FAMILIES OF ZERO-CYCLES AND DIVIDED POWERS: I.
REPRESENTABILITY

DAVID RYDH

ABSTRACT. Let X/S be a separated algebraic space. We construct an algebraic
space I'4(X/S), the space of divided powers, which parameterizes zero cycles
of degree d on X. When X/S is affine, this space is affine and given by the
spectrum of the ring of divided powers. In characteristic zero or when X/S is
flat, the constructed space coincides with the symmetric product Sym?(X/S).
We also prove several fundamental results on the kernels of multiplicative
polynomial laws necessary for the construction of T'¢(X/S).

INTRODUCTION

Chow varieties, parameterizing families of cycles of a certain dimension and de-
gree, are classically constructed using explicit projective methods [CW37, Samb5].
Moreover, Chow varieties are defined as reduced schemes and in positive charac-
teristic the classical construction has the unpleasant property that it depends on a
given projective embedding [Nagb5].

Many attempts to give a nice functorial description of Chow varieties have been
made and some successful steps towards this goal have been taken. For families
parameterized by seminormal schemes, Kollar, Suslin and Voevodsky, have given a
functorial description [Kol96, SV00]. In characteristic zero, Barlet [Bar75] has given
an analytic description over reduced C-schemes and Angéniol [Ang80] has given an
algebraic description over, not necessarily reduced, Q-schemes. The situation in
characteristic zero is simplified by the fact that for a finite extension A — B such
that the determinant B — A is defined, the determinant is determined by the trace.

In this article we will restrict our attention to Chow varieties of zero cycles, that
is, families of cycles of relative dimension zero. We will construct an algebraic space
I'Y(X/8), parameterizing zero-cycles, which coincides with Angéniol’s Chow space
in characteristic zero. As with Angéniol’s Chow space, the algebraic space I'4(X/5)
is not always reduced but its reduction coincides with the classical Chow variety if
we use a sufficiently good projective embedding. The relation with the Chow variety
will be discussed in a subsequent article [III]. A good understanding of families of
zero-cycles is crucial for the understanding of families of higher-dimensional cycles.
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In fact, a family of higher-dimensional cycles is defined by giving zero-dimensional
families on “smooth projections” [Bar75, IV].

A natural space parameterizing zero-cycles is the symmetric product Symd(X /S).
This is the correct choice, in the sense that it coincides with T%(X/S), when X is
of characteristic zero or when X/S is flat. In general, however, Sym?(X/S) is not
functorially well-behaved and should be replaced with the “scheme of divided pow-
ers”. In the affine case, this is the spectrum of the algebra of divided power I'% (B)
and it coincides with the symmetric product when d! is invertible in A or when B
is a flat A-algebra.

Although the ring of divided powers I'4 (B) and multiplicative polynomial laws
have been studied by many authors [Rob63, Rob80, Ber65, Zip86, Fer98|, there
are some important results missing. We provide these missing parts, giving a full
treatment of the kernel of a multiplicative law. Somewhat surprisingly, the kernel
does not commute with flat base change, except in characteristic zero. We will
show that the kernel does commute with étale base change.

After this preliminary study of T'%(B) we define, for any separated algebraic
space X/S, a functor Eﬁ( /S which parameterizes families of zero-cycles. From the
definition of I'% /s and the results on the kernel of a multiplicative law, it will be
obvious that de/s is represented by Spec(I'4 (B)) in the affine case. If X/S is a
scheme such that for every s € S, every finite subset of the fiber X is contained
in an affine open subset of X, then we say that X/S is an AF-scheme, cf. Appen-
dix A.1. In particular, this is the case if X/S is quasi-projective. For an AF-scheme
X/S it is easy to show that £§( /s is representable by a scheme.

To treat the general case — when X/S is any separated scheme or separated
algebraic space — we use the fact that zg@ /s 1s functorial in X: For any morphism
f + U — X there is an induced push-forward f, : E‘(ij/s — Ei/s. We show
that when f is étale, then f, is étale over a certain open subset corresponding to
families of cycles which are regular with respect to f. We then show that ['% /s 1s
represented by an algebraic space I'Y(X/S) giving an explicit étale covering.

In the last part of the article we introduce “addition of cycles” and investigate
the relation between the symmetric product Symd(X /S) and the algebraic space
I'Y(X/S). Intuitively, the universal family of I'*(X/S) should be related to the
addition of cycles morphism ®y,s : ['"1(X/S) xg X — I'(X/S). In the special
case when @y /g is flat, e.g., when X/S is a smooth curve, Iversen has shown that
the universal family is given by the norm of ®x /g [Ive70]. In general, there is a
similar but more subtle description. The universal family and some other properties
of T4(X/S) are treated in [LI].

We now discuss the results and methods in more detail:

Multiplicative polynomial laws. In §1 we recall the basic properties of the
algebra of divided powers I'4(B) and the algebra I'% (B). We also mention the
universal multiplication of laws which later on will be described geometrically as
addition of cycles.
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Kernel of a multiplicative polynomial law. Let B be an A-algebra. In §2 the
basic properties of the kernel ker(F') of a multiplicative law F' : B — A is estab-
lished. First we show that B/ker(F) is integral over A using Cayley-Hamilton’s
theorem. We then show that the kernel commutes with limits, localization and
smooth base change. As mentioned above, the kernel does not commute with flat
base change in general and showing that the kernel commutes with smooth base
change takes some effort. Finally, we show some topological properties of the ker-
nel: The radical of the kernel commutes with arbitrary base change, the fibers
of Spec(B/ker(F)) — Spec(A) are finite sets, and Spec(B/ ker(F)) — Spec(A) is
universally open.

The functor E‘;{/s. Guided by the knowledge that 'Y (B) is what we want in the

affine case, we define in §3.1 a well-behaved functor E‘;( /s parameterizing families
of zero-cycles of degree d as follows. A family over an affine S-scheme T' = Spec(A)
is given by the following data

(i) A closed subspace Z — X xgT such that Z — T is integral. In particular
Z = Spec(B) is affine.
(i) A family o on Z, i.e., a morphism 7" — I'Y(Z/T) := Spec(I'% (B)).

Moreover, two families are equivalent if they are both induced by a family for some
common smaller subspace Z. We often suppress the subspace Z and talk about the
family «. The smallest subspace Z — X x g T in the equivalence class containing
a is the image of the family o and the reduction Z,.q of the image is the support
of the family. The image of a is given by the kernel of the multiplicative law
corresponding to «. Since the kernel commutes with étale base change, as shown
in §2, so does the image of a family. This is the key result needed to show that
£§( /s is a sheaf in the étale topology.

In contrast to the Hilbert functor, for which families over T" are determined by a
subspace Z — X xg¢ T, a family of zero-cycles is not determined by its image Z. If
T is reduced, then the image Z of a family parameterized by T is reduced and the
family is determined by an effective cycle supported on Z. In positive characteristic,
over non-perfect fields, this cycle may have rational coefficients. This is discussed
in [II].

Push-forward of cycles. A morphism f : X — Y of separated algebraic spaces
induces a natural transformation f, : ESI( /s — £§l/ /S which we call the push-forward.
When Y/S is locally of finite type, the existence of f, follows from standard results.
In general, we need a technical result on integral morphisms given in Appendix A.2.

We say that a family a € £§< / <(T) is regular if the restriction of fr to the image
of o is an isomorphism. If f : X — Y is étale then the regular locus is an open
subfunctor of £§( /s~ A main result is that under certain regularity constraints,
push-forward commutes with products, cf. Proposition (3.3.10). Using this fact we
show that the push-forward along an étale morphism is representable and étale over
the regular locus. This is Proposition (3.3.15).
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Representability. The representability of £§( /s when X /S is affine or AF is, as
already mentioned, not difficult and given in 3.1. When X/S is any separated
algebraic space, the representability is proven in Theorem (3.4.1) using the results
on the push-forward.

Addition of cycles. Using the push-forward we define in §4.1 a morphism
I'Y(X/S) xgT¢(X/S) — I'*te(X/S)

which on points is addition of cycles. This induces a morphism (X/S)? — I'%(X/5)

which has the topological properties of a quotient of (X/S)¢ by the symmetric

group.

Relation with the symmetric product. The morphism (X/S)? — T9(X/95)
factors through the quotient map (X/S)% — Sym?(X/S) and it is easily proven
that Sym?(X/S) — I'“(X/S) is a universal homeomorphism with trivial residue
field extensions, cf. Corollary (4.2.5). It is further easy to show that Sym?(X/S) —
I'4(X/S) is an isomorphism over the non-degeneracy locus, cf. Proposition (4.2.6).

Comparison of representability techniques. Consider the following inclusions
of categories:

X/S quasi-projective X/ S separated algebraic space,
of finite presentation locally of finite presentation

f |

X/S affine &——— X/S AF-scheme &——— X/S separated algebraic space.

When X/ is affine, it is fairly easy to show the existence of the quotient Sym?(X/S)
[Bou64, Ch. V, §2, No. 2, Thm. 2], the representability of Eg(/s and the repre-
sentability of the Hilbert functor of points ’HilbdX /s [Nor78, GLS07]. The existence
of Sym?(X/S) and the representability of Eg(/s and Hilb;l(/s in the category of
AF-schemes is then a simple consequence.

When X/S is (quasi-)projective and S is noetherian, one can also show the
existence and (quasi-)projectivity of Sym?(X/S), I'*(X/S) and Hilb%(X/S) with
projective methods, cf. [ITI] and [FGA, No. 221]. The representability of the Hilbert
scheme in the category of separated algebraic spaces locally of finite presentation
can be established using Artin’s algebraization theorem [Art69, Cor. 6.2]. We could
likewise have used Artin’s algebraization theorem to prove the representability of
e /s when X/S is locally of finite presentation. The crucial criterion, that £§< /s
is effectively pro-representable, is shown in §3.2.

Finally, the methods that we have used in this article to show that £§l< /s 18 rep-
resentable in the category of all separated algebraic spaces can be applied, mutatis
mutandis, to the Hilbert functor of points. The proofs become significantly simpler
as the difficulties encountered for I'% /s are almost trivial for the Hilbert functor.
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More generally, these methods apply to the Hilbert stack of points [Ryd08b]. The

existence of Sym?(X/S) can also be proven in the same vein and this is done
in [RydO07].

Notation and conventions. We denote a closed immersion of schemes or alge-
braic spaces with X <— Y. When A and B are rings or modules we use A — B
for an injective homomorphism. We let N denote the set of non-negative integers

0,1,2,... and use the notation ((a,b)) = (ajb) for binomial coefficients.
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1. THE ALGEBRA OF DIVIDED POWERS

We begin this section by briefly recalling the definition of polynomial laws in §1.1,
the algebra of divided powers I'4(M) in §1.2 and the multiplicative structure of
I (B) in §1.3.
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1.1. Polynomial laws and symmetric tensors. We recall the definition of a
polynomial law [Rob63, Rob80].

Definition (1.1.1). Let M and N be A-modules. We denote by Fys the functor
Fu + A-Alg — Sets, A= M@y A

A polynomial law from M to N is a natural transformation F : Fy; — Fn. More
concretely, a polynomial law is a set of maps Fyr : M @4 A — N®y A’ for
every A-algebra A’ such that for any homomorphism of A-algebras g : A’ — A”
the diagram

F
MeiA —2 3 Ney A

idk[@gl o lld]\j@{]

M@yq A" i>.7\/Y®A A"
commutes. The polynomial law F' is homogeneous of degree d if for any A-algebra
A’, the corresponding map Far : M ®4 A — N ®4 A’ is such that Fy (az) =
a’Fy (x) forany a € A’ and x € M ®4 A’. If B and C are A-algebras then a poly-
nomial law from B to C is multiplicative if for any A-algebra A’, the corresponding
map Fur : B A" — C®4 A issuch that Fa/(1) = 1 and Far(axy) = Fa () Fa (y)
for any x,y € B®y A'.

Notation (1.1.2). Let A be aring and M and N be A-modules (resp. A-algebras).
We let Pol“(M, N) (resp. Pol ,.(M,N)) denote the polynomial laws (resp. mul-

mult
tiplicative polynomial laws) M — N which are homogeneous of degree d.

Notation (1.1.3). Let A be a ring and M an A-algebra. We denote the d'" tensor
product of M over A by T¢(M). We have an action of the symmetric group &4 on
T4 (M) permuting the factors. The invariant ring of this action is the symmetric
tensors and is denoted TS% (M). By T4 (M) and TS4(M) we denote the graded
A-modules @, T4 (M) and @, TS% (M) respectively.

(1.1.4) The covariant functor TS%(-) commutes with filtered direct limits. In fact,
denoting the group ring of &, by Z[S4] we have that

TSY(-) = T4()%* = Homge ,; (Z, T%("))

where &4 acts trivially on Z. As tensor products, being left adjoints, commute
with any (small) direct limit so does T¢. Reasoning as in [EGA;, Prop. 0.6.3.2]
it follows that Homyg,j(Z,-) commutes with filtered direct limits. In fact, Z is
a Z[&4)-module of finite presentation and that Z[Sg4] is non-commutative is not a
problem here.

(1.1.5) Shuffle product — When B is an A-algebra, then TS%(B) has a natural
A-algebra structure induced from the A-algebra structure of T4 (B). The multi-
plication on TS%(B) will be written as juxtaposition. For any A-module M, we



FAMILIES OF ZERO-CYCLES 1 7

can equip T4 (M) and TS (M) with A-algebra structures. The multiplication on
Ta(M) is the ordinary tensor product and the multiplication on TS 4 (M) is called
the shuffle product and is denoted by x. If z € TS% (M) and y € TS (M) then

TXYy= Z o(x®ay)

UEGd,e

where G4, is the subset of G4, such that o(1) < 0(2) < --- < o(d) and o(d+1) <
o(d+2)<...0(d+e).

1.2. Divided powers. Most of the material in this section can be found in [Rob63]
and [Fer98].

(1.2.1) Let A be a ring and M an A-module. Then there exists a graded A-
algebra, the algebra of divided powers, denoted I's(M) = @5, 1'% (M) equipped
with maps 7% : M — T4 (M) such that, denoting the multiplication with x as
in [Fer98|, we have that for every z,y € M, a € A and d,e € N

(1.2.1.1) I%(M)=A, and ~%z)=1
(1.2.1.2) rY(M)=M, and ~'(z)==z
(1.2.1.3) 7 (ax) = a’y"(x)

(1.2.1.4) iz +y Zdﬁdz a1 (@) x % (y)
(

)=
1.2.1.5) 7(@) x 1°(2) = ((d, e))y"**(2)

Using (1.2.1.1) and (1.2.1.2) we will identify 4 with T'% (M) and M with T'} (M).
If (z4)aez is a family of elements of M and v € N@) then we let

(@) = X 7" (za)
a€l
which is an element of I'} (M) with d = [v| = 3 .7 Va

(1.2.2) Functoriality — T 4(-) is a covariant functor from the category of A-
modules to the category of graded A-algebras [Rob63, Ch. III §4, p. 251].

(1.2.3) Base change —If A’ is an A-algebra then there is a natural isomor-
phism T4 (M) ®4 A" — T 4 (M ®4 A") mapping 7¢(z) ®4 1 to 7¢(z ®4 1) [Rob63,
Thm. I11.3, p. 262]. This shows that v is a homogeneous polynomial law of degree
d.

(1.2.4) Universal property — The map Hom 4 (F%(M),N) — Pold(M, N) given
by f — fo~%is a bijection [Rob63, Thm. IV.1, p. 266].

(1.2.5) Basis and generators — If (z4)acz is a set of generators of M, then
(y’j(z))yeNm is a set of generators of I'y(M) as an A-module. If (z4)aer is a
basis of M then (v"(2)), @) is a basis of T4(M) [Rob63, Thm. IV.2, p. 272].
Furthermore, if A is an algebra over an infinite field or A is an algebra over Ay =



8 DAVID RYDH

Z[T]/P4(T) where Py is the unitary polynomial Py(T) = [[y<;cjcq(T" = T7) — 1,
then y4(M) generates I'Y (M) [Fer98, Lemme 2.3.1]. In particular, there is always a
finite faithfully flat base change A — A’ such that I'%, (M’) is generated by ~v¢(M").
More generally v¢(M) generates I'% (M) if and only if every residue field of A has
at least d elements [ITT].

(1.2.6) Ezactness — The functor I'4(+) is a left adjoint [Rob63, Thm. ITI.1, p. 257]

and thus commutes with any (small) direct limit. It is thus right ezact [GV72,
Def. 2.4.1] but note that I'4(-) is a functor from A-Mod to A-Alg and that the
latter category is not abelian. By [GV72, Rem. 2.4.2] a functor is right exact if
and only if it takes the initial object onto the initial object and commutes with
finite coproducts and coequalizers. Thus I 4(0) = A and given an exact diagram of
A-modules

f
M —=M SN ([
g
the diagram

T (M) :f; DA (M) = Ty (M7

is exact in the category of A-algebras and
FA(M@ M’) = FA(M) X a FA<MI>.
The latter identification can be made explicit [Rob63, Thm. I11.4, p. 262] as

rYMaoM)= @ (M%M)@aT% (M)
a+b=d

Ya+y) = Y y2) @ ().
a-+b=d
This makes ['a(M & M') = @B, ;5 I**(M @ M') into a bigraded algebra where
b (M @ M') =T%4 (M) @4 T4 (M).

(1.2.6.1)

(1.2.7) Surjectivity — If M — N is a surjection then it is easily seen from the
explicit generators of I'(IV) in (1.2.5) that I' 4 (M) — I'4(N) is surjective. This also
follows from the right-exactness of I'4 () as any right-exact functor from modules
to rings takes surjections onto surjections, cf. (1.2.8)

(1.2.8) Presentation — Let M = G/R be a presentation of the A-module M.
Then T'4(M) = T4(G)/I where I is the ideal of T'4(G) generated by the images
in ['4(G) of v4(x) for every x € R and d > 1 [Rob63, Prop. IV.8, p. 284]. In fact,
denoting the inclusion of R in G by i, we can write M as a coequalizer of A-modules

iBidg h
RPG——G—— M
0@idg
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which by (1.2.6) gives the exact sequence

F(i@idg) F(h)
FA(R@G) :1_‘(0@_d ); FA(G)—>FA(M)
ida

of A-algebras. Since T'%(0) = I')(i) = ida and I'Y(0) = 0 for d > 0 it follows
that ['a(M) is the quotient of I'a(G) by D451 .50 ‘(R @ G), i.e., the quotient
of T4 (@) by the ideal generated by I'(¢) (EBle I'*(R)).

(1.2.9) Ezactness of T4 () — If M — N is a surjection then T'% (M) — T'%(N) is
surjective since I'4 (M) — T 4(N) is surjective. This does, however, not imply that
I'¢ (-) is right exact. In fact, in general it is not since we have that I'Y (M @& M') #
LA (M) & T4 (M)

(1.2.10) Presentation of T4(-) — If M = G/R is a quotient of A-modules then
'Y (M) =T%(G)/I where I is the A-submodule generated by the elements v*(z) x y
for 1 <k <d,z € Randyec'S%(G). This follows immediately from (1.2.8).

(1.2.11) Filtered direct limits — The functor 'Y (-) commutes with filtered direct
limits. In fact, if (M,) is a directed filtered system of A-modules then

dZO A—Mod A-Alg dZO
— i d _ : d
= lim Pri(M.) =@ lim I4(M.).
A-Mod g>( d>0 A-Mod

The first equality follows from (1.2.6) and the second from the fact that a filtered
direct limit in the category of A-algebras coincides with the corresponding filtered
direct limit in the category of A-modules [GV72, Cor. 2.9)].

(1.2.12) If M is a free (resp. flat) A-module then 'Y (M) is a free (resp. flat)
A-module. This follows from (1.2.5) and (1.2.11) as any flat module is a filtered
direct limit of free modules [Laz69, Thm. 1.2].

(1.2.13) T and TS — The homogeneous polynomial law M — TS% (M) of degree
d given by z +— %49 = 1 ®4 - --® 4 = corresponds by the universal property (1.2.4)
to an A-module homomorphism ¢ : T4 (M) — TS%(M). This extends to an A-
algebra homomorphism I'4(M) — TS4 (M), where the multiplication in TS 4 (M)
is the shuffle product (1.1.5), cf. [Rob63, Prop. II1.1, p. 254].

When M is a free A-module the homomorphisms T'4 (M) — TS%(M) and
Ta(M) — TSa(M) are isomorphisms of A-modules respectively A-algebras [Rob63,
Prop. IV.5, p. 272]. The functors TS} and I'%4 commute with filtered direct lim-
its by (1.1.4) and (1.2.11). Since any flat A-module is the filtered direct limit of
free A-modules [Laz69, Thm. 1.2], it thus follows that T'y(M) — TSa(M) is an
isomorphism of graded A-algebras for any flat A-module M.
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Moreover by [Rob63, Prop. II1.3, p. 256], there are natural A-module homo-
morphisms TS% (M) < T4 (M) — S%4 (M) — T4 (M) — TS% (M) such that going
around one turn in the diagram

/\

M) ——— 5 T8% (M)

is multiplication by d!. Here S‘i (M) denotes the degree d part of the symmetric
algebra. Thus if d! is invertible then T'% (M) — TS% (M) is an isomorphism. In
particular, this is the case when A is purely of characteristic zero, i.e., contains the
field of rationals.

(1.2.14) Universal multiplication of laws — Let d,e € N. There is a canonical
homomorphism

pae + THE(M) — T4 (M) @4 TG (M)

given by the homogeneous polynomial law z +— v¢(x) ® v¢(z) of degree d + e and
the universal property (1.2.4). In particular

(1.2.14.1) pac( @)= Y A (@er (@
u’—&-y”:u
V' |=d, |v"|=e

We can factor pg . as mg,e © r¥+e(p) where p : M — M @ M is the diagonal map
r +— x@x and 74, is the projection on the factor of bidegree (d, e) of T4T¢(M @& M),
cf. Equation (1.2.6.1).

If i : M — Ny and F, : M — Ny are polynomial laws homogeneous of degrees
d and e respectively we can form the polynomial law Fy; @ Fo : M — Nj ®4 No
given by (F} ® Fy)(z) = Fi(z) ® Fo(x). The law F; ® F» is homogeneous of degree
d+ e. If f1 : Pd(M) — Nl, f2 : FE(M) — N2 and fl,g : ].—‘d+e(M) — N1 ®a NQ
are the corresponding homomorphisms then f12 = (f1 ® f2) o py.e.

1.3. Multiplicative structure. Let M, N be A-modules and d a positive integer.
There is a unique homomorphism

oo TGM) @4 TG (N) = T4(M @4 N)

sending u(v%(x) ® v4(y)) to v¥(x ® y) [Rob80]. When B is an A-algebra, the
composition of p and the multiplication homomorphism B ® 4 B — B induces a
multiplication on F%(B) which we will denote by juxtaposition. The multiplication
is such that v¢(z)y?(y) = v¢(zy) and this makes v into a multiplicative polynomial
law homogeneous of degree d. The unit in T'% (B) is v4(1).

If B is an A-algebra and M is a B-module, then p together with the module
structure B ®4 M — M induces a 'Y (B)-module structure on T'% (M).
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(1.3.1) Universal property — Let B and C be A-algebras. Then the map
Homy a1 (0% (B),C) — Pold, (B, C)

mult

given by f — fo~?is a bijection [Rob80]. Also see [Fer98, Prop. 2.5.1].

(1.3.2) T and TS — The homogeneous polynomial law M — TS% (M) of degree
d given by = — 2949 = 2 ®4 --- ®4 x is multiplicative. The homomorphism
¢ : T4(B) — TS%(B) in (1.2.13) is thus an A-algebra homomorphism. It is an
isomorphism when B is a flat over A or when A is of pure characteristic zero (1.2.13).
The morphism Spec (TS‘A(B)) — Spec(I'% (B)) is a universal homeomorphism with
trivial residue field extensions, see Corollary (4.2.5). Further results about this
morphism is found in [ITI].

(1.8.3) Filtered direct limits — The functor B — T'% (B) commutes with filtered
direct limits. This follows from (1.2.11) and the fact that a filtered direct limit in
the category of A-algebras coincides with the corresponding filtered direct limit in
the category of A-modules [GV72, Cor. 2.9].

(1.3.4) The isomorphism of A-modules given by equation (1.2.6.1) gives an iso-
morphism of A-algebras

LPaBx0)= [] CaB)©al%(0))
a+b=d

7 (@) = (@) ©7° W) yypeg -

(1.3.5) Universal multiplication of laws — If M is an A-algebra in (1.2.14), then
the polynomial law defining the homomorphism pg . is multiplicative. The homo-
morphism pgq . is thus an A-algebra homomorphism. For a geometrical interpreta-
tion of pg. as “addition of cycles” see section §4.1.

Formula (1.3.6) (Multiplication formula [Fer98, Form. 2.4.2]). Let (24 )acz be a
set of elements in B and let p,v € NO) with d = |u| = |v|. Then we have the
following identity in T'%(B)

P (@) = > Flepre)= Y. X AR (zamp)
€EN,., ¢EN,., (a,B)EIXT
where N, ,, is the set of multi-indices § € NEXD) such that ZBGI €08 = Mo for
everya €L and )7 &a,p = Vg for every B € I.

Proposition (1.3.7). If B is an A-algebra of finite type (resp. of finite presen-
tation, resp. finite over A, resp. integral over A) then T'%(B) is an A-algebra of
finite type (resp. of finite presentation, resp. finite, resp. integral).

Proof. If B is an A-algebra of finite type then B is a quotient of a polynomial ring
Alx1,22,...,7,). The induced homomorphism I'Y(A[zy, xa,...,2,]) — ['4(B) is
surjective, and thus it is enough to show that T'¢(A[zy, xa,...,2,]) is an A-algebra
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of finite type. As I'! commutes with base change it is further enough to show that
TH(Z[x1, o, . .., 20)) = TSE(Z[z1, T2, . . ., 2,]) is a Z-algebra of finite type. This is
well-known, cf. [Bou64, Ch. V, §1, No. 9, Thm. 2].

If B is an A-algebra of finite presentation then there is a noetherian ring Ag
and a Ap-algebra of finite type By such that B = By ®4, A. The first part of
the proposition shows that I‘fl% (Bp) is an Ap-algebra of finite type and thus also
of finite presentation as Ag is noetherian. As I'¢ commutes with base change this
shows that T'% (B) is an A-algebra of finite presentation.

If B is a finite A-algebra then I'%(B) is a finite A-algebra by (1.2.5). If B
is an integral A-algebra then B is a filtered direct limit of finite A-algebras. As
'Y commutes with filtered direct limits this shows that I'4(B) is an integral A-
algebra. (I

1.4. The scheme I'Y(X/S) for X/S affine. Let S be any scheme and A a quasi-
coherent sheaf of Og-algebras. As the construction of I'Y(B) commutes with lo-
calization with respect to multiplicatively closed subsets of A we may define a
quasi-coherent sheaf of Og-algebras F%S (A). This extends the definition of the co-
variant functor I'? to the category of quasi-coherent algebrason S. If f : X — S is
an affine morphism we let I'*(X/S) = Spec(I'h_ (f.Ox)). This defines a covariant
functor

I’ : Aff,g — Aff )5,  X/S+—T%X/S)
where AfF g is the category of schemes affine over S. When it is not likely to cause
confusion, we will sometimes abbreviate I'(X/S) with I'(X).

A polynomial law in this setting is a natural transformation of functors from
quasi-coherent Og-algebras to sheaves of sets on S. We obtain an isomorphism
Homg (5, T4(X/S)) — POlglult,OS(OX7OS’) for any affine S-scheme S’. Also ob-
serve that

Homg (S, T%(X/S)) = Homg (S',T%(X/S) x5 )
=~ Homg (S, T(X'/5")).

More generally, if S is an algebraic space and X — S is affine we define I''(X/.9)
by étale descent.

Defining T'%(X/S) for any S-scheme X is non-trivial. In the following sections
we will give a functorial description of I'*(X/S) and then show that this functor is
represented by a scheme or algebraic space ['*(X/.9).

A very useful fact that will repeatedly be used in the sequel is the following
rephrasing of paragraph (1.3.4):

Proposition (1.4.1). Let S be an algebraic space and let X1, Xo, ..., X, be alge-
braic spaces affine over S. Then

rd (HX) = H D% (X)) xg T%(Xy) xg -+ xg [ (X,,).
=1 d; N
. di=d

i
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Similarly, the following Proposition is a translation of paragraph (1.2.9):

Proposition (1.4.2). IfY is an algebraic space affine over S and X — Y a closed
subspace, then T4(X/S) is a closed subspace of T4(Y/9).

2. SUPPORT AND IMAGE OF A FAMILY OF ZERO-CYCLES

Let X/S be a scheme or an algebraic space, affine over S. In this section we will
show that a “family of zero-cycles” o on X parameterized by .S, that is, a morphism
a : S —T'%X/S9), has a unique minimal closed subspace Z = Image(a) — X, the
image of o, such that « factors through the closed subspace I'4(Z/S) — I'(X/9).
The reduction Z,eq will be denoted the support of @ and written as Supp(«).

For general X/S a family of zero-cycles «, parameterized by a S-scheme T
should be thought of as one of the following

(i) A morphism T — T'Y(X/S).

(ii) An “object” living over Image(a) — X xg T.

(iii) A “multi-section” T — X xg T with image Image(«).
Note that in contrast to ordinary sections and families of closed subschemes, a
family of zero-cycles is not uniquely determined by its image. If « is a family over
a reduced scheme T, then Supp(a) = Image(«) is reduced, cf. Proposition (2.1.4).
In this case, the “object” in (ii) can be interpreted as a cycle in the ordinary sense.

We will show the following results about the image and the support:

(i) The image is integral over S. (§2.1)

(ii) The image commutes with essentially smooth base change S’ — S and
projective limits. In particular it commutes with étale base change and
henselization. (§2.2)

(iii) The support commutes with any base change. (§2.3)

(iv) The support has universally topologically finite fibers, i.e., each fiber over
S consists of a finite number of points and the separable degrees of the
corresponding field extensions are finite. (§2.4)

(v) The support is universally open over S. (§2.5)

Many of the results require rather technical but standard demonstrations. In par-
ticular we will often need to reduce from the integral to the finite case by the
standard limit techniques of [EGAyy, §8]. The fact that the support is universally
open over S will not be needed in the following sections but this result, as well
as the fact that the support has universally topologically finite fibers, shows that
topologically the support behaves as if it was of finite presentation over S.

2.1. Kernel of a multiplicative law. We will first define the kernel of a mul-
tiplicative polynomial law F : B — C of A-algebras. If F is of degree 1, i.e., a
ring homomorphism, then the kernel is the usual kernel. In general, the kernel of
F is the largest ideal I such that F' factors through B — B/I. We will focus our
attention on the case when C' = A. Then B/ ker(F) is integral over A as shown in
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Proposition (2.1.6) and there is a canonical filtration of ker(F") which degenerates
in characteristic zero.

Definition (2.1.1). Let B and C be A-algebras. Given a multiplicative law F :
B — C we define its kernel ker(F') as the largest ideal I such that F' factors as
B — B/I — C. This is a well-defined ideal since if F' factors through B — B/I
and B — B/J then F factors through B/(I + J).

Note that F factors through B — B/I if and only if Fa/ (b + IB') = Fu: (V)
for any A-algebra A’ and b’ € B’ = B®4 A’. Also note that the kernel ker(Fjy)
contains ker(F)B’ but this inclusion is often strict.

Notation (2.1.2). We will in the following denote homogeneous laws by upper-
case Latin letters and the corresponding homomorphisms by lower-case letters. For
example, if F' : B — C is a homogeneous multiplicative polynomial law of degree d
we let f : I'Y(B) — C be the corresponding homomorphism. If A’ is an A-algebra
we denote by F’ : B’ — C’ the multiplicative law given by Fj, = Fp for every
A’-algebra R. The corresponding homomorphism f’ : T'%,(B’) — C’ is then the
base change of f along A — A’.

Lemma (2.1.3). Let A be a ring and let B and C be A-algebras. Given a multi-
plicative law F' : B — C homogeneous of degree d, or equivalently given a morphism

f : T%4(B) — C, define the following subsets of B
L= {bE B : f(fyk(b) X y) =0, Vk,y}
= {b €B : f(’yk(bm) X y) =0, Vk,m,y}
Ly={be B : f'(4*(b2") xy') =0, Vk, A',2",y'}

where 1 <k <d,ze€ B, yc¢€ I‘ff(k(B), e B,y e Fff‘fk(B’) and A — A’ is a
ring homomorphism. Then ker(F) = L1 = Ly = L3. In particular, these sets are
ideals.

Proof. Clearly L3 C Ly C Li. Let b € Ly and let x € B. The multiplication
formula (1.3.6) shows that for any y € T4%(B)

k
Y(ba) x y = (Y*(b) x y) (vF (@) x (1)) + Zvi(b) X yi

for some y; € 4"*(B). Thus b € Ly and hence L; = Ly. From Equations (1.2.1.3)
and (1.2.1.4) it follows that Lo = Ls and that this set is an ideal.

If I is an ideal in B then I'Y(B/I) = T'%(B)/J where J is the ideal generated
by v*(b) x y where b€ I, 1 < k < d and y € T4 *(B), cf. (1.2.10). Thus ker(F) is
contained in Ls. On the other hand, if b is contained in L3 then for any A-algebra
A and V', 2’ € B' = B®4 A’ we have that

d
Falt/ +ba') = 3 /(3 (ba') x 14 0) = /(1)) = Far ()
k=0
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and thus b € ker(F). O

Proposition (2.1.4) ([Zip88, Lem. 7.6]). Let A be a ring and B,C be A-algebras
together with a multiplicative law F : B — C' homogeneous of degree d. If C is
reduced then B/ker(F) is reduced.

Proof. Let f : T%(B) — C be the homomorphism corresponding to F. Let b € B
such that o™ € ker(F) for some n € N. Then by Lemma (2.1.3) we have that
f('yk(b”a?) X y) =0forevery 1 < k<d x € Bandy € Fff(k(B). An easy
calculation using the multiplication formula (1.3.6) shows that the element (7*(b) x

y) [4n/k] s in the kernel of floreveryl1 <k <dandye ng_k(B). As C is reduced
this implies that *(b) x y is in the kernel of f and thus b € ker(F). O

Definition (2.1.5). Let F' : B — A be a multiplicative law homogeneous of degree
d. For any b € B we define its characteristic polynomial as
d
Xmp(t) = Fap(b—1) =Y (=1)FF(v*7F(0) x v*(1))t" € Aft).
k=0
We let
Icu(F) = (xrp(D)),cp € B
be the Cayley-Hamilton ideal of F. Here xp(b) is the evaluation of xp4(t) at
b € B, i.e., the image of xr(t) along At] — B[t] — BJt]/(t — b) = B.

Proposition (2.1.6) ([Ber65, Satz 4]). Let F : B — A be a multiplicative law.
Then Icu(F) C ker(F) C /Icu(F). In particular it follows that B/ker(F) is
integral over A.

Proof. Let P — B be a surjection from a flat A-algebra P and let F’ : P — A be
the multiplicative law given as the composition of F' with P — B. As the images
of Icn(F’) and ker(F’) in B are Icu(F) and ker(F) respectively, we can, replacing
B with P and F with F’, assume that B is flat over A. Then I'4 (B) = TS%(B).

We will first show the inclusion Icy (F') C ker(F'). By definition this is equivalent
with the following: For every base change A — A’, every b € B and every b, 2’ €
B'=B®gu A,, the identity Fa (Xp,b(b)m/ + b/) = FA/(b/) holds.

For any ring R we let Diag,(R) = R? denote the diagonal d x d-matrices with
coefficients in R. Let ¥ : B — Diag, (Ti(B)) be the ring homomorphism such
that W(b) = diag (b1, ba,...,bq) where by = 19*~1 @ b @ 199-*k ¢ T9(B). The
determinant gives a multiplicative law

det : Diag,(T%(B)) — T%(B)

which is homogeneous of degree d. Let E = TS%(A[t]) = Aley, e, ..., eq] be the
polynomial ring over A in d variables. Here e; denotes the elementary symmetric
function t®* x 1®4=%  Let b € B be any element. We have a homomorphism
pp : E < TS%(B) induced by the morphism A[t] — B mapping ¢t on b. More
explicitly pp(er) = bk x 194=F,
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Let A — A’ be any ring homomorphism and let B = B, A, E' = E®4 A'.
We have a commutative diagram

B Li TS, (B —L A
(id,f’opy,) ° T(id,f'opé) ° I’
Baoyp— 1, TS, (B @4 E' SN TS, (B)
/] o o "
Diag, (T4, (\B’) ©a E) — T4 (B') @4 E
Diag(id,p}) o (o)
Diag, (T4, (B')) T4, (B').

Let x(t) = Zzzo(fl)ked_ktk € E[t] where we let eg = 1. Let

d
Xs(t) = po o x(t) = Y (=1)* 4 7*(b) x /F(1)t* € TSL(B)[H].
k=0

Then f(x»(t)) = xrp(t) € Blt]. Let ¥/, 2’ € B’ be any elements. We begin with the
elements xrp(b)z’ + b and b’ in the upper-left corner B’ of the diagram and want
to show that their images by F4r = f' o4 in the upper-right corner A’ coincide.
As xpp(b)x’ + b lifts to x(b)z' + ¥ € B’ ®4 E’ it is enough to show that images
of V', x(b)a' +b' € B’ ®4/ E' in the lower-left corner Diag,(T%,(B’)) are equal.

For any ring R and diagonal matrix D € Diag,(R) let Pp(t) € RJ[t] be the
characteristic polynomial of D. Then by Cayley-Hamilton’s theorem Pp(D) =0 in
Diag,(R). Note that the determinant and the characteristic polynomial commute
with arbitrary base change R — R’. Now, the image of x(b) by Diag(id, py) o ¥
is easily seen to be x4(¥ (b)) = Py (¥(b)) = 0. Thus the images of x(b)z’ + b/
and b’ in the lower-left corner are equal. This concludes the proof of the inclusion
ICH(F) Q ker(F).

If b € ker(F) then by Lemma (2.1.3) f(7*(b) x y47%(1)) = 0 for every k =
1,2,...,d. Thus xrp(t) = t¢ and hence b? € Icg(F) which shows the second
inclusion. Finally B/Icu(F) is clearly integral over A and thus also B/ ker(F). O

Remark (2.1.7). Ziplies defines the radical of a not necessarily homogeneous poly-
nomial law in [Zip88, Def. 6.7]. When the polynomial law is homogeneous the
radical coincides with the kernel as defined in (2.1.5). Ziplies further proves in
[Zip88, Lem. 7.4] that if Icy(F) is zero in B then ker(F) is contained in the Ja-
cobson radical of B. Proposition (2.1.6) shows more generally that under this
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assumption ker(F') is contained in the nilradical of B. Note that both inclusions
Icu(F) Cker(F) C \/Icu(F) can be strict’.
In [Zip86, 3.4] Ziplies also shows that Icp(F) is contained in the ideal
IV =theB : fbx x+* (1)) =0, Vo € B
F Y )
={beB: fbxy) =0, VyeI{ ! (B)}.

As this ideal by Lemma (2.1.3) clearly contains ker(F'), the first inclusion of Propo-
sition (2.1.6) is a generalization of this result.

2.2. Kernel and base change.

Definition (2.2.1). Let A be a ring and let B and C' be A-algebras. Given a
multiplicative law F' : B — C homogeneous of degree d, or equivalently given a
morphism f : T'%(B) — C, we let

IY={beB: f(4()xy) =0, V1 <i<k yelii(B)}.
for k=0,1,2,...,d.

Proposition (2.2.2). Let B and C be A-algebras and let F' : B — C be a multi-
plicative law homogeneous of degree d. Then the sets Il([,k) are ideals of B and we
have a filtration

B=19 21V 2. o1 = ker(F).

If A’ is an A-algebra and B' = B o A’ then Igi), ) Il(?k)B’. In particular ker(Fa/) 2
ker(F)B’.

Proof. That I}k) are ideals follows exactly as in the proof of Lemma (2.1.3). That
Il(;,d) = ker(F) is Lemma (2.1.3) and the other assertions are trivial. O
The main application for the filtration Il(po) D) Il(pl) D - D Il(pd) is that the

elements in Il([,k_l) behave “quasi-linear” modulo I}k) with respect to v¥ in a certain
sense. This will be utilized in Lemma (2.2.10).

Lemma (2.2.3). Let n € N and p be a prime. Then p | (Z) foreveryl <k <n-1
if and only if n = p®.

Proof. Assume that p | (Z) for 1 <k <n—1. It easily follows that a™ = a in I,
for every a € Fp,. Thus 2P — z divides ™ — z in F, [x] which shows that p | n. We
obtain that a"/? = a for every a € F, and by induction on s that n = p°. The
converse is easy. O

IThere is a misprint in [Zip88, Lem. 7.4]. “equals” should be replaced with “is contained in”.
Also A should be a B-algebra as well as an R-algebra in his notation.
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Proposition (2.2.4). Let A be either a Zy-algebra with p a prime or a Q-algebra
in which case we let p=1. Let k > 1 be an integer. Then Igc) = Il(mkfl) if k # p°.
In particular, if A is a Q-algebra then ker(F') = Il(ml).

Proof. Let A’ = A[t] and b,b, € Il(pk/_l). Then for any y' € I'4*(B’)
PR +05) < y') = £ (Y00 x o) + f/ (75 (B3) x o).
In particular for any b € I}kil) and y € Fffl_k(B)
L+ (7" (0) x ) = ' (F (L +1)b) x ) = (1 +")f(1*(b) x p)

which shows that (lf) annihilates f(’y’c (b) x y) forany 1 <i < k—1. If k # p° then
f(7*(b) x y) =0 by Lemma (2.2.3) and thus b € I}k). O

Lemma (2.2.5). Let A be a ring and B = lim By be a filtered direct limit of
A-algebras with induced homomorphisms ¢y : By — B. Let f : T4(B) — C
and denote by fr the composition of T%(px) : T4(By) — T%(B) and f. Then
Il(,k) = lii)nfgi) for every k=0,1,...,d. In particular ker(F) = limker(Fy).

Proof. As fy factors as T'%(By) — I'4(B) — C it follows that cpgl(fl([,ﬂk)) C Igi).
Thus I}k) C h_H)lII(;’i). Conversely, for any b € B\ I}k) there is an ¢« < k and
y € T%7%(B) such that F(71(b) x y) # 0. If we let a be such that ¢, ' (b) # 0 and
Fd_i(goa)fl(y) # () then for any A > « and by € B) such that ¢,(by) = b we have
that by ¢ Ig). Thus lim 73 C T4 O

Proposition (2.2.6). Let A be a ring and S a multiplicative closed subset. Let
F : B — A be a multiplicative homogeneous law of degree d and denote by
S~IF : S7'B — S7'A the map corresponding to the A-algebra S~™'A. Then
S’lfl(vk) = Iék,)lF, In particular S~ ker(F) = ker(S™1F), i.e., the kernel com-
mutes with localization.

Proof. By Proposition (2.1.6) the quotient B/ ker(F') is integral over A. Replacing
B by B/ker(F) we can thus assume that B is integral over A. As B is the filtered
direct limit of its finite sub-A-algebras and both the kernel of a multiplicative law,
Lemma (2.2.5), and tensor products commute with filtered direct limits we can
assume that B is a finite A-algebra. Then I'%(B) is a finite A-algebra for all
1=0,1,...,d by Proposition (1.3.7).

Let z/s € Iék,)lp i.e., by definition z/s € S™'B such that S™' f (' (z/s) xy) =0
forall 1 <i < k and y € T%%(B). For any y € I'“"*(B) there is then a t € S
such that tf(v'(z) x y) =0 in A. As Fff(i(B) is a finite A-algebra we can find a
common ¢ that works for all i < k and y. Then f(v'(tz) x y) =t'f(v(z) x y) =0

for all i < k and y. As x/s = tx/st, this shows that Iék,)lF = S‘llgﬂ). O
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Proposition (2.2.7). Let A be a ring and B an A-algebra. Let A" = lim A} be a
filtered direct limit of A-algebras with induced homomorphisms ¢y : A\ — A’. Let
F : B — A be a multiplicative polynomial law of degree d. Then Igi), = hl,njgi),

for every k=0,1,...,d. In particular ker(Fas) = limker(Fay ).

Proof. As in the proof of Proposition (2.2.6) we can assume that B is finite over A
and hence that I'y(B) is a finite A-module. Choose generators yi1, ¥i2, - - - , Yin,; Of
Fiﬁi(B) as an A-module for i =1,2,...,d. Let B = B®4 A’ and B\, = B®4 A).
Let V' € Igi)/. Then there exists an « and b/, € B/, such that ¥’ is the image of b/,
by Bl, — B. As the image of fa (v'(bl,) x yi;) in A" is fa (7' (V') X yi;) and hence
zero for ¢ = 1,2,...,k, there is a 8 > « such that b/, € I}{Z)l for all A > (3. Thus

A

b € lim Ig“) and II(,k) C lim Ig“) . The reverse inclusion is obvious. O
— A Al Al — A Al

We will now show that the kernel, always commutes with smooth base change
and that it commutes with flat base change in characteristic zero.

Proposition (2.2.8). Let A be a ring and let F' : B — A a multiplicative homoge-
neous law of degree d. Let A" be a flat A-algebra and denote by F' the multiplicative
law corresponding to A’. Then II(;l)B' = II(L,},). In particular, if A is a Q-algebra then
the kernel commutes with flat base change.

Proof. We reduce to B a finite A-algebra as in the proof of Proposition (2.2.6). For
any y € Fff\_l(B) let ¢, be the A-module homomorphism B — T'%(B) given by
b— b xy. Then I;l) = ﬂyel—\j—l(B) ker(f o ¢,). As T4 1(B) is a finitely generated
A-module and ¢, is linear in y, this intersection coincides with an intersection
over a finite number of y’s. As both finite intersections and kernels commute with
flat base change the first statement of the proposition follows. The last statement
follows from Proposition (2.2.4). |

Recall that a monic polynomial g € A[t] is separable if (g,g") = A[t], where ¢’
is the formal derivative of g. Further recall that A — A[t]/g is étale if and only if
g is separable. We will need the following basic lemma to which we, for a lack of
suitable reference, include a proof.

Lemma (2.2.9). Let A — A’ = A[t]/g be an étale homomorphism, i.e., such that
g is a separable polynomial. If A is a local ring of residue characteristic p > 0
then for any prime power ¢ = p®, s € N, the elements 1,t9,t%4, ...t~V form an
A-module basis of A" where n = deg(g).

Proof. Let k = A/my4. By Nakayama’s lemma it is enough to show that a basis of
A’ Jmp A" = k[t]/g over k is given by 1,t9,¢%4,...,t(*~14  Replacing A, A’ and g
with k, A’/ms A" and g respectively, we can thus assume that A = k is a field of
characteristic p.

Let g = g192 - . . gm be a factorization of g into irreducible polynomials. We have
that A’ = k[t]/g = ki x kb x --- x k], where k — k, = k[t]/g; are separable field
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extensions. The subring generated by 7 is the image of k[t?]/¢g? = [[ k[t9]/g] in
[L; k.. To show that ¢¢ generates k[t]/g it is thus enough to show that its image
in k] generates k] for every i. Thus, we can assume that g is irreducible such that
A =K[t]/g = K is a field.

The field extension k — k(t%) — k(t) = k’ is separable which shows that so is
kE(t?) — k(t). Thus k(t?) = k(t) and t? generates k’. O

Lemma (2.2.10). Let F : B — A be a multiplicative polynomial law of degree

d. Let A = A[t]/g where either g = 0 or g is separable. Then I}k) and ker(F)
commute with the base change A — A’.

Proof. If g = 0 we let n = 0o and otherwise we let n = deg(g). A basis of A’ as an
A-module is then given by 1,¢,¢2,...,t"~1. By Proposition (2.2.6) we can assume
that A is a local ring. Let p be the exponential characteristic of the residue field
A/my, i.e., p equals the characteristic if it is positive and 1 if the characteristic is
zZero.

We will proceed by induction on k& to show that [}k)B’ = I;,k,). As I;,O) = B and
II(,O,) = B’ the case k = 0 is obvious. Proposition (2.2.4) shows that Il(,,k) = I}k_l) if
k # p® and we can thus assume that k = p®.

Let 2’ € Il(,p,s) C Il(,p,s_l). By induction 2’ € I;,ps_l)B’ and we can thus write
uniquely z’ = Z?;OI z;t* where z; € Iffs_l) are almost all zero. Let y € I‘dAfpS (B).
Then

PP ) x ) = 30 (0 () x ).
1=0

If g = 0 then 1,#*",#2"" ... are linearly independent in A’ = A[t]. If g is separable
then 1,t",¢2P° ¢("=DP" are linearly independent by Lemma (2.2.9). This shows

that f(y* (z;) x y) = 0 for every y and thus z; € Il(fs) as x; € I}ptl). Hence
o' € I'"") B’ which shows that ¥ B/ = 1), m

2.3. Image and base change. As the kernel of a multiplicative law commutes
with localization by Proposition (2.2.6) it is possible to define the kernel for a
multiplicative law for schemes:

Definition (2.3.1). Let S be a scheme, A a quasi-coherent sheaf of Og-algebras
and F' : A — Og a multiplicative polynomial law, cf. §1.4. We let ker(F) C A
be the quasi-coherent ideal sheaf given by ker(F)|y = ker(F|y) for any affine
open subset U C S. If f : X — S is an affine morphism of schemes and a : S —
I'Y(X/S) is a morphism then we let the image of o, denoted Image (), be the closed
subscheme of X corresponding to the ideal sheaf ker(F,,) where F, : f.Ox — Og
is the polynomial law corresponding to a.

We say that a morphism S’ — S is essentially smooth if every local ring of S’ is
a local ring of a scheme which is smooth over S. The results of the previous section
are summarized in the following proposition.
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Theorem (2.3.2). Let f : X — S be an affine morphism of schemes and let
a: S —T4X/S) be a morphism. If S’ — S is an essentially smooth morphism
then Image(a) x g S” = Image(a xg §), i.e., the image commutes with essentially
smooth base change.

Proof. As Image(a) commutes with localization we can assume that S = Spec(A)
is local and that S’ — S is smooth. Further it is enough that for any =z € S’
there is an affine neighborhood S” C S’ such that the image commutes with the
base change S” — S. By [EGApy, Cor. 17.11.4] we can choose S” such that
S"” — S is the composition of an étale morphism followed by a morphism A% =
Spec(Alt1, ta, ..., tn]) — S = Spec(A4). We can thus assume that either S" — S is
étale or S' = AL.

If S’ — S is étale and S = Spec(A) is local, then for any s’ € S’ we have that
Ogr s = Alt]/g where g € A[t] is a separable polynomial [EGAy, Thm. 18.4.6 (ii)]
and it is thus enough to consider base changes S’ — S of the form A — AJt]/g.
The result now follows from Lemma (2.2.10). O

Corollary (2.3.3). Let S = Spec(A) and S’ = Spec(A’) such that A’ is a direct
limit of essentially smooth A-algebras. Let f : X — S be an affine morphism and
let @ : S — I'Y(X/S) be a morphism. Then Image(a’) = Image(a) xg S’. In
particular this holds if S’ is the henselization or the strict henselization of a local
ring of S.

Proof. Follows from Proposition (2.2.7) and Theorem (2.3.2). O

Remark (2.3.4). If S and S’ are locally noetherian and S’ — S is a flat mor-
phism with geometrically regular fibers, then S’ is a filtered direct limit of smooth
morphisms by Popescu’s theorem [Swa98, Spi99]. Thus the image of a family
a : S — I'Y(X/S) commutes with the base change S’ — S under this hypoth-
esis. In particular we can apply this with S’ = Spec(@s) for s € S if S is an
excellent scheme [EGAry, Def. 7.8.2].

Definition (2.3.5). Let f : X — S be an affine morphism of algebraic spaces and
let a : S — T'%(X/S) be a morphism. We let Image(a) be the closed subspace
of X such that for any scheme S’ and étale morphism S’ — S we have that
Image(a) xg 5" = Image(a xg S’). As étale morphisms descend closed subspaces
and the image commutes with étale base change, this is a unique and well-defined
closed subspace. When S is a scheme, this definition of Image(a)) and the one in
Definition (2.3.1) agree. We let Supp(a) = Image(a)req and call this subscheme
the support of a.

Theorem (2.3.6). Let S and X be algebraic spaces such that X is affine over S.
Let o : S — T'Y(X/S) be a morphism and let S' — S be any morphism. Then
(Supp(a) X g S’)red = Supp(a xg §'), i.e., the support commutes with arbitrary
base change.
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Proof. We can assume that S = Spec(A) and S’ = Spec(A4’) are affine. Let P
be a, possibly infinite-dimensional, polynomial algebra over A such that there is a
surjection P — A’. Then as Spec(P) is a limit of smooth S-schemes we can by
Theorem (2.3.2) replace A with P and assume that A — A’ is surjective.

Let X = Spec(B), let f : T'%(B) — A correspond to o and let F : B — A be
the corresponding multiplicative law. Pick an element b’ € ker(Fa/) C B®4 A" and
choose a lifting b € B of b'. Then by Lemma (2.1.3), the elements f(vy2=*(b) xv*(1)),
k=0,1,2,...,d—1 lie in the kernel of A — A’. In particular, the image of x5 ()
in B is 'Y, Thus ker(Fa) C /Icu(F)(B®a A"). As \/Icu(F) = vker F by
Proposition (2.1.6) the theorem follows. O

Examples (2.3.7). We give two examples. The first shows that ker(F) does not
commute with arbitrary base change even in characteristic zero. The second shows
that ker(F') does not commute with flat base change in positive characteristic.

(i) Let A = k[z] and B = k[z,y]/(z*—y?). Then B is a free A-module of rank
2. The norm N : B — A is a multiplicative law of degree 2. It can further
be seen that ker(N) = 0. Let A’ = k[z]/x. Then B’ = B®4 A" = k[y]/y>
is not reduced and by Proposition (2.1.4) the kernel of N’ cannot be trivial.
In fact, we have that ker(N') = (y).

(ii) Let k be a field of characteristic p and A =B =%k Welet F : B — A
be the polynomial law given by x — «P, i.e., the Frobenius. Clearly
ker(F') = 0. Let A" = A[t]/t? which is a flat A-algebra. Then ker(F’) = (t)
as (V' +tx")P = 6"’ +tP2"? = v'? for any A’ — A" and b 2" € B" = A".

It is further easily seen that ker(F') does not commute with any base
change such that A’ is not reduced. In fact, if t € A’ is such that t» = 0
then ¢ € ker(F").

2.4. Various properties of the image and support. A morphism o : S —
r'4{(X/S) is, as we will see later on, a “family of zero-cycles of degree d on X
parameterized by S”. The subscheme Supp(a) — X is the support of this family
of cycles. In particular it should, topologically at least, have finite fibers over S.

Proposition (2.4.1). Let S be a connected algebraic space and X a space affine
over S. Let a : S — T4X/S) be a morphism. If X = [[}_, X;, then there are
uniquely defined integers dy,ds, . ..,d, € N such thatd = di+ds+---+d, and such
that o factors through the closed subspace T% (X1) x gT92(Xo) x g+ - x g% (X,,) —
I'Y(X/S). The support Supp(a) is contained in the union of the X;’s with d; > 0.
In particular Supp(a) has at most d connected components.

Proof. By Proposition (1.4.1) there is a decomposition
rx/S) = ] T™(X1) xsT®(X2) x5+ x5 T (X,).

d; eN
Zi d;=d

As S is connected « factors uniquely through one of the spaces in this decompo-
sition. It is further clear that X; N Supp(a) # 0 if and only if d; > 0. The last
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observation follows after replacing X with Image(«) as then n is at most d in any
decomposition. ([

Definition (2.4.2). Let S and X be as in Proposition (2.4.1). The multiplicity of
«a on X; is the integer d;.

Proposition (2.4.3). Let S = Spec(k) where k is a field and let X/S be an affine
scheme. Let a : S — T4(X/S) be a morphism. Then Image(a) = Supp(a) =
[T, Spec(k;) is a disjoint union of a at most d points such that the separable
degree of each k;/k is finite.

Proof. Propositions (2.1.4) and (2.1.6) shows that Image(«) is reduced and affine
of dimension zero, hence totally disconnected. By Proposition (2.4.1) it is thus a
disjoint union of at most d reduced points. As the support commutes with arbitrary
base change by Theorem (2.3.6), it follows after considering the base change k < k
that the separable degree of k;/k is finite. O

Corollary (2.4.4). Let X, Y and S be algebraic spaces with affine morphisms
f:X—=Yandg:Y —S. Leta : S —T%X/S) be a morphism and denote by
f«a the composition of a and the morphism T4(f) : T4X/S) — T4Y/S). Then
Supp(f.a) = f(Supp(e)).

Proof. As the support and the set-theoretic image commute with any base change,
we can assume that S = Spec(k) where k is a field. Then

Image(« H Spec(k;) = {x1,z2,...,z,}

by Proposition (2.4.3). Further, by Proposition (1.4.1) there are positive integers
dy,ds,...,d, such that « factors through [}, I'% (Spec(k;)) — I'*(X/S). Let

f(Image(a H Spec(k’) = {y1,y2,- - Ym}

where m < n. It is then immediately seen that f.« factors through the closed sub-
space [[;_, ' (Spec(k})) — T4(Y/S) where e; = > f(wi)=y, di- As d; is positive
so is e; and thus y; € Supp(f«a). This shows that Supp(f.«) = f(Supp(a)). O

Proposition (2.4.5). Let X be an algebraic space affine over S and let o : S —
I'Y(X/8S) be a morphism. Then every irreducible component of Supp(a) maps onto
an irreducible component of S.

Proof. As the support commutes with any base change it is enough to consider the
case where S = Spec(A) is irreducible, reduced and affine. Let Image(«) = Spec(B)
and F' : B — A be the multiplicative polynomial law corresponding to a. We have
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a commutative diagram

L%(B) —» T4(B/I) — Flli((A) (B ®a K(A4))

; . fJ

AC K(A)

where I = ker(B — B ®4 K(A)). This shows that I C ker(F) = 0. As V(I) is the
union of the irreducible components of Supp(«) which dominate S this shows that
every component surjects onto S. (I

In the following theorem we restate the main properties of the image and support
of a family of cycles:

Theorem (2.4.6). Let X be an algebraic space affine over S and let o : S —
'Y(X/S) be a morphism. Then

(i) If S is reduced then Image(«) is reduced.

(ii) Image(a) — S is integral.

(i) If S is connected then Supp(a) has at most d connected components.

(iv) If S = Spec(k) where k is a field then Image(a) = [ [, Spec(k;) is a dis-
joint union of a finite number of points, at most d, such that the separable
degree of each k;/k is finite.

(v) Each geometric fiber of Supp(a) — S has at most d points. In partic-
ular, Supp(a) — S has universally topologically finite fibers, cf. Defini-
tion (A.2.1).
(vi) If S is a semi-local scheme, i.e., the spectrum of a semi-local ring, then
Supp(«) is semi-local.
(vil) Ewvery irreducible component of Supp(a) maps onto an irreducible compo-
nent of S.

Proof. Properties (i) and (ii) follows from Propositions (2.1.4) and (2.1.6) respec-

tively. Properties (iii) and (iv) are Propositions (2.4.1) and (2.4.3) respectively.

Property (v) follows from (iv) as the support commutes with any base change and

property (vi) follows immediately from (ii) and (v). Property (vii) is Proposi-

tion (2.4.5). O

The following examples show that the support is not always finite.

Example (2.4.7). Let k = Fp,(t1,t2,...) and K = Fp(t}/p,té/p,...). We have a
polynomial law F' : K — k given by a — aP. The support of the corresponding
family o : Spec(k) — I'(Spec(K)) is Spec(K) and k — K is not finite.

The following example shows that even if X — S is of finite presentation then
the image of a family o : S — I'*(X/S) need not be of finite presentation.

Example (2.4.8). Let X = S = Spec(A) where A = k[t1,t2,...]/(t],t5,...) and k
is a field of characteristic p. Let a correspond to the multiplicative polynomial law
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F: A— A z+— 2P. Then, as in Examples (2.3.7) the kernel of F' is (¢1,ta,...)
which is not finitely generated. Hence Image(a) = Spec(k) — X is not finitely
presented over S.

2.5. Topological properties of the support.

Definition (2.5.1) ([EGA;, Def. 3.9.2]). We say that a morphism of algebraic
spaces f : X — Y is generizing if for any x € X and generization 3y’ € Y of
y = f(x) there exists a generization a’ of = such that f(z’) = y'. Equivalently, if
X and Y are schemes, the image of Spec(Ox ;) by f is Spec(Oy,,). We say that
f is component-wise dominating if every irreducible component of X dominates an
irreducible component of Y. We say that f is universally generizing (resp. univer-
sally component-wise dominating) if f' : X' — Y’ is generizing (resp. dominating)
for any morphism g : Y/ — Y where X' = X xy Y.

Remark (2.5.2). A morphism f : X — Y is generizing (resp. universally generiz-
ing) if and only if fieq is generizing (resp. universally generizing). If g : Y/ — Y
is a generizing surjective morphism, we have that f is generizing if f’ is gener-
izing. If g : Y/ — Y is a universally generizing surjective morphism, then f is
generizing (resp. universally generizing) if and only if f’ is generizing (resp. uni-
versally generizing). Any flat morphism Y’ — Y of algebraic spaces is universally
generizing.

Lemma (2.5.3). Let f : X — Y be a morphism of algebraic spaces. Then f is
universally generizing if and only if it is universally component-wise dominating.

Proof. A generizing morphism is component-wise dominating so the condition is
necessary. For sufficiency, assume that f is universally component-wise dominating.
Let € X, y = f(x) and choose a generization y' € Y. Let Y’ = {y/} with the
reduced structure and consider the base change Y’ — Y. As f’ is component-wise
dominating, there is a generization x’ of x above y'. O

Proposition (2.5.4). Let f : X — S be an affine morphism of algebraic spaces.
Let a : S — T4(X/S) be a family with support Z = Supp(a) — X. Then f|z is
universally generizing.

Proof. Follows immediately from Lemma (2.5.3) as the support of a family of cycles
is universally component-wise dominating by Theorems (2.4.6) (vii) and (2.3.6). O

Remark (2.5.5). If Z — S is of finite presentation, e.g., if S is locally noetherian
and X — S is locally of finite type, then it immediately follows that f|z is univer-
sally open from [EGAj, Prop. 7.3.10]. We will show that f|z is universally open
without any hypothesis on f. The following lemma settles the case when X — §
is locally of finite type.

Lemma (2.5.6). Let S and X be affine schemes and f : X — S a morphism
of finite type. Let o : S — T4(X/S) be a family of cycles and Z = Supp(a) its
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support. There is then a bijective closed immersion Z — Z' such that Z' is of finite
presentation over S.

Proof. Let S = Spec(A), Z = Spec(B) and let ' : B — A be the multiplicative
law corresponding to « restricted to its image. Let C' = Alty,ta,...,t,] — B be a
surjection. The multiplicative law F' induces a multiplicative law G : C - B — A.
Note that B = C/ker(G). Corresponding to G is a homomorphism g : T'%(C) —
'Y (B) — A. AsT%(C) is a finitely presented A-algebra, cf. Proposition (1.3.7),
this homomorphism descends to a homomorphism gq : ijlo (Co) — Ag with Ag
noetherian such that ¢ = Cy ®4, A and g = go ®4, ida. As Ap is noetherian
Co/ ker(Gy) is a finite Ag-algebra of finite presentation.

Let Zy = Spec(Co/ker(Go)) and Z' = Zy Xgpec(ay) Spec(A). As the support
commutes with base change by Theorem (2.3.6) we have that Z — Z' is a bijective
closed immersion. (]

Proposition (2.5.7). Let S and X be algebraic spaces and f : X — S an affine
morphism. Let Z be the support of a family o : S — I'Y(X/S). Then the restriction
of f to Z is universally open.

Proof. The statement is étale-local so we can assume that S = Spec(A4) and
Z = Spec(B). Further as the support commutes with any base change, cf. Theo-
rem (2.3.6), it is enough to show that f|z : Z — S is open.

We can write B as a filtered direct limit of finite A-subalgebras By — B. Let
Zy = Spec(B,). As By — B is integral and injective it follows that Z — Z, is
closed and dominating and thus surjective. Let o : S — I'Y(Z/S) be a family with
support Z and let oy : S — I'%(Z,/S) be the family given by push-forward along
(Y25 Z — Z)\.

By Corollary (2.4.4) we have that Supp(ay) = ©x(Zred) = (Zx)rea. Further
by Lemma (2.5.6) there is a scheme Z) of finite presentation over S such that
Supp(ay) and Z, are homeomorphic to Z{. As Supp(ay) — S is generizing by
Proposition (2.5.4) so is Z}, — S. As Z{ — S is also of finite presentation it is open
by [EGA;, Prop. 7.3.10] and hence so is Zy — S.

To show that f|z : Z — S is open it is enough to show that the image of any
quasi-compact open subset of Z is open. Let U C Z be a quasi-compact open
subset. Then according to [EGApy, Cor. 8.2.11] there is a A and Uy C Z) such that
U= 1(Uy). As p, is surjective and Z, — S is open this shows that f|z(U) is
open. (I

3. DEFINITION AND REPRESENTABILITY OF £§(/S

We will define a functor I'% /s and show that when X/ is affine it is represented
by T'9(X/S). It is then easy to prove that B@ /s is represented by a scheme for
any AF-scheme X/S. To prove representability in general, i.e., when X/S is any
separated algebraic space, is more difficult. For any morphism f : X — Y there is
a natural transformation f, : ESZ( /8 — E}i,/ g which is “push-forward of cycles”. If
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f is étale, then f, is étale over a certain open subset of I'(X/S). We will use this
result to show representability of £§( /s giving an explicit étale covering.

3.1. The functor £§(/S. Recall that a morphism of algebraic spaces f : X — S'is
said to be integral if it is affine and the corresponding homomorphism Og — f.Ox
is integral. Equivalently, for any affine scheme 7" = Spec(A) and morphism 7' — §
the space X xg T = Spec(B) is affine and A — B is integral. Further recall,
Proposition (1.4.2), that if X/S is affine and Z is a closed subspace of X, then
I'Y(Z/S) is a closed subspace of T'9(X/S).

Definition (3.1.1). Let S be an algebraic space and X/S an algebraic space
separated over S. A family of zero-cycles of degree d consists of a closed sub-
scheme Z — X such that Z — X — S is integral together with a morphism
a: S —T%Z/S). Two families (Z;, ;) and (Zs, as) are equivalent if there is a
closed subscheme Z of both Z; and Z and a morphism « : S — I'*(Z/S) such that
«; is the composition of a and the morphism I'*(Z/S) — I'Y(Z;/S) for i = 1, 2.

If g : S — S is a morphism of spaces and (Z,a) a family of cycles on X/S,
we let g*(Z,a) = (g*(Z),g*) be the pull-back along g. The image and support
of a family of cycles (Z, «) is the image and support of «, cf. Definitions cf. (2.3.1)
and (2.3.5).

Remark (3.1.2). It is clear that the pull-backs of equivalent families are equiva-
lent and that the image and support of equivalent families coincide. If (Z,«) is
a family then the family (Image(a),’) is a minimal representative in the same
equivalence class. Here o’ is the restriction of a to its image, i.e., the morphism
S — I'Y(Image(cr)/S) which composed with I'!(Image(«)/S) — T'4(Z/S) is a.

The pull-back g*«a of a minimal representative o will not in general be a minimal
representative. However note that by Theorem (2.3.6) we have a canonical bijective
closed immersion Image(g*a) — g*Image(a).

Definition (3.1.3). We let ESI(/S be the contravariant functor from S-schemes to
sets defined as follows. For any S-scheme T we let I'% 15(T) be the set of equivalence
classes of families of zero-cycles (Z, ) of degree d of X xgT/T. For any morphism
g : T' — T of S-schemes, the map I'% /s(g) is the pull-back of families of cycles as
defined above.

In the sequel we will suppress the space of definition Z and write o € E)i( / ().

We will not make explicit use of Z. Instead, we will use the subspace Image(a) —
X xg T which is independent on the choice of Z by Remark (3.1.2).

Proposition (3.1.4). If X is affine over S then the functor de/s is represented
by the algebraic space T4(X/S), defined in §1.4, which is affine over S.

Proof. There is a natural transformation from I'% /s to Homg(—,T4(X/9)) given
by composing a family o : T — T%(Z/T) with T4Z/T) — I'Y(X xg T/T) =
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I{(X/S) xsT — T'%X/S). If a : T — T'4(X/S) is any morphism then a X g idp
factors through T4(Z/T) — T'Y(X xg T/T) where Z — X xg T is the image
of @ xgidp. As Z is integral over S by Theorem (2.4.6) (i), we have that the
morphism « corresponds to a unique equivalence class of families. It is thus clear
that ['?(X/S) represents Eﬁ(/s. O

Remark (3.1.5). For an affine morphism of algebraic spaces X — S, we have
that T'(X/S) = X and that the T-points of I''(X/S) parameterizes sections of
X xgT — T. Thus, for any separated algebraic space X/S it follows that £§( /s

parameterizes sections of X — S and that 'y /s is represented by X.

Proposition (3.1.6). The functor zi(/s s a sheaf in the étale topology.

Proof. Let T be an S-scheme and f : 7' — T an étale surjective morphism. Let
T" =T xp T with projections m; and ms. Given an element o € Egl(/s (T") such
that 7fa’ = 75a’ we have to show that there is a unique « € Egl(/S(T) such that
ffa=d. Let Z' — X xgT’ be the image of o’. As the image commutes with étale
base change, cf. Theorem (2.3.2), the image of o is Z" = n;(Z') = n; 1 (Z'). As
closed immersions satisfy effective descent with respect to étale morphisms [SGA1,
Exp. VIII, Cor. 1.9], there is a closed subspace Z < X xgT such that Z' = ZxpT".
Moreover Z is affine over T. Any a € £‘§(/S(T) such that f*a = o' is then in the
subset E%/T(T) - ESI(/S(T). It is thus enough to show that E%/S is a sheaf in the
étale topology. But I'% /s is represented by the space I'(Z/S) which is affine over
S. As the étale topology is sub-canonical, it follows that Edz /s isa sheaf. O

Proposition (3.1.7). Let X/S and Y/S be separated algebraic spaces. If f : X —
Y is an immersion (resp. a closed immersion, resp. an open immersion) then ﬂ(/s
is a locally closed subfunctor (resp. a closed subfunctor, resp. an open subfunctor)

0f£§i//s

Proof. Let T be an S-scheme and let o € EBI(/S(T) be a family with Z = Image(«) —
Xp. Then Z — Xrp is a closed subscheme such that Z — T is integral and hence
universally closed. As Y — S is separated it thus follows that Z — Xp — Yr is a
closed subscheme. Tt follows that ['% /s is a subfunctor of Eﬁlz/ 5

Let o : T — Edy/s be a family of cycles. We have to show that if f is a closed
(resp. open) immersion then there is a closed (resp. open) subscheme U — T such
that if g : 7" = T and o/ = g*a € Eg(/S(T’) then g factors through U. Let X =
XxsgT,Yr =Y xgT, Z =Image(a) CYrand W =ZNXy = Z Xy, Xp — Xrp.

If f is an open immersion we let V' be the closed subset Y \ X7 and U be the
complement of the image of VNZ = Z\W by Z — T. Thus U is the open subset
of T such that t € U if and only if the fiber Z; does not meet V or equivalently
is contained in W. As the support commutes with arbitrary base change, see
Theorem (2.3.6), it is easily seen that Z xp T” factors through X7 if and only if
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T’ — T factors through U. Hence T Xrd £§(/S = T|y which shows that Egl(/s is
an open subfunctor.
If f is a closed immersion we consider the cartesian diagram

T o K ECVIV/T — EZ/V/T — EdXT/T E— Eg(/s
[ = [ =] =]
T——— 1% —— Iy 7 ——I%s.

As W and Z are affine over S, the functors EI,V/T and T'% 7 are represented by
IYW/T) and T4(Z/T) respectively. As T4(W/T) — I'Y(Z/T) is a closed immersion
by Proposition (1.4.2) it follows that % /s is a closed subfunctor of E}i,/ g- O

Proposition (3.1.8). Let S be an algebraic space and let X1, Xs, ..., X, be alge-
braic spaces separated over S. Then

EdﬁleiZ H dell Xs£§(22 XS"'XSE‘%’”.
d;eEN
Zi di:d
Proof. Follows from Proposition (1.4.1). -

Corollary (3.1.9). Let X/S be a separated algebraic space. Let k be an alge-
braically closed field and s : Spec(k) — S a geometric point of S. There is a
one-to-one correspondence between k-points 0f£§(/5 and effective zero-cycles of de-
gree d on X,. In this correspondence, a zero-cycle >, d;[x;] on X corresponds

to the family (Z, ) where Z = {x1,x2,...,2,} C X5 and « is the morphism
o+ Spec(k) 2 T (24 /k) i T (k) X -+ x4 T (10 /) — THZ/R)

Proof. Let o € Eg(/s(k) be a k-point. By Theorem (2.4.6) (iv) we have that
Z = Image(a) — X is a finite disjoint union of points z1,2a,...,2,, all with
residue field k as k is algebraically closed. According to Proposition (3.1.8), there
are positive integers di,ds, ..., d, such that d = d; + ds + - - - + d,, and such that
a : k — I'Y(Z/k) factors through the open and closed subscheme ' (z1/k) Xy
% (29 /k) Xp - xp D9 (2, /K). As k(z;) = k, we have that T'% (x;/k) = k. The
point « corresponds to Y ., d;[x;]. O

Proposition (3.1.10). Let X/S be a separated algebraic space. Let {Ug} be an
open covering of X such that any set of d points in X above the same point in S
lies in one of the Ug’s. Then ][4 Efjﬂ/s — E)i(/s is an open covering. If X/S is an
AF-scheme then such a covering with the Ug’s affine exists.

Proof. Let k be a field and « € E)i(/s(k:). Then by Theorem (2.4.6) (iv) there is a

B such that « € E‘g]ﬁ/s(k’) C E‘;{/S(kz). Thus [], E‘g]ﬂ/s — £§(/S is an open covering
by Proposition (3.1.7). O
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Theorem (3.1.11). Let S be a scheme and X/S an AF-scheme. The functor £§(/S
is then represented by an AF-scheme T4(X/S).

Proof. As ESI( /s 1s a sheaf in the Zariski topology, we can assume that S is affine.
Let {Ug} be an open covering of X by affines such that any set of d points in X
above the same point in S lies in one of the Ug’s. As Efl]ﬁ /s 1s represented by an

affine scheme, Proposition (3.1.10) shows that E)i( /s 1s represented by a scheme
r{(x/9).

If ai,aq,...,q, are points of T'%(X/S) above the same point of S, then the
union of their supports consists of at most dm points and there is thus an affine
subset U C X such that a1, g, ..., a,, € [*(U/S). This shows that T¢(X/S)/S is
an AF-scheme. O

3.2. Effective pro-representability of Egl(/s. Let A be a henselian local ring
and T = Spec(A) together with a morphism 7" — S. The image of a family of
cycles a € Eg(/S(T) over T' is then a semi-local scheme Z, integral over T' by
Theorem (2.4.6) (ii), (vi). Furthermore, Proposition (A.2.7) implies that Z is a
finite disjoint union of local henselian schemes.

Let z1,22,...,2, be the closed points of Z — Xp and {z1,22,..., 2y} their
images in X where the z;’s are chosen to be distinct. As z; lies over the closed
point of T, all x; lies over a common point s € S. Let PX,. = Spec("Ox..,),
"X wmam = 1 "X, and Sy = Spec("Ogs) be the henselizations of X
and S at the z;’s and s. As Og, is henselian it follows that Z — Xp — X
factors uniquely through hXI17$27___7E7n — X. Thus Z — X factors uniquely
through thl’mw,mm xng, 1" — X7 and « corresponds to a unique element of
ngﬁ’w ,,,,, o /RS, (T). As hXxl,xQ,..,,mm is affine, we have a unique morphism 7' —
]‘—‘d(h'X\I‘l,(EQ,.A.,wm/hSS)’

Further, by Proposition (1.4.1)

T ("X, e /"Ss) = [T TIT ("Xa./"Ss)

d;eN 1=1
>, di=d
and as T is connected T — I‘d(thchz2 ,,,,, 2. /PSs) factors through one of these
components.
To conclude, there are uniquely determined points z1,xo,..., T, € X, unique

positive integers d; and a unique morphism

p: T — Hrdi (hX:rri/hSS) — 1 (th,mz,...,rm/hSS)
i=1
such that o is equivalent to ¢ xng_idy. This implies the following:

Proposition (3.2.1). Let X/S be a separated algebraic space and assume that
D)i(/s is represented by an algebraic space T4(X/S). Let 3 € T*4(X/S) be a point
with residue field k and s its image in S. The point B corresponds uniquely to points
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T1,%2,...,Tm € X, positive integers di,dsa,...,d, with sum d and morphisms
@i © k — T%(k(z;)/k(s)). The local henselian ring (resp. strictly local ring) at 3
is the local henselian ring (resp. strictly local ring) of [[1, T4 ("X, /1Ss) at the
point corresponding to the morphisms ;.

(3.2.2) If X/S is locally of finite type and A is a complete local noetherian ring,
then the support of any family of cycles @ on X parameterized by T' = Spec(A)
is finite over 7. Thus Image(«) is a disjoint union of a finite number of complete
local rings. Let s € S and x; € X be defined as above and let )?g; = Spec(@xm),
§s = Spec(@s,s) and )?zl,m,...,rm = Hgl )?z be the completions of X and S at
the corresponding points. Repeating the reasoning above we conclude that there is
a unique morphism

.....

i=1
such that « is equivalent to ¢ x 5. idy. Thus we obtain:

Proposition (3.2.3). Let S be locally noetherian and X an algebraic space sepa-
rated and locally of finite type over S and assume that Egl(/s is represented by an
algebraic space T4(X/S). Let 3 € T4(X/S) be a point with residue field k and s its
image in S. The point B corresponds uniquely to points x1,a,...,Tm € X, pos-
itive integers dy,ds, ..., dy, with sum d and morphisms ¢; : k — T4 (k(x;)/k(s)).
The formal local ring at (3 is the formal local ring of [[;~, I ()/(\'x/gs) at the point
corresponding to the morphisms @;.

Corollary (3.2.4). Let S be locally noetherian and X an algebraic space separated
and locally of finite type over S. The functor £§( /g 1s effectively pro-representable
by which we mean the following: Let k be any field and Gy € D)l(/s(k). There is
then a complete local noetherian ring A and an object B € £§(/S(Spec(z4)) such that
for any local artinian scheme T and family o € Ei/S(T), coinciding with By at the

closed point of T, there is a unique morphism f : T — Spec(g) such that o = f*g

Remark (3.2.5). Assume that Eg(/s is represented by an algebraic space I'*(X/S).
Questions about properties of I'*(X/S) which only depend on the strictly local
rings, such as being flat or reduced, can be reduced to the case where X is affine
using Proposition (3.2.1). As some properties cannot be read from the strictly local
rings we will need the stronger result of Proposition (3.4.2) which shows that any
point in T¢(X/S) has an étale neighborhood which is an open subset of I'*(U/S)
for some affine scheme U.
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3.3. Push-forward of families of cycles.

Definition (3.3.1). Let f : X — Y be a morphism of algebraic spaces sepa-
rated over S. If (Z,a) € Eg(/S(T) is a family of cycles over T we let f.(Z,a) =
(fr(Z2), fra) where fr(Z) is the schematic image of Z along X xsT — Y xg T
and f.a is the composition of o : T — I'(Z/T) and T'Y(Z/T) — T4 (fr(2)/T).
This induces a natural transformation of functors f. : ['% /8 — Eﬁl,/ g denoted the
push-forward.

Remark (3.3.2).If ¢ : Y — Z is another morphism of S-spaces then clearly
geofu = (gof). If X and Y are affine over S, the push-forward f, : £§l{/5 — Edy/s
coincides with the morphism T'(X/S) — T'9(Y/S) given by the covariance of the
functor I'.

Definition (3.3.1) only makes sense after we have checked that fr(Z) is integral
over T. If Y/S is locally of finite type then fr(Z) is quasi-finite and proper and
hence finite, cf. Proposition (A.2.3). More generally, as Z — T is integral with
topological finite fibers by Theorem (2.4.6) (v), it follows from Theorem (A.2.2)
that fr(Z) is integral without any hypothesis on Y/S except the separatedness.

Definition (3.3.3). Let X/S and Y/S be separated algebraic spaces and let f :
X — Y be any morphism of S-spaces. We say that a € E‘)i(/S(T) is regular (resp.
quasi-regular) with respect to f if f7|image(a) is a closed immersion (resp. univer-
sally injective) or equivalently if f7|image(a) : Image(a) — fr(Image(a)) is an iso-
morphism (resp. a universal bijection). We let zi(/syreg/f(T) (resp. Ei/s’qreg/f(T))
be the elements which are regular (resp. quasi-regular) with respect to f.

Definition (3.3.4). Let F and G be contravariant functors from S-schemes to sets.
We say that a morphism of functors f : F — G is topologically surjective if for any
field k and element y € G(Spec(k)) there is a field extension g : Spec(k’) — Spec(k)
and an element z € F(Spec(k’)) such that f(z) = g*y in G(Spec(k)). If F and
G are represented by algebraic spaces, we have that f is topologically surjective if
and only if the corresponding morphism of spaces is surjective.

Definition (3.3.5). A morphism f : X — Y is unramified if it is formally unram-
ified and locally of finite type.

In [EGApy] unramified morphisms are locally of finite presentation but the above
definition is more useful and also commonly used.

Proposition (3.3.6). Let X/S and Y/S be separated algebraic spaces and let | :
X — Y be a morphism of S-spaces. Let a € EdX/S(T). If [ is unramified then « is
quasi-reqular if and only if o is reqular.

Proof. If o is quasi-regular and f unramified then Image(a) — X xgT — Y xgT
is unramified and universally injective. By [EGAry, Prop. 17.2.6] this implies that
IT|tmage(a) : Image(a) — Y x5 T is a monomorphism. As Image(a) — T is
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universally closed and Y7 — T is separated it follows that fr|image(a) is @ proper
monomorphism and hence a closed immersion [EGAy, Cor. 18.12.6]. O

Proposition (3.3.7). Let X/S and Y/S be separated algebraic spaces and let f :
X — Y be a morphism of S-spaces. Let T be an S-scheme and fr : X xgT —
Y xg T the base change of f alongT — S. Let o € £§(/S(T). Then

(i) Image(f.a) — fT(Image(a)).
(ii) Supp(fea) = fr (Supp(a)).
(iii) Supp(a) — fr (Supp(a)) = Supp(f.a) is a bijection if o is quasi-reqular
with respect to fi.
(iv) Image(r) = fr(Image()) = Image(f.cv) if ov is regular with respect to f..

Proof. (i) follows immediately by the definition of f. and (ii) follows from Corol-
lary (2.4.4). (iii) follows from the definition of a quasi-regular family and (ii). (iv)
follows by the definition of regular as Image(a) = fr (Image(c)) easily implies that

fr(Image()) = Image(f.c). O

Examples (3.3.8). We give two examples on bad behavior of the image with
respect to push-forward. In the first example f is étale, a not (quasi-)regular and
Image(f.) — fr(Image()) is not an isomorphism. In the second example f is
universally injective and o quasi-regular but not regular.
(i) Let S = Spec(A), Y = Spec(B) and X = YIIY = Spec(B x B) where A =
kle]/e? and B = kle, 0]/ (€2,62,¢6). We let f : X — Y be the étale map
given by the identity on the two components. Finally we let a € LZX / 5(9)
be the family of cycles corresponding to the multiplicative polynomial law
F:BxB—B/(0—¢)xB/(6d+€) 2 AxA— ARy A= A which
is homogeneous of degree 2. The support of a corresponds to ker(F) =
((6—¢€),(6+€)) C Bx B. It is easily seen that f(Image(a)) = V(0). On
the other hand an easy calculation shows that Image(f.a) = V(0).
(ii) Let k be a field of characteristic different from 2. Let S = Spec(A4),
Y = Spec(B) and X = Spec(C) where A = k[e|/e?, B = kle, 8]/ (e,6)? and
C = k[e,d,T]/(ez,eé, €, 62,72, 61 — e). Let f : X — Y be the natural
morphism. An easy calculation shows that I'4(C) is generated by 72(d),
v2(7), § x 1, 7 x 1 and & x 7. After finding explicit relations for these
generators in ['4 (C'), it can also be shown that v2(8),72(7),x 1,7 x 1+ 0
and § x 7 — —2¢ defines a family o : S — T'?(X/S). It is easy to check
that Image(a) = X, f(Image(a)) =Y but Image(f.a) = V(9).

Proposition (3.3.9). Let f : X — Y be a morphism between algebraic spaces
separated over S. Then:
(i) D)l(/&reg/f and Eg(/s,qreg/f are subfunctors 0f£§(/s'
(i) If f : X — Y is unramified then Egg/syreg/f = Eg(/&qreg/f is an open
subfunctor of Egl(/s.
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(iii) If f is an immersion then £§(/S7reg/f = Eﬁ/s,qreg/f = ESI(/S.
(iv) If f is surjective then Ei(/s,reg/f — Edy/s is topologically surjective.

Proof. (i) As the support commutes with arbitrary base change it follows that
the requirement for a € Egl(/s(T) to be quasi-regular is stable under arbitrary
base change. Thus the pull-back I'% 1s(T) — ré /s(T") induced by 7" — T re-
stricts to B‘(/S,qmg/f. If a € Eg(/s(T) is regular then by definition Image(a) =
fT(Image(a)) = Image(fia). If ¢ : T — T is any morphism then clearly
Image(g*a) = Image(g* fra) = Image(f.g*a) and thus g*a € Eg(/s_’mg/f(T').

(ii) Proposition (3.3.6) shows that Eig/&qreg/f = m/s,mg/f. To show that
Qi(/svmg/f - E}‘l(/s is open we let o : T — D)i(/s be a morphism. This factors
through 7' — T'Y(Z/T) where Z = Image(a) — X7 and X7 = X xgT. As f is un-
ramified (fr)|z : Z — Xp — Yp is unramified. In particular (fr)|z : Z — fr(2)
is finite and unramified. By Nakayama’s lemma, the rank of the fibers of a finite
morphism is upper semicontinuous. Thus, the subset W of fr(Z) over which the
geometric fibers of (f7)|z contain more than one point is closed. Let U = T\ gr(W),
where g : Y — §'is the structure morphism. Then £§/57qreg/f S T = U which

shows that ESI(/&qreg/f C Eg(/s is an open subfunctor.

(iii) Obvious from the definitions.

(iv) Let g € Egl,/ s(k) where k = k is an algebraically closed field. Then by
Theorem (2.4.6) (iv) the image W := Image(3) — Y} is a finite disjoint union of
reduced points, each with residue field k. As f is surjective we can then find a field
extension k — k' and a closed subspace Z — X} such that fi(Z) = Wy and
fiwlz + Z — Wy is an isomorphism. This gives an element a € Eg(/s(k’) such that

fea=p0. O
Proposition (3.3.10). Let

’

x 2 x
lf’ a lf
y' 2y
be a cartesian square of algebraic spaces separated over S. Let

d _1d d
/s ress = Lxrys Xra, Ly sregsq

/
= {a € Egl(,/s . fla is regqular with respect to g} .
Then

(i) If g is unramified or f is an immersion then

d d
EX’/&reg/g < £X’/S,reg/g"
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(ii) If g is étale or f is an immersion then we have a cartesian diagram

’
d 9« d
£X’/S,reg/g £X/S

A

d g« d
EY’/S,rcg/g EY/S'

(iii) For arbitrary g the results of (i) and (i) are true over reduced S-schemes,
i.e., for any reduced S-scheme T we have that

d d
EX//S.,rcg/g(T) cl '/Sreg/g’ (T)

and the diagram in (ii) is cartesian in the subcategory of functors from
reduced S-schemes.

Proof. (i) Let o' € E}‘l(,/s(T). If f is an immersion then Image(f.a/) = Image(a/)
and Image(f.g.a’) = Image(g,a’). It is thus obvious that o’ is regular if and only
if flo/ is regular, i.e., EdX'/s,reg/g = Lg(,/syreg/g,.

Assume instead that f is arbitrary but g is unramified. Let Z’ = Image(a)
and W' = fr.(Z). If o € E‘;{,/S’reg/g(T), ie., if fla/ is regular with respect
to g, we have that Image(fla') — W' — Y] — Yr is a closed immersion. But
Image(f.a') < W' is universally bijective and thus W’ — Y7 is universally injective
and unramified. By [EGAy, Prop. 17.2.6] this implies that W/ — Y7 is a monomor-
phism and hence a closed immersion. Thus Z’ «— W' Xy, X =W'xy, Xr — Xr
is a closed immersion which shows that ' is regular with respect to ¢’.

(ii) The commutativity of the diagrams is obvious. This gives us a canonical
morphism

L d d d
A Dxysiegsg = Lxys ¥ra  Lyr/sreg/gr

We construct an inverse A~! of this morphism as follows: Let T be an S-scheme,
o € Egl(/s(T) and 3’ € Eg/,/s’reg/g(T) such that 8 = ¢ = f.a € E?//S(T).
As (' is regular with respect to g we have that Image(8’) — Y7 is isomorphic
to Image(8) — Yr. Let Z = Image(a) — Xp. If f is an immersion then «
is regular with respect to f and Z — Xp is isomorphic to Image(3) and we let
Z' = Image(3') Ximage(3) Image(a) = Z.

For arbitrary f but étale g, let W = fr(Z). Then Image(3) — W is a bijective
closed immersion. By the regularity of 5, we have that Image(3’) is a section of
g;l(Image(ﬁ)) — Image(5). As g is unramified it thus follows that Image(3’) is
open and closed in g;l(Image(ﬁ)) — gqilW. Let W’ be the corresponding open
and closed subscheme of gZFlW. As g is étale W =W and we let Z/ = W' xy Z.

In both cases we have obtained a canonical closed subscheme Z’ — X/. such
that Z/ = Z. This gives a unique lifting of the family o € Edz(T) to a family
of € T4(T) C Eg(,/S(T). By the construction of Z’' and the regularity of &', it
is clear that fla’ = 3. We let A=Y(T)(a, ') = o and it is obvious that A is
a morphism since the construction is functorial. By construction A o A=! is the
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idelrlltity and as ggl(,/&,eg/g - zgl(,/&reg/g, it follows that A=1 o A is the identity as
well.

(iil) Over reduced schemes, all images involved are reduced by Theorem (2.4.6) (i)
and the support of the push-forward coincides with the image. The arguments of
(i) and (ii) then simplify and go through without any hypotheses on f and g. O

Corollary (3.3.11). Let f : X =Y and g : Y' — Y be morphism of algebraic
spaces, separated over S. Assume that for every involved space Z, the functor E%/s
is represented by a space which we denote by I'4(Z/S).

(i) If g is unramified, then E‘;ﬂ/sjreg/g is represented by an open subspace
U = reg(g) of T4(Y"/S).
(ii) If g is étale, then we have a cartesian diagram

T4HX'/S)| g1 (1) —— TU(X/S)

in O lf*
r4Y’/S) |y —2—T4(Y/8S).
(iii) If g is unramified, the canonical morphism
A TUX)S) -y = THY' /) U Xpagyys) TUX/S)
s a universal homeomorphism such that A.eq is an isomorphism.
Proof. Follows immediately from Propositions (3.3.9) and (3.3.10). O
Corollary (3.3.12). Let f; : X; — Y, i = 1,2 be morphism of algebraic spaces,

separated over S. Let m; : X1 Xy Xo — X, be the projections. Assume that
for every involved space Z, the functor E%/S 1s represented by a space which we

denote by T4(Z/S). Assume that f; and fo are both étale and let U; = reg(f;) and
Uiz =reg(f1 om) =reg(f2oms). Then

(i) Uiz = ((m1).)~H(U1) N ((m2)s) " (U2).
(ii) The diagram

(72) «
(X1 xy X3/9)|v,, —— T4(X2/9)|u,

l(ﬂ'l)* O J(h)*

14X /)|, — L 1Y)
18 cartesian.
Proof. Tt follows from (i) of Proposition (3.3.10) that
((m1).) "1 (U) N ((2)4) " (U2) € Una

and the reverse inclusion is obvious. That the diagram is cartesian now follows
from Corollary (3.3.11). O



FAMILIES OF ZERO-CYCLES 1 37

Remark (3.3.13). The diagrams in Proposition (3.3.10) and Corollary (3.3.11) are
not always cartesian if g is unramified but not étale. In fact, by Examples (3.3.8)
there is a morphism f : X — Y and a family o € Eg(/S(S) such that Image(a) = X,
f(Image(a)) =Y and such that Image(f.a) <— Y is not an isomorphism. If we let
Y’ = Image(f.a) and ' = f.a € E?/,/S(S), then we cannot lift (o, 8') to a family
o € £§(,/S(S). On the other hand, it is easily seen that Corollary (3.3.12) remains
valid if we replace étale with unramified.

Remark (3.3.14). Let X, Y, U, f and g as in Corollary (3.3.11) and let U’ be the
open subscheme of T'%(X’/S) which represents Eél/s’reg/g“ Then f,~'(U) C U’ by
Proposition (3.3.10) (i), i.e., the points of I'*(X’/S)|; -1 (py) are regular with respect
to ¢’. On the other hand, a point which is regular with respect to g’ need not be
regular with respect to g, i.e., the inclusion fi_l(U) C U’ is strict in general.

Proposition (3.3.15). If f : X/S — Y/S is an étale (resp. étale and surjec-
tive) morphism of algebraic spaces separated over S, then the push-forward f,. :
Eg{/s,reg/f — E?//S is representable and étale (resp. étale and surjective).

Proof. If f is surjective then f, : Eg(/s,mg/f — ng/s is topologically surjective by
Proposition (3.3.9) (iv).

I) Reduction to X — S quasi-compact. Let {Ug} be an open cover of X such that
Us is quasi-compact and any set of d points in X over the same point in S lies in
some Ug. Then {E‘éﬁyreg/ﬂ% — Eg(’reg/f} is an open cover by Proposition (3.1.10).
Replacing X with Ug we can thus assume that X is quasi-compact.

II) Reduction to X,Y and S affine and Y integral over S. Let T be an affine
scheme and T — Eﬁl,/s a morphism. Then it factors as T — T4(W/T) where
W — Ypr =Y xg T is a closed subspace such that W — T is integral. Let
Z=fr 1(W) Note that f is separated and quasi-compact as X — S is separated
and quasi-compact. Hence f is quasi-affine as well as Z — W — T which is
the composition of two quasi-affine morphisms. Thus 'y, and Ly, are both
representable by Theorem (3.1.11). As W — Yr is a closed immersion it follows
from Proposition (3.3.10) (ii) that we have a cartesian diagram

d d
Pd(Z/T)|reg(fT\z) C—> EXT/T,rcg/fT I EX/S,rcg/f

l(sz)* O J((fT)* O Jf*

P{W/T) ————I%, )7 ———— Y5

This shows that f,. is representable. To show that f, : £§</S)reg/f — £§i//s is
étale it is thus enough to show that I'*(Z/T) — T4(W/T) is étale over the open
subset reg (fr|z). Further, as I'*(Z/T) is covered by open affine subsets of the
form T4(U/T) where U C Z is an affine open subset by Proposition (3.1.10), we
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can assume that Z/T is affine. Replacing X, Y and S with Z, W and T we can
then assume that X and S are affine and Y is integral over S.

IIT) Reduction to X and Y quasi-finite and finitely presented over S. Let S =
Spec(A), Y = Spec(B) and X = Spec(C'). We can write B as a filtered direct limit
of finite and finitely presented A-algebras By. As B — C'is of finite presentation, we
can find an p and a B,-algebra C), such that C = C,®p, B. Let C\ = C,®p, By,
Xy = Spec(Cy) and Yy = Spec(B,) for every A > pu. As I'Y commutes with
filtered direct limits, cf. paragraph (1.3.3), we have that I'% (B) = lim 1'% (B,) and
F4(C) = lim, T4(Cy).

Let U = reg(f) C I'%(X/S) and let u € U be a point with residue field k£ and
let a € I'x/g(k) be the corresponding family of cycles with image Z — Xj. Let
8 = fea and W = Image(5). As « is regular Z — W is an isomorphism. Now as
W consists of a finite number of points each with a residue field of finite separable
degree over k, it is easily seen that there is a A > p such that (Y xgk)|w — Yy xsk
is universally injective. Thus the push-forward of « along ¥y : X — X, is quasi-
regular with respect to fy and thus regular as fy is étale. Corollary (3.3.11) gives
the cartesian diagram

PUX/S) o1 iy — TY/S)

[ o j

T(X) [y — 21y, /5)

where V = reg(fy) and u € ¥ ' (V) as (1)) .« is regular.

Replacing X and Y with X and Y) we can thus assume that X and Y are of
finite presentation over S. Further as f is quasi-finite and of finite presentation and
Y — S is finite and of finite presentation it follows that X — S is quasi-finite and
of finite presentation. Proposition (1.3.7) then shows that I'/(X/S) and T'(Y/S)
are of finite presentation over S. Thus f. : T4(X/S) — I'Y(Y/S) is also of finite
presentation.

IV) Reduction to S strictly local. Let a € T4(X/S) and let 3 = f.(a) and
s € S be its images. Let S” — S be a flat morphism such that s is in its image.
Then, as f, is of finite presentation, f, is étale at a point o € I'*(X/S) if the mor-
phism T'¢(X’/S’) — T4(Y'/S’) is étale at a point o/ € '*(X’/S") above a [EGAry,
Prop. 17.7.1]. We take S’ as the strict henselization of Ogs. As Eg(/s,reg/f is an
open subfunctor of qus we have that reg(f) xsS" = reg(f’). We can thus replace
X,Y and S with X', Y/ and S’ and assume that S is strictly local.

V) Conclusion We have now reduced the proposition to the following situation:
S is strictly local, X — S is quasi-finite and finitely presented and Y — S is finite
and finitely presented. The support of a € T'4(X/S) consists of a finite number of
points x1, xa, ..., Ty, € X lying above the closed point s € S. As X — S is quasi-
finite and S is henselian it follows that X = (H;il Xi) II X’ where X, are strictly
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local schemes, finite over S, such that z; € X;. Then o € T4(I[", X;) < I'*(X/S)
and we can thus assume that X =[]/, X; is finite over S.

As S is strictly local and Y — S is finite it follows that ¥ = ]_[?:1 Y; is a finite
disjoint union of strictly local schemes. For every i = 1,2,...,m there is a j(¢) such
that f(X;) — Yj(;) and f|x, : X; — Yj(;) is an isomorphism as f is étale. We have
further by Proposition (1.4.1) that

r'x/s)= 1] Hrd ), v/ = ][] Hrea

¥, di=di=1 >, ej=dj=1

It is obvious that the regular subset U C T%(X/S) is given by the connected
components with dy,ds, ..., d,, such that for every j = 1,2,...,n there is at most
one ¢ with d; > 0 such that j(i) = j. As

m m

[Ir“ ) =[] (Vi)

i=1 i=1
is an isomorphism this completes the demonstration. (Il

Corollary (3.3.16). Let X/S be a separated algebraic space and {fo : Uy — X }o
an étale separated cover. Assume that for every involved space Z, the functor E%/s
is represented by a space which we denote by T*(Z/S). Then

(3.3.16.1) JIT4Wa xx Us/S)ltes == [[ T (Ua/S)les —— T*(X/S)
a,3 «

is an €tale equivalence relation. Here reg denotes the reqular locus with respect to

the push-forward to X .

Proof. This follows from Corollary (3.3.12) and Proposition (3.3.15). O

3.4. Representability of £§( /s by an algebraic space. In this subsection, it

will be shown that for any algebraic space X separated over S, the functor ﬂ( /s
is represented by an algebraic space, separated over S.

Theorem (3.4.1). Let S be an algebraic space and X /S a separated algebraic space.
Then the functor ESI(/S is represented by a separated algebraic space T4(X/S).
Proof. Let f : X' — X be an étale cover such that X’ is a disjoint union of
affine schemes. Then X’ is an AF-scheme and Egl(, /s 1s represented by the scheme
I'4(X’/9), cf. Theorem (3.1.11). By Propositions (3.1.6) and (3.3.15), the functor
£§(/S is a sheaf in the étale topology and the push-forward f. : T(X’/S)|req(s) —
Y /s 1s an étale presentation.

To show that B@ /s is a separated algebraic space, it is thus sufficient to show
that the diagonal is represented by closed immersions. Let T' be an S-scheme and
a,fB € Eg(/S(T). Let Z,,Z3 — X xg T be the images of a and §. Let Z, =
ZoaNZg = Zo xxy Zg. We then let Tp = a=1(T4(Zy/S)) N B~HT4(Zy/S)) where
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we have considered a and 3 as morphisms T — T'%(Z,/T) and T — T'Y(Zg/T)
respectively. Then Ty <— T is a closed subscheme and

* _ 1d
(@, 5) AE?{/S/S 7£X/S XE?(/SXS£§(/S

= D(Z0/T) Xpa(z0/1yx 50420/ 7) T
= (alry, Bl1y) " Ara(zy /1) /T
which is a closed subscheme of Ty as T'%(Zy/T) — T is affine. O

Proposition (3.4.2). Let X/S be a separated algebraic space. Let s € S and let
a € T4X/S) be a point over s € S. There is then a finite number of points
T1,T2, ..., Ty € X with n < d such that the following condition holds:

(*) Choose an étale neighborhood S — S of s and étale neighborhoods {U; —
X} of {zi} such that the U;’s are algebraic S’-spaces. There is then an
open subset V of T/, U;/S’) such that V. — T4(X/S) is an étale
neighborhood of a.
Furthermore, if we choose the U;’s such that there is a point above x; with trivial
residue field extension, then there is a point in V' above a with trivial residue field
extension.
In particular, T(X/S) has an étale covering of the form ], T%(X;/S;)
S; and X; are affine and S; — S and X; — X étale.
Proof. The point « corresponds to a family Spec(k(a)) — I'Y(X/S) where k() is
the residue field. Let Z — X xg Spec(k(«)) be the image of this family. Then Z
is reduced and consists of a finite number of points z1, 2o, ..., z;, such that m < d.
Let W = {21,22,...,2,} be the projection of Z on X. Then « lies in the closed
subset T4(W/S) — T'4(X/S).
If f: U — X is an étale neighborhood of W then it is obvious that there is
a lifting of a to V' = T'%(U/S)|ceq(s). Furthermore, if f has trivial residue field
extensions over W, then we can choose a lifting with the residue field k(«). That
V — T9(X/S) is étale is Proposition (3.3.15). O

v, where

4. FURTHER PROPERTIES OF I'*(X/95)

4.1. Addition of cycles and non-degenerate families. In paragraphs (1.2.14)
and (1.3.5) we defined the universal multiplication of laws pg. : T'4T(B) —
'Y (B)®4T%(B). We will give a corresponding morphism I''(X/S) x s T¢(X/S) —
rd+e(X/9) for arbitrary X/S.

Definition-Proposition (4.1.1). Let X/S be a separated algebraic space and let
d, e be positive integers. Then there exists a morphism

+ : THX/S) x5 %(X/S) — e (X/S)
which on points is addition of cycles. When X/S is affine, this morphism corre-

sponds to the homomorphism pg.. The operation + makes the space I'(X/S) =
450 T4UX/S) into a graded commutative monoid.
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Proof. The morphism + is the composition of the open and closed immersion
I'(X/S)xT¢(X/S) — I'**e¢(X11X/S) of Proposition (3.1.8) and the push-forward
along XIT X — X. It is clear that this is an associative and commutative operation
as push-forward is functorial. When X/S is affine, it is clear from (1.2.14) that the
addition of cycles corresponds to the homomorphism pgc. O

Proposition (4.1.2). Let X/S be a separated algebraic space and T an S-scheme.
Let o € £§(/S(T) and 3 € I's/5(T).
(i) If T is connected and Image(a) = [[}_, Z; then there are integers d; > 1
and families of cycles o; € EdZii/S(T) such that d =dy +ds + - - -+ d,, and
a=oa1toag+ -+ oy

(i) Supp(a + 3) = Supp(a) U Supp(f).
(i) Let f : X — 'Y be a morphism of separated algebraic spaces. Then f.(a+

B) = fea+ fi8.
Proof. (i) and (ii) follows from Propositions (3.1.8) and (3.3.7) (ii) respectively. (iii)
follows easily from the definitions and the functoriality of the push-forward. O

Proposition (4.1.3). The morphism I'Y(X/S) xs T¢(X/S) — I'+e(X/S) is étale
over the open subset U C T'%(X/S) x5 T'¢(X/S) where (o, 3) € U if Supp(a) and
Supp(B) are disjoint.

Proof. The morphism X IIX — X is étale. By Propositions (3.1.8) and (3.3.15) we
have that T'¢(X/S) xg T'¢(X/S) — T9t¢(X/S) is étale at (a, ) if a 11 3 is regular
with respect to X IT X — X. This is fulfilled if and only if Supp(«) and Supp(f)
are disjoint. ([

Notation (4.1.4). We let (X/S)? denote the fiber product X xg X xg--- xg X
of d copies of X over S.

Proposition (4.1.5). Let X/S be a separated algebraic space. The symmetric
group on d letters S g acts on (X/S)? by permutation of factors. We equip T4(X/S)
with the trivial &g4-action. Then:

(i) There is a canonical G 4-equivariant morphism ¥x : (X/S)? — T4(X/S).

(ii) Wx is integral and universally open. Its fibers are the orbits of (X/S)%
and this also holds after base change.

(iii) Wx is étale outside the diagonals of (X/S)<.

(iv) If f + X — Y is a morphism of separated algebraic spaces we have a
commutative diagram

(x/8)t " (v/5)?

r4(X/S) 5 Ti(Y/S).
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If f is unramified (resp. étale) and U = reg(f) then the canonical mor-
phism

A (X/S) g1y — DU/ xrayss) (Y/S)?
is a universal homeomorphism (resp. an isomorphism,).

Proof. (i) As Homg (T, (X/S5)?) = Homg(T, X)* = E&/S(T)d by Remark (3.1.5)
we obtain by addition of cycles the morphism ¥y : (X/S)¢ — I'Y(X/S) and this
is clearly an & 4-equivariant morphism as addition of cycles is commutative.

(iii) Follows immediately from Proposition (4.1.3).

(iv) Follows from the definition of ¥ and Corollary (3.3.11) since

(x/8)t — s (vys)e

oo
T, X) — T4, Y)

is cartesian.

(ii) We first show that the fibers of ¥ are the &4-orbits and that this holds after
any base change. Let f : Spec(k) — I'*(X/S) be a morphism. Then f factors
through I'Y(Z/k) — T'4(X/S) where Z < X x gSpec(k) is a closed subspace integral
over k.

As I'! commutes with base change, we can replace S with Spec(k). Furthermore,
using the unramified part of (iv), we can replace X with Z. We can thus assume
that S = Spec(k) and that X = Z = Spec(B). Then (X/k)* = Spec(T{(B)) and
I'Y(X/k) = Spec(TS{(B)) = Sym®(X/k). As the fibers of (X/k)¢ — Sym®(X/k)
are the G -orbits it follows that the same holds for W.

If U < (X/S)? is an open (resp. closed subset) then U~!(¥(U)) = Uses, oU.
As this also holds after any base change 7' — I'¢(X/S) it follows that ¥ is univer-
sally closed and universally open.

We will now show that Uy is affine. As ¥y is universally closed it then follows
that ¥y is integral by [EGAry, Prop. 18.12.8]. As affineness is local in the étale
topology we can assume that S is affine. Let f : X’ — X be an étale covering such
that X’ is a disjoint union of affine schemes and in particular an AF-scheme. By
Proposition (3.3.15) the push-forward morphism f, : T(X’/S)|seq(s) — T*(X/S)
is an étalecover. Using (iv) and replacing X with X’ we can thus assume that X
is AF. Proposition (3.1.10) then shows that T'¢(X/S) is covered by open subsets
I'4U/S) where U is affine. Finally Uy is affine as (U/S)? is affine. O

Definition (4.1.6). Let X/S be a separated algebraic space, T' an S-space and
a € Eg(/S(T) a family of cycles. Let ¢ € T be a point and let k& be an algebraic
closure of its residue field k. We say that « is non-degenerated in a point t € T
if the support of the cycle a; xj k consists of d distinct points. Here oy xj k
denotes the family given by the composition of Spec(k) — Spec(k) — T and «.
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The non-degeneracy locus is the set of points ¢ € T such that « is non-degenerate
in t.

Definition (4.1.7). We let I'Y(X/S)nondeg € T'¥(X/S) denote the subset of non-
degenerate families.

Proposition (4.1.8). The subset I‘d(X/S)nondeg C T9(X/8) is open. The mor-
phism Uy : (X/S)? — T'YX/S) is étale of rank d! over (X /S)nondeg and the
addition morphism + : T4(X/S) xsT'¢(X/S) — I't¢(X/S) is étale of rank ((d,e))
over T4 (X /S ) wondes -

Proof. Let U be the complement of the diagonals of (X/S)?, which is an open
subset. Then T'(X/S)nondeg = Px(U) which is an open subset as Wx is open.
The last two statements follow from Proposition (4.1.3). O

4.2. The Sym? — I'¥ morphism.

Definition (4.2.1) ([Kol97, Ryd07]). If G is a group and f : X — Y a G-
equivariant morphism, then we say that f is fixed-point reflecting, or fpr, at x € X
if the stabilizer of x coincides with the stabilizer of f(x). The subset of X where
G is fixed-point reflecting is G-stable and denoted fpr(f).

Remark (4.2.2). Let X/S be a separated algebraic space. There is then a uniform
geometric and categorical quotient Sym?(X/S) := (X/9)%/&4, cf. [Ryd07]. Fur-
thermore we have that ¢ : (X/S)% — Sym?(X/S) is integral, universally open and
a topological quotient, i.e., it satisfies (ii) of Proposition (4.1.5). Moreover (iii) and
the étale part of (iv) also holds for ¢ instead of U if we replace reg(f) with fpr(f),
cf. [Ryd07].

As Uy : (X/9)4 = T4X/S) is Sy-equivariant and Sym?(X/S) is a categorical
quotient, we obtain a canonical morphism SGx : Sym?(X/S) — I'*(X/S) such
that \IIX = SGX 0gq.

Lemma (4.2.3). Let f : X — Y be a morphism of algebraic spaces and let o €
I'Y(X/S) be a point. Then « is quasi-reqular with respect to f if and only if f¢ is
fized-point refiecting at \IJ)_(l (a) with respect to the action of &,.

Proof. Let k be the algebraic closure of the residue field k(a). The supports of «
and f.a are finite disjoint unions of points. Thus a : Spec(k) — I'4(X/S) and
fea : Spec(k) — I'Y(Y/S) factors as

Spec(k —>Hrd k) — T4X/S)

and

Spec(k) — Hre (y;/k) — T4Y/S)

j=1
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where z; and y; are points of X xg Spec(k) and Y xg Spec(k) respectively and
k(xi) = k(y;) = k. Every point of (X/S)? (resp. (Y/S)%) above a (resp. f.a) is
thus such that, after a permutation, the first dy (resp. e;) projections agree, the next
do (resp. es) projections agree, etc, but no other two projections are equal. Thus
the stabilizers of the points of U (a) (resp. Uy ' (fiar)) are G4, x Gy, X -+ x Gy,
(resp. G¢, X 6, X ---x &, ). Equality holds if and only if f is quasi-regular. O

Proposition (4.2.4). Let f : X — Y be an étale morphism of algebraic spaces.
Then \IJ)_{l (reg(f)) = fpr(f%), and we have a cartesian diagram

SGx
(X/S)d‘fpr(fd) # Symd(X/S)|fpr(fd) —— Fd(X/S)|reg(f)

lfd o lfd/efd o J(f*

(v/9) — 1 Sym?(Y/S) — 2% pd(y/s)

In particular f%/S, is étale over the open subset q(fpr(f%)) = SGy (reg(f)).

Proof. As f is unramified reg(f) = qreg(f) by Proposition (3.3.6), the first state-
ment follows from Lemma (4.2.3). The outer square is cartesian by Proposi-
tion (4.1.5) (iv) and as ¢ is a uniform quotient the formation of the quotient com-
mutes with étale base change which shows that the right square is cartesian. It
follows that the left square is cartesian too. O

Corollary (4.2.5). Let X/S be a separated algebraic space. The canonical mor-
phism SGx : Sym?(X/S) — I'%(X/S) is a universal homeomorphism with trivial
residue field extensions. If S has pure characteristic zero or X/S is flat, then SGx
is an isomorphism.

Proof. Using Proposition (4.2.4) and the covering in Proposition (3.4.2) we can as-
sume that X = Spec(B) and S = Spec(A) are affine. Then (X/S5)% = Spec(T4(B)),
I'’(X/S) = Spec(I'}(B)) and Sym?(X/S) = Spec(TS%(B)) are all affine. As
I'4(B) — TS%(B) — T%(B) is integral by Proposition (4.1.5) (ii), we have that
SGx : Spec(TSdA(B)) — Spec(I'%(B)) is integral.

The geometric fibers of both Wy and ¢ : (X/S)¢ — Sym?(X/S) are the geo-
metric orbits of (X/S)4. Thus SGx is universally bijective and hence a universal
homeomorphism. That SGx is an isomorphism when S is purely of characteristic
zero or X /S is flat follows from paragraph (1.3.2) as X and S are affine.

Let a € Sym?(X/S) be any point, b = SGx (a) € '*(X/S) and s its image in S.
We have a commutative diagram

Sym? (X, /k(s)) —— s T(X, /h(s))

i . JN

d SGx XSidk(s) d
Symd(X/S) xg k(s) 2O pd(X /S x ¢ k()
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which gives a commutative diagram of residue fields

k(@) «— k(D)

Eou

k(a) +— k(b).
and thus k(a) = k(b). O

Proposition (4.2.6). Let X/S be a separated algebraic space. The canonical mor-
phism SGx : Sym?(X/S) — T%(X/S) is an isomorphism over T%(X/S)nondeg-

Proof. Let U be the complement of the diagonals in (X/S)?. Then ¥y (U) =
'YX /S)nondeg and &4 acts freely on U. By Proposition (4.1.8) the morphism W x
is étale of rank d! over T%(X/S)nondeg- It is further well-known that ¢ : (X/S)% —
Sym?(X/S) is étale of rank d! over ¢(U). In fact, Symd(X/S)|q(U) is the quotient
sheaf in the étale topology of the étale equivalence relation G4 x U = U. ([l

4.3. Properties of I'Y(X/S) and the push-forward.

Proposition (4.3.1). Let S be an algebraic space and let X be an algebraic space
separated over S. Consider for a morphism the property of being

(i) quasi-compact
(i) finite type

)

(iii) finite presentation

(iv) locally of finite type

(v) locally of finite presentation
(vi) flat

(vii) finite

(viii) integral

(ix) affine

(x) quasi-affine
If X — S has one of these properties then so does T4(X/S) — S.

Proof. If X — S is quasi-compact then (X/S)% — S is quasi-compact. As there is
a surjective morphism Wy : (X/9)? — T'4(X/S) it follows that ['Y(X/S) is quasi-
compact over S. This shows (i). As I'*(X/S) is separated, (ii) and (iii) follows
from (i), (iv) and (v). It is thus enough to show (iv)—(x).

As the question is local over S we can assume that S is affine. If X — § is
affine (resp. quasi-affine) then I'Y(X/S) is affine (resp. quasi-affine) by Proposi-
tions (3.1.4) and (3.1.7). If X — S is finite (resp. integral), then X — S is affine
and T'?(X/S) — S is finite (resp. integral) by Proposition (1.3.7).

By Proposition (3.4.2) any point of I'*(X/.S) has an étale neighborhood V' such
that V is an open subset of I'¥(U/S) where U is an affine scheme and U — X
étale. If V' — S is locally of finite type (resp. locally of finite presentation, resp.
flat) for any such neighborhood V' then it follows by [EGAry, Lem. 17.7.5] and
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[EGAry, Cor. 2.2.11 (iv)] that T9(X/S) is locally of finite type (resp. locally of finite
presentation, resp. flat) over S. Replacing X with U we can thus assume that X is

affine. The proposition now follows from Proposition (1.3.7) and paragraph (1.2.12).
O

Corollary (4.3.2). Let S and X be algebraic spaces. If f : X — S is flat with
geometric reduced fibers then T4(X/S) — S is flat with geometric reduced fibers. In
particular, if in addition S is reduced then T'4(X/S) is reduced.

Proof. Proposition (4.3.1) shows that I'4(X/S) — S is flat. It is thus enough
to show that T'%(X;/k) reduced for any algebraic closed field k¥ and morphism
Spec(k) — S. As X}, is reduced by hypothesis and hence also (X} /k)? it follows
that Sym?(Xy/k) is reduced and I'*(X,/k) = Sym?(X}/k) by Corollary (4.2.5).
The last statement follows by [Pic98, Prop. 5.17]. O

Proposition (4.3.3). Let S and X be algebraic spaces. If f : X — S is smooth
of relative dimension O (resp. 1, resp. at most 1) then T'4(X/S) — S is smooth of
relative dimension 0 (resp. d, resp. at most d).

Proof. As T4(X/S) — S is flat and locally of finite presentation by Proposi-
tion (4.3.1), it is enough to show that its geometric fibers are regular [EGAyy,
Thm. 17.5.1]. Thus we can assume that S = Spec(k) where k is algebraically
closed. Let y € T9(X/k). Then by Proposition (3.2.3), the formal local ring
(/Q\Fd(X/k)7y is the completion at a point of the scheme [\, I'% (X,,/k) where
T1,%2,...,Ty are points of X and d = dy +dy + -+ + d,,. If f has relative di-
mension 0 at x; then Ox ., = k and if f has relative dimension 1 at z; then
@X,xi = k[[t]], cf. [EGAry, Prop. 17.5.3]. The proposition now easily follows if
we can show that I'(Spec(k[t])/Spec(k)) is smooth of relative dimension e. But
L5 (k[t]) = TSy (k[t]) = k[s1, 82, ..., S¢] where s1, 82, ..., S are the elementary sym-
metric functions. O

Remark (4.3.4). If X/S is smooth of relative dimension > 2 then I'*(X/9) is
not smooth for d > 2. This can be seen by an easy tangent space calculation.
If X/S is smooth of relative dimension 2 then on the other hand Hilb?(X/S) is
smooth and gives a resolution of I'Y(X/S) [Fog68, Cor. 2.6 and Thm. 2.9]. Moreover

Hilb%(X/S) — I'“(X/S) is a blow-up in this case [Hai98, ES04].

Proposition (4.3.5). If f : X — Y has one of the following properties, then so
has f%/S4 : Sym?(X/S) — Sym®(Y/S):

(i) quasi-compact

i

i) closed

—~

)
ii) open
iv) universally closed
)
)

—

— o~
—~ —

v) universally open
(vi) open immersion

<
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(vil) affine
(viii) quasi-affine
(ix) integral

If f has one of the above properties or one of the following

(x) closed immersion
(xi) immersion

then so has f. : T4(X/S) — T4(Y/S).

Proof. Use that Ux and ¢ : (X/S)% — Sym?(X/S) are universally closed, univer-
sally open, quasi-compact and surjective for (i)-(v). Property (vi) is well-known.
For (vii) reduced to Y/S affine using Proposition (3.4.2) and then use that I'(X/S)
and Sym?(X/S) are affine if X/S is affine. The combination of (i), (vi) and (vii)
gives (viii). Finally (ix) follows from (vii) and (iv). The last two properties for f.
follow from Proposition (3.1.7). O

Remark (4.3.6). If f has one of the properties (x) or (xi), then f?/&,; need not
have that property. If f has one of the properties

(i) finite

(ii) locally of finite type

(iii) locally of finite presentation
(iv) unramified

(v) flat

(vi) étale

then neither f¢/&, nor f, need to have that property.

Corollary (4.3.7). The addition morphism I'Y(X/S) xg T'¢(X/S) — I'te(X/S)
is integral and universally open.

Proof. The morphism X ITX — X is finite and étale and hence integral and univer-
sally open. Thus T'4+¢(X 11 X/S) — I'**¢(X/S9) is integral and universally open by
Proposition (4.3.5). As the addition morphism is the composition of the open and
closed immersion T'%(X/S) xg I'*(X/S) «— I'“*¢(X 11 X/S) and the push-forward
along X IT X — X the corollary follows. (]

APPENDIX A. APPENDIX

A.1l. The (AF) condition. The (AF) condition has frequently been used as a nat-
ural setting for a wide range of problems. It guarantees the existence of finite quo-
tients [SGA1, Exp. V], push-outs [Fer03] and the Hilbert scheme of points [Ryd08b].
Moreover, under the (AF) condition, étale cohomology can be calculated using Cech
cohomology [Art71, Cor. 4.2], [Sch03].
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Definition (A.1.1). We say that a scheme X/S is AF if it satisfies the following
condition.

Every finite set of points z1,z9,...,z, € X over the same point
(AF) s € S is contained in an open subset U C X such that U — S is
quasi-affine.

Remark (A.1.2). Let X/S and Y/S be AF-schemes. Then X xg Y/S is an AF-
scheme. If S” — S is any morphism, then X xg S’/S’" is an AF-scheme. This is
obvious as the class of quasi-affine morphisms is stable under products and base
change. It is also clear that the (AF) condition is local on S and that the subset U
in the condition can be chosen such that U is an affine scheme. Moreover, if S is
quasi-separated, then we can replace the condition that U — S is quasi-affine with
the condition that U is affine.

Proposition (A.1.3). Let X be an S-scheme. If X has an ample invertible sheaf
Ox (1) relative to S then X/S is an AF-scheme. In particular, it is so if X/S is
(quasi-)affine or (quasi-)projective.

Proof. Follows immediately from [EGAj;, Cor. 4.5.4] since we can assume that
S = Spec(A) is affine. O

Proposition (A.1.4). Let X/S be an AF-scheme. Then X/S is separated.

Proof. Let z be a point in the closure of Ax/g(X), where Ax/s : X — X x5 X
is the diagonal morphism, and let z1,x2 € X be its two projections. Choose an
affine neighborhood U containing x; and x3. Then Ay/g : U < U xg U is closed
and Ay is the pull-back of Ay /g along the open immersion U x5 U C X xg X.
Taking closure commutes with restricting to open subsets and thus z € U C X.
This shows that Ax,g(X) is closed and hence that X /S is separated. O

The following conjecture was proved by Kleiman [Kle66].

Theorem (A.1.5) (Chevalley’s conjecture). Let X/k be a proper reqular algebraic
scheme. Then X is projective if and only if X/k is an AF-scheme.

It is however not true that a proper singular scheme always is projective if it is
AF. In fact, there are singular, proper but non-projective AF-surfaces [Hor71].

A.2. A theorem on integral morphisms.

Definition (A.2.1). We say that a morphism f : X — Y has topologically finite
fibers if the underlying topological space of every fiber is a finite set. We say that
f has universally topologically finite fibers if the base change of f by any morphism
Y’ — Y has topologically finite fibers, equivalently the underlying topological space
of every fiber is a finite set and each residue field extension has finite separable
degree.

The purpose of this section is to prove the following theorem:



FAMILIES OF ZERO-CYCLES 1 49

Theorem (A.2.2). Let f : X — Y and g : Y — S be morphisms of algebraic
spaces. If go f is integral with topologically finite fibers and g is separated then the

“schematic” image Y' of [ exists and Y' — S is integral with topologically finite
fibers.

Let us first note that this is easy to proof when g is locally of finite type:

Proposition (A.2.3). Let X andY be schemes locally of finite type and separated
over the base scheme S. Let f : X - Y and g : Y — S be S-morphisms. If go f
is finite then the schematic image Y' of [ exists and Y' — S is finite.

Proof. As go f is separated, f is separated. As go f is quasi-compact and universally
closed and g is separated, f is quasi-compact and universally closed. Thus the image
Y’ exists [EGA;, Prop. 6.10.5] and X — Y’ is surjective. As g o f is universally
closed and X — Y is surjective it follows that Y’ — S is universally closed. Further
it is immediately seen that Y’ — S has discrete fibers. Thus Y’ — S is quasi-finite,
universally closed and separated. By Deligne’s theorem [EGAy, Cor. 18.12.4] this
implies that Y/ — S is finite. O

Remark (A.2.4). It is easy to generalize Proposition (A.2.3) to the case where X
and Y are algebraic spaces. In [Knu71, Thm. 6.15] Deligne’s theorem is proven for
algebraic spaces under a finite presentation hypothesis. The full version of Deligne’s
theorem for algebraic spaces is given in [LMB00, Thm. A.2].

Remark (A.2.5). Now instead assume as in Theorem (A.2.2) that X and Y are
arbitrary schemes and go f is integral with topologically finite fibers. The first part
of the proof of Proposition (A.2.3) then shows as before that the schematic image
Y’ exists and that Y’ — S is separated and universally closed. It is further easily
seen that every fiber Y/ is a discrete finite topological space.

Under the hypothesis that Y/S is an AF-scheme it easily follows that Y/ — S is
integral. In fact, then Y’/S is AF and any neighborhood of Y in Y’ contains an
affine neighborhood of Y/. Thus Y’ — S is affine by [EGAy, Lem. 18.12.7.1] and
therefore integral by [EGAry, Prop. 18.12.8].

In general, note that Y/ is affine and hence integral over k(s) as a morphism is
integral if and only if it is universally closed and affine, cf. [EGApy, Prop. 18.12.8].
Theorem (A.2.2) thus follows by the following conjecture of Grothendieck (for
schemes):

Conjecture (A.2.6) ([EGAy, Rem. 18.12.9)). If X — S is a separated, univer-
sally closed morphism of algebraic spaces, such that X, is integral, then X — S is
integral.

This conjecture will be proved in [Ryd08a]. In the remainder of this appendix,
we will give an independent proof of Theorem (A.2.2) without using Grothendieck’s
conjecture. We first establish the following preliminary results.

(i) If X — Y is integral, X is a semi-local scheme and Y is henselian, then X
is henselian, cf. Proposition (A.2.7).
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(ii) Affineness is descended by (not necessarily quasi-compact) flat morphisms
if we a priori know that the morphism in question is quasi-compact and
quasi-separated, cf. Proposition (A.2.8).

(iii) A criterion for an algebraic space to be a scheme, cf. Lemma (A.2.12).

Proposition (A.2.7). If A is semi-local and henselian and B is an integral semi-
local A-algebra, then B is henselian. In particular B is a finite direct product of
local henselian rings.

Proof. Follows immediately from [Ray70, Ch. XI, §2, Prop. 2]. O

Proposition (A.2.8). Let f : X - Y and g : Y/ — Y be morphisms of schemes
with g faithfully flat. Let f' : X' — Y’ be the base-change of f along g. Then

(i) f is a homeomorphism if f is quasi-compact and [’ is a homeomorphism.

(ii) f is an isomorphism if and only if f is quasi-compact and f' is an iso-
morphism.

(i) f is affine if and only if f is quasi-compact and quasi-separated and f' is

affine.

Proof. The conditions in (ii) and (iii) are clearly necessary. Assume that f’ is a
homeomorphism (resp. an isomorphism, resp. affine). Let Y =[], .y Spec(Oy)
and choose for every y € Y a point ¢/ € g~ 1(y). If we let Y’ = [1,ey Spec(Oyy)
then f” is a homeomorphism (resp. an isomorphism, resp. affine) and we can fac-
tor Y — Y’ — Y through the natural faithfully flat and quasi-compact morphism
Y — Y”. As the statement of the proposition is true when ¢ is quasi-compact
by [EGA1v, Prop. 2.6.2 (iv), Prop. 2.7.1 (viii), (xiii)] it follows that f” is a homeo-
morphism (resp. an isomorphism, resp. affine). Replacing Y’ with Y we can thus
assume that Y’ =[], ., Spec(Oyy).

(i) In order to show that f is a homeomorphism it is enough to show that f is
open since it is clearly bijective. As f is generizing, see [EGA], Def. 3.9.2], it follows
by [EGA;j, Thm. 7.3.1] that f is open if and only it is open in the constructible
topology [EGAj, 7.2.11]. But as f is quasi-compact and bijective it follows from
[EGA;, Prop. 7.2.12 (iv)] that f is a homeomorphism in the constructible topology
and in particular open.

(ii) From (i) it follows that f is a homeomorphism and since f’ is an isomor-
phism, we have that f is an isomorphism on the stalks. This shows that f is an
isomorphism.

(iii) Taking direct images along quasi-compact and quasi-separated morphisms
commutes with flat pull-back by [EGAy, Lem. 2.3.1]. Thus we have a cartesian
diagram:

X' —— Spec(flOx/) — Y’

| = | o |

X —— Spec(f+Ox) ——Y
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Since f' : X’ — Y’ is affine we have that X’ — Spec(f.Ox/) is an isomorphism
and it is enough to show that X — Spec(f.Ox) is an isomorphism. This follows
from (ii). O

Definition (A.2.9). We say that an algebraic space X is local if there exist a point
x € X such that every closed subset Z C X contains =x.

Remark (A.2.10). If X is a local algebraic space then there is exactly one closed
point x € X. If X is a local scheme then X is the spectrum of a local ring and in
particular affine.

Lemma (A.2.11). Let f : X — Y be a closed surjective morphism of algebraic
spaces. Let y € Y be a closed point such that f~1(y) is discrete and such that
for any x € f=(y) we can write X = X, 11 X" where X/, is local and contains
x. ThenY =Y'IIY" where Y' is local and contains y. Furthermore f=1(Y') =

Hoes10) Xo

Proof. For every x € f~!(y) let X, C X be a local subspace containing z and
choose X" such that X = (Href,l(y) X;) IT X”. Let Y’ be the subset of Y

consisting of every generization of y. As f(X") is closed and does not contain y,
it does not intersect Y. On the other hand f(X.) is contained in Y’. Since f
is surjective this shows that f(X”) = Y\ Y’ and f(UX.) = Y’. Thus Y’ and
Y"” =Y \ Y’ are both open and closed. O

Lemma (A.2.12). Let X = [[,c7 Xo and Y be algebraic spaces such that X, is
local with closed point x,, and Y is local with closed point y. Let f : X — Y be
a universally closed schematically dominant morphism such that f=1(y) = {za

a €T}, If X, is a henselian scheme for every a € T then'Y is affine.

Proof. There is an étale quasi-compact separated surjective morphism g : Y/ — Y
such that Y is a scheme and such that there is a point ¢’ € g~1(y) with k(y') = k(y).
Let X' = X xy Y’ with projections h : X’ — X and f’ : X’ — Y’. Similarly we
let X/, = X, xy Y’ and we have that X’ = [[ .7 X/. As k(y') = k(y) we have
that f'~1(y') = {z/,} such that 2/, € X/, and h(z],) = z4.

Since X,, is henselian and h is quasi-finite and separated it follows by [EGA1v,
Thm. 18.5.11 c)] that Spec(Ox: o) — X, is finite and that Spec(Ox/ . ) € X'
is open and closed. Further as X, is henselian, k(z!) = k(z4) and X!, — X, is
étale it follows that Spec(Ox: . ) — X, is an isomorphism. By Lemma (A.2.11)
we then have a decomposition Y’ = Y/ I Yy where Y{ is local and f'~(Y{) =
1, Spec(Ox: o) = X. Thus we can, replacing Y’ with Y/, assume that Y is a
local scheme and X’ = X.

Let Y = Y’ xy Y’, which is a quasi-affine scheme, and X" = X xy Y" =
X' xx X' =2 X. Lemma (A.2.11) shows as before that Y is local and hence
affine. Let Y’ = Spec(A’), Y = Spec(A”), X’ = Spec(B’) and X" = Spec(B")
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where B” = B’. As A’ — A" is faithfully flat it follows that A”/A’ is a flat A’-
algebra. Further A’ — B’ is injective since X — Y is schematically dominant. Thus
A"JA — (A"/A")® 4 B' = B” /B’ = (0 which shows that A” = A’. This shows that
Y is the quotient of the étale equivalence relation Spec(A”)—=Spec(A’) where
the two morphisms are the identity. Thus Y = Spec(A4’) is a local scheme. O

Proof of Theorem (A.2.2). As go f is separated, f is separated. As go f is quasi-
compact and universally closed and g is separated, f is quasi-compact and univer-
sally closed. Thus the image Y’ exists [EGA}, Prop. 6.10.5] and [Knu71, Prop. 4.6]
and X — Y’ is surjective. As go f is universally closed and X — Y’ is surjective
it follows that Y/ — S is universally closed. Further it is obvious that Y’ — S has
topologically finite fibers.

Since the question is local over S, we can assume that S is affine. Then X is
affine and we will show that Y/ — S is affine. It then follows that Y/ — S is
integral since Og — ¢.O0y — ¢, f«Ox is integral.

Using Proposition (A.2.8) we are allowed to replace S with the henselization
Spec(hos,s) at an arbitrary point s and thus assume that S is local and henselian.
Then by Proposition (A.2.7) X is henselian and a disjoint union of local schemes.

Let x1,x5,...,x, be the closed points of X and X = X; II Xy II---II X,, the
corresponding partition into local henselian schemes. Then by Lemma (A.2.11)
Y=Y OY,1I.---1IY,, where Y}, is a local space with closed point y € f(x;) for
some j depending on k. Further Lemma (A.2.12) shows that Y} is a local scheme
and hence affine. O
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