HILBERT AND CHOW SCHEMES OF POINTS, SYMMETRIC
PRODUCTS AND DIVIDED POWERS
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ABSTRACT. Let X be a quasi-projective S-scheme. We explain the relation
between the Hilbert scheme of d points on X, the df symmetric product
of X, the scheme of divided powers of X of degree d and the Chow scheme
of zero-cycles of degree d on X with respect to a given projective embedding
X — P(€). The last three schemes are shown to be universally homeomor-
phic with isomorphic residue fields and isomorphic in characteristic zero or
outside the degeneracy loci. In arbitrary characteristic, the Chow scheme co-
incides with the scheme of divided powers for a sufficiently ample projective
embedding.

INTRODUCTION

Let X be a quasi-projective S-scheme. The purpose of this article is to explain
the relation between
a) The Hilbert scheme of points Hilb? (X/S) parameterizing zero-dimensional
subschemes of X of degree d.
b) The d** symmetric product Sym?(X/S).
¢) The scheme of divided powers I'¢(X/S) of degree d.
d) The Chow scheme Chow q(X — P(£)) parameterizing zero dimensional
cycles of degree d on X with a given projective embedding X — P(&).
If X/S is not quasi-projective then none of these objects need exist as schemes
but the first three do exist in the category of algebraic spaces separated over S
[Ryd08, Ryd07b, I]. Classically, only the Chow variety of X — P(£) is defined but
we will show that for zero-cycles there is a natural Chow scheme whose underlying
reduced scheme is the Chow variety.
There are canonical morphisms

Hilb*(X/S) — Sym*(X/S) — I'*(X/S) — Chowo 4(X < P(£"))

where k > 1 and X — P(EF) is the Veronese embedding. The last two of these
are universal homeomorphisms with trivial residue field extensions and are iso-
morphisms if S is a Q-scheme. If S is arbitrary and X/S is flat then the second
morphism is an isomorphism. For arbitrary X/S the third morphism is not an
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isomorphism. In fact, the Chow scheme may depend on the chosen embedding as
shown by Nagata [Naghb]. However, we will show that the third morphism is an
isomorphism for sufficiently large k. Finally, we show that all three morphisms are
isomorphisms outside the degeneracy locus.

The comparison between the last three schemes uses weighted projective struc-
tures. Given a projective embedding X «— P(&), there is an induced weighted pro-
jective structure on the symmetric product Sym? (X). This follows from standard
invariant theory, using the Segre embedding (X/S)? — P(£®?). In characteris-
tic zero, this weighted projective structure on Symd(X ) is actually projective, i.e.,
all generators have degree one. In positive characteristic, the weighted projective
structure is “almost projective”: the sheaf O(1) on Symd(X ) is ample and gener-
ated by its global sections. This is a remarkable fact as for a general quotient, the
sheaf O(1) of the weighted projective structure is usually not even invertible.

Since O(1) is generated by its global sections, we obtain a projective morphism
Sym?(X) — P(TS%S (£)). In characteristic p, the ample sheaf O(1) is not always
very ample, and thus this morphism is usually not a closed immersion. It is however
a universal homeomorphism onto its image — the Chow variety. In summary, the
reason that the Chow variety depends on the choice of projective embedding is that
it is the image of an invariant object, the symmetric product, under a projective
morphism induced by an ample sheaf which is not always very ample.

Given a projective embedding X — P(£), the scheme of divided powers I'¢(X)
has a similar weighted projective structure with similar properties. We define the
Chow scheme to be the image of the analogous morphism I'*(X) — P(I'$_(£)).
For a sufficiently ample projective embedding, e.g., take the Veronese embedding
X — P(S¥(&)) for a sufficiently large k, this morphism is a closed immersion. In
particular, it follows that I'Y(X) is projective.
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1. THE ALGEBRA OF DIVIDED POWERS AND SYMMETRIC TENSORS

We begin this section by briefly recalling the definition of the algebra of divided
powers I' 4 (M) and the multiplicative structure of I'% (B). We then give a sufficient
and necessary condition for I'% (M) to be generated by v4(M). This generalizes
the sufficiency condition given by Ferrand [Fer98, Lem. 2.3.1]. The condition is
essentially that every residue field of A should have at least d elements. Similar
conditions on the residue fields reappear in Sections 3.1 and 5.2. Finally, we recall
some explicit degree bounds on the generators of I'% (A[z1, 22, ..., 2,]).

1.1. Divided powers and symmetric tensors. This section is a quick review
of the results needed from [Rob63, Rob80]. Also see [Fer98, IJ.

Notation (1.1.1). Let A be a ring and M an A-algebra. We denote the d* tensor
product of M over A by T%(M). We have an action of the symmetric group G4
on T4 (M) permuting the factors. The invariant ring of this action is the algebra
of symmetric tensors which we denote by TS%(M). By T4(M) and TS (M) we
denote the graded A-modules @ -, T% (M) and @4~ TS% (M) respectively.

(1.1.2) Let A be aring and let M be an A-module. Then there exists a graded A-
algebra, the algebra of divided powers, denoted I'4 (M) = @5, 1'% (M) equipped
with maps 7% : M — T'% (M) such that, denoting the multiplication with x as
in [Fer98], we have that for every x,y € M, a € A and d,e € N

(1.1.2.1) I%(M) = A, 1%z) =1, T4(M) = M, and y*(z) = =
V(az) = a’y"(@)
Y@+ 1Y) =Yg sas—a Y (2) X 72 (y)
e d + € €
i) ) = (1))
Using (1.1.2.1) we identify A with T'Q (M) and M with Ty (M). If (x4)aez is a set
of elements of M and v € N then we let

v (x) = XIVV“ (Ta)

ae
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which is an element of I'4 (M) with d = [v| =Y .7 Va-

(1.1.3) Functoriality — T'4(-) is a covariant functor from the category of A-
modules to the category of graded A-algebras [Rob63, Ch. III §4, p. 251].

(1.1.4) Base change —1If A’ is an A-algebra then there is a natural isomor-
phism T'4 (M) ®4 A’ = T 4/(M ®4 A’) mapping 7¢(z) ®4 1 to v¢(z ®4 1) [Rob63,
Thm. IIL3, p. 262].

(1.1.5) Multiplicative structure — When B is an A-algebra then the multiplica-
tion of B induces a multiplication on I'Y (B) which we will denote by juxtaposi-
tion [Rob80]. This multiplication is such that v¢(x)y4(y) = v4(xy).

(1.1.6) Universal property — If M is an A-module, then the A-module T'% (M)
represents polynomial laws which are homogeneous of degree d [Rob63, Thm. IV.1,
p. 266]. If B is an A-algebra, then the A-algebra I'Y(B) represents multiplicative
polynomial laws which are homogeneous of degree d [Fer98, Prop. 2.5.1].

(1.1.7) Basis — If (24 )aez is a set of generators of M, then (v” (x))ueN(Z) is a set
of generators of I'4 (M). If (x4 )acz is a basis of M then (v”(z))
T 4(M) [Rob63, Thm. IV.2, p. 272].

yen( 18 a basis of

(1.1.8) Presentation — Let M = G/R be a presentation of the A-module M.
Then 'y (M) =T 4(G)/I where I is the ideal of T4 (G) generated by the images in
['4(G) of ¥4(x) for every € R and d > 1 [Rob63, Prop. IV.8, p. 284].

(1.1.9) T and TS — The homogeneous polynomial law M — TS% (M) of degree d
given by z +— 2%49 = x® 4 ---® 4 corresponds by the universal property (1.1.6) to
an A-module homomorphism ¢ : T'% (M) — TS% (M) [Rob63, Prop. ITL.1, p. 254].

When M is a free A-module then ¢ is an isomorphism [Rob63, Prop. IV.5, p. 272].
The functors I'4 and TS% commute with filtered direct limits [T, 1.1.4, 1.2.11]. Since
any flat A-module is the filtered direct limit of free A-modules [Laz69, Thm. 1.2], it
thus follows that ¢ : T'4 (M) — TS% (M) is an isomorphism for any flat A-module
M.

Moreover by [Rob63, Prop. IIL.3, p. 256], there is a diagram of A-modules

TS% (M) —— T4 (M)

I

T4 (M) +—— S4(M)

such that going around the square is multiplication by d!. Thus if d! is invertible
then T'4 (M) — TS% (M) is an isomorphism. In particular, this is the case when A
is purely of characteristic zero, i.e., contains the field of rationals.
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Let B be an A-algebra. As the law B — TS%(B) given by  +— 2®24¢ is multi-
plicative, it follows that the homomorphism ¢ : T'%(B) — TS%(B) is an A-algebra
homomorphism. In Section 4.1 we study the properties of ¢ more closely.

1.2. When is 'Y (M) generated by y¢(M)? 'Y (M) is not always generated by
7v4(M) but a result due to Ferrand [Fer98, Lem. 2.3.1], cf. Proposition (1.2.4), shows
that there is a finite free base change A < A’ such that I'%, (M ® 4 A’) is generated
by v4(M ®4 A’). We will prove a slightly stronger statement in Proposition (1.2.2).

We let (y*(M)) denote the A-submodule of T'} (M) generated by the subset
v(M).

Lemma (1.2.1). Let A be a ring and M an A-module. There is a commutative
diagram
(VA(M)) @4 A" —— T5(M) @4 &'

s{ o %g
(V/(M®aA)) C T4 (MasA)

where 1 is the canonical isomorphism of (1.1.4). If A — A’ is a surjection or a
localization then ¢ is surjective. In particular, if in addition (fyfl, (M ®4 A’)) =
D4 (M @ A') then (Y4(M)) @4 A" — T9(M) ®4 A’ is surjective.

Proof. The morphism ¢ is well-defined as (v (z) ®4 a') = d/v (z @ 1) if z € M
and a’ € A’. If A’ = A/I then ¢ is clearly surjective. If A’ = S~1A4 is a localization
then ¢ is surjective since any element of M ® 4 A’ can be written as x®4 (1/f) and
e(v1(2) @ 1/f7) =74 (x @4 (1/f)). O

Proposition (1.2.2). Let M be an A-module. The A-module T'% (M) is generated
by the subset Y4(M) if the following condition is satisfied
(*) For every p € Spec(A) the residue field k(p) has at least d elements or M,
s generated by one element.

If M is of finite type, then this condition is also necessary.
Proof. Lemma (1.2.1) gives that (y4(M)) = I'4(M) if and only if (’yip (My)) =
Fip (M,) for every p € Spec(A). We can thus assume that A is a local ring and
only need to consider the condition (*) for the maximal ideal m. If M is generated
by one element then it is obvious that (y4(M)) = T'%(M).

Further, any element in 'Y (M) is the image of an element in 'Y (M’) for some
submodule M’ C M of finite type. It is thus sufficient, but not necessary, that
'Y (M') is generated by v¢(M") for every submodule M’ C M of finite type. We can
thus assume that M is of finite type. Lemma (1.2.1) applied with A — A/m = k(m)
together with Nakayama’s lemma then shows that (y4(M)) = I'4 (M) if and only
if (fyffl/m(M/mM)) = Fil‘/m(M/mM). We can thus assume that A = k is a field.

We will prove by induction on e that I'¢(M) is generated by v°(M) when 0 <
e < d if and only if either rk M <1 or |k| > e. Every element in I'{ (M) is a linear
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combination of elements of the form

7Y (x) = " (21) X Y2 (22) X -0 X A (T4).

where z; € M and |v| = e. By induction 72 (z2) X+ - - Xy () € (y¢7**(M)) and
we can thus assume that m = 2 and it is enough to show that ~(z) x v*~i(y) €
(v¢(M)) for every z,y € M and 0 < i < e if and only if either kM < 1 or
|k| > e. If x and y are linearly dependent this is obvious. Thus we need to show
that for z and y linearly independent, we have that v*(z) x v*7(y) € (y¢(kx ®ky))
if and only if |k| > e. A basis for I'{(kx & ky) is given by zo,21,...,% where
zi = v (x) x ¢~ (y), see (1.1.7). For any a,b € k we let

€ap 1= (az + by) = Zv az) x 7T (by) =Y a'biz
=0

Then (v§(kz ® ky)) = ' (kz @ ky) if and only if (a2 kap = @;_, kz;. Since
Exaxb = A€y p this is equivalent to Z(a:b)eﬁ”t k€ab = Di_g kzi. It is thus necessary
that |P}| = |k| + 1 > e+ 1. On the other hand if ay,as,...,a. € k* are distinct
then &q,,1,8a0,15---5&a.,1,&1,0 are linearly independent. In fact, this amounts to
(1,a;, af, al,...,a%)i=12. . and (0,0,...,0,1) being linearly independent in k°*1.
If they are dependent then there exist a non-zero (co,ci,...,ce—1) € k° such that
co + cia; + 02(112 4+ 4 ce,laffl =0 for every 1 < i < e but this is impossible
since ¢y + c12 + - - - + ce_12¢~1 = 0 has at most e — 1 solutions. O

Lemma (1.2.3). Let Ay = Z[T]/Pa(T) where Py(T) is the unitary polynomial
H0§i<j§d(Ti —T7) — 1. Then every residue field of Agq has at least d+ 1 elements.
In particular, if A is any algebra, then A — A’ = A®yz Ay is a faithfully flat finite
extension such that every residue field of A’ has at least d + 1 elements.

Proof. The Vandermonde matrix (7%)g<; j<q is invertible in Enda, (A%S™) since it
has determinant one. Let k be a field and ¢ : Ay — k be any homomorphism. If { =
©(T) then (t7)o<; j<aq is invertible in Endy(k4*!) and it follows that 1,¢,¢2,..., ¢
are all distinct and hence that k has at least d + 1 elements. O

Proposition (1.2.4). [Fer98, Lem. 2.3.1] Let Aq be as in Lemma (1.2.3). If A is
a Ag-algebra then T4 (M) is generated by Y*(M). In particular, for every A there
is a finite faithfully flat extension A — A’, independent of M, such that T'%, (M')
is generated by v¢(M').

Proof. Follows immediately from Proposition (1.2.2) and Lemma (1.2.3). O

1.3. Generators of the ring of divided powers. In this section we will recall
some results on the degree of the generators of I'4 (B). For our purposes the results
of Fleischmann [F1e98] is sufficient and we will not use the more precise and stronger
statements of [Ryd07a] even though some bounds would be slightly improved then.
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Definition (1.3.1) (Multidegree). Let B = Alxy,za,...,2,]. We define the mul-
tidegree of a monomial 2% € B to be a. This makes B into a N"-graded ring

B:@Ba:@A:c“

aeN" aeN”

Let M be the A-module basis of B consisting of the monomials. Recall from

aragraph (1 1.7) that a basis of T' 4 (B) is given by the elements v () = X, v (z%)
for v € NM). We let mdeg(7*(2%)) = ka and mdeg(f x g) = mdeg(f) + mdeg(g)
for f,g € FA(B). Then

mdeg(x A Z Vo mdeg(x Z Vo

zreM a€eN"

We let T'% (B),, be the A-module generated by basis elements v”(x) of multidegree

o. This makes I'% (B) = @, cy- ['4(B)a into a N"-graded ring.

Definition (1.3.2) (Degree). Let B = Alxy, x2, ..., 2] = @\~ Br with the usual
grading, i.e., Bj are the homogeneous polynomials of degree k. The graded A-
algebra C' = P, I'Y (By) is a subalgebra of 'Y (B). If an element f € T'%(B)

belongs to Cj, = I'4(By) we say that f is homogeneous of degree k. The degree
of an arbitrary element f € I'Y(B) is the smallest natural number n such that

[ e (B Br)-

Remark (1.3.3). Let B = Alxg,21,...,2,] and let C = @,~,'%(Bx) be the
graded subring of I'% (B). The degree in the previous definition is such that there
is a relation between the degree of elements in C' and the degree of an element in
the graded localization C,4(y)) for s € By. To see this, note that

C('yd(s)) = ].—Vi (B(g)) = F% (A[{L'()/S, N ,(ET/SD.

We let Alxg/s,...,xz,/s] be graded such that x;/s has degree 1. An element
f € T4 (Alzo/s,...,2./s]) of degree n can then be written as g/v%(s)" where
g € 'Y (B,,) is homogeneous of degree n.

Theorem (1.3.4) ([Ric96, Prop. 2], [Ryd07a, Cor. 8.4]). If d! is invertible in A
then T4 (Alx1,...,x,.]) is generated by the elementary multisymmetric functions
(1) x Y42 (zg) % - - - x4 (m, ) xyd-dr=d2==dr (1) d; € N and dy+da+- - -+d, < d.

Theorem (1.3.5) ([F1e98, Thm. 4.6, 4.7], [Ryd07a, Cor. 8.6]). For an arbitrary
ring A, the A-algebra T9 (Alx1,...,2,]) is generated by v (x1),v4(x2),...,v ()
and the elements v*(x®) x v¥=%(1) with kae < (d—1,d—1,...,d—1). Further, there
18 no smaller multidegree bound and if d = p*® for some prime p not invertible in A,
then T4 (Alz1, ..., x,]) is not generated by elements of strictly smaller multidegree.

Theorems (1.3.4) and (1.3.5) give the following degree bound:
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Corollary (1.3.6). Let A be a ring and B = k[ry,22,...,2,]. Then T%(B) is
generated by elements of degree at most max(l,r(d — 1)) If d! is invertible in A,
then I‘ff\(B) is generated by elements of degree one.

2. WEIGHTED PROJECTIVE SCHEMES AND QUOTIENTS BY FINITE GROUPS

In this section we review the definition and the basic results on weighted projec-
tive schemes. We will in particular focus on weighted projective structures which
are covered in degree one. By this, we mean that the sections of O(1) give an affine
cover of the weighted projective scheme. We then recall the construction, using
invariant theory, of a geometric quotient of a projective scheme by a finite group.
Finally, we discuss the failure of a geometric quotient to commute with arbitrary
base change and closed immersions.

2.1. Remarks on projectivity. We will follow the definitions in EGA. In par-
ticular, very ample, ample, quasi-projective and projective will have the meanings
of [EGAq, §4.4, §4.6, §5.3, §5.5]. By definition, a morphism ¢ : X — S is quasi-
projective if it is of finite type and there exists an invertible Ox-sheaf £ ample
with respect to ¢. Note that this does not imply that X is a subscheme of Pg(&)
for some quasi-coherent Og-module £. However, if S is quasi-compact and quasi-
separated then there is a quasi-coherent Og-module of finite type £ and an immer-
sion X — P(€) [EGA, Prop. 5.3.2]. Similarly, a projective morphism is always
quasi-projective and proper but the converse only holds if S is quasi-compact and
quasi-separated.

Furthermore, if ¢ : X — S is a projective morphism and £ a very ample
invertible sheaf on X then £ does not necessarily correspond to a closed embedding
into a projective space over S. We always have a closed embedding X — P(g.L)
as ¢ is proper [EGAj;, Prop. 4.4.4] but ¢.£ need not be of finite type. If S is
locally noetherian however, then ¢.L is of finite type [EGApy, Thm. 3.2.1]. If S
is quasi-compact and quasi-separated then we can find a sub-Og-module of finite
type € of g.L such that we have a closed immersion ¢ : X — P(£) and such that

We will also need the following stronger notion of projectivity introduced by
Altman and Kleiman in [AK80, §2]. Our definition differs slightly from theirs as
we do not require strongly projective morphisms to be of finite presentation.

Definition (2.1.1). A morphism X — S is strongly projective (resp. strongly
quasi-projective) if it is of finite type and factors through a closed immersion (resp.
an immersion) X — Pg(L) where L is a locally free Og-module of constant rank.

Remark (2.1.2). A strongly (quasi-)projective morphism is (quasi-)projective and
the converse holds when S is quasi-compact, quasi-separated and admits an ample
sheaf, e.g., S affine [AK80, Ex. 2.2 (i)]. In fact, in this case there is an embedding
X — P% and thus the notions of projective and strongly projective also agree with
the definitions in [Har77].
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2.2. Weighted projective schemes.

Definition (2.2.1). Let S be a scheme. A weighted projective scheme over S is an
S-scheme X together with a quasi-coherent graded Og-algebra A of finite type, not
necessarily generated by degree one elements, such that X = Projg(A). We let as
usual Ox (n) = A(n) for any n € Z.

If A is generated by degree one elements then the sheaves Ox(n) are invertible
for any integer m and very ample if n is positive. Furthermore, there is then a
canonical isomorphism Ox(m) ®o, Ox(n) = Ox(m + n). All these properties
may fail if A is not generated by degree one elements.

It can however be shown, cf. Corollary (2.2.4), that if S is quasi-compact then
q : X — Sisprojective. To be precise, there is a positive integer n such that Ox (n)
is invertible, the homomorphism ¢* A, — Ox(n) is surjective and i, : X — P(A,)
is a closed immersion. In particular, Ox(n) = i;;Op4,)(1) is very ample. Another
consequence is that if X is a weighted projective scheme over an arbitrary scheme
S then X — S is proper.

We will give a demonstration of the projectivity of X — S when S is quasi-
compact and also show some properties of the sheaves Ox(n). The results are
somewhat weaker than those in [BR86, §4] but we also give stronger results when
X is covered in degree one.

The following lemma is an explicit form of [EGAyy, Lem. 2.1.6].

Lemma (2.2.2). If B is a graded A-algebra generated by elements f1, fa,..., fs €
B of degrees dy,ds,...,ds and l is the least common multiple of dy,ds,...,ds then
(i) Bpyi = (BpBy) for everyn > (s —1)(1 —1).
(ii) Bin = (Bn)* for every k >0 if n = al witha > s — 1.
Proof. Clearly By, is generated by fi" f32 ... f¢* such that ), a;d; = k. Let g; =
U4 e Bl Itk > s(1— 1)+ 1and f = fA1 /92 ... f% € By then g;|f for some i
which shows (i). (ii) follows easily from (i). O

Proposition (2.2.3) (cf. [BR86, Cor. 4A.5, Thm. 4B.7]). Let A be a ring and
let B be a graded A-algebra generated by a finite number of elements f1, fo, ..., fs
of degrees di,ds,...,ds. Letl be the least common multiple of the d;’s. Let S =
Spec(A), X = Proj(B) and Ox(n) = B(n). Then

(1) X =Ujep, D+(f) if n=al and a > 1.

i) Ox(n) is invertible if n = al and a € Z.

ii) Ox(n) is ample and generated by global sections if n = al and a > 1.

) The canonical homomorphism Ox(al) ® Ox(n) — Ox(al +n) is an iso-

morphism for every a,n € 7Z.

(v) If n = al with a > 1 then there is a canonical morphism i, : X —
P(B,). If a > max {1l,s — 1} then i, is a closed immersion and Ox(n) =
iy Op(p,,) (1) is very ample relative to S.

(vi) Ox(n) is generated by global sections if n > (s — 1)(I — 1).
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Proof. (i) is trivial as X = J_, D4+(f;) = U_,; D+ (ffl/di) if a > 1, cf [EGAp,
Cor. 2.3.14]. Note that if f € B; then

(2.2.3.1) By = (B @ B(l)p) @+ @ BU=1)p)lf 7]

Thus T'(D4(f),Ox(al)) = B(al)sy = By f* is a free B(y)-module of rank one
which shows (ii).

(iii) If @ > 1 then (D+(f))f€Bal
sheaf it is thus generated by global sections and ample by definition, cf. [EGAyq,
Def. 4.5.3 and Thm. 4.5.2 a)].

(iv) Tt is enough to show that the homomorphism Ox (al)@Ox (n) — Ox (al+n)
is an isomorphism locally over D (f) with f € B;. Locally this homomorphism is
B(al)yy®@p,;, B(n) () — B(al+n)s) which is an isomorphism by equation (2.2.3.1)

(v) If n = al with @ > 1 then by (i) the morphism 4, : X — P(B,,) is everywhere
defined. If in addition a > s — 1 then B(™ is generated by degree one elements by
Lemma (2.2.2) (ii). Thus we have a closed immersion X = Proj(B) = Proj(B™) —
P(By,).

(vi) Assume that n > (s — 1)(I — 1), then B, = (B,Bf) for any positive
integer k by Lemma (2.2.2) (i). If f € B; and b € B(n)y), then b =¥’/ f* for some
b € Bpyr = (BnBlk) and thus b € (B(f)Bn). This shows that Ox (n) is generated
by global sections as B, C I'(D4(f), Ox(n)). O

is an affine cover of X. As Ox (al) is an invertible

Corollary (2.2.4) ([EGAy, Cor. 3.1.11]). If S is quasi-compact and X = Projg(A)
is a weighted projective scheme then there exists a positive integer n such that
X — P(A,) is everywhere defined and a closed immersion. In particular X is
projective and Ox (n) is very ample relative to S.

Proof. Let {S;} be a finite affine cover of S and let A; = I'(S;,Og) and B; =
I'(S;, A). Then as B; is a finitely generated graded A;-algebra, there is by Propo-
sition (2.2.3) a positive integer n; such that X xg S; — P((B;)y,) is defined and a
closed immersion. Choosing n as the least common multiple of the n;’s we obtain
a closed immersion X — P(A,,). O

Remark (2.2.5). Note that (2.2.3) (iv), (v), (vi) implies that the following are
equivalent:

(i) Ox(n) is invertible for all 0 < n < [.
(ii) Ox(n) is invertible for all n.
(iii) Ox(n) is very ample for all sufficiently large n.

As (i) is easily seen to not hold in many examples in particular (iii) is not always
true.

The following condition will be important later on as it is satisfied for Sym?(X/.5)
for X/S quasi-projective. Note that in the remainder of this section we do not
assume that A is finitely generated. In particular, Projg(A) need not be a weighted
projective space.
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Definition (2.2.6). Let S be a scheme, A a graded quasi-coherent Og-algebra and
X = Projg(A). If there is an affine cover (S,) of S such that X xg S, is covered
by User(s.,a,) D+(f), then we say that X/S is covered in degree one.

Proposition (2.2.7). Let A be a ring and let B be a graded A-algebra generated

by elements of degree < d. Let S = Spec(A), X = Proj(B) and Ox(n) = E(\/n) If
X/S is covered in degree one then

() X = Uyep, D) ifn > 1.

(ii) Ox(n) is invertible for n € Z and ample and generated by global sections
ifn>1.

(iii) Ox(m)® Ox(n) = Ox(m+n) for every m,n € Z.

(iv) The canonical morphism i, : X — P(B,) is defined for every n > 1. If
n > d then i, is a closed immersion and Ox(n) = i;,Op(p,)(1) is very
ample relative S.

Proof. (i) is equivalent to X/S being covered in degree one. Using the cover X =
Ufep, D+(f) instead of the cover X = |, D+ (f) we may then prove (ii) and (iii)
exactly as (ii), (iii) and (iv) in Proposition (2.2.3).

(iv) Let n > d and let B’ be the sub-A-algebra of B generated by B,,. It is enough
to show that the inclusion B’ < B induces an isomorphism Proj(B) = Proj(B’).
We will show this using the cover X = UfEB1 Dy (f"). Let f € By and g € B(sn)
such that g = b/ f™* for some b € B,,;,. To show that g € BZf") we can assume that
b = b1by...bs is a product of elements of degrees d; < d, as every element of B,
are sums of such. Then g = (Hle bif"’di) /f™ which is an element of Béfn). O

Corollary (2.2.8). Let S be any scheme and A a graded quasi-coherent Og-algebra
such that A is generated by elements of degree at most d. Let X = Proj(A),

Ox(n) = A(n) and assume that X/S is covered in degree one. Then

(i) Ox(n) = Ox(1)®" is invertible for every n € 7Z.
(ii) If n > 1 then Ox(n) is ample and g* A, — Ox(n) is surjective.
(iii) For every n > 1 the canonical morphism i, : X — P(A,) is everywhere
defined. If n > d it is a closed immersion.

In particular, if X = Projg(A) also is a weighted projective scheme, i.e., if A is of
finite type, then X 1is projective.

Example (2.2.9) (Standard weighted projective spaces). Let A = k be an al-
gebraically closed field of characteristic zero and B = k[zg,z1,...,z,]. Choose
positive integers do,d,...,d, and consider the action of G = g, % -+ X pq, =
Z)dZ x - - - x L]d,7 on B given by (ng,ni,...,n,) - x; = &y x; where &g, is a d;*™
primitive root of unity. Then BE = k[zd, 2%, ... %] and Proj (BY) is a weighted
projective space of type (do,d1,...,d,).

It can be seen, cf. Proposition (2.3.4), that Proj (BY) is the geometric quotient
of Proj(B) = P" by G. More generally, if S is a noetherian scheme and X/S is
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projective with an action of a finite group G linear with respect to a very ample
sheaf Ox (1), then a geometric quotient X/G exists and can be given a structure
as a weighted projective scheme.

The weighted projective space Proj (BG) is often denoted P(dy,ds,...,d,). It
can also be constructed as the quotient of A"t — 0 by G,,, where G,,, acts on A"+!
by A-x; = A% x;. The closed points of P(dy,dy, ... ,d,) are thus {z = (x¢ : 2y : - :
z,)} = k") ~ where x ~ y if there is a A € k* such that A\%z; = y; for every i.

2.3. Quotients of projective schemes by finite groups. Let X be an S-scheme
and G a discrete group acting on X/S, i.e., there is a group homomorphism G —
Autg(X). In the category of ringed spaces we can construct a quotient Y = (X/G),s
as following. Let Y as a topological space be X/G with the quotient topology, and
quotient map ¢ : X — Y. Further let the sheaf of sections Oy be the subsheaf
(¢ O X)G — ¢q.Ox of G-invariant sections. Note that G acts on ¢,.Ox since for any
open subset U C Y the inverse image ¢~ (U) is G-stable and hence has an induced
action of G. Thus we obtain a ringed S-space (Y, Oy) together with a morphism
of ringed S-spaces ¢ : X — Y. The ringed space (Y, Oy) is not always a scheme,
in fact not always even a locally ringed space. But when it exists as a scheme it is
called the geometrical quotient and is also the categorial quotient in the category of
schemes over S. For general existence results we refer to [Ryd07b]. The existence of
a geometric quotient of an affine schemes by a finite group is not difficult to show:

Proposition (2.3.1) ([SGA;, Exp. V, Prop. 1.1, Cor. 1.5]). Let S be a scheme, A
a quasi-coherent sheaf of Og-algebras and X = Specg(A). An action of G on X/S
induces an action of G on A. If G is a finite group then Y = Specg (AG) is the
geometric quotient of X by G. If S is locally noetherian and X — S is of finite
type, then Y — S is of finite type.

From this local result it is not difficult to show the following result:

Theorem (2.3.2) ([SGA;, Exp. V, Prop. 1.8]). Let f : X — S be a morphism
of arbitrary schemes and G a finite discrete group acting on X by S-morphisms.
Assume that every G-orbit of X is contained in an affine open subset. Then the
geometrical quotient ¢ : X — Y = X/G exists as a scheme.

It can also be shown, from general existence results, that if X/S is separated
then this is also a necessary condition [Ryd07b, Rmk. 4.9].

Remark (2.3.8). If X — S is quasi-projective, then every G-orbit is contained in
an affine open set. In fact, we can assume that S = Spec(A) is affine and thus
that we have an embedding X < P%. For any orbit Gx we can then choose a
section f € Opn(m) for some sufficiently large m such that V(f) does not intersect
Gz. The affine subset D(f) then contains the orbit Gz. More generally [EGA,
Cor. 4.5.4] shows that every finite set, in particulary every G-orbit, is contained in
an affine open set if X/S is such that there exists an ample invertible sheaf on X
relative to S.
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In Corollary (2.3.6) we will show that if S is a noetherian scheme and X — S
is (quasi-)projective, then so is X/G — S. In fact if X is projective we will give a
weighted projective structure on X/G.

Proposition (2.3.4). Let S be a scheme and let A = @~ Aa be a graded quasi-
coherent Og-algebra, generated by degree one elements. Let G be a finite group
acting on A by graded Og-algebra automorphisms. Then G acts on X = Projg(A)
linearly with respect to Ox(1). As X admits a very ample invertible sheaf relative
to S, a geometric quotient Y = X/G emists, c¢f. Remark (2.3.3). There is an
isomorphism Y = Projg (AG) and under this isomorphism, the quotient map q :
X —Y is induced by A — A.

Proof. Everything is local over S so we can assume that S = Spec(A), A = B
and X = Proj(B). We can cover X by G-stable affine subsets of the form D, (f)
with f € BY homogeneous. In fact, if Z is a G-orbit of X then the demonstration
of [EGAy, Cor. 4.5.4] shows that there is a homogeneous f’ € B such that Z C
Do (f"). If welet f =], cqo(f), then Z C D, (f) and f € BY is homogeneous.
Over such an open set we have that

Xlp, (1)/G = Spec((B(5)“) = Spec((B)(s)) = Proj (BY) o, (s)-
It is thus clear that Y = Proj (BG). O

Remark (2.3.5). Note that A% is not always generated by A even though A is
generated by A;. Also, if S = Spec(A) is affine and A = B, we may not be able to
cover X = Proj(B) with G-stable affine subsets of the form D, (f) with f € BY.
This is demonstrated by example (2.2.9) if we choose d; > 1 for some i.

Corollary (2.3.6) ([Knu7l, Ch. IV, Prop. 1.5]). Let S be noetherian, X — S
be projective (resp. quasi-projective) and G a finite group acting on X by S-
morphisms. Then the geometrical quotient X /G is projective (resp. quasi-projective).

Proof. Let X — (X/S)™ = X xg X xg--+ xg X be the closed immersion given
by  — (o1z,092,...,0,2) where G = {01,09,...,0,}. As X — S is quasi-
projective and S is noetherian, there is an immersion X — Pg(&) for some quasi-
coherent Og-module of finite type &£, see [EGAy, Prop. 5.3.2]. This immersion
together with the immersion X — (X/S)™ given above, gives a G-equivariant
immersion X — (IPS(S)/S)" if we let G permute the factors of (]P’S(S)/S)n. Fol-
lowing this immersion by the Segre embedding we get a G-equivariant immersion

[ X — Pg(E®™) where G acts linearly on Pg(E®™), i.e., by automorphisms of
gem,

Let Y = m be the schematic image of f. AsY is clearly G-stable we have an
action of G on Y and a geometric quotient ¢ : Y — Y/G. Then, as X — Y is an
open immersion and ¢ is open, we have that X/G = (Y/G)|4y). Thus it is enough
to show that Y/G is projective. Let A = S(£¥™)/I such that Y = Proj(A). Then
there is an action of G on A; which induces the action Y. By Proposition (2.3.4)
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we have that Y/G = Proj (.AG). The scheme Y/G is a weighted projective scheme

as A% is an Og-algebra of finite type by Proposition (2.3.1). It then follows by
Corollary (2.2.4) that Y/G is projective. |

2.4. Finite quotients, base change and closed subschemes. A geometric quo-
tient is always uniform, i.e., it commutes with flat base change [GIT, Rmk. (7), p. 9].
It is also a universal topological quotient, i.e., the fibers corresponds to the orbits
and the quotient has the quotient topology and this holds after any base change.
However, in positive characteristic a geometric quotient is not necessarily a univer-
sal geometric quotient, i.e., it need not commute with arbitrary base change. This
is shown by the following example:

Example (2.4.1). Let X = Spec(B), S = Spec(4), S" = Spec(A/I) with A =
k[e]/e* where k is a field of characteristic p > 0, B = k[e,z]/(e?,ex) and I = (e).
We have an action of G = Z/p = (r) on B given by 7(z) = z + € and 7(¢) = e.
Then 7(2") = 2" for all n > 2 and thus BY = k[e, 2%, 23]/(€2, ex?, ex®). Further,
we have that (B ®4 A")Y = k[z] and BY @4 A’ = k[z?, 23].

Recall that a morphism of schemes is a universal homeomorphism if the under-
lying morphism of topological spaces is a homeomorphism after any base change.

Proposition (2.4.2) ([EGApy, Cor. 18.12.11)). Let f : X — Y be a morphism
of schemes. Then f is a universal homeomorphism if and only if f is integral,
universally injective and surjective.

Proposition (2.4.3). Let X/S be a scheme with an action of a finite group G such
that every G-orbit of X is contained in an affine open subset. Let S’ — S be any
morphism and let X' = X xg S’. Then geometric quotients ¢ : X — X/G and
r: X' — X'/G exists. Let (X/G) = (X/G) xgS’. Asr is a categorical quotient
we have a canonical morphism X'/G — (X/G)'. This morphism is a universal
homeomorphism.

Proof. The geometric quotients ¢ and r exists by Theorem (2.3.2). As g and r
are universal topological quotients it follows that X'/G — (X/G)’ is universally
bijective. As X' — X'/G is surjective and X’ — (X/G)’ is universally open it
follows that X'/G — (X/G)’ is universally open and hence a universal homeomor-
phism. (]

If G acts on X and U C X is a G-stable open subscheme, then U/G is an
open subscheme of X/G. In fact, U/G is the image of U by the open morphism
qg: X — X/G. It Z— X is a closed G-stable subscheme, then Z/G is not always
the image of Z by ¢. In fact, Z/G need not even be a subscheme of X/G. We have
the following result:

Proposition (2.4.4). Let G be a finite group, X/S a scheme with an action of
G such that the geometric quotient q : X — X/G exists. Let Z — X be a
closed G-stable subscheme. Then the geometric quotient r : Z — Z/G exist. Let
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q(Z) be the scheme-theoretic image of the morphism Z — X — X/G. Asr is
a categorical quotient, the morphism Z — q(Z) — X/G factors canonically as
Z — Z|G — q(Z) — X/G. The morphism Z/G — q(Z) is a schematically

dominant universal homeomorphism.

Proof. As Z/G and q(Z) both are universal topological quotients of Z, the canonical
morphism Z/G — ¢(Z) is universally bijective. Since Z — ¢(Z) is universally open
and Z — Z/G is surjective we have that Z/G — q(Z) is universally open and thus
a universal homeomorphism. Further as Z — ¢(Z) is schematically dominant the
morphism Z/G — ¢(Z) is also schematically dominant. O

Corollary (2.4.5). Let G and X /S be as in Proposition (2.4.4). There is a canon-
ical universal homeomorphism (Xyeq)/G — (X/G)red-

We can say even more about the exact structure of Z/G — ¢(Z). For ease of
presentation we state the result in the affine case.

Proposition (2.4.6). Let A be a ring with an action by a finite group G and
let I C A be a G-stable ideal. Let X = Spec(A) and Z = Spec(A/I). Then
Z/G = Spec((A/1)Y) and q(Z) = Spec (A®/I¥). We have an injection A% /I¢ —
(A/D)C. If f € (A/I)C then there is an n | card(G) such that f* € A9/I%. To be
more precise we have that
(i) If A is a Z)-algebra with p a prime, e.g., a local ring with residue field k
or a k-algebra with char k = p, then n can be chosen as a power of p.
(ii) If A is purely of characteristic zero, i.e., a Q-algebra, then AY/I¢ —
(A/DC is an isomorphism.
Proof. Let f € A such that its image f € A/I is G-invariant. To show that
7" € AG /IS for some positive integer n it is enough to show that f € A%/I1¢®,7Z,
for every p € Spec(Z). As Z — Z, is flat, we have that

AC @z Ly = (A®2Z,)°

I° @7 Zy = (I ®2 Zy)°
AGIIY @7 Zy = (A®2 Zp)° /(I @2 Zp)
(A/1)C @z Zy = (A/T @2 Zy)°.

Thus we can assume that A is a Zy-algebra.

Let g be the characteristic exponent of Z, /pZ,, i.e., ¢ = p if p = (p), p > 0 and
g = 1if p = (0). Choose positive integers k and m such that card(G) = ¢"*m and
g1 m if ¢ # 1. Then choose a Sylow subgroup H of G of order ¢*, or H = (e) if
q=1,and let 01H,02H,...,0,,H be its cosets. Then

9= 1 o)
i=1o0€0; H

K
is G-invariant and its image g € A% /I maps to f* € (A/I)%. O
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Proposition (2.4.6) can also be extended to the case where G is any reductive
group [GIT, Lem. A.1.2].

Remark (2.4.7). Let X/S be a scheme with an action of a finite group G with
geometric quotient ¢ : X — X/G. Then

(i) If S is a Q-scheme and S — S is any morphism then (X xg S")/G =

X/G Xs i

(ii) If S is arbitrary and U C X is an open immersion then U/G = ¢(U).

(iii) If S is a @-scheme and Z < X is a closed immersion then Z/G = ¢(Z).

(iv) If S is a Q-scheme then (X/G)red = Xyea/G-
(ii) follows from the uniformity of geometric quotients, (i) and (iv) follows from
the universality of geometric quotients in characteristic zero and (iii) follows from
Proposition (2.4.6).

Statement (iii) can also be proven as follows. We can assume that X = Spec(A)
is affine. Then the homomorphism A® — A has an A“-module retraction, the
Reynolds-operator R, given by R(a) = Wl(g) > ,cc o(a). This implies that A —
A is universally injective, i.e., injective after tensoring with any A-module M. In
particular AY < A is cyclically pure, i.e., ISA = I, where I¢ = I N A%, for any
ideal I C A. If we let S = Spec (A®) and 8" = Spec (A%/I) then Z = X x5 =
Spec(A/I) and (iii) follows from (i).

3. THE PARAMETER SPACES

In this section we define the symmetric product Symd(X /S), the scheme of di-
vided powers T'4(X/S), and the Chow scheme of zero-cycles Chowg 4(X — P(£)).
We show that when X/S is a projective bundle, then Sym?(X/S) is projective and
we essentially obtain a bound on the generators of the natural weighted projective
structure, cf. Theorem (3.1.12). As a corollary, we show that if X/S is projec-
tive then so is T4(X/S), cf. Theorem (3.2.10). If A is a graded Og-algebra and
X = Proj(A) then I'*(X/S) = Proj(€D,~, %(Ay)) in analogy with the description
Sym?(X) = Proj(@,~, TS?(Ax)). The Chow scheme of X = Proj(.A) is defined as
the projective scheme corresponding to the subalgebra of @, I'Y(Ay) generated
by degree one elements. The reduction of this scheme is the classical Chow variety.

3.1. The symmetric product.

Definition (3.1.1). Let X be a scheme over S and d a positive integer. We let
the symmetric group on d letters &, act by permutations on (X/9)? = X xg X x5
-+ XgX. When X/S is separated, the geometric quotient of (X/S)? by the action
of G4 exists as an algebraic space [Ryd07b] and we denote it by Sym%(X/S) :=
(X/S)%/&4. The scheme (or algebraic space) Sym?(X/S) is called the d™ sym-
metric product of X over S and is also denoted Symm®(X/5S), (X/8)@ or X by
some authors.
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Definition (3.1.2). Let X/S be a scheme. We say that X/S is AF if the following
condition is satisfied:

Every finite set of points x1, xs, ..., x, over the same point s € §

AF . . .
(AF) is contained in an affine open subset of X.

Remark (3.1.3). If X has an ample sheaf relative to S, then X/S is AF, cf. [EGAyy,
Cor. 4.5.4]. Tt is also clear from [EGAj, Cor. 4.5.4] that if X/S is AF then so is
X xg58'/8" for any base change S’ — S. It can further be seen that if X/S is AF
then X/S is separated.

Remark (3.1.4). Let X/S be an AF-scheme and let d be a positive integer. By
Theorem (2.3.2) the geometric quotient Sym?(X/S) is then a scheme. Let (S)
be an affine cover of S and let (Uyg) be an affine cover of X xg S, such that
any set of d points of X lying over the same point s € S, is included in some
Uag. Then (Uap/Sa)? is an open cover of (X/S)¢ by affine schemes. Thus
a5 Sym®(Uy,p/Sa) — Sym®(X/S) is an open covering by affines.

In the remainder of this section we will study the symmetric product when
S = Spec(A) is an affine scheme and X/S is projective. We will use the following
notation:

Notation (3.1.5). Let A be a ring and let B = @, ., B be a graded A-algebra
finitely generated by elements in degree one. Let S = Spec(A) and X = Proj(B)
with very ample sheaf Ox (1) = E(\/l) and canonical morphism g : X — S.

Further we let C = @,~, T4 (Bx) C T4(B). Then (X/S)? = Proj(C) and
Proj(C) — P(Cy) = ]P’(Tffl(él)) is the Segre embedding of (X/S)? corresponding
to the embedding X = Proj(B) < P(B;). The permutation of the factors induces
an action of the symmetric group &4 on C and we let D = C% = ), -, TS%(By)
be the graded invariant ring.

By Proposition (2.3.4) we have that Sym?(X/S) := Proj(C)/&, = Proj(D). If A
is noetherian, then D is finitely generated and Symd(X /S) is a weighted projective
space. In general, however, we do not know that D is finitely generated. We
do know that Sym?(X/S) — S is universally closed though, as (X/S)? — S is
projective.

Lemma (3.1.6). Let x1,x9,...,x4 € X be points such that q(x1) = q(xg) = -+ =
q(xzq) = s. Then there exists a posilive integer n and an element f € B, C
I'(X,0x(n)) such that x1,zs,...,24 € Xy = Do (f). If the residue field k(s) has
at least d elements then it is possible to take n = 1.

Proof. The existence of f for some n follows from [EGAj, Cor. 4.5.4]. For the last
assertion, assume that k(s) has at least d elements. As we can lift any element
f € B, ®4 k(s) to an element f € B, after multiplying with an invertible element
of k(s), we can assume that A = k(s). Replacing B with the symmetric algebra
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S(B1) = klto,t1,-..,t,] we can further assume that B is a polynomial ring and
X =P

An element of B; = I‘(X, Ox(l)) is then a linear form f = agtg+ait1+---+a,t,
with a; € k(s) and can be thought of as a k(s)-rational point of (]P’};(S))V. The linear
forms which are zero in one of the x;’s form a proper closed linear subset of all linear
forms. Thus if k(s) is infinite then there is a k(s)-rational point corresponding to
a linear form non-zero in every x;. If k = k(s) is finite, then at most (|k|” —1)/|k*|
linear forms are zero at a certain x; and equality holds when z; is k-rational. Thus
at most

d([k]" = 1)/(|k] = 1) < (|6 — [K[)/(Ik| = 1)
= (k™" =1)/(Jk[ - 1) -1

linear forms contain at least one of the x1,x», ..., x4 and hence there is at least one
linear form which does not vanish on any of the points. O

Proposition (3.1.7). The product X% =XxgXxg--xgX is covered by S 4-stable
affine open subsets of the form Xy xgXyxg---xgXs where f € By, C F(X, Ox(n))
for some n. If every residue field of S has at least d elements then the open subsets
with f € By C F(X7 OX(l)) cover X¢.

Proof. Follows immediately from Lemma (3.1.6). O

Corollary (3.1.8). The symmetric product Symd(X/S) is covered by open affine
subsets Sym? (Xf/S) with f € By, C F(X, Ox (n)) for somen. If every residue field
of S has at least d elements then those affine subsets with n = 1 cover Sym?(X/S).

Corollary (3.1.9). The symmetric product Y = Sym?(X/S) = Proj(D) is covered
by Yy where g € D C F(Y, Oy(l)), i.e., Y = Proj(D) is covered in degree one.

Proof. Let A <— A’ be a finite flat extension such that every residue field of A" has
at least d elements, e.g., the extension A’ = A®y A4 suffices by Lemma (1.2.3). Let
B =B@sA and 0" =C®4 A andlet D' =D @4 A =@, >, TS%(B,) @4 A'.
Then D' = @, -, TS% (B,) as A — A’ is flat. Note that if f e B!, then ¢’ =
f'Rf'®@ - &f c D!, and Symd(X},/S) =D, (¢) as open subsets of Sym?(X’/S").
Thus Corollary (3.1.8) shows that \/D{D’. = D’.. As Spec(A’) — Spec(A) is

surjective it follows that \/D; D4 = D.. d
We now use the degree bound on the generators of TS% (A[z1,...,,]) obtained

in Corollary (1.3.6) to get something very close to a degree bound on the generators
of D = ®k20 TS%(B;C) when B = Alzg, 21, ...,x,] is the polynomial ring.

Proposition (3.1.10). Let N be a positive integer and D<y be the subring of
D = @,.~, TS%(By) generated by elements of degree at most N. Then the inclusion
D<n — D induces a morphism ¥y : Proj(D) — Proj(D<n). Further we have
that:
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(i) If B = Alxg,x1,...,x,] is a polynomial ring and N > r(d — 1) then ¥y is
an isomorphism.

(ii) If A is purely of characteristic zero, i.e., a Q-algebra, then ¥y is an iso-
morphism for any N.

Proof. By Corollary (3.1.9) the morphism ¢ is everywhere defined for N > 1. Let
A — A’ be a finite flat extension such that every residue field of A’ has at least d
elements, e.g., A’ = A®z Ay as in Lemma (1.2.3). If we let ¢/ = C ®4 A’ then
we have that D' = D ®4 A’ = C'®¢ and DLy = D<y @4 A" as A — A’ is flat.
If ¢ : Proj(D') — Proj(D%y) is an isomorphism then so is ¢ as A — A’ is
faithfully flat. Replacing A with A’, it is thus enough to prove the corollary when
every residue field of S has at least d elements. Hence we can assume that we have
a cover of Proj(D) by D (f®?) with f € By by Corollary (3.1.8).

We have that D(jea) = TSZ (B(sy) and this latter ring is generated by elements
of degree < max{r(d — 1),1} for arbitrary A and by elements of degree one when
A is purely of characteristic zero by Corollary (1.3.6). As noted in Remark (1.3.3)
this implies that D(feq) = (DSN)(f@)d) which shows (i) and (ii). O

Corollary (3.1.11). Let N be a positive integer and Dy be the subring of DY) =
Di>o TSY% (Bnk) generated by TSY (By). Then the inclusion Dy — DW) induces
a morphism ¢y : Proj(D) — Proj(Dy). Further we have that:
(i) If B = Alzg,x1,...,x,] is a polynomial ring and N > r(d — 1) then ¥y is
an isomorphism.
(ii) If A is purely of characteristic zero, i.e., a Q-algebra, then ¥y is an iso-
morphism for any N.

Proof. Let D<y be the subring of D = @+, TS%(Bx) generated by elements of
degree at most N. As Proj(D) is covered in degree one by Corollary (3.1.9) then so
is Proj(D<n). In fact, as Proj(D) — Spec(A) is universally closed, it follows that
Proj(D) — Proj(D<n) is surjective. By Proposition (2.2.7) (iv) it then follows that
Dy — (DSN)(N) induces an isomorphism Proj (D(<]\2) — Proj(Dy). The corollary
thus follows from Proposition (3.1.10). - O

Theorem (3.1.12). Let S be any scheme and £ a quasi-coherent Og-sheaf of finite
type. Then for any N > 1, there is a canonical morphism

Sym®(P(€)/S) — P(TSH (S E)).

If L is a locally free Og-sheaf of constant rank r + 1 then the canonical morphism
Sym?(P(£)/S) — ]P’(TS%S(SN[,)) is a closed immersion for N > r(d —1). In
particular, it follows that Symd(IP’(ﬁ)/S) — S is strongly projective.

Proof. The existence of the morphism follows by Corollary (3.1.11). Part (i) of the
same corollary shows that Sym®(P(£)/S) < IP’(TS%S (SNL)) is a closed immersion
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when N > r(d — 1). As SV L is locally free of constant rank it follows by para-
graph (1.1.7) that TS‘és(SN L) is locally free of constant rank which shows that
Sym®(P(£)/S) is strongly projective. O

In section 3.3, we will show that the canonical morphism Sym?(P(£)/S) —
]P’(TS?Q .(SNE)) is a universal homeomorphism onto its image which is defined to
be the Chow scheme Chow07d(IP’(£)).

3.2. The scheme of divided powers. Let S be any scheme and A a quasi-
coherent sheaf of Og-algebras. As the construction of I'4 (B) commutes with local-
ization with respect to multiplicatively closed subsets of A we may define a quasi-
coherent sheaf of Og-algebras T', (A). We let T'¥(Spec(A)/S) = Spec(I'h, (A)).
The scheme T'%(X/S) is thus defined for any scheme X affine over S. Similarly we
obtain for any homomorphism of quasi-coherent Og-algebras A — B a morphism
of schemes I'¥(Spec(B)/S) — T'4(Spec(A)/S). This defines a covariant functor
X +— I'Y(X/S) from affine schemes over S to affine schemes over S.

It is more difficult to define I'/(X/S) for any X-scheme S since I'% (B) does not
commute with localization with respect to B. In fact, it is not even a B-algebra.
In [I, 3.1] a certain functor zi(/s is defined which is represented by I'*(X/S) when
X/S is affine. When X/S is quasi-projective, or more generally an AF-scheme, cf.
Definition (3.1.2), then EC)i(/S is represented by a scheme [I, Thm. 3.1.11]. If X/S
is a separated algebraic space, then Egl( /g 18 represented by a separated algebraic
space [I, Thm. 3.4.1].

The object representing ESZ(/ s will be denoted by I'*(X/S). We briefly state

some facts about T'9(X/S) used in the other sections. We then show that T'¢(X/5)
is (quasi-)projective when X/S is (quasi-)projective.

(3.2.1) The space of divided powers — For any algebraic scheme X separated
above S, there is an algebraic space I'*(X/S) over S with the following properties:

(i) For any morphism S’ — S, there is a canonical base-change isomorphism
IY(X/8) x5 8" =T4HX xg8'/5").
(ii) If X/S is an AF-scheme, then I'*(X/S) is an AF-scheme.
(iii) If A is a quasi-coherent sheaf on S such that X = Specg(.A) is affine S,
then I'*(X/S) = Specg (T'$ (A)) is affine over S.
(iv) If X =[], X; then ['Y(X/S) is the disjoint union

II  (Xi/8) xsT%(X3/8) x5 -+ x5 T (X,,/5).
dyi,da,...,dn >0

dy+dot-+dn—=d

(v) If X — S has one of the properties: finite type, finite presentation, locally
of finite type, locally of finite presentation, quasi-compact, finite, integral,
flat; then so has I'*(X/S) — S.

This is Thm. 3.1.11, Prop. 3.1.4, Prop. 3.1.8 and Prop. 4.3.1 of [I].
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(3.2.2) Push-forward of cycles — Let f : X — Y be any morphism of algebraic
schemes separated over S. There is then a natural morphism, push-forward of
cycles, f. : I'4(X/S) — I'Y(Y/S) which for affine schemes is given by the covariance
of the functor F%(-). If f: X — Y is an immersion (resp. a closed immersion,
resp. an open immersion) then f, : ['Y(X/S) — T'%(Y/S) is an immersion (resp.
closed immersion, resp. open immersion) [I, Prop. 3.1.7].

(3.2.3) Addition of cycles — Let d,e be positive integers. The composition of
the open and closed immersion T'%(X/S) x5 ['*(X/S) — T'¥*¢(X 1T X/9) given
by (3.2.1) (iv) and the push-forward T'%*+¢(X II X/S) — T9*+¢(X/S) along the
canonical morphism X IT X — X is called addition of cycles [I, Def. 4.1.1].

(3.2.4) The Sym-Gamma morphism — Let X/S be a separated algebraic space
and let (X/S)? = X xg X xg--- x5 X. There is an integral surjective morphism
Ux : (X/S)% — T4(X/S), given by addition of cycles, invariant under the permu-
tation of the factors. This gives a factorization (X/S)% — Sym?(X/S) — I'*(X/S)
and we denote the second morphism by SGx [I, Prop. 4.1.5].

(3.2.5) Local description of the scheme of divided powers — If U C X is an open
subset, then we have already seen that T'¢(U/S) C I'*(X/S) is an open subset.
Moreover, there is a cartesian diagram

(U/S)* —— Sym(U/S) 28U rd(U/5)

| o | o]
(X/9)¢ —— Sym®(X/8) 22X rd(X/9).
If X/S is an AF-scheme, then there are Zariski-covers S = |J S, and X = U, of
affine schemes such that I'Y(X/S) = UT%(U,/S,). This gives a local description
of the SG-map. For an arbitrary separated algebraic space X/S there is a similar

étale-local description of SG. If U — X is an étale morphism, then there is a
cartesian diagram

(U/8)tpr —— Sym*(U/S)|spr —— T (U/5) reg

I
(X/9)4 ——— Sym?(X/S) ———T4(X/9)

where the vertical arrows are étale [I, Prop. 4.2.4]. Here fpr and reg denotes the
open locus where the corresponding maps are fized-point reflecting and reqular. If
[1Us — X is an étale cover, then [[T4(Uy/S)|gpr — I'4(X/S) is an étale cover.
Thus, we have an étale-local description of SG in affine schemes.

We now give a similar treatment of I'(X/S) for X = Proj(B) projective as that
given for Sym?(X/S) in the previous section.
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Proposition (3.2.6). Let S = Spec(A) where A is affine and let X = Proj(B)
where B is a graded A-algebra finitely generated in degree one. Then T'(X/S) is
covered by open subsets of the form T4(X;/S) with f € B, for some n. If every
residue field of S has at least d elements, then is enough to consider open subsets
with n = 1.

Proof. Follows from Proposition (3.1.7) using that ¥ x ((X;/S)¢) =T'%(X;/S). O

Proposition (3.2.7). Let A be a ring and B a graded A-algebra finitely generated
in degree one. Let W = Proj (®k>0 F%(Bk)). Then W is covered by the open
subsets of the form W,a) where b € By, for some n. If every residue field of
S = Spec(A) has at least d elements, then is enough to consider open subsets with
be B;.

Proof. Let F be a graded flat A-algebra with a surjection F' — B. Consider the
induced surjective homomorphism @, <, % (Fi) = @0 % (Bxk) and the corre-
sponding closed immersion W < W’ = Proj(@;~,'% (F)). The open subset of
W' = Sym?(Proj(F)/S) given by %(f) = 0, where f € F,, coincides with the
open subset Sym®(Proj(F)/S). These subsets cover W’ by Corollary (3.1.8). The
proposition follows immediately. O

Corollary (3.2.8). Let S be any scheme and let A be a graded quasi-coherent
Og-algebra of finite type generated in degree one. Then I'*(Proj(A)/S) and W =
Proj (@k>0 re (Ak)) are canonically isomorphic. Under this isomorphism, the open
subset I‘d(Proj(.A)f) is identified with W_a sy for any homogeneous element f € A.

Proof. By Propositions (3.2.6) and (3.2.7) the open subsets I'* (Spec (A(y))) and
W.a(s) for f € Ay, covers T(Proj(A)) and W respectively. As these subsets are
canonically isomorphic the corollary follows. (I

Proposition (3.2.9). Let S be any scheme and let A be a graded quasi-coherent
Og-algebra of finite type generated in degree one. Let D = @~ T%(Ak). Let N be
a positive integer and let Dy be the subring of D) = Do I’i(ANk) generated
by T%(An). The inclusion Dy — DW) induces a morphism ¢ : Proj(D) —
Proj(Dyn). Furthermore
(i) If A is locally generated by at most r + 1 elements and N > r(d — 1) then
PN 18 an isomorphism.
(ii) If S is purely of characteristic zero, i.e., a Q-scheme, then ¥y is an iso-
morphism for every N.

Proof. The statements are local on S so we may assume that S = Spec(A4) is
affine and A = B where B is a graded A-algebra finitely generated in degree one.
Choose a surjection B’ = Alzg,21,...,2,] - B. Let D = @,~,T%(Bx), D' =
@D>oT%(By) and let Dy and Dy be the subrings of DY) and D'™) generated
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by degree one elements. Then we have a commutative diagram

Dy — Dy

(3.2.9.1) f 0 f

D) D).
By Corollary (3.1.11) the inclusion Dy — D'™ induces a morphism
Yy : Proj (D’(N)) — Proj(DYy)

having properties (i) and (ii). From the commutative diagram (3.2.9.1) it follows
that the inclusion Dy < D) induces a morphism ¢ : Proj(D™)) — Proj(Dy)
with the same properties. ([l

Theorem (3.2.10). If X — S is strongly projective (resp. strongly quasi-projective)
thenT4(X/S) — S is strongly projective (resp. strongly quasi-projective). If X — S
is projective (resp. quasi-projective) and S is quasi-compact and quasi-separated
then T4(X/S) — S is projective (resp. quasi-projective).

Proof. In the strongly projective (resp. strongly quasi-projective) case we imme-
diately reduce to the case where X = Pg(L) for some locally free Og-module £
of finite rank r + 1, using the push-forward (3.2.2), and the result follows from
Theorem (3.1.12).

If S is quasi-compact and quasi-separated and X — S is projective (resp. quasi-
projective) then there is a closed immersion (resp. immersion) X < Pg(£) for some
quasi-coherent Og-module £ of finite type. It is enough to show that T'(Pg(£)) is
projective. As I'(Ps(&)) = Proj(@,~, [(S*(£)) by Corollary (3.2.8), this follows
from Proposition (3.2.9) and the quasi-compactness of S. |

3.3. The Chow scheme. Let k be a field and let E be a vector space over k with
basis xg, x1,...,T,. Let EY be the dual vector space with dual basis o, y1, ..., Yn.
Let X = P(E) = P}. If ¥'/k is a field extension then a point = : Spec(k’) — X
is given by coordinates (zg : 1 : -+- : z,) in k’. To x we associate the Chow form
Fo(yYo, Y1, Yn) = 2o Ti¥i € K'[Yo,y1, . .., yn] which is defined up to a constant.

A zero-cycle on X = P} is a formal sum of closed points. To any zero-dimensional
subscheme Z < X we associate the zero-cycle [Z] defined as the sum of its points
with multiplicities. If Z =37 a;[z;] is a zero-cycle on X and k'/k a field extension
then we let Zp = Z xp k' = > a;[z; xp k']. It is clear that if Z — X is a
zero-dimensional subscheme then [Z] Xy k' = [Z %y, K'].

We say that a cycle is effective if its coefficients are positive. The degree of a
cycle Z = 3 aj[2] is defined as deg(Z) = . a; deg(k(z;)/k). It is clear that
deg(Z)) = deg(Z2) for any field extension k'/k.

Let Z be an effective zero-cycle on X and choose a field extension k’/k such that
Zi = ) ;a4[z;] is a sum of k'-points, i.e., k(zj) = k. We then define its Chow
form as Fiz = []; F:;J It is easily seen that
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(i) Fz does not depend on the choice of field extension k' /k.
(ii) Fz has coefficients in k.
(iii) The degree of F'z coincides with the degree of Z.

(iv) Z is determined by Fz.
Further, if k is perfect there is a correspondence between zero-cycles of degree d on
X and Chow forms of degree d, i.e., homogeneous polynomials, F' € k[yo, y1,- - -, Yn)
which splits into d linear forms after a field extension. The Chow forms of degree d
with coefficients in k is a subset of the linear forms on P(S?(E")) and thus a subset
of the k-points of P(S4(EV)V) = P(TS*(E)).

(3.3.1) The Chow wvariety — Classically it is shown that for » > 0 and d > 1
there is a closed subset of P(TTH(TSd(E))) parameterizing r-cycles of degree d
on P(E). The Chow variety Chow, 4(P(E)) is then taken as the reduced scheme
corresponding to this subset. More generally, if S is any scheme and L is a locally
free sheaf then there is a closed subset of Pg (T (TSd(,C))) parameterizing r-cycles
of degree d on Pg(L).

We will now show that the classical Chow variety parameterizing zero-cycles of
degree d has a canonical closed subscheme structure. We begin with the case where
S is the spectrum of a field.

(3.8.2) The Chow scheme for P(E)/k — Let k' /k be a field extension such that &’
is algebraically closed. As (P(E)/k)* — Sym?(P(E)/k) is integral, it is easily seen
that a k’-point of Sym®(P(E)/k) corresponds to an unordered tuple (z1, 22, ..., 4)
of k'-points of P(E). Assigning such a tuple the Chow form of the cycle [z1]+ [x2] +
-+++ [x4] gives a map Hom (k/, Symd(P(E)/k)) — Hom(¥/, ]P’(TSd(E))). It is easily
seen to be compatible with the homomorphism of algebras

P sk (Ts*(E)) — P T8 ($5(E))

k>0 k>0
and thus extends to a morphism of schemes

Sym® (P(E)/k) — P(TSY(E)).

It is further clear that the image of this morphism consists of the Chow forms of
degree d and that Sym? (P(E)/k) — IP’(TSd(E)) is universally injective and hence
a universal homeomorphism onto its image as Symd (JP’(E) / k) is projective. We let
Chowg 4(P(E)) be the scheme-theoretical image of this morphism.

More generally, we define Chowg 4(P(£)/S) for any locally free sheaf £ on S as
follows:

Definition-Proposition (3.3.3). Let S be a scheme and L a locally free Og-sheaf
of finite type. Then the homomorphism @~ SkTSéS (L) = B0 TS%S(S’CE)
induces a morphism B -

or Symd(IP’(ﬁ)/S) — IP’(TS?QS(E))
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which is a universal homeomorphism onto its image. We let Chowg 4 (]P’(E)) be its
scheme-theoretic image.

Proof. The question is local so we can assume that § = Spec(A) and £ = M
where M is a free A-module of finite rank. Corollary (3.1.11), with N = 1 and
B = @, "M, shows that @, -, S*TS% (M) — @~ TS% (S M) induces a well-
defined morphism Sym?(P(£)/S) — P(TSH, (L)).

To show that Sym? (P(£)/S) — ]P’(TS%S (£)) is a universal homeomorphism onto
its image it is enough to show that it is universally injective as Sym? (]P’(E) /S ) )
is universally closed. As L is flat over S the symmetric product commutes with base
change and it is enough to show that Sym? (P(L)/S) — IP’(TS?QS (£)) is injective
when S is a field. This was discussed above. g

If X — P(L) is a closed immersion (resp. an immersion) then the subset of
Chowy q (IP’(E)) parameterizing cycles with support in X is closed (resp. locally
closed). In fact, it is the image of the morphism

(3.3.3.1) Sym?(X/S) — Sym?(P(£)/S) — Chowg 4(P(L)).

As Sym?(P(£)/S) = T'*(P(L£)/S), this morphism factors through Sym?(X/S) —
I'4(X/S). Moreover, as Sym?(X/S) — I'“(X/S) is a homeomorphism [I, Cor. 4.2.5],
the morphism

(3.3.3.2) r*(X/S) — Sym*(P(£)/S) — Chowo q(P(L)).

has the same image as (3.3.3.1). Since I'? is more well-behaved, e.g., commutes
with base change S’ — S, the following definition is reasonable:

Definition (3.3.4). Let S be any scheme and £ a locally free sheaf on S. If X —
P(L) is a closed immersion we let Chowg 4(X < P(£)) be the scheme-theoretic
image of I'(X/S) — I'*(P(L)/S) — Chowg4(P(L)). If X — P(L) is an immer-
sion we let Chowg (X < P(L)) be the open subscheme of Chowg g (X — P(L))
corresponding to cycles with support in X.

Remark (3.3.5). Classically Chow (X < P(L)) is defined as the reduced sub-
scheme of Chowg 4 (P(L)) — P(TS%(£)) parameterizing zero-cycles of degree d with
support in X. It is clear that this is the reduction of the scheme Chowo,d(X —
P(L£)) as defined in Definition (3.3.4).

Remark (3.3.6). If L is a locally free sheaf on S of finite type then by definition
Chowo,q(PP(L)) is Proj(B) where B is the image of

P sk (Ts?(c)) — P TS (s*(L))
k>0 k>0

i.e., B is the subalgebra of ®k20 TS? (Sk(ﬁ)) generated by degree one elements. If
X — P(L) is a closed immersion then X = Proj(.A) where A is a quotient of S(L).



26 DAVID RYDH

The Chow scheme Chowq 4(X < P(L)) is then Proj(B) where B is the subalgebra
of Dy~ I'% . (Ax) generated by degree one elements, cf. Corollary (3.2.8).

Proposition (3.3.7). Let S be any scheme and let B be a graded quasi-coherent
Og-algebra of finite type generated in degree one. Then there is a canonical mor-
phism

¢i : T4(Proj(B)/S) — P(T'4. (B1))

which is a universal homeomorphism onto its image. This morphism commutes
with base change S’ — S and surjections B — B'.

Proof. The existence of the morphism follows from Proposition (3.2.9). That g is
universally injective can be checked on the fibers and this is done in the beginning
of this section. The last statements follows from the corresponding statements of
the algebra of divided powers. O

Remark (3.3.6) and Proposition (3.3.7) shows that there is a natural extension
of the definition of Chowg,q(X < Pg(L)) which includes the case where £ need not
be locally free. In particular, we obtain a definition valid for arbitrary projective
schemes:

Definition (3.3.8). Let X/S be quasi-projective morphism of schemes and let
X < Pg(€) be an immersion for some quasi-coherent Og-module £ of finite type.
Let X be the scheme-theoretic image of X in Pg(€) which can be written as X =
Proj(B) where B is a quotient of S(£). We let Chowoq(X — Pg(€)) be the
scheme-theoretic image of ¢ : I'(Proj(B)/S) — P(I'$ (B1)) or equivalently, the
scheme-theoretic image of

ox.e : T4(Proj(B)/S) — P(T'h, (B1)) — P(I'$,(£)).
We let Chowo’d(X — IE”S(S)) be the open subscheme of Chowy 4 (Y — ]P’S(S))
given by the image of
I'*(X/S) C T%X/S) — Chow 4(X — Pg(£)).

This is indeed an open subscheme as I'* (X /S) — Chowg (X < P(£)) is a home-
omorphism by Corollary (3.3.7).

Remark (3.3.9). Let S be any scheme, £ a quasi-coherent Og-module and X —
P(€) an immersion. Let S’ — S be any morphism and let X’ = X xg 5" and
& =& ®op, Ogr. There is a commutative diagram

Px’ el

rI(X'/8") P (E")

F : F

P4(X/S) x5 5 — 22X
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ie., ox/ g = pxe xgidg:. As the underlying sets of Chowoyd(X — }P’(ﬁ)) and
Chowg,q(X’ < P(£’)) are the images of px ¢ and px/ ¢ it follows that the canon-
ical morphism

(3.3.9.1) Chowg ¢(X' < Pg/(€)) < Chowg g (X — Ps(€)) x5 S’

is a nil-immersion, i.e., a bijective closed immersion. As the scheme-theoretic image
commutes with flat base change [EGApy, Lem. 2.3.1] the morphism (3.3.9.1) is an
isomorphism if S" — S is flat.

If Z — X is an immersion (resp. a closed immersion, resp. an open immersion)
then there is an immersion (resp. a closed immersion, resp. an open immersion)

ChOWO’d(Z — ]P)S(g)) — ChOWQ’d(X — PS((‘S))

Proposition (3.3.10). Let S = Spec(A) where A is affine and such that every
residue field of S has at least d elements. Let X = Proj(B) where B is a graded
A-algebra finitely generated in degree one. Let D = @~ 1“214 (Bk) and let E — D
be the subalgebra generated by elements of degree one. Then Chow(X — IP’(Bl)) =
Proj(E) is covered by open subsets of the form Spec(E,a(ys)) with f € By. Fur-
thermore, E. ay) is the subalgebra of rd (B(f)) generated by elements of degree one,
i.e., elements of the form x_;~v% (b;/f) with b; € By.

i
Proof. The first statement follows immediately from Proposition (3.2.7) taking into
account that the inclusion £ < D induces a surjective morphism Proj(D) —
Proj(E) by Proposition (3.3.7). The last statement is obvious. O

4. THE RELATIONS BETWEEN THE PARAMETER SPACES

In this section we show that the morphisms
Sym?(X/S) — I'(X/S) — Chowg q(X — P(£))

are universal homeomorphisms with trivial residue field extensions. That the
first morphism is a universal homeomorphisms with trivial residue field exten-
sions is shown in [I]. We also briefly mention the construction of the morphism
Hilb%(X/S) — Sym?(X/S).

4.1. The Sym-Gamma morphism. In this section we discuss some properties of
the canonical morphism SGx : Sym?(X/S) — I'*(X/S) defined in (3.2.4). Recall
the following basic result:

Proposition (4.1.1). [I, Cor. 4.2.5] Let X/S be a separated algebraic space. The
canonical morphism SGx : Sym%(X/S) — I'(X/S) is a universal homeomorphism
with trivial residue field extensions. If S is purely of characteristic zero or X/S is
flat, then SGx is an isomorphism.

From Proposition (4.1.1) we obtain the following results which only concerns
Sym?(X/S) but relies on the existence of the well-behaved functor I'* and the
morphism Sym%(X/S) — I'Y(X/S).
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Corollary (4.1.2). Let S — S’ be a morphism of schemes and X/S a separated
algebraic space. The induced morphism Sym®(X’/S") — Sym?(X/S) x5 8’ is a
universal homeomorphism with trivial residue field extensions. If S’ is of char-
acteristic zero then this morphism is an isomorphism. If X'/S" is flat then the
morphism is a nil-immersion.

Proof. Follows from Proposition (4.1.1) and the commutative diagram

Sym?(X’/S") —— Sym?(X/S) xg S’

ri(X’'/8") ——T4X/S) x5 5. O
Corollary (4.1.3). Let X/S be a separated algebraic space and Z — X a closed
subscheme. Let q : (X/S)* — Sym?(X/S) be the quotient morphism. The induced
morphism Sym®(Z/S) — q((Z/9)%) is a universal homeomorphism with trivial
residue field extensions. If S is of characteristic zero then this morphism is an
isomorphism. If Z/S is flat then the morphism is a nil-immersion.

Proof. Follows from Proposition (4.1.1) and the commutative diagram

Sym?(Z/S) —— Sym®(X/S)

| -]

14(Z/8) —— I4(X/S).

Let us also mention the following result.

Theorem (4.1.4). Let A be any ring, let B be an A-algebra and let d be a positive
integer. Let o = T%(B) — TS%(B) be the canonical homomorphism. Then

(i) If x € ker(y) then dlz = 0 and z% = 0.

(i) If y € TS%(B) then dly € im(p) and y* € im(yp).

Proof. This is (1.1.9) and [II, Cor. 4.7]. O

It is not difficult to prove that if every prime but p is invertible in A, then d! in
the theorem can be replaced with the highest power of p dividing d!.

Examples (4.1.5). The following examples are due to C. Lundkvist [Lun08]:

(i) An A-algebra B such that T'%(B) — TS%(B) is not injective

(ii) An A-algebra B such that I'4 (B) — TS%(B) is not surjective

111 surjection — ol A-algebras such that — 1S not

iii) A surjection B — C of A-algeb h that TS%(B) — TS%(0) i
surjective

v n A-algebra such that red — red 18 not an isomorphism

iv) An A-algebra B such that 'Y (B TS% (B)red i i hi
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(v) An A-algebra B and a base change A — A’ such that the canonical homo-
morphism TS (B) ®4 A’ — TS%, (B’) is not injective.

(vi) An A-algebra B and a base change A — A’ such that the canonical homo-
morphism TS%(B) ®4 A’ — TS%,(B’) is not surjective.

Remark (4.1.6). The seminormalization of a scheme X is a universal homemomor-
phism with trivial residue fields X" — X such that any universal homeomorphism
with trivial residue field X’ — X factors uniquely through X" — X [Swa80]. If
X" = X then we say that X is seminormal. If X — Y is a morphism and X is
seminormal then X — Y factors canonically through Y — Y.

Using Proposition (4.1.1) it can be shown that Sym?(X/5)* = Sym®(X®» /S,
Corollaries (4.1.2) and (4.1.3) then show that in the fibered category of seminormal
schemes Sch®™", taking symmetric products commutes with arbitrary base change
and closed subschemes. This is a special property for Symd which does not hold
for arbitrary quotients.

4.2. The Gamma-Chow morphism. Let us first restate the contents of Propo-
sition (3.2.9) taking into account the definition of Chowg 4(X < P(€)).

Proposition (4.2.1). Let S be a scheme, q : X — S quasi-projective and £ a
quasi-coherent Og-module of finite type such that there is an immersion X — P(£).
Let k > 1 be an integer. Then

(i) The canonical map

S(ré,(s*e)) — @ro, (sHe)
>0

induces a morphism
per : TUX/S) = TUP(E)/S) — P(T'H, (SFE))

which is a universal homeomorphism onto its image. The scheme-theoretical
image of ¢, is by definition Chowg q (X — P(5®k)).

(ii) Assume that either £ is locally generated by at most r + 1 elements and
k >r(d—1) or S has pure characteristic zero, i.c., is a Q-scheme. Then
wek is a closed immersion and T4(X/S) — Chowmd(X — P(5®k)) s an
isomorphism.

Remark (4.2.2). As I'Y(X/S) — Chowq(X — P(£)) is a universal homeomor-
phism, the topology of the Chow scheme does not depend on the chosen embedding
X <= P(&).

In higher dimension, it is well-known that the Chow variety Chow, 4 (X — P& ))
does not depend on the embedding X — P(€) as a set. This follows from the fact
that a geometric point corresponds to an r-cycle of degree d [Sam55, §9.4d,h]. The
invariance of the topology is also well-known, cf. [Sam55, §9.7]. This implies that
the weak normalization of the Chow variety does not depend on the embedding in
the analytic case, cf. [ANG7]. This also follows from functorial descriptions of the
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Chow variety over weakly normal schemes as in [Gue96] over C or more generally
in [Kol96, §1.3]. We will now show that the residue fields of Chowg 4(X — P(£))
do not depend on the embedding.

Proposition (4.2.3). Let S, g : X — S and P(E) as in Proposition (4.2.1). The
morphism g : T%(X/S) — Chowoq(X — P(E)) is a universal homeomorphism
with trivial residue field extensions.

Proof. We have already seen that the morphism ¢g¢ is a universal homeomorphism.
It is thus enough to show that it has trivial residue field extensions. To show this
it is enough to show that for every point a : Spec(k) — Chowg 4(X — P(£)) with
k = kP there exists a, necessarily unique, point b : Spec(k) — I'Y(X/S) lifting a,
i.e., the diagram

ri(x/S) L Chowg, (X < P(E))

a

VVSpec(k:)

has a unique filling. By (3.2.1) (i) and Remark (3.3.9) the schemes I'/(X/S) and
(Chowg ¢(X — P(é')))red commute with base change, i.e.,

I(X/S) xs 8" =T4X x5 8/

(ChOWO’d(X — P(g)) Xg S/) = ChOWO’d(X Xg SI — P(f: ®os OS/))
for any S” — S. We can thus assume that S = Spec(k) and hence that the image
of a is a closed point.

Let r 4+ 1 be the rank of £. The point a then corresponds to a Chow form

F, € k[yo,y1, - --,y,] which is homogeneous of degree d. Over k = kP~ this form
factors into linear forms

red red

F,=FhFd. F
whered = dy +dy+---+d,. Let F; = Zj xl(-j)yi and let k(a:(j)) = k:(xéj), e kﬁj)).
If we let d = p®m such that p { m, then k(x(j))pe C k as F is k-rational. Thus the
exponent of k(z))/k is at most p° and it follows by [II, Prop. 7.6] that I'% (X/5)

has a unique k-point b; corresponding to F;. The k-point b = by +ba + --- + by, is
a lifting of a. O

Remark (4.2.4). Proposition (4.2.3) also follows from the following fact. Let k be
a field, F a k-vector space and X — P(FE) a subscheme. Let Z be an r-cycle
on X. The residue field of the point corresponding to Z in the Chow variety
Chow, 4 (X — IP’(E)), the Chow field of Z, does not depend on the embedding
X — P} [Kol96, Prop-Def. 1.4.4].

As pgar : T(X/S) — Chow (X < P(£%*)) is an isomorphism for sufficiently
large k& by Proposition (4.2.1) the Chow field coincides with the corresponding
residue field of T'¢(X/S).
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4.3. The Hilb-Sym morphism. The Hilbert-Chow morphism can be constructed
in several different ways. Mumford [GIT, Ch. 5 §4] constructs a morphism

Hilb(P") — Div?((P")Y) = P(Opnyv (d))

from the Hilbert scheme of d points to Cartier divisors of degree d on the dual
space. This construction is a generalization of the construction of the Chow variety
and it follows immediately that the image of this morphism is the Chow variety of
P". As the Chow variety Chowg 4(P") does not coincide with Sym®(P") = I'4(P")
in general, it is not clear that this construction lifts to a morphism to Sym<(P™)
or to I4(P"). Neeman solved this [Nee91] constructing a morphism Hilb®(P") —
Sym?(P") directly without using Chow forms.

There is a natural way of constructing the “Hilbert-Chow” morphism due to
Grothendieck [FGA] and Deligne [Del73]. There is a natural map Hilb%(X/S) —
I'{(X/S) taking a flat family Z — T to its norm family [II]. We will call this
map the Grothendieck-Deligne norm map and denote it with HGx. Using that the
symmetric product coincide with the space of divided powers for X/S flat, it follows
by functoriality that the morphism Hilb%(X/S) — T'Y(X/S) factors through the
symmetric product. To be precise, we have the following natural transformation:

Definition (4.3.1). Let X/S be a separated algebraic space. We let HSx
Hilb?(X/S) — Sym?(X/S) be the following morphism. Let T be an S-scheme and
f : T — Hilb*(X/S) a T-point. Then f corresponds to a subscheme Z < X xg T
which is flat and finite over T. There is a commutative diagram

T — s HibY(zZ/T) —2%2 s 1d(z)T) %2 Sym?(Z)T)

o

i, [ | |

Hilb%(X/S) x5 T X5 T9(X/S) x5 T X Sym®(X/S) x5 T

and we let HSx (f) be the composition T'— Sym?(X/S) xg T — Sym?(X/S).

The morphisms HS y and HG x are isomorphisms when X/S is a smooth curve [I].
They are also both isomorphisms over the non-degeneracy locus as shown in the
next section. In [ES04, RS07], it is shown that the closure of the non-degeneracy
locus of Hilb¥(X/S) — the good component — is a blow-up of either I'(X/S) or
Sym%(X/8S).

5. OUTSIDE THE DEGENERACY LOCUS

In this section we will prove that the morphisms

Hilb*(X/S) — Sym®(X/S) — I'*(X/S) — Chowg 4(X — P(E))
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are all isomorphisms over the open subset parameterizing “non-degenerated fami-
lies” of points. That the morphism HGx : Hilb%(X/S) — I'*(X/S) is an isomor-
phism over the non-degeneracy locus is shown in [II]. It is thus enough to show
that the last two morphisms are isomorphisms outside the degeneracy locus.

5.1. Families of cycles. Let k be an algebraically closed field and fix a geometric
point s : Spec(k) — S. Let o : Spec(k) — Sym?(X/S) be a geometric point
above 5. As (X/S8)¢ — Sym?(X/S) is integral, we have that « lifts (non-uniquely)
to a geometric point 3 : Spec(k) — (X/S)%. Let m; : (X/S)% — X be the i*h
projection and let x; = m; o 8. It is easily seen that the different liftings g of «
corresponds to the permutations of the d geometric points x; : Spec(k) — X. This
gives a correspondence between k-points of Sym? (X/S) and effective zero-cycles of
degree d on Xj.

As Sym?(X/S) — T'%(X/S) — Chowgq (X — P(£)) are universal homeomor-
phisms, there is a bijection between their geometric points. It is thus reasonable
to say that Sym?(X/S), '4(X/S) and Chowg,q(X < P(€)) parameterize effective
zero-cycles of degree d. Moreover, as Sym?(X/S) — I'(X/S) — Chowq 4 (X —
P(£)) have trivial residue field extensions, there is a bijection between k-points for
any field k.

Definition (5.1.1). Let X, S, k and s be as above. Let Z be an effective zero-
cycle of degree d on X. The residue field of the corresponding point in Symd(X/S),
I'*(X/S) or Chowgq(X < P(£)) is called the Chow field of Z.

Definition (5.1.2). Let k be a field and X a scheme over k. Let k’/k and k" /k be
field extensions of k. Two cycles Z’ and Z” on X x, k' and X xj k" respectively,
are said to be equivalent if there is a common field extension K/k of k' and k" such
that 2’ xpw K = Z" x4 K. If Z’ is a cycle on X xg k' equivalent to a cycle on
X xg k" then we say that Z’ is defined over k”.

Remark (5.1.3). If Z is a cycle on X xg k then the corresponding morphism
Spec(k) — Sym?(X/S) factors through Spec(k) — Spec(k). Thus if Z is de-
fined over a field K then the Chow field is contained in K. Conversely it can be
shown that Z is defined over an inseparable extension of the Chow field. Thus,
in characteristic zero the Chow field of Z is the unique minimal field of definition
of Z. In positive characteristic, it can be shown that the Chow field of Z is the
intersection of all minimal fields of definitions of Z, cf. [Kol96, Thm. 1.4.5] and [II,
Prop. 7.13].

Let T be any scheme and f : T — Sym%(X/S), f : T —T4X/S)or f : T —
Chowg,q(X < P(€)) a morphism. A geometric k-point of T" then corresponds to a
zero-cycle of degree d on X x g k. The following definition is therefore natural.

Definition (5.1.4). A family of cycles parameterized by T is a T-point of either
Sym?(X/8S), T4(X/S) or Chowq(X < P(£)). We use the notation Z — T to
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denote a family of cycles parameterized by T and let Z; be the cycle over t, i.e.,
the cycle corresponding to k(t) — T — Sym?(X/S), etc.

As T4(X/S) commutes with base change and has other good properties it is the
“correct” parameter scheme and the morphisms 7 — T'%(X/S) are the “correct”
families of cycles.

5.2. Non-degenerated families.

(5.2.1) Non-degenerate families of subschemes — Let k be a field and X be a
k-scheme. If Z — X is a closed subscheme then it is natural say that Z is non-
degenerate if Z7 is reduced, i.e., if Z — k is geometrically reduced. If Z is of
dimension zero then Z is non-degenerate if and only if Z — k is étale. Similarly
for any scheme S, a finite flat morphism Z — S of finite presentation is called a
non-degenerate family if every fiber is non-degenerate, or equivalently, if Z — S is
étale.

Let Z — S be a family of zero dimensional subschemes, i.e., a finite flat morphism
of finite presentation. The subset of S’ consisting of points s € S such that the fiber
Zs — k(s) is non-degenerate is open [EGAry, Thm. 12.2.1 (viii)]. Thus, there is an
open subset Hilb?(X/S),q of Hilb?(X/S) parameterizing non-degenerate families.

(5.2.2) Non-degenerate families of cycles — A zero-cycle Z = . a;[z] on a
k-scheme X is called non-degenerate if every point in the support of Zz has mul-
tiplicity one. Equivalently the multiplicities a; are all one and the field extensions
k(z;)/k are separable. It is clear that there is a one-to-one correspondence between
non-degenerate zero-cycles on X and non-degenerated zero-dimensional subschemes
of X.

Given a family of cycles Z — S, i.e., a morphism S — Symd(X/S), S —
I*(X/S) or S — Chowgq(X — P(€)), we say that it is non-degenerate family if
Z4 is non-degenerate for every s € S.

(5.2.3) Degeneracy locus of cycles — Let X — S be a morphism of schemes
and let A — (X/S)? be the big diagonal, i.e., the union of all diagonals A;; :
(X/9)4=1 — (X/S)%. Tt is clear that the image of A by (X/S)% — Sym?(X/S)
parameterizes degenerate cycles and that the open complement parameterizes non-
degenerate cycles. We let Sym”(X/S)na, T4(X/S)na and Chowo (X — P(€)) |
be the open subschemes of Sym?(X/S), T'%(X/S) and Chowg (X < P(£)) respec-
tively, parameterizing non-degenerate cycles.

We will now give an explicit cover of the degeneracy locus of Sym?(X/S),
I“(X/S) and Chowg 4(X < P(£)). Some of the notation is inspired by [ES04,
2.4 and 4.1] and [RSO07].

Definition (5.2.4). Let A be aring and B an A-algebra. Let x = (21, 22,...,24) €
B?. We define the symmetrization and anti-symmetrization operators from B¢ to
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T4 (B) as follows

s(x) = Z To(1) DA To(2) @A - @A To(d)
cEG,
a(x) = Z (—1)|0|$o(1) RATy2) ®A - QA To(d)-
ceSy
As s and a are A-multilinear, s is symmetric and a is alternating it follows that we
get induced homomorphisms, also denoted s and a

s : S%(B) — TS%(B)
a: N4(B)— T%(B).

Remark (5.2.5). If d is invertible in A, then sometimes the symmetrization and
anti-symmetrization operators are defined as %s and %a. We will never use this

convention. In [ES04] the tensor a(x) is denoted by v(x) and referred to as a norm
vector.

Definition (5.2.6). Let A be aring and B an A-algebra. Let x = (1, x2,...,2q) €
B? and y = (y1,92,.-.,y4) € B We define the following element in '} (B)

3(x,y) = det (v (ziy;) x 771 (1)) -

Following [RS07] we call the ideal I = I4 = (5(x,y))x yEBd’ the canonical ideal.
As ¢ is multilinear and alternating in both arguments we extend the definition of §

to a function
8+ NG(B) x N4(B) — S (A%G(B)) — T4(B).

Proposition (5.2.7) ([ES04, Prop. 4.4]). Let A be a ring, B an A-algebra and
x,y € B The image of §(x,y) by T%(B) — TS%(B) — T4%(B) is a(x)a(y). In
particular, a(x)a(y) is symmetric.

Lemma (5.2.8) ([ES04, Lem. 2.5]). Let A be a ring and let B and A’ be A-algebras.
Let B' = B®a A'. Denote by 14 C T%(B) and 14 C T9,(B') =T%(B) ®4 A’ the
canonical ideals corresponding to B and B'. Then I,A" = I4.

Lemma (5.2.9). Let S be a scheme and X and S’ be S-schemes. Let X' = X xgS’.
Let ¢ : THX'/S") =T%X/S) x5 S" — I'Y(X/S) be the projection morphism. The
inverse image by ¢ of the degeneracy locus of T4(X/S) is the degeneracy locus of
r4{x’/s".

Proof. Obvious as we know that a geometric point Spec(k) — I'*(X/S) corresponds
to a zero-cycle of degree d on X xg Spec(k). O

Lemma (5.2.10). Let k be a field and let B be a k-algebra generated as an algebra
by the k-vector field V C B. Let k'/k be a field extension and let x1,xa,...,2q be
d distinct k'-points of Spec(B®y k'). If k has at least (g) elements then there is an
element b € V such that the values of b at x1,xa,...,xq are distinct.
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Proof. For a vector space Vo C V we let By C B be the sub-algebra generated
by Vi. There is a finite dimensional vector space Vo C V such that the images
of x1,xa,...,24 in Spec(By ® k') are distinct. Replacing V and B with V, and
By we can thus assume that V is finite dimensional. It is further clear that we
can assume that B = S(V'). The points z1, o, ...,x4 then corresponds to vectors
of VV ®; k' and we need to find a k-rational hyperplane which does not contain
the (‘21) difference vectors x; — ;. A similar counting argument as in the proof of

Lemma (3.1.6) shows that if k has at least () elements then this is possible. [

Proposition (5.2.11). Let A be a ring and B an A-algebra. Let V. C B be an
A-submodule such that B is generated by V' as an algebra. Consider the following
three ideals of T4 (B)

(i) The canonical ideal I = (6(x,y))
(ii)) I = (5(X’X))xeBd'
(111) 13 = (5(X’ X))x:(l,b,bz,m,bdfl), beV "

x,yeBa"

The closed subsets determined by I; and Iy coincide with the degeneracy locus of
I'*(Spec(B)/Spec(A)) = Spec(T'%4(B)). If every residue field of A has at least (g)
elements then so does the closed subset determined by Is.

Proof. The discussion in (5.2.3) shows that it is enough to prove that the image of
the ideals Ij, by the homomorphism T'4(B) — TS%(B) < T%(B) set-theoretically
defines the big diagonal of Spec(Tﬁ‘(B)). By Proposition (5.2.7) the image of
d(x,y) is a(x)a(y). Thus the radicals of the images of I; and I» equals the radical
of J = (a(x))xeBd. It is further easily seen that J is contained in the ideal of

every diagonal of Spec(T% (B)) Equivalently, the closed subset corresponding to
J contains the big diagonal.

By Lemmas (5.2.8) and (5.2.9) it is enough to show the first part of the proposi-
tion after any base change A — A’ such that Spec(A’) — Spec(A) is surjective. We
can thus assume that every residue field of A has at least (‘2{) elements. Both parts
of the proposition then follows if we show that the closed subset corresponding to
the ideal

K = (a(1,b,6°,...,b"7)), ., € T4(B)

is contained in the big diagonal. As the formation of the ideal K commutes with
base changes A — A’ which are either surjections or localizations we can replace A
with one of its residue fields and assume that A is a field with at least (‘21) elements.

Let Spec(k) : « — Spec(T4%(B)) be a point corresponding to d distinct k-points
X1,%2,...,xq of Spec(B ®4 k). Lemma (5.2.10) shows that there is an element
b € V which takes d distinct values a1, a9, ...,aq € k on the d points. The value of
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a(1,b,0%,...,b% 1) at x is then

1 a a ay
_ _ _ 1 ay a3 ... agfl
> ()Pl i e | T =T (@ay)
ced . . . . : =
€6 1 a 2 d—1 I
d Qag .- ag

which is non-zero. Thus z is not contained in the zero-set of K. This shows that
zero-set of K is contained in the big diagonal and hence that zero-set defined by K
is the big diagonal. O

5.3. Non-degenerated symmetric tensors and divided powers.

Lemma (5.3.1). Let A be a ring, B an A-algebra and x,y € /\fi(B). Then
L% (B) s,y — TS%(B)(;(MJ) is an isomorphism.

Proof. Denote the canonical homomorphism T'4(B) — TS%(B) with ¢. Let f €
TS%(B). As the anti-symmetrization operator a : T%(B) — T%(B) is a TS%(B)-
module homomorphism we have that fa(z) = a(fz). By Proposition (5.2.7)

Fe(3(@,y)) = fa(@)aly) = a(fz)aly) = ¢ (3(fz,y))
which shows that ¢ is surjective after localizing in 6(z,y).
To show that ¢,y is injective, it is enough to show that the composition

T'4(B)s(ey) — TSA(B)s(a,y) — T4(B)s(

T,y z,y)

is injective. Choose a surjection F' — B with F' a flat A-algebra and let I be the
kernel of F — B. Let J be the kernel of T4 (F) — T%(B).

Let f € J9. As f € J we can write f as a sum f; + fo +--- + f, such that for
every i we have that fi = fi1 ® fio ® -+ ® fia € T4(F) with fij € I for some j.
Choose liftings 2’y € /\Z(F) of z,y € /\j(B). Identifying T'% (F) and TS%(F),
we have that fé(a’,y’) = §(fa’,y’). This is a sum of determinants with elements
in I'% (F) such that in every determinant there is a row in which every element is
in the ideal y!(I) x v4=1(1). Thus §(fz’,y’) is in the kernel of T'%(F) — T'%(B)
by (1.1.8). The image of f in I'%4(B) is thus zero after multiplying with 6(x,y).
Consequently ¢ is injective after localizing in d(zx,y). O

Theorem (5.3.2). Let X/ be a separated algebraic space. Then Sym®(X/S)nq —
I'Y(X/S)na is an isomorphism.

Proof. We can assume that S and X are affine (3.2.5). The theorem then follows
from Proposition (5.2.11) and Lemma (5.3.1). O

Definition (5.3.3). Let A be any ring and B = Az, za,...,z,]. We call the
elements f € 'Y (B) of degree one, see Definition (1.3.2), multilinear or elementary
multisymmetric functions. These are elements of the form

Y (1) X Y (@) X - x AP (@) x AT BT (T),
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We let T4 (Alx1, 22, - - -, Zn))mult 1in. denote the subalgebra of T4 (Alxy, z2, . .., ,])
generated by multi-linear elements.

Remark (5.3.4). If the characteristic of A is zero or more generally if d! is invertible
in A, then % (A[z1, 72, ..., T mute.tin. = LY (A[z1, 22, ..., 7,]) by Theorem (1.3.4).

Lemma (5.3.5). Let A be a ring and B = A[xy,xa,...,x,]. Letb € By and letx =
(1,b,62,...,0%71). Then (F%(B)mult,hn,)&(x’x) — T4 (B)sx,x) is an isomorphism.
Proof. Let f € T%(B) = TS%(B). We will show that f is a sum of products
of multilinear elements after multiplication by a power of §(x,x). As fdi(x,x) =
§(fx,x) and the latter is a sum of products of elements of the type v!(c) x v4~1(1)
we can assume that f is of this type. As ¢ — ~l(c) x 4471(1) is linear we can
further assume that ¢ = x® for some non-trivial monomial z* € B. It will be useful
to instead assume that ¢ = x®b* with |a| > 1 and k € N. We will now proceed on
induction on |a|.

Assume that |o| = 1. If k = 0 then f = 41 (2*b¥) x 44=1(1) is multilinear. We
continue with induction on k to show that f € Fflq(B)mult_lin_. We have that

=71 2") x 471 1) = (v (@0 (1) (v( (1))
(= abk 1) x 71 (b) x y*2(1)

and by induction it is enough to show that the last term is in ij‘ (B)mult.lin.- Similar
use of the relation

D) )y (6) (1) = (B )t (1) (1 () ()
o ,yl(xabkfffl) % ,YEJrl(b) % ,Yd7£72(1)

with 1 <1 < d—2and | < k — 1 shows that it is enough to consider either
YH(z®) x YR (B) x 447k 1(1) if k < d — 1 or 4 (x®bF~9H) x 4= L(b) if k > d —
1. The first element of these is multilinear and the second is the product of the
multilinear element ¢ (b) and 7! (x*b*~?) x v4=1(1) which by the induction on k is
in F%(B)mult.linu , ,

If || > 1 then 2* = z* z* for some o/, " such that |&/|, |a”| < |a|. We have
that

F=7%c) x y4H(1) = (YH(@bF) x v471(1)) (71 (@) x v41(1))
— 'z bk) x 1 (z®") x y472().

By induction it is enough to show that the last term is a sum of products of
multilinear elements, after suitable multiplication by d(x,x). Let g = ’yl(xalbk) X
@) x 4=2(1). Then gd(x,x) = 6(gx, x) which is a sum of products of elements
of the kind 4! (2 b*") x 42~ (1) and 4* (z*”b*") x =1 (1). By induction on || these
are in (Fi(B)mult.lin.)(;( . |:|

X,X)
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Theorem (5.3.6). Let X/S be quasi-projective morphism of schemes and let X —
Ps(E) be an immersion for some quasi-coherent Og-module £ of finite type. Then
I*(X/S)na — Chowgq(X — P(£)), is an isomorphism.

Proof. As T' commutes with arbitrary base change and Chow commutes with flat
base change we may assume that S is affine and, using Lemma (1.2.3), that every
residue field of S has at least (%) elements. If & — & is a surjection of Og-
modules then Chow (X — P(€)) = Chowg4(X — P(£’)) by Definition (3.3.8)
and we may thus assume that & is free. Further as Chowgq(X — P(€)) is the
schematic image of I'Y(X/S) — I'*(P(£)/S) — Chowgq(P(£)) we may assume
that X =P(€) = P™.

By Proposition (3.3.10) and the assumption on the residue fields of S = Spec(A4),
the scheme Chow()’d(IP’(E )) is covered by affine open subsets over which the mor-
phism I'(P(€)/S) — Chowo,q(P(£)) corresponds to the inclusion of rings

P4 (Alz1, 2, @] Jmuiedin, = D4 (A1, 22, 2,]).
The theorem now follows from Proposition (5.2.11) and Lemma (5.3.5). O
REFERENCES

[AK80] Allen B. Altman and Steven L. Kleiman, Compactifying the Picard scheme, Adv. in
Math. 35 (1980), no. 1, 50-112.

[AN67] Aldo Andreotti and Frangois Norguet, La convexité holomorphe dans l’espace analytique
des cycles d’une variété algébrique, Ann. Scuola Norm. Sup. Pisa (3) 21 (1967), 31-82.

[BR86] Mauro Beltrametti and Lorenzo Robbiano, Introduction to the theory of weighted pro-
jective spaces, Exposition. Math. 4 (1986), no. 2, 111-162.

[Del73]  Pierre Deligne, Cohomologie a supports propres, Exposé XVII of SGA 4, Théorie des
topos et cohomologie étale des schémas. Tome 3, Springer-Verlag, Berlin, 1973, pp. 250—
480. Lecture Notes in Math., Vol. 305.

[EGA] A. Grothendieck, Eléments de géométrie algébrique. II. Etude globale élémentaire de
quelques classes de morphismes, Inst. Hautes Etudes Sci. Publ. Math. (1961), no. 8,
222.

[EGAm] — Eléments de géométrie algébrique. III. Etude cohomologique des faisceaux
cohérents, Inst. Hautes Etudes Sci. Publ. Math. (1961, 1963), nos. 11, 17.

, Eléments de géométrie algébrique. IV. Etude locale des schémas et des mor-
phismes de schémas, Inst. Hautes Etudes Sci. Publ. Math. (1964-67), nos. 20, 24, 28,
32.

[ES04]  Torsten Ekedahl and Roy Skjelnes, Recovering the good component of the Hilbert scheme,
May 2004, arXiv:math.AG/0405073.

[Fer98]  Daniel Ferrand, Un foncteur norme, Bull. Soc. Math. France 126 (1998), no. 1, 1-49.

[FGA]  A. Grothendieck, Fondements de la géométrie algébrique. [Extraits du Séminaire Bour-
baki, 1957-1962.], Secrétariat mathématique, Paris, 1962.

[Fle98] P. Fleischmann, A new degree bound for vector invariants of symmetric groups, Trans.
Amer. Math. Soc. 350 (1998), no. 4, 1703-1712.

[GIT] D. Mumford, J. Fogarty, and F. Kirwan, Geometric invariant theory, third ed., Ergeb-
nisse der Mathematik und ihrer Grenzgebiete (2) [Results in Mathematics and Related
Areas (2)], vol. 34, Springer-Verlag, Berlin, 1994.

[Gue96] Lucio Guerra, A universal property of the Cayley-Chow space of algebraic cycles, Rend.
Sem. Mat. Univ. Padova 95 (1996), 127-142.

[EGAv]




[Har77]
[KnuT71]
[Kol96]

[Laz69]
[Lun08]

[Nagh5]

[Nee91]
[Ric96]

[Rob63]
[Rob80)]
[RS07]
[Ryd07a]
[RydO7b]
[Ryd08]
[Sam55]

[SGA4]

[Swa80]

HILBERT AND CHOW SCHEMES, SYM. PRODUCTS AND DIV. POWERS 39

Robin Hartshorne, Algebraic geometry, Springer-Verlag, New York, 1977, Graduate
Texts in Mathematics, No. 52.

Donald Knutson, Algebraic spaces, Springer-Verlag, Berlin, 1971, Lecture Notes in Math-
ematics, Vol. 203.

Janos Kollar, Rational curves on algebraic varieties, vol. 32, Springer-Verlag, Berlin,
1996.

Daniel Lazard, Autour de la platitude, Bull. Soc. Math. France 97 (1969), 81-128.
Christian Lundkvist, Counterexamples regarding symmetric tensors and divided powers,
To appear in J. Pure Appl. Algebra, 2008, arXiv:math/0702733.

Masayoshi Nagata, On the normality of the Chow variety of positive 0-cycles of degree m
in an algebraic variety, Mem. Coll. Sci. Univ. Kyoto. Ser. A. Math. 29 (1955), 165-176.
Amnon Neeman, Zero cycles in P, Adv. Math. 89 (1991), no. 2, 217-227.

David R. Richman, Ezxplicit generators of the invariants of finite groups, Adv. Math.
124 (1996), no. 1, 49-76.

Norbert Roby, Lois polynomes et lois formelles en théorie des modules, Ann. Sci. Ecole
Norm. Sup. (3) 80 (1963), 213-348.

, Lois polynémes multiplicatives universelles, C. R. Acad. Sci. Paris Sér. A-B
290 (1980), no. 19, A869-A871.

David Rydh and Roy Skjelnes, The space of generically étale families, Preprint, Mar
2007, arXiv:math.AG/0703329.

, A minimal set of generators for the ring of multisymmetric functions, Ann.
Inst. Fourier (Grenoble) 57 (2007), no. 6, 1741-1769, arXiv:0710.0470.

, Existence of quotients by finite groups and coarse moduli spaces, Preprint, Aug
2007, arXiv:0708.3333v1.

, Representability of Hilbert schemes and Hilbert stacks of points, Preprint, Feb
2008, arXiv:0802.3807v1.

P. Samuel, Méthodes d’algébre abstraite en géométrie algébrique, Springer-Verlag,
Berlin, 1955.

A. Grothendieck (ed.), Revétements étales et groupe fondamental, Springer-Verlag,
Berlin, 1971, Séminaire de Géométrie Algébrique du Bois Marie 1960-1961 (SGA 1),
Dirigé par Alexandre Grothendieck. Augmenté de deux exposés de M. Raynaud, Lec-
ture Notes in Mathematics, Vol. 224.

Richard G. Swan, On seminormality, J. Algebra 67 (1980), no. 1, 210-229.

DEPARTMENT OF MATHEMATICS, KTH, 100 44 STOCKHOLM, SWEDEN
E-mail address: dary@math.kth.se



