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Abstract

In this paper, we construct a framework to describe and studythe coordinated output regulation problem for multiple heterogeneous linear
systems. Each agent is modeled as a general linear multiple-input multiple-output system with an autonomous exosystemwhich represents
the individual offset from the group reference for the agent. The multi-agent system as a whole has a group exogenous state which
represents the tracking reference for the whole group. Under the constraints that the group exogenous output is only locally available
to each agent and that the agents have only access to their neighbors’ information, we propose observer-based feedback controllers to
solve the coordinated output regulation problem using output feedback information. A high-gain approach is used and the information
interactions are allowed to be switching over a finite set of networks containing both graphs that have a directed spanning tree and graphs
that do not. Simulations are shown to validate the theoretical results.
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1 Introduction

Coordinated control of multi-agent systems has recently
drawn large attention due to its broad applications in phys-
ical, biological, social, and mechanical systems [2–6]. The
key idea of a coordination algorithm is to realize a global
emergence using only local information interactions [7, 8].
The coordination problem of a single-integrator network
has been fully studied with an emphasis on the system ro-
bustness to the input time delays and switching communi-
cation topologies [7–10], discrete-time dynamical models
[11, 12], nonlinear couplings [13], convergence speed [14],
and leader-follower tracking [15]. The coordination of mul-
tiple general linear dynamic systems has recently been stud-
ied. For example, the authors of [16] generalize the coordina-
tion of multiple single-integrator systems to the case of mul-
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tiple linear time-invariant high-order systems. For a network
of neutrally stable systems and polynomially unstable sys-
tems, the author of [17] proposes a design scheme for achiev-
ing synchronization. The case of switching communication
topologies is considered in [18] and a so-called consensus-
based observer is proposed to guarantee leaderless synchro-
nization of multiple identical linear dynamic systems under
a jointly connected communication topology. Similar prob-
lems are also considered in [19] and [20], where a frequently
connected communication topology is studied in [19] and
an assumption on the neutral stability is imposed in [20].
The authors of [21] propose a neighbor-based observer to
solve the synchronization problem for general linear time-
invariant systems. In addition, the classical Laplacian matrix
is generalized in [22] to a so-called interaction matrix anda
D-scaling approach is used to stabilize this interaction ma-
trix. Synchronization of multiple heterogeneous linear sys-
tems has been investigated under both fixed and switching
communication topologies [23–26]. In [26], a high-gain ap-
proach is proposed to dominate the non-identical dynamics
of the agents. The cases of frequently connected and jointly
connected communication topologies are studied in [27]
and [28], respectively, where a slow switching condition and
a fast switching condition are presented. Recently, the gen-
eralizations of coordination of multiple linear dynamic sys-
tems to the cooperative output regulation problem are stud-
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ied in [29–33]. In addition, the study on the synchronization
of homogenous and heterogeneous networks with nonlinear
couplings are considered in [34–36].

In this paper, we generalize the classical output regulation
problem of a single linear system to the coordinated out-
put regulation problem of multiple heterogeneous linear sys-
tems. We consider the case where each agent has an individ-
ual offset and simultaneously there is a group tracking refer-
ence. The individual offset and the group reference are gen-
erated by autonomous systems (i.e.,systems without inputs).
Each individual offset is available to its corresponding agent
while the group reference can be obtained only through con-
strained communication among the agents,i.e., the group
reference trajectory is available to only a subset of the agents.
Our goal is to find an observer-based feedback controller
for each agent such that the output of each agent converges
to a given trajectory determined by the combination of the
individual offset and the group reference. Motivated by the
approach in [26], we propose a unified observer to solve the
coordinated output regulation problem of multiple hetero-
geneous general linear systems, where the open-loop poles
of the agents can be exponentially unstable and the dynam-
ics are allowed to be different both with respect to dimen-
sions and parameters. This relaxes the common assumption
of identical dynamics [17,18,20,21,27,29,32], or open-loop
poles at most polynomially unstable [18, 20, 25, 32], or rel-
ative degree and minimum phase requirement [31]. In ad-
dition, in this work, the information interaction is allowed
to be switching from a graph set containing both a directed
spanning tree set and a disconnected graph set. This extends
the existing works considering fixed communication topolo-
gies [17,21,26,30,31].

The remainder of the paper is organized as follows. In Sec-
tion 2, we give some basic definitions on the network model.
In Section 3, we formulate the problem of coordinated out-
put regulation of multiple heterogenous linear systems. We
then propose the state feedback control law with a unified
observer design in Section 4. Numerical studies are carried
out in Section 5 to validate our design and a brief conclud-
ing remark is drawn in Section 6.

2 Network Model

We use graph theory to model the communication topol-
ogy among agents. A directed graphG consists of a pair
(V,E), whereV = {ν1,ν2, . . . ,νn} is a finite, nonempty set
of nodes andE ⊆ V ×V is a set of ordered pairs of nodes.
An edge(νi ,ν j) denotes that nodeν j can obtain informa-
tion from nodeνi . All neighbors of nodeνi are denoted as
Ni := {ν j |(ν j ,νi) ∈ E}. For an edge(νi ,ν j) in a directed
graph,νi is the parent node andν j is the child node. A di-
rected path in a directed graph is a sequence of edges of
the form (νi ,ν j),(ν j ,νk), . . .. A directed tree is a directed
graph, where every node has exactly one parent except for
one node, called the root, which has no parent, and the root
has a directed path to every other node. A directed graph

has a directed spanning tree if there exists at least one node
having a directed path to all other nodes.

For a leader-follower graphG := (V,E), we haveV =
{ν0,ν1, . . . ,νn}, E ⊆ V × V, where ν0 is the leader and
ν1,ν2, . . . ,νn denote the followers. The leader-follower ad-
jacency matrixA= [ai j ] ∈R(n+1)×(n+1) is defined such that
ai j is positive if (ν j ,νi) ∈ E while ai j = 0 otherwise. Here
we assume thataii = 0, i = 0,1, . . . ,n, and the leader has
no parent,i.e., a0 j = 0, j = 0,1, · · · ,n. The leader-follower
“grounded” Laplacian matrixL = [l i j ] ∈ Rn×n associated
with A is defined asl ii =∑n

j=0ai j andl i j =−ai j , wherei 6= j.

We assume that the leader-follower communication topology
Gσ(t) is time-varying and switched from a finite set{Gk}k∈Γ,
whereΓ = {1,2, . . . ,δ} is an index set andδ ∈ N indicates
its cardinality. We impose the technical condition thatGσ(t)

is right continuous, whereσ : [t0,∞) → Γ is a piecewise
constant function of time, i.e.,Gσ(t) remains constant for
t ∈ [tℓ, tℓ+1), ℓ= 0,1, . . . and switches att = tℓ, ℓ= 1,2, . . . . In
addition, we assume that infℓ(tℓ+1−tℓ)≥ τd > 0,ℓ=0,1, . . . ,
with limℓ→∞ tℓ = ∞, whereτd is a constant known as the
dwell time [37].

Let the sets{Ak}k∈Γ and {Lk}k∈Γ be the leader-follower
adjacency matrices and leader-follower grounded Laplacian
matrices associated with{Gk}k∈Γ, respectively. Conse-
quently, the time-varying leader-follower adjacency matrix
and time-varying leader-follower grounded Laplacian ma-
trix are defined asAσ(t) = [ai j (t)] andLσ(t) = [l i j (t)].

Other notations in this paper:λmin(P) andλmax(P) denote,
respectively, the minimum and maximum eigenvalues of a
real symmetric matrixP, PT denotes the transpose ofP, In
denotes then×n identity matrix, and diag(A1,A2, . . . ,An)
denotes a block diagonal matrix with the main diagonal
blocks matrices. A square matrixA is called a Hurwitz ma-
trix if every eigenvalue ofA has strictly negative real part.

3 Problem Formulation

3.1 Agent Dynamics

Suppose that we haven agents modeled by the linear
multiple-input multiple-output (MIMO) systems for each
νi ∈ V:

ẋi = Aixi +Biui , (1)

wherexi ∈ Rni is the agent state,ui ∈ Rmi is the control
input, Ai ∈ Rni×ni , Bi ∈ Rni×mi , andni andmi are positive
integers, for allνi ∈ V.

Also suppose that there is an individual autonomous exosys-
tem for eachνi ∈ V:

ω̇i = Siωi , (2)
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whereωi ∈ Rqi , Si ∈ Rqi×qi , andqi is a positive integer, for
all νi ∈ V.

In addition, there is a group autonomous exosystem for the
multi-agent system as a whole:

ẋ0 = A0x0, (3)

wherex0 ∈Rn0, A0 ∈ Rn0×n0, andn0 a is positive integer.

3.2 Available Information for Agents

For the individual autonomous exosystem tracking, available
output information for each agentνi ∈ V is ysi = Csixi +
Cwiωi , whereysi ∈ Rp1, Csi ∈ Rp1×ni , Cwi ∈ Rp1×qi , and p1
a is positive integer.

For the group autonomous exosystem tracking, only
neighbor-based output information is available due to the
constrained communication. This means that not all the
agents have access toy0. The available information is the
neighbor-based sum of each agent’s own output relative
to that of its’ neighbors,i.e., ζi = ∑n

j=0ai j (t)(ydi − yd j) is
available for each agentνi ∈ V, whereai j (t), i = 0,1, . . . ,n,
j = 0,1, . . . ,n, is entry(i, j) of the adjacency matrixAσ(t)

associated withGσ(t) defined in Section 2 at timet, ζi ∈Rp2,
i = 1,2, . . . ,n, ydi is represented byydi =Cdixi , i = 1,2, . . . ,n
and yd0 = C0x0, where Cdi ∈ Rp2×ni , i = 1,2, . . . ,n,
C0 ∈ Rp2×n0, ydi ∈ Rp2, i = 0,1, . . . ,n, and p2 is a pos-
itive integer. Also, the relative estimation information is
available using the same communication topologies,i.e.,
ζ̂i = ∑n

j=0ai j (t)(ŷi − ŷ j) is available for each agentνi ∈ V,
where ŷi is an estimate produced internally by each agent
νi ∈ V, ζ̂i ∈ Rp2, i = 1,2, . . . ,n andŷi ∈ Rp2, i = 0,1, . . . ,n,
which will be given explicitly in Section 4.

3.3 Switching Topologies

For the communication topology set{Gk}k∈Γ, we assume
that Gk, ∀k∈ Γc, is a graph containing a directed spanning
tree with ν0 rooted. Without loss of generality, we relabel
Γc := {1,2, . . . ,δ1}, 1≤ δ1 ≤ δ . The remaining graphs are
labeled asGk, ∀k∈ Γd, whereΓd := {δ1+1,δ1+2, . . . ,δ}.
Denote the graph setGc = {Gk}k∈Γc and the graph setGd =

{Gk}k∈Γd , respectively. We also denoteTd
t0
(t) andTc

t0
(t) the

total activation time whenGσ(ς) ∈ Gd and total activation
time whenGσ(ς) ∈ Gc, respectively, duringς ∈ [t0, t) for
t0 ≥ t0.

Assumption 1 The dwell timeτd is a positive constant.

Assumption 2 There exist positive constantsκ andt0 ≥ t0
such that Tct0(t)≥ κTd

t0
(t) for all t ≥ t0.

Agent  

ζi

ωi
ei

ui

Observer

i

ysi

Controller

ω̂i

x̂i

x̂0i

Agent  j

Fig. 1. Control architecture for agentνi

3.4 Control Objective and Control Architecture

The control objective of each agent is to track a given trajec-
tory determined by the combination of the group reference
x0 and the individual offsetωi , i = 1,2, . . . ,n. Such a com-
bination is captured by the coordinated output regulation
tracking error (i.e., the total tracking error representing the
combination of both individual tracking and group tracking
of each agent):

ei = Dsixi +Dwiωi +D0x0, (4)

whereDsi ∈ Rp3×ni , Dwi ∈ Rp3×qi , ei ∈ Rp3, i = 1,2, . . . ,n,
D0 ∈ Rp3×n0, and p3 is a positive integer. Thus, our objec-
tive is to guarantee that limt→∞ ei(t) = 0. One example of the
overall control can correspond to a formation control prob-
lem, whereωi encodes the relative position between each
agent and the leader while the leaderx0 defines the overall
motion of the group.

Our goal is to design an observer-based controller with avail-
able individual output information and neighbor-basedgroup
output information to solve this problem. The control of each
agent is supposed to have the structure depicted in Fig. 1.
In the next section, we will specify the design procedure.

4 Coordinated Output Regulation with Unified Ob-
server Design

As suggested by Fig. 1, the design procedure to solve the
coordinated output regulation problem includes two main
steps: the first one is the state feedback control design and the
second one is the observer design for the group autonomous
exosystem, the individual autonomous exosystem, and the
internal state information for each agent.

4.1 Redundant Modes

Before designing the state feedback control and distributed
observer, we need first to remove the redundant modes that
have no effect onysi andydi−yd0. We impose the following
assumptions on the structure of the systems.

3
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Assumption 3

•
(

Ai ,

[
Csi

Cdi

])
, i = 1,2, . . . ,n is observable.

• (Si ,Cwi), i = 1,2, . . . ,n is observable.
• (A0,C0), i = 1,2, . . . ,n is observable.

We write the state and output of each agent in the com-

pact form:




ẋi

ω̇i

ẋ0


 =




Ai 0 0

0 Si 0

0 0 A0







xi

ωi

x0


+




Bi

0

0


ui , and

[
ysi

ydi − yd0

]
=

[
Csi Cwi 0

Cdi 0 −C0

]



xi

ωi

x0


 .

Given that Assumption 3 is satisfied, we can perform the
state transformation given in Step 1 of [26] by considering

ωi andx0 together. We construct a new statexi =Wi




xi

ωi

x0




with the dynamics

ẋi = Aixi +Biui =

[
Ai Ai12

0 Ai22

]
xi +

[
Bi

0

]
ui , (5a)

[
ysi

edi

]
=Cixi =

[
Csi Ci21

Cdi Ci22

]
xi , (5b)

whereedi = ydi − yd0, and the details ofWi , Ai , Bi , Ci are
given in [26]. It was shown that the pair(Ai ,Ci) is observable
and the eigenvalues ofAi22 are a subset of the eigenvalues
of Si andA0, i = 1,2, . . . ,n.

4.2 Regulated State Feedback Control Law

We now design a controller to regulateei to zero for each
agent based on the state informationxi =

[
xT

i1,x
T
i2

]T
, where

xi1 ∈Rni . We impose the following assumptions on the struc-
ture of the systems.

Assumption 4
• (Ai ,Bi) is stabilizable, i= 1, . . . ,n.
• (Ai ,Bi ,Dsi) is right-invertible, i= 1, . . . ,n.
• (Ai ,Bi ,Dsi) has no invariant zeros in the closed right-half
complex plane that coincide with the eigenvalues of Si or
A0, i = 1, . . . ,n.

Lemma 1 Let Assumption 4 hold. Then, the regulator equa-
tions(6) are solvable and the state-feedback controller ui =
Fi(xi1 − Πixi2) + Γixi2 ensures thatlimt→∞ ei(t) = 0, i =
1,2. . . ,n, whereΠi , Γi are the solutions of the equations

ΠiAi22 = AiΠi +Ai12+BiΓi , (6a)

0= DsiΠi +
[

Dwi D0

]
, i = 1,2. . . ,n, (6b)

and Fi is chosen such that Ai +BiFi is Hurwitz.

Proof: Following from Corollary 2.5.1 of [38] and a similar
analysis as in the proof of Lemma 3 in [26], we can show
that the regulator equations (6) are solvable given that As-
sumption 4 is satisfied. Then, by consideringẋi2 =Ai22xi2 as
the exosystem and ˙xi = Aixi +Biui as the system to be reg-
ulated for the classic output regulation result [39], we know
thatui = Fi(xi1−Πixi2)+Γixi2 ensures that limt→∞ ei(t) = 0,
i = 1,2. . . ,n, whereΠi andΓi are the solutions of the reg-
ulator equations (6).

We next design an observer to estimatexi based on output
informationysi andζi for each agent.

4.3 Pseudo-identical Linear Transformation

Note that the individual offsetωi can be estimated from
ysi and the group referencex0 can be estimated from̂ζi . In
contrast, the internal state informationxi for each agent can
be obtained from eitherysi or ζ̂i . In this section, we use
the combination ofysi and ζ̂i to develop a unified observer
design.

We defineχi = Tixi ∈ R
pn, i = 1,2, . . . ,n, wheren = n0 +

maxi=1,2,...,n(ni + qi), p = p1 + p2, and Ti =




Ci

...

CiA
n−1
i


 .

Note that Ti is full column rank since the pair(Ai ,Ci),
i = 1,2, . . . ,n is observable. This implies thatTT

i Ti is non-
singular. Therefore, from (5) and above state transformation,
we obtain

χ̇i = (A +Li)χi +Biui , (7a)
[

ysi

edi

]
= C χi , i = 1,2, . . . ,n, (7b)

whereA =

[
0 Ip(n−1)

0 0

]
∈Rpn×pn, Li =

[
0

Li

]
, Bi = TiBi ,

C =
[

Ip 0
]
∈ Rp×pn for some matrixLi ∈ Rp×pn.

4.4 Unified Observer Design

Motivated by [26], based on the available output information
ysi and the neighbor-based group output informationζi , the
distributed observer for (7) is proposed to be

˙̂χ i = (A +Li)χ̂i +Biui +S(ε)PC
T

4

CONFIDENTIAL. Limited circulation. For review only

Preprint submitted to Automatica
Received December 9, 2014 05:34:00 PST



×
([

ysi

∑n
j=0ai j (t)(ydi − yd j)

]
−
[

ŷsi

∑n
j=0ai j (t)(ŷi − ŷ j)

])
,

i = 1,2. . . ,n, (8)

whereai j (t), i = 0,1, . . . ,n, j = 0,1, . . . ,n, is entry(i, j) of
the adjacency matrixAσ(t) associated withGσ(t) defined in
Section 2 at timet,

ŷsi = C1χ̂i , i = 1, . . . ,n, (9)

ŷi = C2χ̂i , i = 1, . . . ,n, (10)

C1 is first p1 rows ofC , C2 is the remainingp2 rows ofC ,
andŷ0= 0. In addition,S(ε)= diag(Ipε−1, Ipε−2, . . . , Ipε−n),
whereε ∈ (0,1] is a positive constant to be determined, and
P = PT is a positive definite matrix satisfying

A P +PA
T −2PC

T

[
Ip1 0

0 θ Ip2

]
CP + Ipn = 0, (11)

whereθ = mink∈Γc βk, βk is a positive constant satisfying
βk < minℜ{λ (Lk)}, k ∈ Γc, and minℜ{λ (Lk)} denote the
minimum value of all the real parts of the eigenvalues of
Lk. Note that the existence ofP is due to the fact that(

A ,

[
Ip1 0

0
√

θ Ip2

]
C

)
is observable.

Lemma 2 • All the eigenvalues of Lk are in the closed
right-half plane and those on the imaginary axis are sim-
ple, where Lk is associated withGk defined in Section 2,
for someGk ∈ {Gk}k∈Γ.

• Furthermore, all the eigenvalues of Lk are in the open
right-half plane forGk ∈ {Gk}k∈Γc.

Proof: See Theorem 4.29 in [40] and Lemma 1.6 in [41].

Lemma 3 Let Assumptions 1–3 hold and assume thatκ ≥
α+4max{θ ,1}λ 2

max(P)
1−α , whereα ∈ (0,1), θ andP are given by

(11). Then, there exists anε∗ ∈ (0,1] such that, ifε ∈ (0,ε∗],
limt→∞(χi(t)− χ̂i(t)) = 0, i = 1,2. . . ,n, for systems(8).

Proof: Note that for all i = 1,2, . . . ,n, ∑n
j=0ai j (t)(ydi −

yd j) = ∑n
j=1 l i j (t)((yd j − yd0) = ∑n

j=1 l i j (t)ed j. Define χ̃i =

χi − χ̂i . It then follows from (7) and (8) that for alli =
1,2. . . ,n,

˙̃χ i =(A +Li)χ̃i −S(ε)PC
T

[
ysi− ŷsi

∑n
j=1 l i j (t)(ed j − ŷ j)

]
,

where l i j (t), i = 1, . . . ,n, j = 1, . . . ,n, is the (i, j)th entry
of the adjacency matrixLσ(t) associated withGσ(t) defined

in Section 2 at timet. It follows that ˙̃χ i = (A +Li)χ̃i −

S(ε)PC T

[
C1χ̃i

C2 ∑n
j=1 l i j (t)χ̃ j

]
, i = 1,2. . . ,n. By introduc-

ingξi = ε−1S−1(ε)χ̃i and after some manipulations, we have

that εξ̇i = (A + Liε)ξi − PC
T

[
C1ξi

C2 ∑n
j=1 l i j (t)ξ j

]
, i =

1,2. . . ,n, whereLiε =

[
0

εn+1LiS(ε)

]
= O(ε).

Note that

[
C1ξi

C2ξi

]
= C ξi , for all i = 1,2, . . . ,n. The overall

dynamics can be written as

εξ̇ =
(
In⊗A +Lε − (In⊗PC

T)

×
(

In⊗
[

Ip1 0

0 0

]
+Lσ ⊗

[
0 0

0 Ip2

])
(In⊗C )

)
ξ ,

(12)

whereξ = [ξ T
1 ,ξ T

2 , . . . ,ξ T
n ]

T andLε = diag(L1ε ,L2ε , . . . ,
Lnε).

Note that−Lk, k ∈ Γc is a Hurwitz matrix according to
Lemma 2. Therefore, we can always guarantee that−Lk+
βkIn is also a Hurwitz matrix by choosingβk sufficiently
small. In particular, we chooseβk as a positive constant satis-
fying βk <minℜ{λ (Lk)}, k∈Γc. Then, we define the piece-
wise Lyapunov function candidateVk = εξ T(Pk⊗P−1)ξ ,
wherePk is a positive definite matrix satisfying

Pk(−Lk+βkIn)+ (−Lk+βkIn)
TPk =−In < 0, k∈ Γc,

Pk(−Lk)+ (−Lk)
TPk ≤ 0, k∈ Γd,

where the second inequality is due to Lemma 2.

It then follows that for allk∈ Γc,

V̇k ≤ 2ξ T (Pk⊗P
−1

A
)

ξ +2ξ T (Pk⊗P
−1)

Lε ξ

−2ξ T

(
Pk⊗

(
C

T

[
Ip1 0

0 0

]
C

))
ξ

−2ξ T

(
PkLk⊗

(
C

T

[
0 0

0 Ip2

]
C

))
ξ

≤ ξ T

(
Pk⊗

(
P

−1
A +A

T
P

−1−2θC
T

[
0 0

0 Ip2

]
C

−2C
T

[
Ip1 0

0 0

]
C

))
ξ +2ξ T (Pk⊗P

−1)
Lε ξ
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− ξ T

(
(2PkLk−2θPk)⊗ (C T

[
0 0

0 Ip2

]
C )

)
ξ

≤ ξ T(Pk⊗
(
P

−1(
A P +PA

T

−2PC
T

[
Ip1 0

0 θ Ip2

]
CP

)
P

−1

))
ξ

− ξ T

(
(
PkLk+LT

k Pk−2βkPk
)
⊗ (C T

[
0 0

0 Ip2

]
C )

)
ξ

+2λmax(Pk)λmax(P
−1)‖Lε‖‖ξ‖2

≤− ξ T (Pk⊗ (P−1
P

−1)
)

ξ

− ξ T

(
In⊗ (C T

[
0 0

0 Ip2

]
C )

)
ξ

+
2λmax(Pk)λmax(P

−1)‖Lε‖
ελmin(Pk)λmin(P−1)

Vk

≤− ξ T (Pk⊗ (P−1
P

−1)
)

ξ

+
2λmax(Pk)λmax(P

−1)‖Lε‖
ελmin(Pk)λmin(P−1)

Vk

≤−
(

λmin(P
−1)

ε
− 2λmax(Pk)λmax(P

−1)‖Lε‖
ελmin(Pk)λmin(P−1)

)
Vk,

where we have used (11) and the fact thatθ ≤ βk, k ∈
Γc. It then follows thatV̇k ≤ − 1

ε λkVk, ∀k ∈ Γc, if ‖Lε‖ <
λmin(Pk)λmin(P)

4λmax(Pk)λ 2
max(P)

, whereλk =
1

2λmax(P)
, ∀k∈ Γc.

On the other hand, for allk∈ Γd, we have that

V̇k ≤ 2ξ T (Pk⊗ (P−1
A )
)

ξ +2ξ T (Pk⊗P
−1)

Lε ξ

−2ξ T

(
Pk⊗

(
C

T

[
Ip1 0

0 0

]
C

))
ξ

−2ξ T

(
PkLk⊗

(
C

T

[
0 0

0 Ip2

]
C

))
ξ

≤ ξ T (Pk⊗ (P−1(A P +PA
T)P−1)

)
ξ

+2λmax(Pk)λmax(P
−1)‖Lε‖‖ξ‖2

≤ 2ξ T

(
Pk⊗

(
C

T

[
Ip1 0

0 θ Ip2

]
C

))
ξ − λmin(P

−1)

ε
Vk

+
2λmax(Pk)λmax(P

−1)‖Lε‖
ελmin(Pk)λmin(P−1)

Vk,

where we have used (11). Note thatλmax

(
C T

[
Ip1 0

0 θ Ip2

]
C

)

= max{θ ,1}. It follows that V̇k ≤ 1
ε λkVk, ∀k ∈ Γd, if

‖Lε‖< λmin(Pk)λmin(P)
2λmax(Pk)λ 2

max(P)
, whereλk = 2max{θ ,1}λmax(P),

∀k∈ Γd.

Following the similar analysis as that in [37, 42], we let
σ = p j on [t j−1, t j) for p j ∈ Γ. Then, for anyt satisfying
t0 < t1 < · · ·< tℓ < t < tℓ+1, defineV = εξ T(Pσ(t)⊗P−1)ξ
for (12). We have that,∀ζ ∈ [t j−1, t j),

V(ζ )≤ e−
1
ε λpj (ζ−t j−1)V(t j−1)

≤ e−
1
ε λ c(ζ−t j−1)V(t j−1), p j ∈ Γc,

V(ζ )≤ e
1
ε λpj (ζ−t j−1)V(t j−1)

≤ e
1
ε λ d(ζ−t j−1)V(t j−1), p j ∈ Γd,

where λ c = mink∈Γc λk = 1
2λmax(P) , λ d = maxk∈Γd λk =

2max{θ ,1}λmax(P). Definea= λmax(P)
λmin(P) maxk, j∈Γ

λmax(Pk)
λmin(Pj )

.

We then know thatV(t j) ≤ alimt↑t j V(t). Thus, it follows

that V(t) ≤ aρe
1
ε λ dTd

t0
(t)− 1

ε λ cTc
t0
(t)

V(t0), where ρ denotes
times of switching during[t0, t). Note thatρ ≤ t−t0

τd
. Given

that κ ≥ κ∗ = λ d+λ
λ c−λ , for someλ ∈ (0,λ c), it follows from

Assumption 2 thatTc
t0
(t)≥ κ∗Td

t0
(t) for all t ≥ t0. This im-

plies thatλ dTd
t0
(t)−λ cTc

t0
(t) ≤ −λ (Td

t0
(t)+Tc

t0
(t)), for all

t ≥ t0 and we therefore know that

V(t)≤ aρe−
1
ε λ (t−t0)V(t0)

≤ e
t−t0
τd

lna− 1
ε λ (t−t0)V(t0)

= e
−
(

1
ε λ− lna

τd

)
(t−t0)V(t0).

Furthermore, setλ = αλ c, where someα ∈ (0,1). We then

have thatκ∗ = α+4max{θ ,1}λ 2
max(P)

1−α , and

V(t)≤ e
−
(

α
2ελmax(P)

− lna
τd

)
(t−t0)V(t0).

It follows that if ε <
ατd

2λmax(P) lna, we have for (12)

that ‖ξ (t)‖ ≤ c∗e
− 1

2

(
α

2ελmax(P)
− lna

τd

)
(t−t0)‖ξ (t0)‖, where

c∗ =
√

λmax(P)maxk∈Γ λmax(Pk)
λmin(P)mink∈Γ λmin(Pk)

.

Therefore, we chooseε∗ satisfying ε∗ <
ατd

2λmax(P) lna

and ‖Lε∗‖ < mink∈Γ
λmin(Pk)λmin(P)

4λmax(Pk)λ 2
max(P)

. It then follows that

limt→∞(χi(t)− χ̂i(t)) = 0, i = 1,2. . . ,n.

From the unified observer design, we then have that

x̂i = (TT
i Ti)

−1TT
i χ̂i = [̂x

T
i1, x̂

T
i2]

T, i = 1,2, . . . ,n, (13)

which will be used in the control design.
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4.5 Main Results

In this section, we show that the observer architecture in-
troduced in the previous sections provide an asymptotically
stable closed-loop system, as presented in Theorem 1 below.
The observer-based controller is

ui = Fi x̂i1+(Γi −FiΠi)x̂i2, (14)

whereΠi andΓi are the solutions of the regulator equations
(6), andx̂i1 andx̂i2 can be obtained from (8) and (13).

Theorem 1 Let Assumptions 1–4 hold and assume thatκ ≥
α+4max{θ ,1}λ 2

max(P)
1−α , whereα ∈ (0,1), θ and P are given

by (11). Then, there existsε∗ ∈ (0,1] such that, ifε ∈ (0,ε∗],
(14) ensures thatlimt→∞ ei(t) = 0, i = 1,2. . . ,n, for the
multi-agent system(1)–(4).

Proof: Follows from Lemmas 1 and 3, and the separation
principle.

5 Simulation Results

In this section, we illustrate the theoretical results. Consider
a network of three agents. We assume that the adjacency
matrix Aσ(t) associated withGσ(t) is switching periodically.

Denoteℓ = 0,20,40. . . . A =

[0 0 0 0
1 0 1 0
0 1 0 0
0 0 1 0

]
, whent ∈ [ℓ,ℓ+6),

A=

[
0 0 0 0
1 0 0 0
0 1 0 1
0 0 1 0

]
, whent ∈ [ℓ+6, ℓ+12), A=

[
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0

]
, when

t ∈ [ℓ+12, ℓ+18), A=

[
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

]
, whent ∈ [ℓ+18, ℓ+20).

The dynamics of the agents are described byA1 =
[

0 3 0
0 0 2
0 −1 0

]
,

B1 =
[

0
0
1

]
, Cs1 =Cd1 = Ds1 = [1 1 1], A2 =

[
1 0
0 0

]
, B2 =

[
1
1

]
,

Cs2 = [1 0],Cd2 = [0 1], Ds2 = [1 1], A3 =
[

0 1
−2 −2

]
, B3 =

[
0
1

]
,

Cs3 = Cd3 = Ds3 = [1 0]. The dynamics of the individual
autonomous exosystems are given bySi = 0, Cwi = Dwi =
−1, i = 1,2,3, andω1(0) = −2, ω2(0) = −4, andω3(0) =
−6. The dynamics of the group autonomous exosystem are
given byA0 =

[
0 1
−1 0

]
, C0 = [1 0], D0 =−C0.

Following the design scheme proposed in Section 4, for
the solutions of regulator equations (6), we have thatF1 =

[−1 −4.5 −6], Π1 =
[1 1.0345 −0.4138

0 0.1379 0.3448
0 −0.1724 0.0690

]
, Γ1 = [0 0.0690 0.1724]

for agentν1, F2= [−2 −6], Π2 =
[

0 0.4 −0.2
1 0.6 0.2

]
, Γ2 = [0 −0.2 0.6]

for agentν2, F3 = [0 −1], Π3 =
[

1 1 0
0 0 1

]
, Γ3 = [2 1 2] for agent

ν3. We also haveε = 0.2 for (8) andθ = 0.1 for (11).

Fig. 2 and 3 show, respectively, the state convergence and
the error convergence of system (1), (2), and (3) under the
observer-based controller (14). We see that coordinated out-
put regulation is realized even when there exists multiple
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Fig. 2. Output convergence of system (1), (2), and (3) under the
observer-based controller (14)
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Fig. 3. Error convergence of system (1), (2), and (3) under the
observer-based controller (14)

heterogenous dynamics and the information interactions are
switching. This agrees with the result in Theorem 1.

6 Conclusions

This paper studied the coordinated output regulation prob-
lem of multiple heterogeneous linear systems. We first for-
mulated the coordinated output regulation problem and spec-
ified the information that is available for each agent. A high-
gain based distributed observer and an individual observer
were introduced for each agent and observer-based con-
trollers were designed to solve the problem. The information
interactions among the agents and the group autonomous
exosystem were allowed to be switching over a finite set
of networks containing both graphs having a spanning tree
and graphs having not. Simulations were given to validate
the theoretical results. Future directions include relaxing the
dwell-time assumption.
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