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Lower Complexity Bound (Lipschitz Gradient)

m Consideraclass 7, (R™) of convex functions that are
= Continuously differentiable

= Lipschitz continuous gradient with Lipschitz constant L >0

m Use iterative first-order method M

m  Goal: find a function f € F(R™) that is “bad” for all M
(lower bound on convergence rate)



Lower Complexity Bound (Lipschitz Gradient)

m LetL > 0. Consider the family of quadratic functions £, : R* — R
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Lower Complexity Bound (Lipschitz Gradient)

Theorem: Forany k, 1 < k < %(n— 1) and any xg € R™, there exists a function
f € Fr(R™) such that for any M,

f(ﬂi'k) o f* > BLHJ"U — x*HQ

320k + 1)2

1
lzx — 2% 2 o — 2|

Proof (Sketch). Without loss of generality, assume o = 0. Fix k, 1 < k <
1(n—1) and apply M to f = fogt1, generating {z;}32,. Thus, z* = T i1
and f* = f3 ..

e Denote R" = {zx e R* : 2 =0, £+1<i<n}. Letpe{1,2,...,n}.
Prove (by induction) that for any {y,})_, where yo = 0 and each y, € £, £
Lin{V f,(y0),- ., Vfp(ye—1)}, we have L, C R®™ V¢ € {0,1,...,p}.

= folye) = folye) = f7
e Prove that ||z}]|? < &1 Ve e {1,2,...,n}.
With the above,

f(fl?k) — fk fékk+1 fk f5k+1
Wm—wWQ_IM%HW _(%+2V3
2k+1 2k+1

|z — a*||* > Z (ll?](;) ;E;H Z (x ;SH ? = 2nd inequality.
i=k+1 i=k+1

= 1st inequality.




Lower Complexity Bound (Strongly Convex + Lipschitz Gradient)

m Consider aclass s, ;(r") of functions that belong to 7, (R™)and are strongly
convex with convexity parameter p > 0

B LetQr=1L/u. Considerfﬂ_ Q; 1R =R

fuay) = MEZD 0 1 330 - = a0

4 i=1
2 —1 0
. szﬂ,Qf:WA—k—uI, where A = _é _i _é !
0

pl <V3f.q,(x) <LI = f,q, €Sy, with condition number Q¢

" Vo (@) = (MY A4 e - MU,

VQ —1 * o) *(17 7 *
Letq:\/Q_:Handac eR besuchthatx():q.Then,Vfu,Qf(m):0.



Lower Complexity Bound (Strongly Convex + Lipschitz Gradient)

Theorem: For any zy € R, there exists f € S, (R*>) s.t. for any M,

R INEY
fo =2 2 (Yg) oo - 1,

flak) = 7= M( Qf_1>2k||a:o—x*|\2.
T 20\ /Qr+1
Proof (Sketch). WLOG, assume x¢g = 0. Let f = f, ¢,.

Next, prove by induction that z;, € R¥°°. Consequently,

1 *(2 ) q
=P 2 30 (@) =)= 30 (@)= B =T
i=kt1 i=k+1 i=k+1 9
Also,
L2 *(1) )T 2i 4
|xo — =™ —2(7 ) —;q =7

. i.e., the 1Ist inequality holds. The 2nd
6

Therefore, ||z — 2*||* > ¢*%|xo — 2*||?

inequality comes from the strong convexity of f.



Estimate Sequence

A pair of sequences {¢ ()}, and { g}y, Ak > 0 is
an estimate sequence of f(z) if

o \.. — 0.

oVr c R" Vk >0, ¢p(x) < (1 —Ag)f(x) + Apdo(x).

For any {x)}2%,, if f(x)) < ¢ = mingern ¢p(x) Vk > 0,
then f(xy) — f* < Ap(do(2z*) — f*) = 0.

= Convergence rate of {A\r}7>, = convergence rate of {zx}72,

Consider f € S, 1 (R"™)
= Allow p =0 (Sy.r(R") = Fr(R™))

Task #1: Construct an estimate sequence ({¢x () }72 o, { \e }220)
Task #2: Form {z,}° , thatsatisfies f(xy) < o7



Task #1

B Let ¢p be an arbitrary function and {y } 72, be an arbitrary sequence. Also let

{ar}y be st g € (0,1), >0~ ar = oo. Then, {¢x(z)}72, and {\e}722,
defined as follows is an estimate sequence:

Ao =1,
Aip1 = (1 — ap) A,

: , 8 1 ‘
Frr1(2) = (1= ar)on(@) + an (S e) + VI )" (@ =) + Sl =l

Let ¢o(x) = o5 + B[]z — vo|

2 v > 0. Then, ¢p(z) = ¢} + Y|z — vi||?, where

Vi1 = (1 — an) v + appe,

1 .
Vi1 = ((1 — Q) VEVR + QY — (-]fkrvf(yk))a
Yk+1
. : aj - 2
D1 = (L= ) +anf(y) — 5=~V f(yw)II
Tk+1

4 Qk(l — ak:)f}’rk

] .
(£l = oull? + 9 £ ()" (0 — ).
Yk+1 2



Task #2

Given zg € R", let vg = 29 and ¢} = f(xg). Then, f(zg) = ¢.

Let k£ > 0. Suppose we already have xj, s.t. f(zr) < ¢f.
Because of this and because f(xr) > f(yx) + VF(yr)T (2x — yr),

N o Q
Bt 2 Fe) = = IV F )P + (1 = ) V £(y)™ (S0 (00 — i) + 20— )
Ny P)/k_{_l J N ,Yk—l-l J
<flzr+1)? —07

= Recall that f(yx) — QlL

Vi)l > flys — £V f(yx)). (Gradient descent)

()52
= 2"/1:11 — % = La% = (1 - Oék)’Yk + agp,
Trpe1 =Yk — T VI (Uk).

Yk . e
w SR (v —yk) Fae —yp =0
QRVEVE + Ye+1Tk
= Y =

Y + Qg fl



Constant Step Scheme

Initialization: Choose xg € R™ and v9 > 0. Set vg = xg.
At each iteration k > 0:
1) Compute oy, € (0,1) from Lai = (1 — ag)yg + app.

2) Set yry1 = (1 — o)y + agp.

)
_ ORYEVETVE+1Tk
3) Set yy, = Yetorp
)

4) Set zpy1 = vk — TV (k)

5) Set Vk4+1 = —

((1 — Q) VRVk + Yk — Ofkvf(yk))-

m General scheme:
Step4) Find zp41 such that f(zri1) < flyr) — 52 IV F () 17
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Convergence Rate

Theorem: Consider the use of the general scheme (thus the constant step
scheme) and let 79 > 0 be such that vy > u. Then,

flak) — 7 < (L—;%)min{ (1— \/%)k, (Qﬁill;\/%)Q}||$om*|2’ Vk > 0.

Proof (sketch). Recall that ¢o(z) = f(xo) + ||z — x0]|* and that f(zy)— f*
Mo(¢o(a*) — f*). Since f(zo) — f* < Fllwo — «*[|?, we have f(zy) — f*
A - @on — 2*]|%. Next, derive the convergence rate of \j:

IA A

e Prove by induction that v > p, Vk > 0.

=>O£k2\/%=>)\k§(1— %)k

e Prove by induction that v > voAx, Vk > 0.

Using this and Ap11 < Ak, we get \//\IT—H — \/i\—k < %\/?
\/Ej—ll;\/%

k
Therefore, A\ < min{ (1 - %) : (Zﬁii‘m)z }, vk > 0.

= Ak < 3
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Why Optimal?

Let 79 = L. Then, the scheme is optimal for S,, ;,(R").
= >0,

From the lower convexity bound for S, ,(R"),

* l’l’ \/Q_f_l 2k * /'L 4k *
fan) =12 §(757) oo ="l = Gexp (=g w0 ="

To make f(x)) — f* <€, k> YU (m% +In & 4 2In ||z — x*||).

From the convergence rate of the scheme,

flaew) — 17 < £(1 = —=) o — 2 < Lexp(~—= )l — 2*]1

Vy Vs
For k < \/Qy (In% +InL+2In||xy — a:*||), we have f(zp) — f* <e.

= 1= 0. (Exercise) 12



Simplification

o .
Remove (v )72
( _ ORYEVEHYE+1Tk
Ik = T Fan
1
L Th+1 = Yk — fvf(yk)
1
Ukl = 5 ((1 — Q) ViVk + Oty — aka(yk))
L Uk =T + o (Tp1 — 1)
5 onprveen (1-an)
(Yk+1 = Lhtl + ’j’l"’("Lk;"i'l —rg), P = c.t::Er’;Azj';r—il-(m-rgz+'l :i)
2
agl =1 = (1 — ag)yo + pao B
) = Yo = Zo
Uo — X0
\

Remove (V)52 o

Ozk 1 Ozk)
@kL = Vk+1 — )6]‘: it o4
ai L= (1= aps1)Ve1 + appip

%+1 = (1-

Q1) + oy 1o/ L
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Simplified Constant Step Scheme

Initialization: Choose zg € R™ and «g € (0,1). Set yg = xp.

At each iteration k > 0:

1) Set 211 =yr — +Vf(yx)-

2) Compute ayyq € (0,1) from ai | = (1 — apq1)ai + agrip/L.

3) Set ;8’.2) — (.}:;‘.,(1—(.1{;\_.)-

2 .
o oy

4) Set Y41 = Tp41 + Br(Tpr1 — x).

m Let ag > /% (< 79 > ). Then, the same convergence rate is derived.

® For u > 0, if we set ag = \/% then oy = .\/%, B = :;_%%‘/E, Vk > 0.

Initialization: Choose xg € R™ and set yg = xg.

At each iteration k > 0:

1) Set xp1 =y — VI (yw).

VL— /i
2) Set Y1 = Tyl + \/I_i_\\//;(.’ffk_{_l — .”I_:;{:).




Heavy Ball Method

Problem with gradient descent method: cannot avoid zig-zags

Heavy ball method

Try1 = Tk — aV f(xg) + B(zr — T—1)
= add robustness by accounting for successive moves
Physical meaning: heavy ball in a potential field under the force of friction

d?x(t) dx(t)
dt? dt

= =V [f(x(t)) —p

T

Match Nesterov’s lower complexity bound for S, ,(R"™), x > 0 with optimal
parameters o



Convergence of Heavy Ball

Theorem: Let f € S, ,(R")NC*(R"). f0< B <1and 0<a<2(1+p8)/L,

|z — 2" < ¢"llzo — 2*]|, VR =0,

e 2
where ¢ € (0, 1) reaches minimum Li“_l for @ = + and 8 = (ﬁ_\/ﬁ) .

Proof (Sketch).

[ Tpt1 — T* ] B [ (1+8)1, I—nav2f(:c*) —[(B]In } [ :L“i:_—x;* ]+O([ Th _;U** D

"

>

_ (V2 * _
The eigenvalues of A are the eigenvalues of [ 1+5 CMf(v ") OB ] ,t=1,....n

i.e., the roots of p? — (1 + 8 — aX;(Vf(z*)))p+ B =0.
Since 0 < A < 1and 0 < a < 2(1+ 8)/L, each root p; satisfies |p;| < 1.
= ¢ = spectral radius of A € (0,1).

By solving min, g max;—1, ... 2n |pi|, we find the optimal a and S.

.....

16



Performance of First-order Methods

Problem class First—-order method Complexity e=1%
Lipschitz—continuous function Gradient O(1/e%) 10, 000
Lipschitz—continuous gradient Gradient O(1/e) 100
Optimal gradient O(1/+/¢) 10
Strongly convex, Lipschitz Gradient In(1/e) 2.3

gradient

Optimal gradient

In(1/e)

17



Summary

Lower complexity bounds
= Lipschitz gradient

= Lipschitz gradient+strongly convex

Nesterov’s optimal methods

= Achieve both lower complexity bounds

Heavy ball method

= Achieve lower complexity bound for strongly convex function with Lipschitz
gradient with optimal parameter s
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