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Abstract

In this paper, we propose an aperiodic formulation of Model Predictive Control
for distributed agents with additive bounded disturbances. In the proposed method,
each agent solves an Optimal Control Problem only when certain control perfor-
mances cannot be guaranteed according to certain triggering rules. This could lead
to the reduction of energy consumption and the alleviation of over-usage of com-
munication resources. The triggering rules are derived for both event-triggered
and self-triggered formulation. Our proposed method is also verified through a
simulation example.

1 Introduction

The analysis of formation control of cooperating autonomous vehicles is an impor-
tant area of research for the la&stlecades. This has been motivated for many years
since it increases the efficiency and lowers the overall loads and costs by complet-
ing tasks together working as a team of agents. The most common approach to the
formation control involves distributed agents cooperatively achieving their desired for-
mations and destinations. In this case, the control method has to be designed to deal
with several problems, such as how to avoid their collisions, how to achieve their de-
sired formation, and how to deal with the actuator limitations. One of the most at-
tractive control schemes to take into account these problems is the use of Distributed
Model Predictive Control (DMPC) and an extensive research has already been done,
e.g., [11] [12], [13], [16], [19], [20], [21], [27]- This control scheme tries to solve a
Finite Horizon Optimal Control Problem (FHOCP) on-line given the current state of
the plant and the information of the neighbors to predict their behavior. For example,
in [16] the authors consider DMPC for multi-vehicle stabilization for the continuous-
time nonlinear systems. In [16], the upper-bound of sampling interval of solving the

*A condensed conference version has been submitted for conference publication. Kazumune Hashimoto
is with the Automatic Control Laboratory, Department of Electrical Engineering, KTH Institute of Technol-
ogy, 10044 Stockholm, Sweden (e-mail: kazumune@kth.se).

TShuichi Adachi is with Department of Applied Physics and Physico-Informatics, Keio University, Yoko-
hama, Japan

tDimos V. Dimarogonas is with the ACCESS Linnaeus Center, School of Electrical Engineering, KTH
Royal Institute of Technology, 10044 Stockholm, Sweden (e-mail : dimos@ee.kth.se).



optimal control problem is also derived so that the desired cooperation can be achieved.
The readers can also refer to more recent result in [11], where the communication de-
lays are taken into account. For discrete-time nonlinear systems, the reader can refer
to [21] for the detailed stability analysis, where the authors apply Input to State Stabil-
ity (ISS) with respect to neighbors’ exchanged information.

One of the most common methods of DMPC is the case of decoupled sub-systems,
where each sub-system is not directly influenced by the others. The cost function is
instead, coupled and affected by others as a part of the total cost. This implies that
choosing the controller is influenced by the cooperation with the neighbors and conse-
quently, may indirectly affect the individual dynamics.

Another attractive research deals with how to reduce energy consumption and us-
age communication resources in large scale interconnected networks. The battery dis-
charge could be one of the serious concerns due to the communication and computa-
tional loads when the battery power is limited but still the control inputs are executed
periodically. The event-triggered control schemes have been proposed recently to ex-
pand the lifetime of agents by aperiodically executing control inputs, while guarantee-
ing desired control performances. Event-triggered and self-triggered control are two
main different aperiodic control approaches, see, e.g., [5], [6], [7], [9], [24], [25] for
the event-based case, and [3], [8], [26] for the self-triggered case. The major difference
between event-based and self-triggered control is that, the event-based control scheme
requires current measurements of states of the plant, while in the self-triggered case
the next control execution is pre-computed without measuring the states of the system
based on the prediction and the dynamics.

Although the MPC framework requires to solve the FHOCP periodically, and thus
it is clearly computational demanding especially if the dynamics are nonlinear, the ap-
plication of the event-triggered control to MPC has received some attention in recent
years; the readers can refer to [1], [2], [3], [4], [8], [9], [10], [15], [17], [28] for some
novel results. In [1], the authors consider deriving event-based MPC for distributed
agents having nonlinear dynamics with no additive disturbances, and the FHOCP is
aperiodically solved according to an event-based triggering rule with respect to the in-
formation error from the neighboring agents based on stability analysis. Furthermore,
this is extended to deriving self-triggered conditions in [4]. While these methods may
lead to the reduction of the energy consumption, the triggering rules could be conserva-
tive as the size of the network increases, since the information error for all of the agent’s
neighbors is taken into account for the stability criterion. In [3], a self-triggered MPC
for single agent having nonholonomic dynamics is derived, where additive bounded
disturbances are dealt with. The triggering rule is derived according to robust stability
criterion, where the total cost to be minimized is regarded as a Lyapunov candidate to
show the Input to State Stability (ISS).

In [17], the authors consider a self-triggered MPC for single agent with linear dy-
namics. A sub-optimal control input is designed, through which the infinite horizon
quadratic cost is evaluated. The event-triggered rule described in [17] takes over the
fundamental concept of the event-triggered control, since the piece-wise constant con-
trol input is applied aperiodically in order to alleviate not only the computational load
but also communication load. This is clearly different from other results on event-
triggered MPC in which the control execution are still periodic. An extended result



has been recently proposed in [8], where certain disturbances (not necessarily Gaus-
sian noise) are additionally taken into account and the effectiveness of the method is
verified through numerical simulations. The reader can also refer to [9] for the case of
event-triggered MPC, where the authors derive the triggering condition for a discrete-
time linear system with additive bounded disturbances. In [28], the authors propose
and event-based DMPC for continuous-time nonlinear systems. The key idea is to use
a Lyapunov-based MPC, in which the stability property holds in a sample-and-hold
fashion by using an additional constraint regarding the optimal cost. A more recent re-
sultis proposed in [10], where an event-based condition for single agent with nonlinear
continuous time system with additive bounded disturbances is proposed. In [10], the
lower bound of inter-execution times is also given, and the feasibility is guaranteed by
imposing additional constraints regarding state variables and the prediction horizon.

In this paper, we consider deriving event-based and self-triggered MPC for the
cooperation of distributed agents having nonlinear discrete time dynamics, where the
FHOCP is aperiodically solved according to certain triggering rules. A main novelty
with respect to earlier approaches is that we derive a triggering condition which does
not involve the neighbors’ information by changing the expression of the Lyapunov
function candidate, and thus the periodic usage of communication is not needed even in
the event-based case. Moreover, additive bounded disturbances are taken into account,
and the corresponding triggering rule is obtained by robust stability of MPC. Therefore,
our proposal could lead not only to a reduction of the computational load of MPC but
also to the relaxation of over-usage of communication resources for the cooperation of
perturbed multi-agent systems. On the other hand, we impose an additional constraint
for guaranteeing the stability property. The triggering rule will be obtained for the
event-based case at first, which will then be extended for achieving a self-triggered
condition by making use of the boundedness of uncertainties between predictive and
actual state. The feasibility and stability analysis are also provided.

The rest of this paper is organized as follows. In Sec2iaine mathematical mod-
eling and the problem formulation of MPC for distributed agents are described along
with several assumptions. In Sectidpan event-based condition is obtained by using
robust stability criterion, and then a feasibility analysis is conducted. In Settian
self-triggered condition is derived by changing the expression of admissible control
inputs, and the corresponding feasibility is also shown by imposing more restrictions
on the size of the disturbance. Simulation results verify our proposal in Ségtaom
a summary of the results of this paper is given in Seation

2 Problem Formulation

In this section the problem formulation is going to be presented. At first, the mathemat-
ical modeling is provided and then the design for MPC for each agent is formulated.

2.1 Modeling

We consider a distributed system consistingMéfagents, where each agent is con-
trolled by a local Model Predictive Controller. The nominal model for each agent is



given by a nonlinear difference equation

Ti(k+1) = fi(@i(k), ui(k)) (1)

where for each = 1,..., M, &;(k) € R" is the state ofi-th agent at time: and

u;(k) € R™ is control variable. We further consider that the agent moves under the
influence of a certain disturbance. That is, the dynamics of the actual state is given by
following perturbed model

zi(k+1) = fi(wi(k),ui(k)) + wi(k), wi(k) eW 2)

wherew; is an additive disturbance which belongs to a compacwggt) € W and is
assumed to be bounded Bw; (k)|| < w, where|| - || denotes the Euclidean norm. We
assumef;(0,0) = 0 and the constraints for the state and control input on each agent
are of the forme; (k) € X, u; (k) € U;.

2.2 Distributed MPC Formulation

In the proposed distributed MPC framework, each agent solves a Finite Horizon Opti-
mal Control Problem (FHOCP) involving the predictive statgg: + [|k) and predic-
tive control inputsu; (k + [|k) based on its current state, and the information from its
neighbors. The current and predictive states and control inputs are denoted in vector
format as

@i(k) = {&i(k + 1K)} o, wilk) = {uilk + 1K)} "
with z; (k|k) = x,;(k). Furthermore, we consider a partially connected structure, where
each agent{; can exchange the state information with neighboring cooperating agents
G; = {A;,j € G;}, andG; denotes the set of indices of agents belonging to the
setG;. The information vector from the neighboring agegris denoted ag (k) =
{z;(k+1)}Y,, where each component(k +) is the predictive state of theth agent
atk + [. This information vector depends on whether event-based or self-triggered
control is used, as well as whether the FHOCP is solved, so more specific definitions
of the information vector are going to be provided in Sectidasd4.

The overall information which thé-th agent obtains from all of its neighboring

agents at timé are collected as one stack vectar; (k) given by

z_a(k) = col(z; (k). j € Gi)

Given the state; (k) attimek and its neighbors’ information vecter_;(k), the overall
cost function for each agent is given by

Ji(xi(k), wi(k), z_i(k))
= T (zi(k), i (k) + T2 (2i(k), z—i(k))

We will also use the notatiod; (k) = J/ (k) + J2 (k). The cost consists of two terms
: JH (k) is the cost for the agent itself and is given by

N-1
TH(k) = > i@k + k), wi(k + 1K)}
=0

V. (@:(k + NK))
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wherez;(k+1|k) is the predictive state obtained from the nominal modelW(X); (k+
N|k)) is a terminal cost, andV is the prediction horizon. The second cdﬁ(k)
involves the information from the neighbors and is given by

N-1

TR0 =373 ik +1k), 2z (k + 1))

=0 jeG?

whereg;; is a coupling cost between agenaind j. In this paper we assume that
the transition cosh; and coupling cost;; are both given by quadratic functions:
hi(wi, i) = [lwill3 + [luil[%, i (26, 25) = |lwe — 25 + dgl[3,, where the matri-
cesF, R, Q;; are positive definite, and}; is a desired distance vector between agents
i andj.

The FHOCP for the perturbed model (2) is now ready to be formulated as follows :

min J;(x;(k), w;(k), z_;(k))
u;(k)

st @ik + 1+ 1k) = fi(@:(k + U|k), wi(k + 1|k)) @)
i(k+1k) € &}

(k+ k) € U;

ik + N|k) € Xy,

I (@i(k), wi(k)) < vi(k)

where the constraint fat; (k + [|k) is narrowed toz; (k + I|k) € X! C X; to make
sure that there is a robust positively invariant set for the closed loop system where a
solution to the FHOCP exists, see [14]. More specifically, the restricted constraint set

X} is given byX! = X; ~ B!, whereB! = {x ¢ R" : ||z]| < fl 1} and~ denotes
Pontryagin difference.

The terminal constraint’y, is a set given byty, = {x € R" : V;(z) € o, } and
X, C X;. The last constrainf/? (z;(k), w;(k)) < (k) is imposed for ensuring the
stability for each agent. A more specific definitiongfk) is formulated later in this
text. We make following assumptions for the stability analysis :

S B8

Assumption 1. f;(z,u) is Lipschitz continuous with Lipschitz constdnt , i.e.
| fi(@1,u) = filze, w)|| < Ly, |[z1 — 22|

Assumption 2. The running cost#;(z;, u;) is Lipschitz continuous im;, with Lips-
chitz constant,, .

Assumption 3. There exists a local stabilizing controlle; (z) € U, in the sense that
Vi(fi(z, ki(2))) — Vi(z) < —hi(z, ki(z)) (4)

for all € ®;, where®, is a compact setgiven by, = {x € R" : V;(z) < «;} and
@gx}vmform_l ,N —1.



Assumption 4. The terminal cosV;(z) is Lipschitz inx € ®; with Lipschitz constant
Ly,.

Assumption 5. The set¥;, = {z € R" : V;(z) € a, } is such that for allz € @, ,
[z, ki(x)) € Xy, C ;.

Remark 1. All of these assumptions are fairly standard for guaranteeing ISS under
additive bounded disturbances; see e.g., [14], [23]. Note that th&/seduld be very

small if the Lipschitz constanty, is relatively large, especially when it is larger than

1. This problem is also remarked in [14], where several methods to reduce this conser-
vativeness are given. For example, the control parametrization method can be used by
giving a feedback structure; (k) = K, (k) + v;(k) to reduceL,, wherev; (k) is a

new control variable.

The solution to the FHOCP gives an optimal control input sequence and the corre-
sponding predictive states denoted by

i (k) = {7 (k+1[k)}lo, ui(k) = {uj(k+ 1K)}

wherei}(k|k) = xz;(k). Then, in the event-triggered formulation, some part of this
optimal input is applied to the system, i.e.,

wP(k+1k)=ui(k+1k), 1=0,---,m—1

wherek + m denotes the next triggering time, which is obtained by the triggering
condition. Before deriving the triggering condition, some useful Lemmas are given by
following :

Lemma 1. The difference between the true stat¢k + ) and the predictive state

#:(k + 1|k) is bounded by|i; (k + I[k) — z:(k + 1)|| < 6,(1) wheres, (i) = 71—,

£l

For the proof the reader can refer to [14]. The following is an extension of Lemma
2in[14].

Lfl
o —1

Lemma 2. Let X} be given byX! = X; ~ B!, whereB! = {z € R" : ||z]| <

for! > 1, and letz € &} andy € R" be such that|z — y|| < Ll ’"L? ;w for
0<m <1l Theny € x/=™.

i

Proof. Letz =y — x + e;_,, Wheree,_,, € B/™™ andz € X}. We get

2]l <|lz -yl JrHel mH l ©)
lem L1 _ 7’"17_L—1
_LfimLfi w+ Ly, w= Lfl—lw
Hencez € Bl. Sincey + ¢;_,, = z + = € X;, we obtainy € x'~™. O



3 Event-based MPC

3.1 Deriving the event-based condition

In this section the event-based triggering rules are derived. Assuming that we solved
the FHOCP at, then this provides an optimal control sequengék) and the cor-
responding optimal cost denoted by (k) = JZ*(k) + J2* (k), where JH*(k) =

JH (z: (k),ul (k) andJiQ*(k:) = Jfg(:c’{(k), z_;(k)). Then, consider that the follow-

ing control sequenca;(k + m) = {u;(k + |k +m)}" N1 wherel < m < N

is used to obtain the predictive state sequebgé + m) = {z;(k + l|k +m)}" TN
(givenz;(k +ml|k +m) = z;(k +m)) fromk + m: form =1,

w;(k+1k+1) =
uf(k+1|k) (forl=1,--- ,N = 1) (6)
{ ki(Z(k+ 1k +1)) (forl = N)

Forl <m < N,

u;(k+1k+m) =
w(k+lk+m—1)(forl=m,--- ,N+m—2) (7)
ki(Z(k+1k+m)) (forl=N+m—1)

Instead of solving the FHOCP &t+ m, we will assume that this admissible control
input@;(k + m) is going to be applied to check if the stability is still guaranteed. The
corresponding cost is simply denotedaék +m) = JH (k+m)+J% (k+m), where
JH (k4+m) = JH (&(k+m), @;(k+m)) andJ? (k+m) = J2 (@ (k+m), z_i(k-+m)).
Now we propose the following triggering rule.
(Triggering rule): The FHOCP is triggered whe#!? (k) is not guaranteed to decrease.
This means that we také” (k) = JH (z;(k),u,;(k)) as a Lyapunov candidate,
instead of using the total cog}(k). The reason for this is that if wikad the total
cost as a Lyapunov candidate, we would need to take into account the information
z_;(k) to evaluate triggering conditions and thus the periodic usage of communication
resources would be required. Furthermore, the uncertainties of this information vector
would be considered for all the neighbors, and thus the triggering condition might have
been more conservative. Thus by taking o}y (k) as a Lyapunov candidate, which
involves only the information of the agenitself, the reduction of not only the utiliza-
tion of communication resources but also of the conservativeness of the triggering rule
can be achieved.
The problem when the partial cost is used here is, however, that the optimal control
inputs are obtained by evaluating the total chsk) and thus// (k) does not necessar-
ily follow J*(k) < JH(k), and the stability conditions are hard to verify. Motivated
by this, we impose here an additional constraint f¢t(k) in J (z;(k), u;(k)) <
7i(k), which corresponds to/ (z;(k + m),w;(k + m)) < ~i(k + m) when the
FHOCP is triggered &t + m. The upper bound; (k + m) is defined as

ik +m) =JH(k+m—1)+ Ly -w (8)
—hi(x;(k+m —1),uf(k+m — 1]k))
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whereL,; = Ly, L L +LVLLN !, andJ! (k+m—1) is replaced with the optimal
costJ*(k )whenm =1.

Having obtained/*(k) at k, we first check if this cost is guaranteed to decrease
from k to k+1. Regarding this point, consider that an admissible control ifipii+1)
is used fork+1 to obtainJ (k+1). If we show that/? (k+1) < J*(k), the stability
is already guaranteed without having to solve the FHOCP. The difference between the
next cost/ (k + 1) and the optimal cost/’*(k) is given by

AJH = JH(k+1) — JH* (k)
= ~hi(x:(k), ui (k[k))
N {ha(z, (k+l|k+1) u;(k+ 1|k +1))
fhz( Tk +1k),ui(k+1k))} 9)
—%(:%’!‘(k+N\k))+Vi(:m(k+N+1|k+1)

Fhi(Zi(k+ Nk + 1), ()
—Vi(@i(k + N|k +1)) + Vi(Zi(k + N[k + 1))

By using the Assumption 4 for terminal cost and state, we get

Vi(@i(k+ N+ 1|k +1)) — Vi(z;(k + N|k + 1))
< —hi(Zi(k+ Nk + 1), 5:(Zi(k + Nk + 1))).

Sinceu;(k + |k +1) = uf(k + k) forl = 1,--- , N — 1, the difference for the
transition cost; in the summation can be bounded by

|hi(Zi(k + Uk + 1), @;(k + 1|k + 1))
—h; (A*(k+l\k) H(k+1E))| (10)
<L}L1Lf 1IU

Furthermore, the difference for the terminal ctists bounded by

[Vi(&7 (k + N|k)) = Vi(zi(k + N|k + 1))

Ty LY o (11)

Therefore, the bound is given by

ATH < —hi(wi(k), uf (k|k))
I (R e e
< —hi(zi(k), uj (k|k)) + Lpi - w

Letting
Lyiw < o - hi(wi(k), u; (k|k)) (13)

where0 < o < 1, we obtain
AT < (o —=1) - hi(xi(k), uf (k|k)) < (14)

and so the convergence property is guaranteed. Thus if (13) holds, the FHOCP is
determined not to be solved at+ 1. Now assume that the triggering condition (13)



is satisfied and we obtaid’ (k + 1) atk + 1. Then, we further consider that the
admissible control inputi(k + 2) is going to be used fok + 2 to get the next cost
JH (k + 2), and take a difference fromi’ (k + 1) similarly to (9), i.e.,

AJH =JH(k+2)-JHk+1)
= —hi(zi(k +1),uj (k + 1]k))
N (i (@ (k + Uk + 2), @k + Uk + 2))
— hi(zi(k + Uk + 1), @ (k + |k + 1))}
—Vi(zi(k + N + 1|k + 1))

Vi(zi(k + N + 2k +2)

(Zi(k + N + 1)k +2), 5:(-))
Vi(z )
Vi(z )

i(k+N+1k+2

+
+h;
+Vi(@i(k+ N+ 1]k +2

)
)

From (6),a;(k+1|k+1) = a(k+I1|k+2)forl =2,--- , N. By using the Assumption
4 for the terminal cost, we get

Vi(zi(k+ N+ 2|k +2)) — Vi(Z;(k+ N + 1|k + 2))
< —hi(.fi(k'—FN—F 1|]€+2),I€i(§3i(l€+N+ 1|]€+2)))

From Lemmal, the difference between the transition cdstsn the summation above
is bounded by
—hi(zi(k+ 1k +1),a;(k+1k+1))] (15)
< Ly, LY *w
Furthermore, the the difference for the terminal dgsis bounded by

|Vi(Zi(k + N + 1|k +2)) — Vi(zi(k + N + 1]k + 1))|
< Ly, LY 'w

which is also the same bound as in (11). Therefore, we get
AJE < —hi(wi(k +1),uf(k + 1|k)) + Lpi - w (16)

Therefore, by letting.,;w < o - h;(z;(k + 1), u; (k + 1]k)), we getAJH < 0, so the
convergence property is guaranteed. Thus if this condition is satisfied, the FHOCP is
determined not to be solved &t 2. By using the same procedure, we get the bound
of AJH = JH(k+m)— JH(k+m—1)for1 <m < N as

AJH = JHk+m)—JE(k+m—1)
< —hi(xi(k+m—1),uf(k+m—1lk)) 17)
+Ly-w

and so the triggering rule is given by
Ly -w<o-hi(zi(k+m—1),uf(k+m—1]k)). (18)

In this way, the FHOCP is aperiodically solved while convergence is preserved. There-
fore, the event-based MPC is formulated as follows



(Event-based MPC)Assume that the FHOCP is solvedfat For & + m wherel <
m < N, the FHOCP is triggered at +m when(18)is violated. Whel(18)is satisfied
forall 1 < m < N, then the FHOCP is triggered &t+ V.

Remark 2. Note that the triggering rule does not involve any information frin
neighbors, and thus there is no need of communication when the FHOCP is not solved.
Also note that this triggering rule is categorized as event-based control, since at each
time we need to observe the true state to calculate not only the transitioh;dmst
also~;(k +m); this is because, in order to calculgték +m), w(k +m — 1) is based
onu(k + m — 2), which involves the local controllet;(Z(k+ N +m — 3|k +m —2)

which in turn needs to be computed from the actudk + m — 2). This results in
needing the measurementgk + m — 3),--- ,x;(k + 1).

Definition 1 (Information vector for event-based cséet z;(k + 1) be the informa-
tion vector that should be transmitted from ageat timek. This information is sent
to its neighbor, e.g.j, only when; decides to solve the FHOCP /fat+ 1. When the
agenti solves the FHOCP dt, the following optimal predictive states are transmitted

zi(k+1) ={&; (k + k), -, &7 (k + N|k), fi(@7(k + N[k), wi(-)}. - (19)
When it is not solved, the predictive states obtained figh) are transmitted, i.e.,

zi(k+1) ={zi(k + 1]k), -+, Zi(k + NIk), fi(Z:(k + Nlk), x:(-)) }- (20)

3.2 Feasibility analysis

In this section the feasibility analysis of the FHOCP for each agent is going to be
given. Analyzing the feasibility is important in the MPC framework in order to ensure
that there exists a solution satisfying all the constraints when the FHOCP is triggered.
In the event-triggered formulation, it is going to be shown that if we solve the FHOCP
at k, the FHOCP is feasible whenever until prediction horizon it is again going to be
solved in the futuré: 4+ m. This is different from the standard (periodic) MPC where
we solve the FHOCP every time, although the feasibility can be shown in a similar
manner to [14] by restricting the size of the disturbance.

The main theorem for the feasibility is provided below.

Theorem 1. Let the system be described (8), and assume that all Assumptions 1-
5 are satisfied. Then, the FHOCP solved by ageistfeasible if the disturbance is
bounded by

(21)

foralli=1,---, M.

Proof. Assume that we successfully solve FHOCP at time get the optimal input
sequence:; (k) and the corresponding optimal co5t(k), and then from the triggering
rule, the next FHOCP is determined to be solved at m wherel < m < N. The
FHOCP is shown to be feasible fatt- m that there exists a solution satisfying all the
constraints in (3) by considering that(k + m) given by either (6) or (7) is applied.

10



1. ’fLZ(k +m) ey,
This is clearly admissible from the expressionagfk + |k + m) given by (6)
and (7).

2. Zi(k+lk+m)e X forl=m+1,--- ,N +m— 1.
First we show this forn = 1. Sincea;(k + l|k + 1) = u}(k + l|k), we first

obtain
|Zi(k + Uk + 1) — & (k + 1|k)|| < L'
wherei? (k + I|k) € X}. Thus from Lemma 2 (fom = 1), Z;(k + |k + 1) €
X7 forl=2,--- | N. Form = 2, sincei; (k 4 Ik +2) = @;(k + |k + 1) for
l=2,---,N,we get
|Z:(k + Uk +2) — zi(k + Uk + 1)]| < L' ?w

forl =3,---, N + 1, wherez;(k + I|k 4+ 1) € X/~*. Thus from Lemma 2 (for
m = 1), #;(k+1k+2) € X/72forl = 3,--- , N + 1. By recursion, we get
Ti(k+1k+m)e X ™forl=m+1,--- ,N+m— 1.

3. Zi(k+m+ Nk +m) € Xy,
First we showz;(k + m + N — 1|k +m) € ®,. Form = 1, by using

|1Z:(k + Nk +1) — &7 (k + N|k)|| < L} '@
we get that
Vi(Zi(k+ Nk +1)) <, + Ly, LY "o < oy

Hencez;(k + N|k + 1) € ®;, thus by using Assumption 5, we obtaif(k +
N + 1|k + 1) € &y,. Similarly as above, fom = 2,

||Z;i(k + N + 1]k + 2)
—Zi(k+ N +1k+ 1) < LY 'w

and we get
Vi(@i(k+ N+ 1]k +2)) < ay, + Ly, LY "'w < o

Hencez;(k+ N +1|k+2) € ®;, thus by using Assumption 5, we ggt(k+ N +
2|k+2) € Xy,. Therefore we recursively get that(k+m+N —1|k+m) € @,
andz;(k +m+ N|k +m) € &Xy,.

4. JH(k+m) <~i(k+m) )
First we check forn = 1. The difference betweei/ (k + 1) and the optimal
cost.J7*(k) is bounded according to (12), and thus we get

Tk +1) < JI(k) = hi(zi(k), u; (k]k)) + Lp; - @

vi(k 4+ 1) (22)

11



Thus,JH (k + 1) satisfiesJ (k + 1) < ~;(k + 1) and so the feasibility for this
constraint is guaranteed whem = 1. For1 < m < N, we obtain from (17)

that _ -
JE(k+m) < JH(k+m-—-1)+ L, w0
—  hi(zi(k+m—1),uf(k+m—1]k))
= yi(k+m)
Therefore, the cost at stdp+ m satisfiesJ (k + m) < ~;(k + m), so the
feasibility for the last constraint is guaranteed far= 1,--- , N — 1. This

completes the proof for the feasibility.

O

4 Self-triggered MPC

In this section the self-triggered MPC is formulated. The self-triggered condition is
derived by modifyingu(k) in order to calculatey; (k) without needing measurement

of the states at time instants, while we impose an additional condition for guaranteeing
the feasibility. Some further assumptions to derive the self-triggered condition are in
order :

Assumption 6. The nonlinear function with local controllef; (x;, x;(x;)) is Lipschitz
continuous with Lipschitz constahtz,, in z; € ;.

Assumption 7. The running cost with local controllér; (x;, x;(x;)) is Lipschitz con-
tinuous inz;, with Lipschitz constant ., in z; € ;.

We should note here that these are not strict assumptions to dbiain < oo,
Ly, < oo, since the state is constrained to be inside the terminal regien®; and
these are not defined globally.

4.1 Deriving the self-triggered condition

In this section we derive the self-triggered condition. We use the same triggering logic
as in the event-based case; we check/ff(k) as a Lyapunov candidate is decreasing,
and the FHOCP is going to be solved when this condition is violated. Similarly to
the event-based case, assume that we have solved the FH@Gkegttave an optimal
control sequence; (k) and the corresponding states(k) and the cost/* (k). Then,
consider that the following modified control sequengék + m) = {u;(k + l|k +

m)}" N "lis used to geE; (k +m) = {Z;(k + |k +m)} TN (givenz; (k + m|k +

m) = z;(k +m)) from k + m, where each component is given by

a;(k+1Uk+m)=
uf(k +1|k) (forl =m,--- N — 1) (23)
ki(Z(k+1lk+m)) (forl=N,--- ;m+N—1)

The control inputs are different from those in event-based case since the local con-
trollers are all used after + N. The corresponding cost is again denoted Ask),

12



and~; (k) is given by (8). Changing the expression®fk) allows us to calculate
~i(k + m) without observing the actual stategk + 1),--- ,z;(k + m — 2), as we
only need to measure the most recent staté +m — 1) to calculate/; (k +m — 1)!
Furthermore, for notational simplicity in the sequel, we defirg(m) as

LN_m—l L L

fi m— 1 N m N m “Hk; Hek;
Lg; =Ly, ————+ Ly, Ly L L _
si(m) = Ly, L, =1 + Ly, + Lo —1

whereLg;(1) = L,; if m = 1.
Now we first check ifJ2 (k + 1) < JH*(k). Atk + 1, @;(k + 1) has the same
expression as in (6) for the event-based casé\ £§ is bounded by

AT < —hi(zi(k),u; (k|k)) + Lsi(1) - @ (24)

By letting
Lsi(1) - w < o - hi(zi(k), u; (k[k)) (25)

where0 < o < 1, we obtainAJ4 < 0 and so the convergence is guaranteed. This is a
self-triggered condition, since the actual statét) is known. Furthermore, as we will
see in the next section, the following triggering condition needs to be added in order to
guarantee the feasibility.

Lsi(2) < Ly (26)

This is the extra condition, but it could be less conservative by changing the size of the
terminal region so that (25) will dominate as the triggering rule. Thus the FHOCP is
solved when either (26) or (25) is violated. The bound of the differehdg should

be considered more carefully as the different local controllers are usedfromv;

AJH =JH(k+2)—JH(k+1)

< h( J(k+ 1), uf(k+1]k))

NS i@k 4 Uk 4 2), a5 (k + Uk + 2))

—h( ik + 1k + 1), a;(k + Uk + 1))}

+hi(Zi(k + Nk +2),k:(+))

~hi@i(k+ Nik 4 1), ()
Vi(zi(k+ N + 1|k +1))
+Vi(zi(k+ N + 2|k + 2)
+hi(Zi(k+ N+ 1k +2),x
(Z;(k+ N+ 1|k +2)
Vi(@i(k + N+ 1]k +2)

v
hi i(+))
V

)
)
By using the Assumption 4 for the terminal cost, we get

Vi(Zi(k + N + 2k +2)) — Vi(z;(k + N + 1|k + 2))

< —hi(zi(k + N + 1k + 2), 5;(Z;(k + N + 1|k + 2)))

1In the condensed version submitted as a conference paper, this control input is used for both event-based
and self-triggered cases in order to allow us to show the feasibility at the same time. However, the allowable
size of the disturbances become restrictive for the event-based case.
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We also have
—hi(Zi(k+ Uk + 1), 0;(k + |k + 1))|
< Ln L0

forl =2,.--, N — 1. The difference for the terminal coB} is bounded by

\Vi(Zi(k 4+ N + 1|k +2)) — Vi(z:(k + N + 1|k + 1))]|
< Ly || fi(Zi(k + Nk + 2), 5:(Z;(k + Nk + 2)))
—fi(@i(k + Nk + 1), 5 (Zi(k + N[k + 1))

< Ly, Lpy,||:(k + Nk 4 2) — Zi(k + Nk + 1)]|

< Ly, Lpe, L} 7?0

The difference betweel; (z;(k + N|k + 2), x;(-)) andh;(Z;(k + N|k + 1), x;(-)) is
bounded by

|hi(Z;(k + Nk +2),5;(Z:(k + Nk +2)))

—hz(.’fl(k + le‘ + 1), Iﬁ;l(fz(k + N‘k + 1)))|

< Ly, ||Zi(k + Nk +2) — z;(k + Nk + 1)||

< Lpg, L} 0

Therefore, the bound fak ./ is obtained by
AJTH < —hi(z;(k 4+ 1),ul (k4 1|k)) + Lg;(2) - w

and so the convergence property is guaranteed when the upper bound is negative. How-
ever, we still need to measurg(k + 1) to calculateh;(z;(k + 1),u}(k + 1]k))
and so this is not yet a self-triggered condition. Thus by making use of the bound
[|25(k 4+ 1|k) — z;(k + 1)|| < 0;(k+ 1) in Lemma2, and the triangular inequality, we
obtain

s (k + DI = [127 (k + 1E)|| = 6i(k + 1) 27)

Thus we get
lzi(k +1)||* > g7 (&7 (k + 1]k), 8;(k + 1))

where g;(z;,9;) is given by g;(z;,d;) = max{||z;|| — d;, 0}. The bound for the
transition cost; is then given by

hi(zi(k+1),ul(k+ 1|k))
> Ain (F) |\xz<k+1>ll2+llu (k+1[k)[%
> Amin (F)g7 (25 (k + 11k), 05 (k + 1)) + [[uy (k + 1[k)||%

where,in (F) is the minimum eigenvalue of the matid Thus we obtain

AJE < —Amin(F)g? (& (k + 1]k), 6;(k + 1))
=lui (k + 1[k)[[% + Lsi(2) - w

By letting

Lsi(2)-® <0 Aun(F)g? ? + 11k), 8i(k + 1)) (28)

& (k
to - |ur(k+ 1E)|%
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where0 < o < 1, we getAJ < 0 and then the convergence property is guaranteed
without measuring;; (k + 1). For guaranteeing the feasibility, we must impose

Lsi(3) < Ly;. (29)

Therefore, the FHOCP is going to be triggeredcat 2 when either (28) or (29) is
violated. Similarly above, we get the following boundaf7 for1 <m < N :

AJH < —hi(xi(k +m —1),u(k+m — 1]k))

+Lgi(m) - w. (30)
From Lemma2, we obtain
AJTE < Amin(F)gF (27 (k +m — 1]k), 6;(k +m — 1))
—lui (k +m = 1k)|[% + Ls(m) - w
Thus the self-triggered condition is given by
Lsi(m) <@ — o« |luf (5 + m — 1R (31)

< 0 Amin(F) g7 (7 (k +m — 1k), 6;(k +m — 1))
The additional condition for guaranteeing the feasibility is
Lsi(m+1) < Ly,. (32)
Therefore, the following self-triggered condition is formulated;

(Self-triggered MPC):Assume that the FHOCP is solvedfat Then, the FHOCP is
triggered atk + 1 when eithe(25) or (26)is violated. Fork + m wherel < m < N,
the FHOCP is triggered ak + m, when either(31) or (32) is violated. When it is
satisfied for alll <m < N, the FHOCP is solved dt + N.

Remark 3. Clearly, our proposed self-triggered conditions are more restrictive than
the event-based case, since we need to take into account the maximum difference or
triangular relation between predictive states and the actual states (27), as well as (32)
for guaranteeing the feasibility. This conservativeness can also be seen in our simula-
tion example given in section 6.

Definition 2 (Information vector for self-triggered caseWhen the FHOCP is solved
at k, the information vector transmitted frofis the same as in the event-based case;

zi(k) = {27 (k +1|k), -, 27 (k + N|k), fi(27 (k + N[k), 5i(-)}. (33)

When it is not solved, the information is different from one in event-based case, as it
does not measure the actual states.a;ét) = {Z;(k + |k —n)}{Y, be the predictive
states based oty (k|k — n) = 27 (k|k — n) given that the FHOCP is solved &t n,
andu; (k). Then, the information vector for self-triggered case is given by

Zi(k+ N|k —n),z;(k+ N + 1|k — n)}

wherez;(k + N + 1|k — n) = fi(Z:;(k + N|k — n), x;(-)). Clearly, this information

vector is less accurate than the event-based case where the information is calculated
based on the current state measurement, thus we may need to restrict the triggering
rule by tuninge in (31) to transmit more reliable information.

(34)
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4.2 Feasibility analysis

In this section the feasibility analysis for self-triggered NMPC for each agent is going
to be given. By imposing more restricted boundsdothan in the event-based case,
we are able to show the feasibility.

Theorem 2. Let the system be described 2y, and assume that Assumptionr§ are

satisfied. Then, the FHOCP under the self-triggered control is feasible if the uncer-

tainties are bounded by

(sz‘ - 1)(a1 - a'Uz‘)
Ly, (LY —1)

D < (35)

Proof. The feasibility is going to be shown in the same way as in the event-based case.

This is clearly admissible from the expressiorugfk + |k + m) given by (23).
2. Zi(k+1Uk+m)c X" forl=m+1,---,N.
Sinceu; (k+ 1|k +m) =u}(k+1|k) forl =m,--- ,N —1, from Lemma2, we
getz;(k + |k +m) € XI~™,
3. Zi(k+m+ Nlk+m) € Xy,.
First we showz;(k + N|k +m) € ®,. By using

L
i (k + NIk +m) — &7 (k + Nk)|| < LY ™"

andz}(k + N|k) € Xy,, we get
Vi@i(k+ Nk +m)) < ay, + Ly, LY "5
N

LY -1 _
<y, + Ly, 7w <

w
£ =1

where the last inequality is obtained from (35). Henggk + N|k +m) € ®,.
Furthermore, by Assumptiosy

Vi(zi(k+ N+ 1k +m)) <Vi(z;(k+ N|k+m))
SO[Z'.

Thusz;(k+N+1|k+m) € ®;. By recursion, we get,;(k+ N +2|k+m) € D,
-, Zi(k+ N +m—1lk+m) € ®;, and thusg;(k + N + m|k +m) € &},.

4. z;(k+lk+m)e X/~ "forl=N+1,--- ,N+m— 1.
By using Assumptiors, z;(k + N|k +m) € ®; C X¥~™, and

Ti(k+ N + 1|k +m) € @ CxN-mHt
Zi(k + N + 2|k +m) € @, cxNm2

Zi(k+m+N—1k+m) € & CaxlN!

Therefore; (k + |k +m) € X! "™ forl =N +1,--- ,N +m — 1.
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5. JH(k+m) <~k +m)
Form = 1, by using (24), we get

Tk +1) < T (k) = hi(ai(k), uj (k[k)) + Ly; - @
=v(k+1)

whereLg;(1) = L,, is used. Hence, the cost follows? (k + 1) < v;(k+ 1) at
m = 1. Forl < m < N, when the FHOCP is triggered/at-m, Lg;(m) < L,;
has been satisfied from the self-triggering rule (32) previoushyat: — 1. Thus
we get

JE(k+m) <JH(k+m—1)+ Ly -w
—hi(xi(k +m —1),u; (k +m — 1[k))
=7i(k +m)

Hence the cost satisfie§” (k + m) < ~;(k + m), so the feasibility for the last
constraint is guaranteed fot = 1, - -- , N — 1. This finally completes the proof
for guaranteeing the feasibility.

O

Remark 4. In order to calculatey;(k + m) when the FHOCP is solved &t+ m,
the previous actual state;(k + m — 1) needs to be measured in order to calculate
JH(k +m — 1) inv;(k + m) even in the case of self-triggered control.

Remark 5. One can see that the bound for the disturbance can be very restrictive due
to the term(LY — 1)/(Ly, —1) =1+ L} + L% +---+ L} " in the denominator,
compared withL}f ~! for the event-based case. This can be made less restrictive by
setting the maximum next triggering step,... We can then get the new bound for
the disturbance as

(Lfi - 1)(0@ - avi)

w < =
LV¢ (L% _ ch\i mnlax)

(36)

This makes the self-triggering condition more conservative, though we allow larger
disturbance.

5 Stability Analysis

In this section the stability analysis for MPC under the event-based and self-triggered
scheme is going to be given. According to [23], it is proven for a single agent that the
closed loop system under the standard MPC scheme is Input-to-State Stable (ISS) with
respect to bounded disturbances, and that the trajectory of the state evolves towards
inside®;,.

In this paper, we will show thaf/? (k) is an ISS Lyapunov function, and the same
stability property is guaranteed as in [23] for both event-based and self-triggered case
by making use of the additional constraint imposed on the FHOCP. Referring to [23],
JH (k) is said to be an ISS Lyapunov function for ageérit the following is satisfied;
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1. JH(k) > ai(zi(k)), Vo (k) € X, and JH (k) < ag(zi(k)) Vai(k) € @,
wherea; andasy arelC,, functions.

2. JH(k+1) - JH(k) < —as(xi(k)) +o(||w|]), Voi(k) € X;, whereaz is aK
function, andr is a/C-function.

wherel) is obtained in the same way as in [23]. Before showdingve must note that
JH (k) is not always the cost from the optimal control inputs, and thus this takes values
in two different ways : when the FHOCP is solvelf!* (k) = JH (z} (k), u} (k)) and
when not solvedJ/ (k) = JH (z;(k),u;(k)). According to the triggering rules, we
have already show?) for the differences’” (k+1)—J7* (k) andJH (k+1) - JH (k),
i.e., when the triggering conditions are satisfied at 1. Therefore, we need to check
the difference when the FHOCP is solvedkat 1, i.e., J2*(k + 1) — JH*(k) and
JH*(k+1) — JH (k) for guaranteeing the ISS property. This is easily shown, since by
using the last constraimt” (k + 1) < ~;(k + 1) when the FHOCP is solved &t+ 1,
we get from (8) that

Tk +1) = I (k) < —hi(zi(k), uf (k|k)) + Lp; - w
< = Amin (F) i (F)[1* + o (J[w]])
where JH1*(k) can be replaced witt” (k). Therefore, from [23], it is proved that
JH (k) is an ISS Lyapunov function, and the following stability result is concluded.

Theorem 3. Let the system be given €8), and assume that all the Assumptidn®

5, and in addition6 and 7 for self-triggered case, are satisfied. Furthermore, assume
that the additive disturbance is bounded (@) for the event-based case a(®b) for

the self-triggered case. The control update is given under either event-based or self-
triggered condition, which are described above. Then, the system for aigd&S and

thus the trajectory of the state reaches toward ingidevhere it is ultimately bounded.

6 Simulation Results

The simulation results of the proposed methods are given in this section. Consider
the position control of two non-holonomic agents having the same dynamics in two
dimensions, where the nominal model of each agent is given by

zi(k+1) = z;(k) —v;(k)T cosb;(k)
yi(k+1) = y;(k)—v;(k)Tsin6;(k) (37)
Oi(k+1) = 0;(k) — w; (k)T

which is simply denoted ag; (k+1) = f;(x:(k), ui(k)), wherex; = [z;, y;, 6;]" for

i = 1,2 denotes the state vector consisting of the positiontbfrobot and its direction
0;. u = [v;, w;]T is the control input and the constraints are giverjdy < v = 2.5
and|w;| < @ = 0.5. T'= 0.2 is the sampling time. The matrices for the transition cost
are given byl = 0.513, R = 0.115, and the coupling costs afg; = 0.515, Q21 =
1.015. The prediction horizon is set t = 35 steps. The terminal cost is given by
Vi = X} xi, and the parameters anda.,,, for defining this terminal region are given by
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Figure 1: Trajectory of two agents under the several schemes with additive disturbances
w = 0.25: the solid line represents the trajectory of the agents under event-based MPC,
and the dashed line represents the trajectory under Standard MPC.
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Figure 2: Trajectory of two agents under the several schemes with additive disturbances
w = 0.05: the triangles represent the trajectory of the agents under self-triggered MPC,
and the dashed line represents the trajectory under Standard MPC. The filled triangles
show the points when the FHOCP is triggered.
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a; = 2.25 anday,,, = 0.68 according to the procedure in [22]. With computed Lipschitz
constantsLy, = 1.01, Ly, = 4.50, the allowable disturbance for guaranteeing the
feasibility isw = 0.25 for event-based case and= 0.052 for self-triggered case with

mmax = 5. Note that the size of disturbances for the self-triggered case becomes much
smaller than the event-based case as pointed out in Remark 5, although this could be
less conservative by changing the terminal regionZ{ps), or the prediction horizon.

The initial points of the agents atg (0) = [-2 20 —7 /2], 25(0) = [10, 15, 7]T, and

their goals arergoan = [0, 2, —7/2]7, o2 = [0, 0, 7]T. Thus the desired distance
vector isdy; = [0, 2]T andd;» = [0, —2]T. Fig. 1 shows the trajectory of two agents

3 3
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2 2

> 15 =™ 15
1 1
05 05 ]
0 T 2 o 9 o ¢ o ¢ f 0 T T T T T 79

32 3 3 38 4 32 3 3 3 40
Time(step) Time(step)

Figure 3: The sequence &f under eventFigure 4. The sequence &% under event-
based case. Red dot-line is the boundarpaded case. Red dot-line is the boundary of

the terminal regio’V; = a;. the terminal regioiV, = as.
7 7
6 6
5 5
> 4 SN 4
3 3
], N [
1] ik
0 T P o 0 o o & 0 T ¢e04
32 32 40

34 36 38
Time(step)

Figure 5: The sequence &f under selfFigure 6: The sequence & under self-
triggered case. Red dot-line is the boundiaiggered case. Red dot-line is the boundary
of the terminal regioV; = ay. of the terminal regio, = as.

under event-based and standard MPC schemes with allowable size of disturbaaces
0.25, and Fig. 2 shows the trajectory under self-triggered and standard MPC schemes
with w = 0.05. As shown in Fig. 1 and Fig. 2, both agents can reach to the desired
goals under all of these control methods.
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To verify the stability property, we plot the sequencé®fy:) andVa(x2) for the last

10 steps in Fig. 3, Fig. 4 for event-based case and Fig. 5, Fig. 6 for self-triggered case.
For both casedy; andV; converge to the terminal regidr} < «;, which verifies the
convergence property analyzed in sectjon

Fig. 7 shows the triggering instants of the one agent under event-based and self-
triggered control, where if the value 1sthe FHOCP is triggered and (fthe FHOCP
is not triggered. We can see from Fig. 7 that the FHOCP is aperiodically solved, and
therefore we can conclude that the reduction of over-all energy consumption and the
usage of communication resources can be achieved. Note that the triggering instants
become more frequent as each agent approaches its goal and completely periodic for
the last10 time steps. This is because the right hand side of (18) (or (31)) becomes
smaller as the state; (k) approaches the origin, and the effect of the disturbance term
in the left hand side becomes relatively large. This problem might be avoided by ap-
plying dual-mode MPC, where the local controller is used in the terminal region, see
for example, [18].
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Figure 7: Triggering instants for one agent under event-based (upper) and self-triggered
(below). The MPC is triggered when the values are
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7 Conclusions

We proposed event-based and self-triggered MPC for distributed agents having nonlin-
ear dynamics with additive bounded disturbances. In these control methods, each agent
aperiodically solves FHOCP in order not only to reduce the energy consumption but
also to reduce the communication loads, while we can still guarantee the stability and
feasibility. Finally our proposal was verified by a simple simulation result by showing
that all agents cold reach to the terminal region.
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