Control,
53(2):612–617, 2008.

[12] S.G. Loizou and V. Kumar. Weak input-to-state stabilityproperties
for navigation function based controllers.45th IEEE Conf. Decision
and Control, pages 6506–6511, 2006.

[13] S.G. Loizou and K.J Kyriakopoulos. Navigation of multiple kinemat-
ically constrained robots.IEEE Transactions on Robotics, 2008. to
appear.

[14] I. Masubuchi. Analysis of positive invariance and almost regional at-
traction via density functions with converse results.IEEE Transactions
on Automatic Control, 52(7):1329–1333, 2007.

[15] L. Pallottino, V.G. Scordio, A. Bicchi, and E. Frazzoli. Decentralized
cooperative policy for conflict resolution in multivehicle systems.
IEEE Transactions on Robotics, 23(6):1170–1183, 2007.

[16] A. Rantzer. A dual to Lyapunov’s stability theorem.Systems and
Control Letters, 42:161–168, 2001.

[17] A. Rantzer and S. Prajna. On analysis and synthesis of safe control
laws. 42nd Allerton Conference on Communication, Control, and
Computing, 2004.

[18] K. Spieser, D.V. Dimarogonas, and E. Frazzoli. On the transfer
time complexity of cooperative vehicle routing.American Control
Conference, 2010. to appear.

[19] H.G. Tanner and A. Kumar. Formation stabilization of multiple
agents using decentralized navigation functions.Robotics: Science
and Systems, 2005.

[20] J.F. Vasconcelos, A. Rantzer, C. Silvestre, and P. Oliveira. Combi-
nation of lyapunov functions and density functions for stability of
rotational motion.48th IEEE Conf. Decision and Control, pages 5941–
5946, 2009.


